CLASSIFICATION OF PRINCIPAL BUNDLES AND VECTOR BUN-
DLES!

1. Notation and definitions. p : F Y, X. E is the total space,
X the base, Y the fiber, E, = p~!(z) the fiber over z. (For V C X,
an alternative notation for p~!(V) is Ej;.) We have an open cover {U;}
of X and local trivializations ¢; : U; x Y — p~Y(U;), p(¢;(z,y)) = .
For x € Uj, y € Y, let ¢;.(y) = ¢;(x,y) € E,. We assume a ‘structure
group’ G C Homeo(Y'), so that the ‘transition maps’ g;;(x) = ¢j,x¢;; define
continuous maps g;; : U; N U; — G. We also introduce: 7

pjp H(Uj) =Y, pile) = qﬁj_,;(e) eYifee E,,x € Uj,
the point of Y corresponding to e € E in the trivialization ¢;.

A bundle map from p : E Y X to p : E Yo x (same fiber, same
structure group G) is a fiber-preserving map h : E — E’, inducing the map
f:X — X'. Thus h maps E, to E} ) e write hy : B, — E}(x), and h, is
assumed to be a homeomorphism. xlso assumed is the following: suppose
zeV;N f~1(V}) and f(z) = 2’. Then the map:

hiej (@) := ($ro) " © he © hjo =D} © ha © Dja,
a homeomorphism of Y, is assumed to be in G; and the map
hi; VN1 (Vi) = G
so defined is continuous (hy;(x) may be thought of as the ‘coordinate ex-

pression of h;’. ) Sometimes we denote a bundle map as the pair (h, f).

An isomorphism between bundles E, E’ with the same fiber Y, base space
X and structure group G is a bundle map F — E’ inducing the identity on
X. Notation: £ ~ E’.

Pullback bundle. Given p’' : E' Yy X’ and f: X — X', define a new
bundle ps : f*E’ Y X via:

fPE ={(z,¢) e X x E';p(¢) = f(2)}, py(a,e) =2z

It is easy to see this is again a loc. triv. bundle, with the same fiber and
group as E’.

!Source: N. Steenrod, The Topology of Fiber Bundles (1950, Princeton U.P.), sections
10, 11, 19.



The trivializing cover of f*E’ is the pullback {A; = f~(V])} of that of
E’, with trivializations given in terms of those of E’,

o5 VIxY — ()N (V)

by:
¢ AjxY = p U (A)) = {(xz,¢/) € Aj x E';p/(¢)) = f(z) € V]},

éj(x,y) = (z, ¢;7f(x) (v)) € p;1<Aj) or qgj,z = ¢;,f(g;) Y = (fTE), = E}(I)-
Also define:

Py (Ay) = Y5 = (b))t on (fE)., x € A

There is a close connection between pullback bundles and bundle maps:
f*E’ comes endowed with a natural bundle map (f, f) : f*E" — E', defined
via f(z,€’) = ¢/. And conversely, we have:

2. Isomorphism theorem. Let p : F X, X,p : F Yy X' have
the same fiber and structure group. Suppose there exists a bundle map

h:FE — E’, inducing f : X — X’. Then FE is isomorphic to f*E’:
(3(h, f) : E — E' bundle map) = E ~ f*E’.
In fact there exists a bundle isomorphism fy : £ — f*E’ so that h is the
composition:
FolELNy o Ny o)
so h = fofy, where (fo,idx) is an isomorphism E ~ f*E’ and f : f*E' — E’
the natural map just defined.

Proof. Define:

for E— frE', fo(e) = (p(e), h(e)).

Note we do have p'h(e) = f(p(e)), since h induces f on the base; so fy(e) €
f*E'. Then it is clear from the definition of f that ffy(e) = h(e), for all
e € E. We show fj is a bundle map, inducing the identity on the base X
(that is, pf o fo = p, where p¢(x,€’) = x for (z,¢') € f*E’). Indeed, for
ec E:

(pr © fo)(e) = ps(p(e), h(e)) = ple),

from the definition of py. On the fiber E, over x € X, fo is the map:

foo 1 Bz = (f'E)a,  (2,€) = (2, hale)),



and thus is a homeomorphism, since h, as a bundle map, defines a homeo-
morphism h, : B, — E}(I).

It remains to examine the ‘coordinate expression’ of fy. We have, with
D= (Pke) 't (fFEN)e = Y, z € fLW])NV; ({V;} is the trivializing
cover for E, {W]} that for E' ):

Jrej (@) (y) = Pr(fo)abja(y) = Pr(w, hoj(z,y))

= (D) " (hatja) (W) = (B pay) ™ (hatbjn) (¥) = Dhhwdbs(z,y) = hij(y),

the same as the coordinate expression for h, and therefore taking values in
G. O

3. Homotopy invariance. Let p : E X, X,p: F Yy X' have the
same fiber and group. We recall the homotopy lifting property (where X is
assumed to be a normal, locally compact, Lindelof space):

Let ho : E — E’ be a bundle map, inducing hg : X — Xi. Let H: X X
I — X' be a homotopy of hg. Then there exists a homotopy H : ExI — E',
a bundle map lifting H, that is: p’ o hy = hy o p.

The bundle E x I. Let p : E Y, X be a loc.triv. fiber bundle with

structure group G. The bundle q : E x [ Yo xx1 , with group G, has
projection map g(e,t) = (p(e),t) and local trivializations ¢; : (V; xI)xY —
q 1(V; x I) given by:

¥j(x,t,y) = (6(x,y), 1),
where the ¢; : V; x Y — p~1(V;) are the local trivializations of E.

Theorem: bundles over X x I. With the same hypotheses on X, any

fiber bundle p’' : E’ Y X xTIis isomorphic to one of the form E x I. Indeed
we may take E = i{E’, where ig : X — X x I is the map ip(z) = (=,0).
The total space is:

E =igE" ={(z,€);p/(¢') = io(z) = (z,0)}

We have: E' ~ (igE") x I.

Proof. Let E = igE’. The identity i : X x I — X x I,i(x,t) = (x,t)
is a homotopy of iy. Lifting it we obtain a bundle map h:ExI—=FE, a
homotopy starting from h(z, e’,0) = ¢’ where p'(¢/) = (x,0). Since h induces
the identity on X x I, it is a bundle isomorphism. O



Theorem: homotopy invariance of the pullback. With X as before, let
p B X, X', and suppose fo, f1 : X — X’ are homotopic. Then fJE’ and
f{E' are isomorphic.

Proof. Let F: X x I — X', or f; : X — X' be a homotopy from fj to

fi. Since F*E is a bundle over X X I, by the preceding theorem we have
an isomorphism:

F*E' ~ E x I where E =i{(F*E"), ip: X — X x I,ig(x) = (z,0).

(E is a bundle over X, with fiber Y.) For each t € [0,1], let i, : X — X x I,
it(x) = (z,t). Thus f; = F oi;, and we have:

fIE = if(F*E) ~ i (E x I).

On the other hand, from the definition (see above) of the bundle F x I,
we know ii(e) = (e,t) defines, for each t € [0,1], a bundle map (iz,%;) :
E — E x 1. By the isomorphism theorem above, it follows (i;)*(E x I) is
isomorphic to E for each ¢ € [0,1]. We conclude:

B ~iy(ExT)~ E~ii(ExI)~ f{E,

in particular fJE' ~ f{E'. O

In words: the pullback h}E’ is isomorphic to the fiber over ¢t of E x I (a
‘constant bundle’ in t), and those fibers are all isomorphic to E itself, where
E is the pullback of E’ under the homotopy F, restricted to t = 0.

4. Universal G-principal bundles.

We now specialize to the case of G-principal bundles. First, an important
remark:

Remark: We require bundle maps h : E — E’ of principal G-bundles
to be equivariant with respect to the right actions of G on the total spaces
E.FE:

h(e-g) =h(e)-g,Ve € E.

Definition. Let w : &€ S Bbea principal G-bundle. It is said to be
n-universal if, given a finite relative cell complex (X, A), of dimension at
most n, if we're given a principal G-bundle p : E S X and a partial bundle

map (h, f) : p~1(A) — &, there exists an extension of (h, f) to a bundle map
(h,f): E — &.



In particular when A = (), this asserts the existence of amap f: X — B
and a bundle map (h, f) : E — £ inducing f, implying the isomorphism
E ~ f*£. (For any G-principal bundle E over an n-dimensional celcomplex
X.)

Classification theorem. Let 7 : & % B be an (n + 1)-universal G-
principal bundle; let X be (homotopy equivalent to) an n-dimensional cell
complex.Then the assignment [f] — [f*E] establishes a bijection:

O : [X,B] <+ Pring(X)

between homotopy classes of maps f : X — B and isomorphism classes of
principal G-bundles over X.

Proof. (1) @ is well-defined: this follows directly from the homotopy
invariance theorem;
(2) @ is surjective: by definition of ‘(n + 1)-universal bundle’, given

p: E S x , a G-principal bundle over an n-dimensional cell complex X,
there exists a bundle map (h, f) : E — £. Then the isomorphism theorem
implies E ~ f*&, so ®([f]) = [f*E] = [E].

(3) @ is injective: let fo, f1 : X — B so that Ey := fi€ = f{€ = E, as
G-principal bundles over X. The claim is that fy ~ fi (homotopic.)

From the definition of pullback bundle, we have natural bundle maps
(ho,fo) : Eo — g, (hlafl) : E1 — &. Let (h,ldx) : Eo — E1 be the
hypothesized isomorphism. Consider the product bundle E[{ = Fy x I.
It comes with a bundle map r : E} — Ep, namely r(e,t) = e, covering
(z,t) — x. We have the restrictions of E} to t = 0, = 1, both clearly
isomorphic to FEjy, as follows:

[ [ Y N AP N AP
EO = EO\t:O? El = EO\t:l? To : EO ~ Eo, o El ~ E(),
where the isomorphisms (bundle maps covering idx ) are restrictions of r to
the endpoints of I: rg = g, T = TR

We now consider the disjoint union bundle, with a bundle map »’ to &,
defined by composition using hg, h and hq:

n E(’) UE] — &, h =horoon E('); h' = hihry on Ej.
Note A’ induces fo on Ej and f; on Ej.

Now (X x 0) LU (X x 1) is a subcomplex of the (n + 1)-dimensional cell
complex X x I. Since £ is assumed (n + 1)-universal, the bundle map b’



admits an extension to a bundle map (H, F)) : Eé — £. The induced map
F: X x I — Bisahomotopy from fy to fi. O

There is a general existence theorem for universal G-principal bundles,
but in many geometric cases they ‘exist in nature’. How do we recognize
them?

Characterization theorem. & % B (G-principal) is n-universal if,
and only if, the total space £ is (n — 1)-connected (i.e. path-connected,
with vanishing homotopy groups up to dimension n — 1: m(€) = {0}, k =
1,...,n—1))

Proof. (1) Assume 7 : £ — B (G-principal) is n-universal. Let f: S* —
& be given; the goal is to show that f is homotopically trivial if k¥ < n — 1.
We use f and the right G-action on £ to define a bundle map F' from the
trivial principal bundle S¥ x G to &:

F:S*xG—=€& Fly,9)=f(y)-g; Fcoversmof:S* = B.

Since (D*+1, S*) is a relative cell complex of dimension k 4 1 < n, the n-
universal hypothesis implies the bundle map F extends to one from D*t1 x G
to & (we'll still call it F): F: D1 x G — £. Then for y € S*: F(y,idg) =
f(y), so F(-,idg) extends f to D1, showing 7 (€) is trivial.

(2) Prior to showing the converse, we establish the following claim:
(*) assuming &€ is (n — 1)-connected, any bundle map h : S* x G — &
extends to a bundle map &' : DTl x G — &, if k <n — 1.

Indeed, given h, we obtain f : S¥ — & via f(y) = h(y,idg), and since
me(€) = 0, this extends to f': D*! — £. Now use the right action of G' on
£ to define h'(y,g) = f'(y) - g, for y € D*+1. This clearly extends h, since
for y € S*:

W(y,ide) = f'(y) = f(y) = h(y, idc),
and for the other group elements the result follows from G-equivariance of
h,l.

We prove that & % Bis n-universal, assuming & is (n — 1)-connected.

Given E & X G-principal, we must find a bundle map (h, f) : E — £. This
is done successively over the skeleta X of X, beginning with X (¥ (finitely
many vertices.) In the proof we take the subcomplex A = (), for simplicity.

We call a map & : G — E, admissible if x € U; and bjo§ € G (recall b; :
E, — G maps e to the element of G corresponding to e in the trivialization
of E over U;.) So map each z € X(© to some (arbitrary) b € B, then



consider two (arbitrary) admissible maps £ : G — E, and ¢ : G — &, and
define:
he =CE By — &,

(The maps &, being admissible guarantees h, is G-equivariant.). This
defines a bundle map Eixw© — E.

Inductively, assume h is already defined on the k-skeleton X (*) (where
k < n), and extend h to each (k + 1)-cell e, as follows. Since cells are
contractible, we have:

Eg~ex G, FEjy ~dexd.

(Remark: We need to assume at this point that X is a regular cell com-

plex, that is, the characteristic maps ® : Ekﬂ — € of the cells of X are
homeomorphisms up to the closure.)

Since de € X*) | h is already defined on p~'(de), with values in £. We
use claim (*) established just above, to extend a bundle map to £ from
e X G to € x G, hence (by composing with isomorphisms) extending A from
Ejge to Ejg (again with values in £). Doing this cell by cell, we extend h to

X (+1) “and after finitely many steps to X (™). O

Classification of vector bundles.

1. Vector bundle morphisms and isomorphism.

Let &,n be k,l-vector bundles over base spaces B(§), B(n). A vector
bundle morphism is a pair (u, f) of continuous maps, where u : E(§) — E(n)
preserves fibers and is linear in each fiber, and f : B({) — B(n) is the
induced map of base spaces.

If £, n have the same base space B, u is a linear isomorphism on fibers
(so k = 1) and the induced map f = idp, we say £ and n are (strongly)
isomorphic (Notation: & ~ 7). It is easy to show [M-S Lemma 3.1] this
implies u : E(§) — E(n) is a homeomorphism.

Let f: B — X, n a k-vector bundle over X. Recall the pullback f*n has

total space and projection:

E(f*n) ={(b,v) € B x E(n); f(b) = py(v) € X}, p(b,v) =b.
We have the following easy but useful fact:

Proposition. Suppose (u, f) : £ — 1 is a vector bundle morphism and an
isomorphism on each fiber. Then & = f*n (as vector bundles over B.)



For the proof we define h : E(§) — E(f*n) via: h(e) = (pe(e),u(e)) (note
pp(u(e)) = f(pe(e)), so this makes sense.) Then h is continuous and maps
each fiber Vj(§) isomorphically onto V4(f*n) (since on each fiber V;(&), h
coincides with u.)

2. Canonical and universal k-vector bundles.

We denote by ;' the canonical k-plane bundle over the real Grassman-
nian Gi(R™) (n > k), with total space and projection:

B(y) = {(X,v) € Gu(R") x R"v € X.}, p(X,v) = X.}

The universal k-vector bundle 7 has as base space the G (R>), the infinite
increasing union of the Gy (R"), an inifnite-dimensional CW complex given
the ‘weak topology’, with total space:

E(y) ={(X,v) € Gx(R™) x R v e X}, p(X,v)=X.

Note E(vy) is the infinite increasing union of the E(~v;'), with compatible
projection maps.

The canonical bundle 7} over Gj(R") is associated with an equally
canonical (n — k)-vector bundle over the same base, its orthogonal com-
plement ’y,?L, with total space and projection:

E(yH) = {(X,v) € Gp(R") x R%v e X1}, q¢(X,v)=X.
Note that their Whitney sum is the trivial n-bundle over G (R"):
@At =€ = Gr(R") x R".

This implies that if { is a k-vector bundle over B and £ ~ f*~}, for some
n and some f: B — G(R"™), then £ admits a ‘complement’, a n — k-vector
bundle n over B so that:

Ednrep:=BxR",
the trivial n-bundle over B. (Just let n = f*(y24).)

3. Existence theorem.
Theorem 1. Let £ be a k-plane bundle over a compact manifold B. Then
there exists n and f : B — G1(R") so that £ = f*y}.

Proof. See [M-S, Lemma 5.3] (extended to paracompact base spaces in
Theorem 5.6, with maps to Gx(R>).) In the compact case, we have an



open cover of B by finitely many (say NN) open sets, over each of which ¢
is trivial. The proof gives a map B — Gj(RFV), using partitions of unity
in the same way as the proof that (compact) manifolds embed in euclidean
spaces of sufficiently large dimension.

4. Homotopy implies isomorphism.

Theorem 2. Suppose fo, f1 : B — Gi(R"™) are homotopic maps (B

AT~

compact.) Then the pullback bundles are isomorphic: fiv; ~ fivp.

Proof. (Adapted from [Benedetti, p. 100].) Consider the simple linear
algebra fact: suppose we have two direct sum decompositions

RP=V'eVv=V"'aV

Then we have a canonical isomorphism ¢ : V' — V" ¢(v') = v” where
v/ = v” 4+ v (unique decomposition.)

Let F': Bx[0,1] — Gx(R"™) be the homotopy from fy to f1, and consider
F*(v), a k-vector bundle over B x [0,1]. Denote by V,,; its fiber over (p, ),
a k-dimensional subspace of R™ depending continuously on (p,t). Observe
the following. For any given ¢ € [0, 1], we have:

Vou NV ={0},Yp€ B R" =V, & Vo, Vp € B ff(v0) = f5 (7).

Indeed it suffices to consider that the linear algebra fact implies the existence
of a continuous field of linear isomorphisms:

gbpzvzn,t—)V,Oa PEB>

that is, of a bundle isomorphism ¢ : f(v}) = f5(77). Clearly the set of
t € [0, 1] such that V, ;N VpJ;O = {0},Vp € B is open in [0,1]. (This condition
is equivalent to the orthogonal projection in R"™ mapping Vplt isomorphically
onto V;)fo.)

Claim. 3¢ > 0 such that VO <t <e¢,Vpe B,V,; ® V;)L = R"™

Proof. Otherwise we have a sequence (py, t,) — (po,0) in B x [0, 1], such
that dim(V},, 1, N Vo) > 0, which in the limit gives dim(V,,0 N Vy5o) > 0,
contradiction.

Thus if we consider the set:
G={ec [O,t];vatﬂVp’LO ={0},Vpe B,VO<t<e}={te0,1]; five ~ fiv,V0 <t <e},

we see that G is a an interval [0, €y), open on the right unless ¢y = supG = 1.



But in fact ¢ € G: let t,, € G,t; T €. Since R" = Ve, @ V;D%OVp,
we have Vy;, N Vp = {0}1Vp for m sufficiently large (due to openness of
the condition), hence f; v ~ fX~ for m large, and since t,, € G also
Jovi = f&E, 80 €0 € G. This implies €9 = 1, or fiv! = fiv)!, as we wished
to show.

5. Gauss maps. [Husemoller p.31.] Definition: a Gauss map to R™ for
a k-vector bundle £ is a continuous map g : E({) — R™ which is a linear
monomorphism on each fiber of £ (so m > k.)

For example, ¢ : E(7}) = R",q(X,v) = v is a Gauss map. If (u, f) :
& - 7r is a bundle morphism which is isomorphic on fibers, the composition
gou: E({) — R" is a Gauss map.

Conversely, if € is a k-vector bundle p : E(§) — B and g : E({) — R™
is a Gauss map for £, there exists a bundle morphism (u, f) : £ = 7} such
that gou = g.

To see this, for b € B let f(b) = g(p~'b), the image under g of the fiber of
¢ over b, a k-dimensional subspace of R™ and hence a point of Gi(R™); and
for e € E(£), let u(e) = (f(p(e)),g(e)) € E(v;*). Using local trivializations,
one sees that v and f are continuous and u is isomorphic on fibers. Thus we
have the following simple but useful observation, for an arbitrary k-vector

bundle {(E, p, B):
[3f: B — Gp(R™), ¢~ f*(v")] € [3g : E — R™ Gauss map].

In particular, it follows from Theorem 1 that any vector bundle over a com-
pact (or paracompact) base admits a Gauss map.

6. The even-odd trick. [Husemoller p. 33, M-S p. 67, Thm 5.7]

To finish the classification theorem, it remains to prove that isomor-
phism implies homotopy: if fo, fi : B — Gi(R") yield isomorphic vector
bundles under pullback: fiv; ~ f{v;, then they are homotopic: fo ~ fi
as maps to Gi(R"™) (that is, with the homotopy taking values in Gi(R")).
Unfortunately this is not what is proved, and here is the problem: say
fove = fiv; = & a k-vector bundle over B, the isomorphisms being given
by ug,u1 : E(§) = E(7}), inducing fy, fi. It would be enough to produce a
homotopy between the corresponding Gauss maps go = q o ug, g1 = q © uq,
an easier problem since we may try the linear homotopy in R™:

gi(e) = (1 —t)go(e) +tgi(e) € R", ec E(&),t€[0,1].
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Unfortunately there is no way to guarantee this always gives a nonzero vector
if e = 0; that is, that each gy is itself a Gauss map.

Thus a tricky detour is necessary, which in the end results in a homotopy
from fy to fi, but taking values in Gi(R?"), not G(R").

Consider the ‘even and odd subspaces’ of R*:

R® ={x € R®; x9;,1 = 0¥i > 0}; R = {z € R®;z9; = OVi > 0}.
For each t € [0, 1], consider the linear embeddings:

kS R™ — R™ kY : R" — R*™ .

k‘f(.’Eo, L1y ,mn,l) = (1—t)(IEO, T1y.e.,Tp—1,0,... ,0)+t($0, 0,z1,0,... ,l’nfl,O).
kf(a:o,ml, . ,:L'n_l) = (l—t)(xo,xl, ey Tn—1,0,... ,0)+t(0,$0, 0,z1,...,0, -fn—l)-
We see that each kf, kf (t € [0,1]) is a linear embedding and:

(1) k§ = k§ is the standard inclusion R" — R?" (set the last n coordi-
nates equal to 0).

(2) k§(R") = R>" N R®, kY(R") = R* N Ro%,

(3) Denote by g, : E(vY) — R™ q2n : E(7¥") — R®" the canonical
Gauss maps. Then kf o gy, k{ o g, are Gauss maps for 7, taking values in

R?". Thus, as seen above, there exist vector bundle morphisms (injective
on fibers):

N e e e T (T O e [
such that:
kiogn =qanou’, kioqn=qamou’.
(4) ¢, f°: Gp(R") — Gr(R*") are homotopic to the standard inclusion
maps j : Gx(R") — Gr(R*"). Namely,
X = kf(X) € GL(R™), X € GR(R") joins j at t = 0 tof® at t = 1;

X — k2(X) € GL(R*™), X € Gi(R") joins j at t = 0 tof® at t = 1.

7. From isomorphism to homotopy.

Theorem 3. Let fy, fi : B — Gi(R") such that f5(7) = fi(77). Then
jo fo~jo fi (homotopic), where j : Gr(R") — Gr(R*") is the standard
inclusion.
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Proof. (cp. [Husemoller, p. 35].) By hypothesis there exists a k-vector
bundle £ over B and bundle morphisms (isomorphic on fibers):

(uo, fo) - € = v, (ur, f1) : € =
and Gauss maps:
ho=quoug: E(§) - R", hi=gnou:E()— R"
Composing with the maps obtained in the previous subsection, we have:
(u® o ug, f¢o fo) : & — 42" with Gauss map kS o ho : E(£) — R*" N R,

(u® o uy, fo fi) : € = 43" with Gauss map ko hy : E(£) — R*" N R,
Define the map h; : E(§) — R?", t € [0,1]:

hi(e) = (1 —t) (ki o ho)(e) + t(k{ o hn)(e), e € E(§).

Then h; is a Gauss map for &, for each ¢: in each fiber V;(€), kSohg : V(&) —
R k§ o hy @ Vy(€) — R°% are both injective, taking values in subspaces
intersecting only at 0; thus h; is also injective.

This implies there exists a continuous one-parameter family of bundle
morphisms:

(wt7 ¢t) : 5 — 7]%717
where ¢; : B — Gy(R*") is a homotopy f¢o fo >~ f°o fi.
Now recall (from point (4) above): jo fo ~ f€o fo,jo f1 =~ f°o f1. Thus
jo fo~jo fi, as we wished to show.

8. Summary. Theorems 1,2,3 may be summarized as the classification
theorem:

Any real k-vector bundle £ over a compact (or paracompact) base space
B is the pullback f*(v7;) under a map f : B — G(R"), for some n.
Homotopic maps B — Gj(R"™) induce isomorphic bundles; conversely, if
f*y & g*y%, then f is homotopic to g (as maps to Gi(R?")). In symbols,
the pullback of 75 over Gy (R>) establishes a bijection:

Veety(B)  [B, Gi(R™)].

(Isomorphism classes of k-vector bundles over B on the left, homotopy
classes of maps on the right.)
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The same is true for complex vector bundles:
Vectt(B) « [B,Gr(C>))].
In particular for line bundles:
Vect,(B) < [B,RP(x0))] = [B, K(Z3,1)] < H'(B;Zy).

VectS(B) « [B,CP(c0)] = [B, K(Z,2)] +» H*(B;Z).

The last correspondences are given by the first Stiefel-Whitney class (resp.
the first Chern class).
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