
Lemma

δφ = −
n∑

i=1

ι(ei)(∇eiφ), φ ∈ Ωp

where (ei) is an orthonormal frame.

Proof. Let (θi) be the dual co-frame of 1-forms. At a fixed x ∈ M , we assume
(ei) is chosen so that ∇ejei|x = 0 (and hence ∇ejθ

i|x = 0).
Since δφ = (−1)np+n+1 ∗d∗φ, we compute d∗φ for φ = a θ1∧ . . .∧ θp (Here

a ∈ C∞ is a function; it’s enough to consider this φ. )

∗φ = a θp+1 ∧ . . . ∧ θn, (recall φ ∧ ∗φ = |φ|2volg, volg = θ1 ∧ . . . ∧ θn).

We have, at x:

d ∗ φ =

p∑
j=1

ej(a) θj ∧ (θp+1 ∧ . . . ∧ θn).

∗(d ∗ φ) =
p∑

j=1

ej(a) ∗ (θj ∧ θp+1 ∧ . . . ∧ θn)

where ∗(θj ∧ θp+1 ∧ . . .∧ θn) = σj θ1 ∧ . . .∧ θ̂j ∧ . . .∧ θp (θ̂j means omit θj).
Here σj = ±1, and is determined by:

(θj ∧ θp+1 ∧ . . . ∧ θn) ∧ ∗(θj ∧ θp+1 ∧ . . . ∧ θn) = θ1 ∧ . . . ∧ θn.

Hence:

(θj ∧ θp+1 ∧ . . . ∧ θn) ∧ σj (θ1 ∧ . . . ∧ θ̂j ∧ . . . ∧ θp) = θ1 ∧ . . . ∧ θn.

First move all θq with q > p to the right, starting with θn; since there are
n− p of them:

LHS = σj (−1)(n−p)(p−1)θj ∧ (θ1 . . . ∧ θ̂j ∧ . . . ∧ θp) ∧ (θp+1 . . . ∧ θn)

= σj(−1)(n−p)(p−1)+j−1 θ1 ∧ . . . ∧ θn.

We conclude σj = (−1)(n−p)(p−1)+j−1. Thus,

δφ = (−1)np+n+1
n∑

j=1

ej(a)σj θ1 ∧ . . . ∧ θ̂j ∧ . . . ∧ θp

= (−1)np+n+1
n∑

j=1

ej(a)σj(−1)j−1ι(ej)(θ1 ∧ . . . ∧ θp)
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Note
(−1)np+n+1σj(−1)j−1 = (−1)(n−p)(p−1)(−1)np+n+1

and

(n−p)(p−1)+np+n+1 = np−n−p2+p+np+n+1 ≡ −p2+p+1 ≡ 1 mod (2).

Hence:

δφ = −
p∑

j=1

ej(a) ι(ej)(θ1 ∧ . . . ∧ θp)

= −
n∑

j=1

ι(ej)∇ej (aθ1 ∧ . . . ∧ θp) = −
n∑

j=1

ι(ej)(∇ejφ)

(at x), as claimed. □
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