LEBESGUE DIFFERENTIATION THEOREM
For f € L} .(R™), consider its average over the ball B, (z):
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It is easy to show lim, o, fr(x) = f(z) if f is continuous.

Theorem. (Lebesgue differentiation theorem.) If f € L], ., lim,_o, fr(z) =
f(z) for a.e .

Proof. Tt is enough to assume f € L'. Note that f. is obtained from f
as the convolution:

fle) = o [ WD p @, b = S o)
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the characteristic function of the unit ball (divided by the volume wy, of the
unit ball.) So we know f. — f in L', and in particular a subsequence f;,
converges to f pointwise a.e. So the result follows if we can show the ‘local
oscillation’:

Q¢(x) := limsup fr(z) — liminf f,(x)
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equals zero a.e. We also know that given € > 0 we may write:
f=g9+¢, d€C(R"), llglh <e
And we have, for all x:
Qr(2) < Qg(z) + Qg(2) = Qy(2),

since 0y = 0 if ¢ is continuous.

Suppose we can bound (for any g € L!) the distribution function of €,
by the L' norm of g:

m{z; Qr(x) > a} <m{z;Qy(z) > a} < c(a)||g]l1, Va >0.
Then it follows that the distribution function of €, is arbitrarily small:
A, (@) == m{z; Qs (x) > a} < c(a)e Ve >0,

so Q¢(z) = 0 a.e., as we wished to show.



The estimate for the distribution function of {2y follows from an impor-
tant estimate for the Hardy-Littlewood mazimal function:
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Theorem. (i) If f € LP with 1 < p < oo, then ||[M/||, < ¢||f||p, where
¢p depends only on p and n, and blows up as p — 1. (In particular, My (x)
is finite a.e.)

(ii) For f € L', we have the ‘weak (1,1) estimate’:
A
My (@) = miz: My(x) > o) < 2Ifll, Vo> 0.

(Where A depends only on n).

The desired estimate for the distribution function of the oscillation
then follows from the easy observation Q(z) < 2M(x), leading to:

A
Ao, (@) < Mg (a/2) < 22 .

The main step in the proof of the ‘weak (1,1) estimate’ for the maximal
function is a covering theorem of Vitali type:

Theorem. (Vitali covering.) Let E C R™ be a non-empty measurable
subset, £ C (Jgcr a covering of E by a collection F of closed balls with
bounded radius. Then there exists a countable subcollection {By}r>1 of
disjoint balls so that >, m(By) > Cm(E).

Here C depends only on n (we may take C' = 57").

Proof of the weak (1,1) estimate for M.
Given o > 0, let E, = {x; Ms(x) > a}. If x € E, we may find a ball
B(x) with center = so that:

m(s@) < o [ 1wy < i

a

This defines a covering of E, by closed balls of bounded radius, and the
covering theorem gives a countable subcollection {B(xy)}x>1 so that:

Cur,(0) = Cm(Ea) < S m(B(m) < = 3 / F@)ldy < 211711,
L @ == JB(xy) @
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where the last inequality follows from the fact the collection {B(zg)}y is
disjoint. This is the desired (1, 1) estimate.

Proof of the LP estimate for My, p > 1.
We reduce it to the L! case by considering, for given o > 0, the function:

fi(x) = f(z)if [f(z)] > «/2;  fi(x) = 0 otherwise.

Exercise 1. f; € L'(R") if f € LP(R"), p > 1.

Clearly |f(z)] < |fi(z)] + §, so My(z) < My (x) + § and, for their
distribution functions:
24 2A
A (@) < Ap(a/2) < —|[filh = — | f(x)|dz.
@ @ J{|f(x)|>a/2}

Next we need the expression of the LP norm in terms of distribution
functions. For p = 1, recall the ‘Cavalieri formula’:

[ 11@lds - /0 T M (@)da, Ap(a) = miz: | f(2)] > a}.

By a change of variable argument (for the Riemann integral in one variable)
we have, for 1 < p < oo:

fx)|Pdx =p o A p(a)da.
0 f
Proof. Exercise 2.

Combining this with the earlier estimate for Ay, and using Fubini’s
theorem we obtain:

/\Mf(a:)]pdx§2Ap/ ap_z/ |f(z)|dzda
0 {If @)>a/2}
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2| f(x)|
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This is the desired L estimate for M.



