SPECTRUM OF BOUNDED DOMAINS

1. Eigenfunction expansions. Let D C R" be a bounded open set
with smooth boundary. A function v on D is an eigenfunction if it is not
identically zero and solves the PDE on D:

Au+du=0

for some A € R, with boundary conditions v = 0 (Dirichlet) or d,u = 0
(Neumann). Eigenfunctions exist only for a discrete set of eigenvalues:

OS)\1<)\2<)\3<..., Ap, — 00.
(A = 0 occurs for Neumann boundary conditions, with constant functions

as eigenfunctions.)

The eigenvalues can be labeled in other convenient ways. For a given
eigenvalue A, the eigenspace:

E(\) = {u € C*(D); Au+ u = 0}
is a vector space of finite dimension, which may be greater than one (the
dimension is the ‘multiplicity’ of \.)

FEigenfunctions for different eigenvalues are orthogonal for the L? inner
product. This follows directly from Green’s second identity. If u € E(\),v €

E(p):

(n—N) /D uodV = /D(Au)v — (Av)udV = fg[)(&1 Yo — (Opv)udA = 0,

for Dirichlet or Neumann boundary conditions. So if A # p, we have (u,v) =
i) puvdV =0.

If dim(E(X)) > 1, using the Gram-Schmidt process we can always find
an L?-orthogonal basis for this space. Then we may list the eigenvalues as
a non-decreasing sequence:

O0< A< <3<,

with a corresponding orthogonal set of eigenfunctions ¢, € E()\,) (that is,
(@nsom) = [p PnemdV =0 for m # n).

The main fact of the L? theory is that the set of eigenfunctions is com-
plete in L?, in the sense that any function f € L?(D) may be expanded as



an infinite series of eigenfunctions:

= Z An@na Pn € E()‘n)

n=1

This series is convergent in the L? sense:

N
/(f—sN)de—>O as N — oo, sy :ZAncpn.
D

Since the eigenfunctions ¢,, are assumed to form an orthogonal set in L?(D),
the coefficients A,, can be computed from:

/ F@)en(y)dv;, = A, / G2 1)V, = Anllpnll?,
D D

where ||¢,|| is the L? norm.

Once we have the expansion of the initial data as an eigenfunction series
(which already includes the boundary conditions), it is very easy to write
down formal solutions to the initial-value problems for the heat and wave
equations. For the heat equation uy — Au = 0 with initial data ug:

UQ—ZAnQOniULUt ZA e~ nt on (),

n>1 n>1

convergent in L?(D), for each t > 0.
Incidentally, substituting the expression for the coefficients into the eigen-
function series, we find:

u(x, t) /Z

- HQ% )n(y)uo(y)dV, = / (2,9, uo(y)dV,
n>1 n

where h(z,y,t) is the heat kernel of D:

by, t) = 3 et £nl)enly)

2
2 Il

For the wave equation uy—Au = 0 with initial data (u, u¢)—o = (vo, u1),
we have:

ug = Ag + ZAngon, u1 = By + Z Bron, ()\n > 0Vn > 1)

n>1 n>1



= u(z,t) = Ag + Bot + Z A, cos(v/ Ant)on () + \f/% sin(v/Ant)on ().

n>1

2. Spectrum of the disk. Let D, = {z € R?;|z| < a} be the disk of
radius a. We compute the Dirichlet spectrum:

Au+Au=0in D,, u=0ondD,.

The Laplacian in polar coordinates (r,#) is:
1 1
Au = u,r + —u, + — U6 -
r r

Since we know the eigenvalues of the operator L[u] = ugg, it is natural to
look for solutions of the form:

u(r,0) = f(r)Yn(0), Y,(0) = Acosnf+Bsinnf(n > 0) so (Y;)ge = —n?Y.

We obtain for f(r) the ordinary differential equation:

1 n?
frot fr (A= 5)f =0, r>0.

This O.D.E. depends on two parameters (A and n), but it turns out the
parameter A may be ‘scaled away’. The change of variable z = v/Ar leads
to the O.D.E. in the new variable:

1 n?
fxx+*fm+(1_72)f:0, z>0.
xT T

This classical O.D.E is known as ‘Bessel’s equation with parameter n. Like
any self-respecting second-order linear O.D.E. it admits two linearly inde-
pendent solutions. Only one is finite at x = 0, the Bessel function of order
n, Jn(x), given by a convergent power series at zero of the form:

Jn(z) = cpa”[1 + Zagn)m%], n > 0.
j=1

The normalization constant c, equals (2"n!)~!, but that’s not important
here.

Ezercise: The fact that the eigenvalue can be ‘scaled away’ is easily seen
in general: if a function u(z) in R™ is a solution of Ayu + Au = 0, and we



rescale the independent variable by setting y = v/Az, show that the function
v(y) = u(f) satisfies Ayv +v = 0. (Here A,, A, denote the Laplacians in

the variables z,y (resp.)

The Bessel functions J,(z) are oscillatory with decreasing amplitude, as
seen from the asymptotics:

2. 1 T nm
Jn(x) ~ (;) UQﬁ cos(z — 1 7)7

In particular J,(z) has infinitely many positive (simple) zeros:

as r — 0.

0<zp1 <Tpa2<..., Jn(xpg)=0.

From the Dirichlet boundary condition we obtain .J,,(v/Aa) = 0. This means
we should label the eigenvalues by two indices n, k: n labels the parameter
of the Bessel function and k labels the zeros of J,.

To summarize, we consider two cases:
(1) Rotationally symmetric case. Only Jy is involved. The eigenval-
ues/eigenfunctions are:

x2 ToRT

Aok = a%k, uor(r) = Jo(

), k=1,2,....

The eigenspaces are one-dimensional in this case. A general radial function
in D, admits an expansion:

ZAkuk / Fryun(r )rdr—Ak/O G(r)rdr.

(2) General case. The eigenvalues/eigenfunctions are labeled by two
indices:

8

2
Ak = aLQk’ Uk (1, 0) = Jn(wzkr)(A cosnb + Bsinnb),

for n > 0 and k£ > 1. The eigenspaces E(\gx) are one-dimensional, but the
eigenvalues A\, have multiplicity two for n > 1. A general function f(r,6)
admits an expansion:

o0 o0
Z Cruor(r) + Z Z In( :U”kr Ay cosnb + By sinnf),
n=1k=1



where the coefficients can be obtained using orthogonality of eigenfunctions.

3. Spectrum of the ball. Turning to D = B, = {z € R3;|z| < a},
we proceed in the same fashion. The Laplacian in polar coordinates (r,w)
(r >0, w €S, the unit sphere) is:

2 1
Au = Uy + —uyp + —2A5u,
r r

where Agu is the ‘spherical Laplacian’: a second-order differential opera-
tor acting only on the ‘angular coordinates’ w. This operator has its own
eigenvalues v and eigenfunctions Y (w), functions on S satisfying:

AgY +~vY =0on S. Notation: Y € Eg(v).

No boundary conditions are needed, since S is a closed surface without
boundary. (We’ll say more about the spectrum of Ag shortly.) As before,
we look for eigenfunctions of A of the form (in polar coordinates):

u(r,w) = f(r)Y(w), Y € Es(y),

and then Au + Au = 0 leads to the ordinary differential equation for f:
2 gl
frr + ;fr =+ ()\ - ﬁ)f =0.

This almost looks like Bessel’s equation. To turn the coefficient % to % we
make a change of (dependent) variable:

v+ 1
7"2

w(r):\/?f(r):wrr+%wr+()\— Jw = 0.

Scaling away the eigenvalue as before, we find w(r) = Jy(VAr), s = /v + 1,
where J,(x) is a solution (finite at = 0) of Bessel’s equation with parameter

s € Ry
2

1 s
gmz‘i'*gx"i'(l_ 2)9207 x> 0.
T T

The power series expansion and asymptotics are identical to the case of
integer parameter:

— e (5) 2] -
JS(I‘)—CS$ [1—’_;@] xJL $>0,65—m,



2 1 st
Js(@) ~ (;)1/2% cos(z — 5 1

The Bessel functions have the useful parameter shifting property:

) as T — 00.

Ten(2) = (@) = T)(@)

Since the values of s for this problem depend on the eigenvalues «y of the
spherical Laplacian Ag, we describe it spectrum.

Spectrum of the spherical Laplacian.

The eigenvalues are {v; = I(l +1),1 =0,1,2,...}.

The eigenspace E(+;) has dimension 2[ + 1.

A basis of eigenfunctions is labeled Y, (w),m = —1I,...,0,...,l.

(We'll see later that E(~;) has a remarkable alternative description.) For
now, notice that this gives for the Bessel equation parameter s:

1 1
5= l(l+1)+1_l+§,l_0,1,2,...

We now put it all together to describe the spectrum of the Laplacian
on B,, with Dirichlet boundary conditions. For each fixed natural number
[ > 0, consider the sequence of positive zeros of J, 1:

2

0<Pll<Pl2<pl3<---, Jl+%(plk):()7k:1a2v""

Then the Dirichlet eigenvalues are determined by the condition J , 1 (VAa) =
2
0, and hence depend on two indices: [ and k:
2
Pl
A = —2.
th ="

The eigenspaces E(\gk), corresponding to rotationally symmetric eigenfunc-
tions, have multiplicity 1, with a basis consisting of

wp(r) = Ju (P20,

2 a

On the other hand, for I > 0 the eigenspaces E()\j;) have dimension
2] + 1, with a basis given by:

kT
a

UL e (1, W) = Jl+%( VWin(w), m=—1,...,L.



The corresponding eigenfunction expansions are easily written down. In
the rotationally symmetric case:

F(r) =37 Ady (P55,

k=1

where, by orthogonality:

a a

a a 1
/ f(r)J%(pOkT)TZdT = Ak/ [J%(M)]%gdr = Aka?’/ J% (pors)s>ds.
0 0 0

In the general case:

00 0o o0 l
Frw) =Y Oy (D) 3737 7 Ay (PR Vi (@),

a
k=1 =1 k=1m=-I

with the coefficients Cy,, A; i, computable by orthogonality.

So far, so good. But there are two surprises in store. The first one
is discovered by considering a change of variable that eliminates the first-
derivative term in Bessel’s equation with parameter s. (Such a change of

variable exists for any second order O.D.E.) Setting u(x) = ﬁv(:ﬂ), we find:
1 s s?—1
Upy + ~Up + (1 = —5)u=0= vz + (1 + 4)v =0.
x x x

Exercise: verify this.

But this means something special happens when s = 1/2! We obtain the
elementary O.D.E. v, +v = 0, with general solution v(z) = Acosx+Bsinx.
Since we want u(z) to be finite at zero the cos z component is out; using the
conventional normalization constant \/2/7:

with positive zeros: pgr = k.

And then we realize that the recursion formula for Jgy;(x) in terms of
Js(x) seen earlier implies all the Bessel functions of half-integral order are
elementary functions! For instance:

1
J%(m) = %J%(x) —J

()

=~
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_ \/5[5in B cosx]
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FEzercise. (i) Verify this expression for Js. (ii) Use it to obtain the asymp-
2
totics for x — oo described above. (iii) Verify that, for = ~ 0:

J% () ~ (const.)z/? and J% () ~ (const.)z®?.

The last surprising fact in store is that there is a beautiful algebraic
description of the eigenfunctions Y}, (w) of the ‘spherical Laplacian’ opera-
tor Ag: it turns out the functions 'Y, (w), when expressed in rectangular
coordinates x, ¥y, z are homogeneous harmonic polynomials of degree l! Part
of this is easy to verify:

FEzercise: Use the expression for the Laplacian in polar coordinates (r,w)
in R? to show that:

AgY (w) = (1 +1)Y (w) implies A(r'Y (w)) =0,
and conversely if 'Y (w) is harmonic, then AgY + (I +1)Y = 0.

The difficult part is showing that, when expressed in rectangular coor-
dinates, the functions 7Y (w) are polynomials of pure degree [ in z,y, z.
Stated in linear algebra terms, we have two vector spaces: the space P; of
homogeneous polynomials of degree [ in x,y, z; and the subspace H; C P,
of homogeneous harmonic polynomials of degree [. The Laplacian defines a
linear map:

A Pl+2 — Pl,

and the kernel (or nullspace) of this linear map is exactly H;;o. Clearly
Po = Ho consists of the constants, while P; = H; is spanned by {z,y, z}.

PQ = Span{$2’ 3/27 227 Y, xz, yZ}

is six-dimensional. We expect Hz to be five-dimensional (since [ = 2,2[+1 =
5.) Tt is easy to check that the homogeneous polynomials of degree 2:

{iEZ,.fL’y,yZ,LL‘2 - y2,2z2 - :E2 - y2}

are harmonic and linearly independent, and hence form a basis for Hs. In
general we have in R3:

(+1)(1+2)

dimP; = 5 ,

dimHM, = 21 + 1.



Remark 1: Dimensional count. The dimension of P is found by a purely
combinatorial argument: it is the number of ways to place 2 ‘sticks’ into
I+ 2 ‘gaps’. On the other hand, it can be shown that we have the following
decomposition of P; into complementary subspaces:

Pr=H @@+ + 2Py, 1>2

And hence, for the dimensions we have:
1
dimH; = dimP; — dimP;_s = 5[(l +2)I+1)—-Ill-1)])=20+1.

Remark 2: Conventional labeling. The choice of index m in labeling a
basis {rlY}m} of H; comes from Quantum Mechanics, and it is related to the
degree of z in the polynomial: |m| equals [ minus the degree of z. So when
[ =2:

Ey = span{z®—y?, zy}(m = £2), By = span{zz,yz}(m = 1), By = span{2z®—z*—y*}(m = 0).

(Alternatively, I — |m| is the eigenvalue of the operator 20, acting on H;.)

Remark 3: 1t is easy to describe the space H; of harmonic polynomials
of degree [ in x,y for R?: it is two-dimensional, spanned by the real and
imaginary parts of 2!, where z = 2 +14y. The reason is that polar coordinates
correspond to the modulus-phase Gauss form:

z=a+iy =re? = 2l = rle® = rlcos O + irl sin 16,

where the real and imaginary parts r! cos 16, 7! sin [f are harmonic functions.
For example:

Hs = span{z® — 3xy?, 32y — 33} = span{Re(2®), Im(z*)}.

Remark 4: All of this generalizes to higher dimensions.



Problems.

1. Write down the solution of the wave equation uy; — Au = 0 on the
unit disk D C R?, with Dirichlet boundary conditions u = 0 at » = 1, and
initial data:

u(z,0) =1 —|z>, w(x,0)=0,2 € D.

2. Find the solution of the heat equation u; — Au = 0 on the unit disk,
with Neumann boundary conditions u, = 0 at r = 1, and initial condition
uo(r) (arbitrary), r = |x|.

3. Find the solution of the diffusion equation u; — Au = 0 in the disk
{r < a} in R?, with Dirichlet boundary conditions (u = 0 at r = a) and
initial data uo(r) (arbitrary).

4. Find the Neumann eigenvalues/eigenfunctions for the Laplacian on
the unit ball By in R3, acting on radial functions u(r). Hint: Let v(r) =
ru(r), and find the equation satisfied by v(r).

5. Solve the diffusion equation u; — Au = 0 on the unit ball in R3, with
Neumann boundary conditions u, = 0 and arbitrary radial initial condition
uo(r). (See problem 4 for a hint.)

6. Solve the diffusion equation u; — Au = 0 on a ball of radius 1 in R3,
with u = A on the boundary and u = Uy (a constant) when ¢ = 0. (The
solution is radial.)

7. Solve the wave equation uy — Au = 0 on the unit ball in R3, with
Neumann boundary conditions u, = 0 and initial data u(z,y,2,0) = z,u; =

0.

8. Find the bounded harmonic function in the exterior {r > 1} of the
unit ball in R?, with the boundary condition u,(z,y,z) = z on r = 1.
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