NON-ELLIPTIC STRUCTURE OF THE RICCI OPERATOR.

0. Quasilinear structure and linearization. In local coordinates,

we have the expressions for Ricci curvature and the Christoffel symbols of
the Levi-Civita connection:
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(bars denote partial derivatives in the given coordinate system.) To obtain
useful global expressions, R.Schoen observed one can consider a ‘background
metric’ § on M with its Levi-Civita connection V and the difference of
connections, a symmetric (2,1) tensor on M:

D(X,Y)=V%Y — VxY.

It then turns out that the expressions of the tensorial components of D in
terms of g, and of the Ricci tensor in terms of D, are familiar ones:
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k= §gml(vkzgﬂ + Vg — Vigjr),

Rjx = Rjx + Vi D}, — VD — DS Dy — D7y D
(To see why this is true, just compute in local normal coordinates for g!)

From now on all components are tensorial (as opposed to local coordinate

components.) The terms involving second covariant derivatives of the metric
are:
%gml (=ViuVigix + Vi Vigii + Vi Vigie +ViVigme — ViVigmi — ViViair).
The first term is a kind of Laplacian. The third and sixth terms add up to a
commutator of covariant derivatives, a lower-order (curvature) term- so we
drop them. To make the expression formally symmetric in j, k, we change
the order of V; and V; in the fourth term (again at the cost of a lower-order
term). With these changes, to identify the remaining terms (starting at the
second) we write (commuting covariant derivatives when needed):

9" (Vi Vigit + ViVigmk — Vi Vigm) = 9™ [Vi(DE,9:) + V(D21 gkp)]

= gjpvk(gmlDfnl) + gk;pvj(gmlDfnl) + lower order



= gipVIi(g™ D2 ) + gipV9i (g™ DE ) + lower order
(using ?jXp — V?Xp _ Dé?qu)

= (Lwg)jr + Q(9,V9)jk,

where Ly g is the Lie derivative of the metric (see below) with respect to
the vector field:
— I Hp
WP =g"™D,,
and Q(g, Vg) is a symmetric (2,0)-tensor, quadratic in covariant derivatives
of g (with respect to V.) We conclude:

Proposition.(De Turck/Schoen). Given a ‘background metric’ g the
Ricci tensor of g (as a differential operator on g) admits the global expres-
sion:

1 - 1 _ _
Rc9 = —itrgvzg + 5LWg +Q(g,Vg) + R,

where W is the vector field W = tryD, with D the symmetric (2,1) tensor

VI — V.

This exhibits Rc9 as a quasilinear tensorial second-order differential op-
erator of g, for a fixed background connection.

The ‘background metric’ approach yields a fairly painless way to compute
the linearization of the Ricci tensor. To find the linearization of —2Rc at
a metric g in the direction of h € 512\/[, we consider the path of metrics
gs = g+ sh (|s| < €) and compute the derivative:

~2D(Re(g))lh) = ~25. _ Re(g,).

For this we use the expression found above:
—2R%, = =2(V Dji(s) — ViDini(s)) — 2R% + (Ds * D) ji.
Differentiating in s we find, at s = 0 (using Dy = 0):
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d8|s:0 gk
gm’(?m?lhjk — ?m?khjl — ?mﬁjhlk — ﬁj?lhmk + %?khml + V_j?mhlk).
(There are no other terms, since e.g. ?l?mgjk = 0.) In this expression we
perform the same commutations of covariant derivatives described earlier,
this time keeping track of the curvature terms involved:

—2D(R9) M)k = "™ (Vi Vil — Vi Vichji — ViV hor + ViV ihm)



_gml(lemqhqk + lekqhmq + ijlqhqk + ijkthq)7

and one can easily check that the curvature terms cancel!
Changing g to an arbitrary metric g, we have the formula:

—2D(Re(9))[h) = ™ (Vi Vilji. — Vi Vihjs — ViV bk + Vi Vihm)

1. The Bianchi identities.
Bianchi I:

R(X,Y)Z+ R(Z,X)Y +R(Y,Z)X =0
Using the fact the connection is torsion-free, the left-hand side equals:
X[V, Z]] + [Z, [ X, Y]] + [V, [Z, X]],

and this vanishes (Jacobi identity).

Remark. Bianchi I is used to show that the curvature operator on 2-forms
Rm : 03, — O3, is symmetric:

Rm(XAY),ZAW) = (R(X,Y)Z,W) = (X AY,Rm(Z AW)).

Bianchi IT:
VxR(Y, Z)W + VyR(Z, X)W + VzR(X,Y)W = 0.
Computing the first term on the left (at a given point p € M):
(VxR)(Y,Z)W = Vx([Vy,VzIW)=[Vy, Vz|(VxW)=Vx(VyzW)+Vy,z(VxW)
= [Vx, [Vy, VZ][(W) + [Vy,z, Vx (W)
= [Vx,[Vy, Vz]]W) = R(X, [Y, Z])W,

assuming (as we may) VW (p) = 0 for any vector field E. In fact we may
also assume all Lie brackets (such as [Y, Z]) also vanish at p, and then the
claim follows from the Jacobi identity (as a formal algebraic identity for
commutators of operators.)

Contractions. In classical tensor notation:

VimRijit + ViRmit! + ViRjmi! =0,
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and contracting on 4,! we find for the Ricci tensor:
VimBjr — ViR, + Vlemkl =0.
Contracting again on j, k, we find:
k 1
V Rk — §VmR =0,

the ‘twice contracted second Bianchi identity’.

2. Diffeomorphism invariance.

Vector fields. Let ¢ € Dif f(M). The ‘push-forward’ of a vector field X
and the ‘pullback’ of a function f are defined by:

. X(p) == Dol 'p)X(p7'p), " f:=foe.

Note that:
0u(fX) = (fop Hp.X.

Ezercise. As a differential operator:

(e X) fip = X(F 0 @) o1
or equivalently, if ¢ = o1

O (X f) = (0 X) (0" f)-

Tensors. The pull-back of a (2,0) tensor g is the (2,0) tensor:

()X, Y) = g(e X, 0:Y) 0 .
Ezxercise. o*g(fX,Y):= fo*g(X,Y).

Similarly, for a (3,1) tensor Rm:

(" Rm)(X,Y)Z = Y (Bm(p. X, .Y )pi Z).

Lie bracket. For vector fields, there are two equivalent definitions. Let
@7 be the flow of a vector field X (one-parameter group of diffeomorphisms
s.t. %Lpt = X.) Given a second vector field Y, we define:

1
LxY = }1_1% E(X — ot X).
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And as a differential operator:
(X, Y]f = X(Y ) =Y (X]).

Ezxercise. [X,Y] = LxY. (Do it in local coordinates.)
Clearly %u:o(%*y) = —LxY. Note also that, for a function f on M:

Dlateif) = Lio(Fo e = X,

Ezercise. ¢ ]Y,Z] = [puY, p1sZ]; differentiating at t = 0, we recover
the Jacobi identity.

The operator Lx is extended to the tensor algebra as a derivation (as-
suming it acts on functions as the differential operator X.) For example, for
a (2,0) tensor g:

(Lxg)(Y,Z) == X(9(Y, 2)) — 9(LxY,Z) — g(Y, Lx Z).

FExercise:

d. . .
7 Pr9)l=0 = (Lxg)(Y, 2) = 9(Vy X, Z) + g(Y, V2 X),
if V is the Levi-Civita connection of g.
Proposition. Let V9 be the Levi-Civita connection of a Riemannian
manifold M. Define the differential operator on vector fields on M:

VY = ¢*(V1*X¢*Y).

Then V* is a connection on M, and is the Levi-Civita connection of ¢*g.

Proof: guided exercise. There are four properties to verify, and none of
them is completely obvious.

(1) VixY = fVXY;

(VL (FY) = (XY + FU4Y.

() VLY — Vi X = [X,Y].

(V)X ((¢"9)(Y, 2)) = (¢"9)(VXY, Z) + (¢"g)(Y, Vx Z).

Question: Do you know a good ‘synthetic description’ of the Levi-Civita
connection?

Corollary. The Riemann tensor (as an operator on the metric) is diffeomorphism-
covariant:
Rm¥"9 = ¢*(RmY).



Ezercise: Show how this follows from the proposition, and also that it
implies similar properties for the contractions Rc (Ricci curvature) and R
(scalar curvature), defined by:

RI(X,Y) =) g(Rm?(X,E)E;Y)

(where g(E;, Ej) = 0;;) and:

RY:=) " RI(E;, E;).

3. Diffeomorphism invariance and the Bianchi identities.
Recall the linearization of the Ricci tensor:

—2(DRc)(9) Mk = 9"V Vahjk — 9" (Vg Vihip + VqVihjp = V;Vihp).
The linearization of scalar curvature is obtained from this by observing that:
DR(g)[h] = D(¢")[h)Reji + 9" (DRe) (g) [h) .-

And we find:
—2DR(g)[h] = 2A(trgh) — 2671V Vo hjp, + 2(Re, h),.
The infinitesimal version of the diffeomorphism invariance of R is:
DR(g)[Lxg] = X(R?).
Claim. DR(g)[Lxg] = 2(V*Ry)X'.
The claim implies:
2(VR;j)X' = X(R) = X'V,R

for any X, and thus: V/R;; — (1/2)V,;R = 0, the twice-contracted second
Bianchi identity.

Conclusion. The diffeomorphism invariance of scalar curvature im-
plies the twice-contracted Bianchi II. (In fact, the diffeomorphism invari-
ance of the Riemann tensor implies Bianchi I and Bianchi II.) And, con-
versely, one can use Bianchi II to recover the invariance of Rc in infinitesimal
form([Chow-Knopf p.76]).



Proof of claim.
Recall (Lxg)ij = ViX; + V;X;. Using the expression above for the
linearization of R, we find:

DR(g)[ViX;+V;X;] = —2¢""V V.V, XP+¢7"V ,V; Vi X 4¢PV, V;V, X 2R, VIXP = ...

In the second term on the right, commute the covariant derivatives V, and
Vj:

PPVGViV X1 = gF(V;V Vi X9+ RL ViIXT+ Ry Ve XY,
After cancelation of curvature terms:
o= —2¢""V VLV XP 4 2¢75V Y Vi X9 — 2R, VIXP = ..
and now we commute V, and V}, in the second term, which becomes:
208V V Vi X1 = 2¢7"V ;V VX + 2¢7"V (R4 X 1),
and continuing the computation (after cancelation of the first two terms):
=27V R) X + 2¢7F RV X! — 2R;, VI XP = 2(V¥ Ry X,
as claimed.

4. The symbol of linearized Ricci. Consider the linear second-order
differential operator on symmetric (2,0) tensors on M:

R:S% — S%, RIh] = —2D(Rc)(g)[h]

R[] = ¢"(VpVhjt — VoVihkp — Vo Vihip + ViVihyg).

The principal symbol of R at a 1-form ¢ € Q}V[ is the linear map (linear over
functions):
o(R)¢: Sir = Sir,

o(R)¢c[hjk = 1¢[*hjk — PGty — CPlhjp + (i Citrgh.

If this map were an isomorphism for any ¢ # 0, the differential operator
R would be elliptic (by definition of ‘elliptic’!) Unfortunately this is not
the case- it has an n-dimensional kernel. First we exhibit an n-dimensional
subspace of S%/I annihilated by the principal symbol of R. Consider the
first-order differential operator:

0 : le\/[ — S%/Iv (8X)U = Vin + VZX]



(Thus 0X = Lx~g, the Lie derivative of g with respect to the dual vector
field.) Its (principal) symbol is (at ¢ € Q},:)

0(6>C : Q]l\/[ — S%/Iv X = hij; = GX; + (X

Claim 1. For any ( € Q}\/[ the composition:
7(9)coa(R)¢ : Uy — Sy
is the zero map. Thus:
Im[o(0)¢] C Ker[o(R)¢],
so the kernel has dimension at least n.

Pedestrian proof. Straightforward computation.

Fancy proof. Tt follows from the invariance of Rc under diffeomorphisms
(in infinitesimal form) that the composition of R and 0 (a priori a third-order
differential operator) is in fact a first-order operator (on X € Q},):

R(0X) = —2DRI[0X] = —2DRI[Lx-g] = —2Lx-(RcY).

Thus the (third-order) principal symbol of the composition (which by general
‘symbol calculus’ is the composition of the principal symbols) must vanish.

Next we see the dimension of the kernel is exactly n. Inspired by the
‘twice-contracted Bianchi II’; we define a third linear differential operator
(of order 1):

g 1
B=B: 83 — Q.  B(h) = 9" (Vihjk — 5 Vihiy),
with principal symbol (at ¢ € Q},):

. 1 . 1
o(B)¢: S5 — Uy b g7 (Ghjy — QCkhij) = (hji, — Cktrgh.

Claim 2. For any (¢ € Q}W, the composition of symbols:
o(B)coo(R)¢: Sy — Qb
is the zero map. Thus:

Imlo(R)¢] C K¢ := Ker[o(B)¢].



Pedestrian proof. Straightforward computation.

Fancy proof. The twice-contracted Bianchi II says exactly that BI(Rc9) =
0. To linearize this identity with respect to g, we write BY(h) as the function
of two arguments B(g, h) (linear in the second argument) and differentiate
the composite map B(g, Ric?) as a function of g in the direction of h € 5%,
(using the chain rule):

D1 B(g, Rc?)[h] + D2B(g, Rc?)[D(Rc?)h] = 0.

By linearity of B in its second argument, D2 B(g, Rc9)[v] = B(g,v) (for all
v € 52,), and D; B is easily computed:

o 1
D1B(g,q)[h] = =9 g% hpe(Vigji — Ekaij)a q € Si,h € Sy

So the Bianchi identity implies D;B(g, Rcf)[h] = 0 for all h, and again by
linearity we conclude:

B(g,—2D(RcA)[h]) =0 VYh e 5%,

which means BY o R is the zero operator Q}, — S%,.

We are now interested in the adjoint of the linear map o(B); (where Q},
and 5%4 have the inner products naturally induced by g.) It would be nice
if this were just the already defined ¢(0)¢, but since we subtract the trace
in the definition of BY, this is not true. Instead, consider:

1
B Qg — St X hij = 5(GXG + G X — (G X)ggi)-

Claim 3. (B¢[X], h)g = (X,0(B¢)[h])g, for all {, X, h.
Proof. Straightforward computation.

Thus 3 is the adjoint of o(B)¢, and denoting by K¢ C S%, the kernel of
the latter map, it follows that:

Im(d) = K2,
Exercise. Show that, like 0(0)¢, the map (¢ has trivial kernel, and therefore
n-dimensional range. This implies dim(K¢) = w —n= %



It is now very easy to check that o(R¢) not only leaves the subspace K¢
invariant, but in fact acts on it like |¢|? times the identity! Indeed, h € K
if, and only if, (7hjj, = (1/2)ktrgh, so:

1 1
o(R)c[hlk = [C[*hjk — §Cjth7“gh - §Cijt7"gh + ¢iCitrgh = |¢2hji.

Thus the dimension of Ker[o(R)¢] is at most n, and therefore exactly
n. Therefore this kernel coincides with the image of o(J¢).

Remark. It should be clear from the above discussion that the linear
map o(R)¢ is not self-adjoint on S3,.
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