Logic and Proof 1l Carl Wagner

Logical Equivalences and Set-theoretic Identities

Logical Equivalence Corresponding Set-theoretic Identity
1. De Morgan’s laws
a -(PAQ) & —Pv—=0Q a. (AnB)F=A"UB"
b. =(PvQ) & —PA—=Q b". (AUB) =A°NB°
2. Commutative laws
a. PAQ) < (QAP) a. AnB=BnNnA
b. PvQ) < (QvP) b. AUB=BUA
c. (P+Q) < (Q+P) ¢. AAB=BAA
3. Associative laws
a. PA(QAR) < (PAQ) AR a. An(BNC)=(AnB)NC
b. Pv (QVvR) < (PvQ) VR b. AU (BuUC)=(AuB)uU C
c. P+(Q+R) < (P+Q)+R ¢. AA(BAC)=(AAB)A C
4. ldempotent laws
a. PAP <P a. AnA=A
b. PvP & P b. AUA=A
5. Distributive laws
a. PA(QVR) < (PAQ) v(PAR) a. An(BUC)=(ANB)U(ANC)
b. PVv(QAR) < (PvQ) A(PVR) b AU (BNC)=(AUB)N (AUC)
c. PA(Q+R) < (PAQ)+(PAR) ¢c. An(BAC)=(AnB) A(ANC)



6. Absorption laws
a. PA(PVQ) < P a. AN(AUB)=A
b. Pv(PAQ) < P b. AU (ANB)=A

7. Double negation law

—~—P &P (A=A

8. Tautology laws (U = the universal set)
a. P v —P isatautology a. AUA°=U
b. P a(atautology) < P b ANnU=A
c. P v (atautology) is atautology c. AuU=U
d. P+ (atautology) < —P d. AAU=A°
e. —(atautology) is a contradiction e, U=y

9. Contradiction laws (U = the universal set)
a. P A —P isa contradiction a. AnA=QD
b. P A(acontradiction) is a contradiction b An =0
c. P v (acontradiction) < P c. AuT=A

d. =P — (acontradiction) <P This equivalence, which justifies proof by
contradiction, is just a variant of the preceding
equivalence, since =P - Q < P vQ.

D

. P + (a contradiction) < P d. AAT=A

*

. —(a contradiction) is a tautology e. ©@°=U

—h



10. Conditional equivalences

a.

b.

P>Q< —PvQ

c.P>Q->R < PAQ —>R

11. Biconditional equivalences

a.

Po>Q o P>QAQ—>P)<=(P AQ) v (=P A=Q)

b. -(P+< Q) <P+Q

12. Quantifier laws

a.

b.

C.

d.

e.

f.

g.
h.

=V X P(x) < 3x —P(x) 2. (Mg A)=U A
—3IX P(X) < VX—P(X) b (U A =N A°
VX (P(X) AQ(X)) < VXP(X) A VX Q(X)

VXPX) v VXQ(X) = VX (PX) vQ(X))

VX (P(X) vQ(X) DOES NOT IMPLY VxP(X) v VxQ(x) !I!
IX (P(X) vQ(X)) < IxP(X) v Ix Q(X)

Ix (P(X) AQ(X)) = IXP(X) A IX Q(X)

IXP(X) AIXQ(X) DOES NOT IMPLY 3x (P(X) AQ(X)) !!!



