MAYER -VIETORIS SEQUENCES AND THE PROOF OF POINCARE
DUALITY IN DE RHAM COHOMOLOGY

Notation: Let A C B be open sets in M. Given w € QP(B), denote by
wh € QP(A) the restriction of w from B to A. If w € QP(A), denote by w 5 €
OP(B) the extension (from A to B) of w by zero. This is a smooth form in B
if spt(w) C A (that is, is a closed subset of the open set A.) To see this, note
it is certainly smooth in a neighborhood of any x € A, since A is open. And
also smooth in a neighborhood of z € B\ A = B N A°, since such an x has a
neighborhood not intersecting spt(w) C A (closed in A).

Source: Based on [Bott-Tu, pp.22-27 and 42-46], with details added.
1. Mayer-Vietoris for de Rham cohomology.

Let U,V C M be open sets with M = UUV. Let fy + fy = 1 be a
subordinate partition of unity, spt(fu) C U, spt(fy) C V (closed subsets of U
resp. V, but in general not compact.)

We have a short exact sequence:
0= QM) - QPU) e P(V) = QPUNV) =0,
with maps given by:
w e P(M) o @i wlf), (w,m) € DU V) > iy — oYy

Exactness at the left and middle spaces is clear. To verify surjectivity of the
second map, consider, given w € QP(U N'V), the p-forms:

wy = (fVW)?JﬂV,U eQPU), wy= (fUW)OUmv,V € QP (U).

Subtle point: spt(fyw) C spt(fi) N spt(w) is a closed subset of V' | so its
zero extension wy from U NV to U is a smooth p-form in U (and similarly wy
is a smooth form in V). It is easy to see that, under the second map:

(—wu,wv) = (Wv)pay + Wo)Tay = fow + frw = w.

Thus by general homological algebra we get a long exact sequence in cohomol-
ogy:

'*7 53 k* _ k* *
o mon Y0, gayeme oy R gaavy 4 geran

Here the first two arrows (on the level of forms) are restriction maps, the pull-
backs of inclusions:

ju:U—=>M, jy:V—->M, ky:UNV =V, ky:UNV —=U.

The map d* is defined as follows: let w € QP(UNV), dw = 0. Then 0=d(fyw +
fvw)=dfv N\ w+dfy AwinUNV,soinUNV:

dfy ANw = —dfy ANw,



a (p+ 1)-form with closed support in the open set U N'V. This form is clearly
well-defined and smooth in U UV = M (by the first expression in U, by the
second expression in V). So we define:

d*[w]UﬂV = [dfv /\W]M S Hp+1(M)

2.Mayer-Vietoris for compactly supported de Rham cohomology.

Again we let U,V C M be open sets with M = U U V. For forms with
compact support, we have a short exact sequence in the same order as that for
homology, with maps given by zero extensions:

0 0
—€um T €vm

6(t)mv,U D 6(z)mv,v
QU R®(V) ————— QP(M) — 0.

0—Q2UNYV)

(For open sets A C B in M, we let ¢} 5 : Q2(A) — QB(B) denote the zero-
extension operator of compactly supported forms.) Exactness at the first and
second steps is easy to see. To see the second map is surjective, let w € QB(M)
be closed, dw = 0. With fy + fiy = 1 a partition of unity as above, note
fow € Q2U), fvw € QE(V) both have compact support (since, for instance
spt(fuw) C spt(fu) Nspt(w) is closed, contained the intersection of a set closed
in U with one compact in M, hence a compact subset of U.) Then on M:

_E?J,M(_wa) + 6?/,M(fvw) = w,

so under the second map the pair (— fyw, fyw) maps to w.
Again, homological algebra yields a long exact Mayer-Vietoris sequence in
compactly supported cohomology, in the same order as that of homology:

.= HN(UNV)— HP(U)@® HP(V) — H?(M) LN HY UNV) — ...,

where the first two arrows are induced by zero-extension operators (the second
one a signed addition, signs + for V', - for U.) The operator d, is defined as
follows: let w € QP (M) be closed, dw = 0. Then dfy A w = —dfy A w, showing
that the form dfy Aw € QPTH(V) is in fact in QPTH({U N V). So we let:

diwly = [dfy A wluav.



3. A commutative pairing between the two Mayer-Vietoris sequences.

Write the two long M-V exact sequences just discussed, the second one in
reverse order:

‘*7 3 k* _ k* *
e Y2, panye ey FRD pereny 4 gty o

0 0
conv,u D €unv,v

0 0
—€um T M
—

o HPTI(M) HY(U)aH" (V)

There are vertical pairings between cohomology spaces of the same spaces, given
on the level of closed forms by integration of the wedge product (which has
compact support) over the corresponding space. (In the case of the direct sums,
the pairing is the integral over V' minus the integral over U.)

Main Lemma. The pairings between corresponding spaces commute up to
sign.

We make this statement more precise for each of the three squares involved
in each section of the diagram, from left to right.

(a) Square I. Let p € QU(M), £ € Q2~9(U), n € Q2~9(V). Commutativity
of the pairings in square I means (recalling the notations defined at the very
beginning of this note):

/VﬂyAn—/Uu]‘U”A£=/M/~LA(EQ/,M(77)—GOU,M(f))~

This is clear, since, for example, spt(u A e?,’ u (1) is a compact subset of V', and
on V:

py An=pAn=pAeya(n).

(b) Square II. Let o € QUU), 5 € QUV), A € Q21U N V) be closed forms.
Commutativity of the pairings in square II means:

/ﬁ/\/\—/a/\/\z/ (BUw — agay) A A
1% U Unv

This is also clear since, for example, spt(8 A \) is a compact subset of U NV,
andon UNV:
By A =B AN

(¢) Square III. Let w € QYU NV), 7 € Q»~971(M) be closed forms. Com-
mutativity up to sign of square III means, on the level of cohomology classes:

/M d ] A 7] = i/mv[w] Ad.r].

HUny) < H e ()



Recall that, using the fact dfy A w is defined not only on U, but in fact on M,
we defined:

d* [w]Umv = [df\/ A w]M.

And we also defined, using the fact dfy A T%V is an (n — ¢)—form of compact
support in U NV
d.[r]a = [dfv A ity loav.

So we want to compare:

/ (dfy Aw) AT and / wA (dfy ATE).
M

unv

Since spt[dfy Aw) AT] C UNV, these two integrals clearly differ only by a sign.

4. Statement and proof of Poincare’ duality.

Duality Theorem. Let M™ be an orientable manifold admitting a finite
good cover (for example, a compact orientable n-manifold.) Then the pairing
of de Rham cohomology spaces:

HI(M)®@ HI™I(M) =R

(defined by integration of the wedge product over M) is nondegenerate. Since
both vector spaces are finite dimensional (see [Bott-Tu, p.43]), this establishes
an isomorphism:

HY(M) ~ (H™1(M))".

Proof. (outline). First note that for M = R", it follows from the Poincare’
lemmas that the only nontrivial case is the pairing:

HR") ® H'(R") = R, f® gdvol, — [ fgdvol,,
Rn

where f € R is a constant function and ¢ is a smooth function with compact
support, so gdvol,, € QF(R™). This pairing is clearly nondegenerate.

The Main Lemma (combined with the Five Lemma) implies that if the in-
tegration pairing is nondegenerate for open sets U,V and U NV, it is also
nondegenerate for U U V. And the case of R™ shows it is true for the inter-
section of any two sets in a good cover (since by definition of ‘good cover’ this
intersection is diffeomorphic to R™). This implies the result, by induction on
the number of sets in a good cover.



