Lemma

S =— Z 1(e;)(Ve,0), peq?
i=1
where (e;) is an orthonormal frame.

Proof. Let (6%) be the dual co-frame of 1-forms. At a fixed z € M, we assume
(e;) is chosen so that Ve e;], = 0 (and hence V0|, = 0).

Since dp = (1) s dx o, we compute dx* ¢ for o = aby A... A0, (Here
a € C™ is a function; it’s enough to consider this ¢. )

*p=abpi1 A... A, (recall p A xp = |p|*vol,, vol, =01 A... AG,).

We have, at x:
P

d*(p:Z@j(a)ej/\(ep_,_l/\.../\en).

where (0, A Oy 1 A AB) =060 A...AO; A...AB, (§; means omit 6;).
Here 0; = £1, and is determined by:

(0]-/\9p+1/\.../\On)/\*(ﬁj/\0p+1/\.../\0n):01/\.../\9n.

Hence:

(9]-/\9er1/\.../\Hn)/\U]-(Gl/\.../\ﬁj/\.../\ﬁp):91/\.../\9n.

First move all 0, with ¢ > p to the right, starting with 6,,; since there are
n — p of them:

LHS =0 (=)™ PP D0 A0y AO A AO) A (Bprr ... Ay)

= O'j(—l)(n_p)(p_l)+j_1 R AAN

We conclude o; = (—1)"=P)P=D+i~1 Thus,

dp = (—1)"p+"+1Zej(a)aj91/\.../\éj/\.../\Op
j=1

= (—1)mptntt Z ej(a)o; (=1 u(e;) (01 A ... AB,)



Note
(1)t (—1)t = (=1)(n=P)p=1)(_qynptntl

and

(n—p)(p—1)4+np+n+1 = np—n—p?*+p+np+n+1 = —p*+p+1 =1 mod (2).

Hence:
Z ej(a Y1 A ... ABy)
n n
o PJ (ab1 A ZL e] ngcp
j=1 j=1

(at ), as claimed. O



