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On the Factorization of Some Polynomial Analogues
of Binomial Coefficients

By

CARL G. WAGNER *)

In [4] Scheid proved that if 1 <k < n — 1, then (Z) is not a power of a prime.
He also stated a lower bound for the number of distinct prime divisors of (2) In

the present note we prove a similar theorem about the factorization of certain
polynomials over a finite field.

Let GF (g, x] denote the ring of polynomials over the finite field GF(g) and. let
GF(q, z) be the quotient field of GF[g, «]. Define a sequence of polynomials 1y (f)
over GF[g, z] by
(1) pe)= [ ¢—m),

degm<k

where the product in (1) is taken over all m € GF{q, x] (including 0) of degree < k.
In addition, define a sequence (F%) in GF [q, x] by

2) Fre= (kb — 152k — )¢ .. (1, Fo=1,
where
(3) {n) =" —zx.

Carlitz [2] has proved that the sequence (i (t)/F%) is an ordered basis of the G'F [g, x]-
module of linear, integral valued polynomials over GF (g, z). (A polynomial f(Z) over
GF (g, x) is called integral valued if f(m) € GF[q, z] whenever m € GF[q, z].) Hence,

the polynomials g (£)/Fy are function field analogues of the Newton polynomials (;),

and so the yx(m)/Fy, for m € GF[g, z], may be regarded as polynomial analogues
of binomial coefficients. The quantities pz (m)/F also oceur in connection with the
Carlitz y-function [1].

The proof of our main theorem is based on the following lemma:

Lemma. Let 7w € GF [g, x] be a monic trreducible polynomial. Let

k=1, m*eGF[q,x], and degm*>k.
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Let m* =mg - myzm + <+« + msas be the m-adic expansion of m*. For
me GF g, z] — {0},
let vy (m) be the largest infeger i for which nt|m. Then vy (ypr(m*)[Fz) < s.

Proof. Let deg w = d and deg m* = r. Recall that & divides (n) exactly once
in GF[q, #] if and only if d |n. Hence, by (2) and.(3),

(k/d]
(4) va (Fy) = 2 gb—7e,
i=1

where [k/d] is the greatest integer in k/d.
To evaluate v, (yr(m*)), define integers oy for § = 1 by

(5) oy = card{m e GF[q,x] :degm <k and m = m*(modnJ)}.

Then oo oo

(6) valpr(m*) = > vz(m* —m) =72 jloj — aj41) = D oy,
degm<k j=1 j=1

where, in the last two sums in (6), all but a finite number of terms vanish. To evaluate
the o;, note first that since k < r, oy = 0 for § > s. For 1 < j < [k/d], the set
Sy = {meGF[q,z]:degm < k} contains precisely g¥-¢ complete residue systems
(mod m1f) so that a; = ¢¥~7¢ for such j. For [k/d] < j < s, however, oy < 1, since
Sy contains only a fragment of a complete residue system (mod 7). In view of the
preceeding remarks,
o On (i (m*) [ Fi) = vz (i (m*)) — vz (Fy) =

[k/d) s, [k/d]

= > o+ w— > gkt <s,

i=1 j=ldl+1  j=1

as desired.
Note. The restriction deg m* > k in the above does not exclude any interesting

cases, for yg(m*) = 0 if deg m* < k, and if deg m* =k, yg(m*) = a F, where «
is the leading coefficient of m* [3, p. 140].

Theorem. Let &k =1, m e GF[q, ], and degm* =r > k. Let 71, 72, ..., ey be
the distinet monic irreducible divisors of yi(m*)/Fy. Then w = (r — k)g¥/r.

Proof. Let degm; = d; and let m* = mf + minm; + --- + mia% be the n;-adic
expansion of m* for 1 £ ¢ =< w. It follows that s;d; <r, and so
sidi+ -+ spdo Srow.
Suppose that pg(m*)/Fy = Anf ---7t, where 1€ GF(g). By the lemma, ¢; < s;
for 1 €17 £ w. Hence,
deg pi(m*) Fr=(r —k)g¥ =e1dy + - +epdp <
=sidi+ -+ sedo ST o,

and w = (r — k)g¥/r or, if a cruder estimate not involving r is desired, w = g¢%/k + 1.
4*
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Corollary. Let k and m* be as in the preceding theorem. Then, unless g = 2, k = 1,
and r = 2, pi(m*)|Fy is not simply a power of an irreducible polynomial.

Proof. Ifg=3and k=1, orif ¢g=2 and £ =2, then ¢* >k 4+ 1 and w =
Z¢kk+1>1.1f g=2,k=1,andr =3, then (r —k)g* >rand w 2 (r — k) X
X gk[r > 1. In the remaining case we have y; (22)/F1 = w1 (22 + 1)/F1 = z(x + 1)
and, as exceptions to the general rule,

pi@E+2)Fi=pi{e®+ o+ )1 =224+ 1.
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