FINITE-DIMENSIONAL LINEAR SPACES

Theorem. Any two norms on a finite-dimensional linear space E are
equivalent.

To see this, let {e1,...,ex} be a basis of E, and define a norm || - ||; on
E via:
[l = |zl +... +lan], v=z1€0+... F2NeN.

Claim. Any norm p on E is equivalent to || - ||;. To see this, first note:

p(v) < |zi|p(v1) + ... |zN|p(vn) < Cllvl|1, where C' = 1r<nia<)](vp(ei) > 0.

Note that the opposite inequality p(v) > Al|v||; is equivalent to: p(w) > A
if [|w|| = 1. Proceeding by contradiction: if this fails for all A > 0, then we
may find a sequence v, € E so that ||v,|| = 1 for all n > 1, but p(v,) — 0.

For simplicity of notation, assume dimF = N = 2:
v, = xler +x2es, |zl 4 |22 =1 for all n.

Then either ’.%‘711]| > 1/3 for a subsequence, or \m%]| > 1/3 for a subsequence;
assume the former.

1 2
njvx

nj
Weierstrass theorem for R (or for R?), we may find a further subsequence
of x,; (still denoted ;) so that x}bj — z}, a:%j — 3. Note z§ # 0 (since
\x,lhb]] > 1/3), so setting vo = zje1 + zdea we have vy # 0.

Since are bounded sequences of real numbers, by the Bolzano-

But p(vn; — vo) < |:r:}l] — zd|pler) + |x%] — 23|p(e2) — 0. Thus we have
Up,; — vo with respect to the norm p, contradicting p(vy) — 0, since vy # 0.

Thus we have, for two constants A > 0,C > 0:
Allvllr < p(v) < Clol[r, Vv e E,
and the theorem is proved.

Recovering a norm from its unit ball.

Let p : E — Ry be a norm on a finite-dimensional linear space F;
consider its closed unit ball:

B ={veE;p() <1}



it is easy to see B is convex, closed, bounded (with respect to p, and hence
with respect to any norm on E, by equivalence of norms.) It is also ‘bal-
anced’:

0eB,andveB= X eB,if \xeR NI

For any v € E, consider the set I(v) C R:
1
I(v) ={t >0 JVE B}.

Clearly 1(0) = (0,00), and otherwise I(v) = [n(v),4o0) for some n(v) > 0.

Ezercise 1.(1) Show that for any bounded, closed, convex, balanced set
B in RV, and any v € B, the set I(v) is not empty, and is a closed interval
of the form [n(v),400) if v # 0, while 1(0) = (0, c0).

(ii) Show that if such a set B is the closed unit ball of a norm p in RV,
then n(v) = p(v).

In general, given a closed, bounded, convex, balanced set B C E, define

a function:
p: E— Ry; p(v)=infI(v),

with I(v) defined as above.

Claim. The function p defines a norm on F.

Proof. (i) Since 0 € B, p(0) = 0. If p(xz) = 0, then I(z) = (0,400), so
x = 0; otherwise the ray {Az; A > 0} would be an unbounded subset of R"
contained in B, contradicting the fact B is bounded.

(ii) For A > 0, we have (setting ¢t = \s):
. Az . T i T
p(Azx) = inf{t > 0; e € B} =inf{\s;s > 0, " € B} = Ainf{s > 0; " € B} = \p(x).
And similarly, now setting s = —t:
p(—x) = inf{t > 0; — € B} = inf{—s > 0; S € B} =inf{s > 0; S € B} = p(z).

Thus p(Az) = [A|p(x), for all A € R.
(iii) Given z,y € E we have, for any € > 0:

€ B, € B.
p(z) +e p(y) + €
But clearly:
T+y
= )\1 + )\2 ;
p(x) + p(y) + 2¢ p(z) + (y) +



where
p(x) + € _ p(y) + €

p(x) +p(y) +2¢' 72 p(a) + ply) + 2¢

. _ . . . T+ . .
Sm.ce A1+ )\'2 = 1, convexity of B implies W(yy)we € B. Since € > 0 is
arbitrary, this shows:

p(z +y) < p(z) +p(y),
proving the claim.

Remark. Note that
p(z)<1<s I(z) D[l,4+00) &z € B,

so B is the closed unit ball of the norm p.



