THE MOBIUS STRIP AND ORIENTABILITY

Construction. Consider the open rectangle R = (0,5) x (0,1) in R2.
For 0 < a < b <5, denote by R the open subrectangle (a,b) x (0,1) C R.
Define in R the equivalence relation:

(S,t) € ROl ~ (8+4)1_t) € R45)

(extended as the identity elsewhere on R, so as to be an equivalence relation.)
Let M = R/ ~ be the set of equivalence classes, and m : R — M the quotient
projection (which maps each point to its equivalence class.)

We'll cover M by two paramerizations, which define on M the structure
of a two-dimensional manifold. Namely, let:

f:Rog—)M, g:Rgg,—)M

be the restriction of 7 to the sets Rgs, Ros, which are open subsets of R?. It

is easy to check that f and ¢ are injective, and that their images cover M
(since Ro3 U Ros = R)

Also, the intersection W = f(Rp3) N g(Ras5) is not empty.

Ezercise 1. (i) Explain why f~'(W) = Ro; U Ry3 (disjoint union) and
g_l(W) = Rog LI Rys.

(i) Let F = g Yo f: Rop U Ro3 — Ros U Ry5 be the ‘transition map’.
Compute F'(s,t) explicitly, and explain why F is a diffeomorphism.

Thus f,g introduce on M the structure of a 2-dimensional manifold.
We’ll see that M is not orientable.

Orientability. Recall an n-dimensional manifold M is orientable if
it admits a smooth structure defined by local parameters f, : Uy, — M
(Us C R™ open), so that on any overlaps W = f(Uy) N f3(Ug) # 0, the
transition diffeomorphism F' = fg Lo f, has positive Jacobian determinant
throughout f;1(W).

Proposition. If M is oriented and f : N — M is a local diffeomorphism
from a second oriented manifold N, and N is connected, then f either
preserves or reverses orientation (everywhere on N) . (Proved in class.)

In particular, if M is oriented and f : U — M is a diffeomorphism
onto its image f(U) C M (where U is a connected open subset of R", with
its standard orientation), then f is orientation preserving or orientation
reversing throughout U; by reversing the orientation in U if necessary, we



may assume f is orientation preserving (so U has the orientation induced
from that of M via f.)

If now g : V. — M is a second diffeomorphism onto g(V)) C M (where
V' C R" is open and connected) we may again induce (via g) the orientation
from M on all of V. Now assume the overlap W = f(U) N g(V) # 0.
Then the diffeomorphism F = g~ !o f (from f~1(W) to g~'(W), both open
subsets of R"™) must be orientation preserving throughout f~1(W). That is,
the Jacobian determinant of F' must be positive throughout f~!(W) (which
may fail to be connected.) This establishes the following result:

Lemma. Let M be a smooth n-dimensional manifold and f : U — M,
g :'V — M be diffeomorphisms from connected open sets U,V in R™ to their
images f(U),g(V) (open subsets of M). Suppose W = f(U)Ng(V) # 0.
If the sign of the Jacobian determinant of the transition diffeomorphism
F=glof (fromU = f~Y(W)CUtoVy =g (W) CV)is not constant
throughout Uy, then M cannot be orientable.

Remark: under the hypotheses of the Lemma, necessarily U; is not con-
nected, although U and V are.

We want to use the Lemma to prove that the Mobius strip is not ori-
entable. It is enough to consider the same maps f : Rg3 — M and
g : Ros — M as in the construction. (Here U = Ro3,U; = Ro1 U Ra3, V =
Ro5,Vi = Rog U Rys.)

Exercise 2. Show that the sign of the Jacobian determinant of F' = g~ lof
is not constant throughout U;. This proves that M is not orientable.



