MORSE THEORY NOTES

1. Local normal form of a function at a non-degenerate critical
point and the Morse Lemma.

1.1. Linear algebra step. Any B € Sym, non-degenerate (zero is not an
eigenvalue) can be diagonalized by an orthogonal matrix:

QTBQ:diag<>\la"'7>\n)7 Ai#07 Qeon

Without requiring @ to be orthogonal, it is easy to see we can assume all diagonal
entries are +1:

QTBQ = A = diag(ay,...a,), a;==+1, Q&EGL,.

Claim. Fixing a standard form A = diag(as,...,a,) with a; = %1, the di-
agonalizing matrix depends smoothly on B, for B € Sym,, close to A in the
natural topology of Sym,. More precisely, there exists a neighborhood N, of
A in Sym,, and a smooth map P : N4 — GL,, so that:

P(B)"BP(B)=A, VBecNa, P(A)=1,.

We present the proof in the case n = 2 (for the inductive argument for all n, see
[Hirsch, p.145], but beware the typo: the factor |b|~'/2 multiplies all entries of
Q). To avoid LateX coding, write 2x 2 matrices in the form T' = [t11, t12, ta1, t2a].

Given A = [a1,0,0,as] with a; = £1 and B = [b, ¢, ¢,d] € Syms close to A
(sob~ay,c~0,d~as),let Q=|b|~2[1,0,—cb~',1]. By direct computation,
and using % = a1, we find:

QTBQ = [a1,0,0,d — b7,
Note d — b~ ~ ay # 0, so define o > 0 by o?(d — ¢?b™1) = ay. Setting
P = Q[1,0,0,a] = [b|7*/?[1,0, —cb~,a], we find PTBP = [a1,0,0,as] = A.
Clearly the function with values in GLs:
B=1[bccd— P(B)=b|""?[1,0,—cb",|d— b "'/?] € GL,
is smooth in a neighborhood N' C Symy of A, and satisfies P(A4) = I5.

1.2. Calculus step. Let g : V' — R be a smooth function, where V' C R" is a
convex neighborhood of the origin. Suppose g(0) = 0 and dg(0) = 0 (thus, 0 is
a critical point of g.) There exists a smooth function from V' to Sym,,, © — By,
so that: .

g(x) =Y by(x)ziz;, by (0) =02, g(0).
ij=1
Proof. By the FTC, using ¢g(0) = 0 and integrating along the ray in V' from the
origin to x € V:

1 1 n
g(m):/o %’(m)dt:(/o gamig(tm)dt)xi.



Applying the same integration argument to the partial derivatives (using the
fact they all vanish at the origin):

Org)lt) = [ e sta)ds = (| 02,0 ot) ).

0 j

We conclude:

g(x) = Z bij(z)xixy, bij(z) :/0 /0 (ﬁgiwjg)(stx)dsdt.

ij=1

Remark: Note that by taking V' small enough, we obtain that the image B, of
this map is contained in an arbitrarily small neighborhood of the Hessian matrix
of gat 0, Hy(0) = [851%,9(0)]. From the expression for B, we have By = Hy(0).

1.8 Normal form lemma. Let g : U — R be a smooth function in a neigh-
borhood of 0 € R™. Suppose g(0) = 0 and 0 is a non-degenerate critical point
of g. Let A = diag(as,...,a,),a; = £1, be the standard diagonal form of the
Hessian Hy4(0). Then there exist small neighborhoods V, Vi C U of the origin
and a diffeomorphism ¢ : V — Vi, y = (), so that g o p~! has the form:

(gop Ny) = Z a;y}.

Proof. By (1.2), we have g(z) = >, ; bij(z)x;x;, where B, = (b;(x)) € Symn
is defined and smooth in a neighborhood V' of 0, By = Hy4(0). Taking V small
enough, we find B, € N for all x € V, where N is the neighborhhood of A in
Sym,, found in (1.1), on which the smooth map P : N' — GL,, is defined. Let
Q. = P(B,) € GL,, (defined by QT B,Q, = A) and define  on V by:

p(x) = Q; '[x].

Then ¢(0) = 0 and the differential at 0 Dyp(0) = I,,. By the inverse function
theorem, ¢ is a diffeomorphism in a neighborhhood of the origin (which we still
denote by V'), with image equal to V7, a second neighborhood of the origin.

Let y = p(x) Then y = Q; 'z, or z = Q,y. Thus:

g(x) =" Byx = y" QI B,Quy = y" Ay = ai},

or (gop™M)(y) = X, aiyy.

1.4 Morse Lemma. If 0 € R™ is a nondegenerate critical point of g : V — R
of index k, we may assume the first k£ entries a; in the standard form A of
H,(0) equal -1 and the last n — k equal 1. Thus there exists a decomposition
R" = RF @ R"*, y = (u,v), with respect to which we have:

go y) = —|ul* +|v]*.



Thus, if f: M — R is a smooth function on a smooth manifold M and p € M
is a nondegenerate critical point of f, with index k, there exists a local chart
¥ :U — V CR™ at p so that, in this chart:

Foul(y) = f) — W+ v)?, y=(uv)eVCRFaR"F

4. Morse inequalities.
Let M be a compact n-dimensional manifold, f : M :— R a Morse function.
For p=0,...,n, let:

Bp = rank H,(M) (Betti numbers), v, = #{critical points of index p} (‘type numbers’).

Theorem. We have:

n n

(a) Z(—l)pup = Z(—l)pﬁp :=x(M) (euler characteristic).

p=0 p=0

(b)fOI‘ each0<m<n: Z(_l)erpyp > Z(_l)m+pﬂp-
p=0

p=0

Note that adding the statements of (b) for m — 1 and m, we find:
(v = B, 0 <m < n.

Statement (c) is striking: the number of critical points of a given index for any
Morse function on M (a generic kind of function) is bounded below by the rank
of homology in that dimension: topology gives a lower bound on critical points!

Also, comparing the statements (b) for m = n and m = n — 1 yields (a).
For this reason, sometimes (a),(c) are referred to as “weak Morse inequalities”,
while (b) are the “Morse inequalities”.

Preparation for proof. First, by perturbing f slightly (without changing the
critical points z; or their index), we may assume the f(z;) are all distinct. For in-
stance, let U; be a small open neighborhood of z;, and consider a smooth function
Ai : M — [0, 1], supported in U; and identically 1 in a smaller neighborhood of z;.
Then, for judiciously chosen small €; > 0, the function g(x) = f(z)+ >, e:\i(x)
achieves what we want.

Thus each critical value ¢; has only one critical point z; (of index k; between 0
and n) in its preimage. Pick the indices so the critical values ¢; are an increasing
sequence, then choose regular values a;,7 = 0,..., N separating the critical
values, with a¢ smaller than the minimum value ¢g of f and ay larger than the
maximum value ¢y (so f(zo9) = ¢o with index 0 and f(zx) = en of index n):

app<cp<ap<cp<...<an-i1<cy<apn.



For j = 0,... N, consider the sublevel set M; = f~'[ag,a;] = {x € M; f(z) <
a;}, a manifold with boundary 0M; equal to the (regular) level set at a;. Clearly
M = My is the increasing union of the M;, with My = (). Adopt the notation:

5(1%]) = 1k Hp(M])aj = 07 sy N, 50 B(p70) = 076(27;N) = 517'
(p, )— rkH(Mj,Mj,l), j:].,N

In part (3) we proved that M; differs from M;_; (up to homotopy type) by
attaching a cell of dimension k;. More precisely, there exists a closed kj-cell e*s
contained in the interior of Mj;, with boundary deki C M;_1, so that M;_, Ueks
is a deformation retract of M;. So we have inclusions:

Aji=(M;_y1\0ef) c M;_y € Mj_yUebi, A; C Mj_q,
(Mj_qUeb)\A; =€, M;_;\ A; = 0"
Thus, by the excision theorem (excising Aj) and the fact M;_; Ueb is a defor-
mation retract of Mj;, we have, for each p =0,...,n:
Hy(Mj, Mj—1) = Hp(M;j—1 U™, Mj_1) ~ Hy(e", 9e™),
which has rank equal to 1 if p = k; and 0 otherwise.

Thus the terms in the sum Z] oa(p,j) (for fixed p) are equal to 1 if k; =
and zero otherwise. In other words, the value of the sum is the number of i for
which k; = p, that is, the number of critical points of f of index p, which we
have denoted by v,,.

Proof of statement (a) in the theorem. Recall the fact (exercise 5.5 in [Rot-
man, p. 87] ) that in any long exact sequence of finitely generated abelian
groups:

0—-A, A, 1—...5 A1 - A, =0

the alternating sum of ranks vanishes: Z?ZO(—l)jrk(Aj) = 0. Apply this to the
long exact sequence in homology of the pair (M;, M;_;), for fixed j =1,...,N:
0— Hn(Mjfl) — Hn(MJ) — Hn(Mj,Mjfl) — anl(Mjfl) — ...

.= HO(Mj—l) — Ho(Mj) — HO(Mjan—l) — 0.
Grouping the terms in the alternating sum of ranks by threes, we find:

n

> (“1P[B(p, — 1) = B(p,§) + alp, 4)] = 0.

p=0

Adding this expression over j = 1,..., N, we find (noting the telescoping sum,
and using B(p, N) = B, 5(p, 0) = 0):

n n

N
ZZ DPa(p, ) = 3 (1P 3_[6(.5) ~ .5~ 1] = 3 (-1,

p=0 j=1 p=0 p=0



n

and recalling that the sum on the left equals szo

ment (a).

(—1)Pv,, this proves state-

Proof of statement (b) in the theorem. This is similar, considering instead the
long exact sequence for the pair (M;, M;_) starting at homology in dimension
m:

0— Km,j — Hm(Mjfl) — Hm(M]) — Hm(Mj,Mjfl) — Hmfl(Mjfl) — ...

R HO(Mj—l) — Ho(Mj) — HO(Mjan—l) — 0.

Here K, ; is the kernel of the inclusion homomorphism H,,(M;_1) = H,,(M;);
denote its dimension by s, j. Again grouping the alternating sum of ranks by
threes (and including the additional term), we find for fixed j:

S P8R, G — 1) = B ) + alp, )] + (1) Mk =0,
p=0
0< Ky =Y _(=D)P™[B(p,j — 1) — B(p, §) + ep. j)].
p=0

Adding over j =1,..., N as before, we find:

m

Z(fl)erm[Vp — Bp] 20,

p=0

which is statement (b).



Problems. (Source: [Hirsch, Differential Topology])

1. Let M C RY be a compact smooth submanifold. For each v € 59, let
fo : M — R be the function f,(z) = (v, x). Then the set of v € S? such that f,
is a Morse function is open and dense.

2. Define the function g : RP™ — R on real projective space by the formula:

o Al)?

f[x07xla"'a'rn] - Wa

where the )\; are distinct real numbers. Show f is a Morse function of type
(1,1,1,1,...1,1,1). Describe the CW structure on RP™ that follows from this.

3. Let f : S™ — R be a Morse function invariant under the antipodal
map = — —xz. Then f has at least two critical points of each index 0,1,...,n.
[Consider the function induced on RP™. The Z; Betti numbers of RP™ are
1,1,...,1]

4. Let S be a compact orientable surface of genus p. (a) Every Morse
function on S has at least 2p + 2 critical points. (b) Some Morse function on S
has exactly this number of critical points.



