1. Semi-continuous functions on a manifold. Let X be a topolog-
ical space. A real function f : X — R is lower semi-continuous at a € X
if for each € > 0 there exists a neighborhood V of a so that, for all z € V,
f(a) —e < f(x). Upper semi-continuity at a is defined analogously.

Examples. 1. A function is continuous iff it is both upper and lower
semi-continuous.

2. A C X is open iff its characteristic function is l.s.c. Analogously,
closed sets are characterized by having u.s.c. characteristic functions.

3. The pointwise min of a finite set of l.s.c functions is l.s.c. The point-
wise max of a finite set of u.s.c functions is u.s.c.

4. Denote by R the set of continuous, rectifiable paths ¢ : [a,b] — R",
with the sup metric. Then the arc length function L : R — R is lower
semi-continuous. (Exercise 1.)

Proposition 1. Let g,h : M — R be ls.c resp. u.s.c functions on a C*
manifold M, with h(p) < g(p),¥p € M. Then there exists a C* function
f:M — R,sothat h < f <gon M.

Proof. For each p € M, let a, = (1/2)(g9(p) + h(p)), so h(p) < ap < g(p).
Thus for some neighborhood V), h(q) < a, < g(q) for ¢ € V,,. This de-
fines an open cover C = (V,)pem of M. Consider a C* partition of unity
(¢p)penr subordinate to C. Then f =3,/ ppay is the sought-after func-
tion: ¢,(q) = 01if ¢ € V,, and h(q) < ap < g(q) for g € V,, hence:

hg) =Y ep(@hla) < fl@) =Y ep(@)ap < g(a) =Y _ p(@)9(q).

Corollary 1. Let C = (Cy)aca be a locally finite cover of a C* manifold
M, (aq)aca a family of positive real numbers indexed by the same set A.
Then there exists a C* function f : M — Rso that 0 < f(z) < ay if v € C,.

Proof. We might as well assume the C, are closed, since their closures
also define a locally finite cover. Then let g : M — R be defined as g(p) =
inf{aqn;p € Co}. We claim g is lower semi-continuous. If so, Prop. 1 gives a
C* function f on M so that 0 < f < g on M, and in particular for p € Cj:

0 < f(p) <g(p) < aa.

In fact, g is l.s.c in a curious way: any p € M has a neighborhood V), so
that ¢ € V,, = ¢(q) > g(p): every point is a local min! To see this, observe



that for each p there exists V), intersecting only finitely many C,,,...Cq,..
Since these sets are closed, shrinking V), if needed we may assume each V),
only intersects the C, containing p.

In other words, if ¢ € V}, and ¢ € C,, then p € C,. Thus, for g € V):

g(Q) = inf{acx;q € ch} > inf{aa§p € ch} = g(p)'

Corollary 2. Let M be a C* manifold, g : M — R™ a continuous
function. Given any positive continuous function € : M — R™, there exists

a C* function f: M — R" so that |f(x) — g(z)| < e(z) on M.

Proof. It suffices to consider the case n = 1, and then this follows from
Prop. 1, which gives f : M — R of class C* so that:

g(x) —e(z) < f(x) < g(z) +e(x), Voe M.

2. Function spaces. Let X be a topological space, Y a metric space.
Denote by W?(X,Y) the set of continuous maps f : X — Y, endowed with
the topology for which the basic neighborhoods of f € W%(X,Y) are the
sets WO(f,€), where e : X — R is a positive continuous function on M and

WO(f,e) = {g € W(X,Y);d(f(2), 9()) < e(z), ¥z € X}.

As € varies over all continuous positive functions on X, these sets define
a local basis at f for a topology on X (check this.) This is called the C°
Whitney topology (or ‘fine topology’) on the space of continuous maps.

If X is not compact, W%(X,Y) is not metrizable, since none of its
points admits a countable basis of neighborhoods (check this; what if X
is compact?) Still, we use the shorthand notation d(f,g) < € to mean
d(f(x),g(x)) < e(z) for all x € X.

An alternative way to obtain a basis of neighborhoods of f € W?(X,Y)
is to consider the sets W (f,U), where U is an open set in X x Y containing
the graph of f, and W(f,U) = {g € W°(X,Y); Graph(g) C U}.

Exercise 2. Verify that these two systems of neighborhoods of f (vary-
ing € or varying U) define equivalent bases at f for a topology.

Corollary 2 says exactly that the C* functions from M to R" are dense
in WO(M; R"), if M is a manifold of class C*. (Later we’ll see this is also
true for C¥ maps from M to a manifold N.)



We denote by C°(X,Y) the space of continuous maps from X to Y,
with the topology of uniform convergence on compact sets. Recall a basis
of neighborhoods of f € C°(X,Y) is given by the sets:

V(f, K,0)={geCX,Y);d(f(z),g(x)) <6,V € K}.

Of course the identity map i : WO(X,Y) — C°(X,Y) is continuous: the
Whitney topology is finer than the u.o.c. topology.

If M is a differentiable manifold, C°(M,Y’) is metrizable (why?) If,
furthermore, the metric space Y has a countable basis, the same holds for
CY(X,Y).

When X is compact, any positive continuous function ¢ : X — RT
attains its minimum. Thus the identity in the other direction j : C°(X,Y) —
WO(X,Y) is also continuous (check this): the two topologies are equivalent,
and metrizable (via the sup metric.)

Evidently when M is a C* manifold, the set of C* maps from M to R™
is dense in C°(M; R™), since the Whitney topology is finer.

The C' Whitney topology. Let M, N be differentiable manifolds of class
C* (k > 1). We assume the existence of an embedding ® : N — R" of
class CF, for some n. (It will be seen later that this results in no loss of
generality.) Indeed to simplify the notation we’ll just assume N is a surface
oof class C* in R™. Fix a Riemannian metric on M, of class C*~! (that is,
at least of class CV.)

We denote by W(M, N) the space of C! maps from M to N, with the
topology in which a basis of neighborhoods of f € W!(M, N) is given by
sets of the form (where € : M — R™ is a continuous positive function on
M):

Wh(f,e) ={g e WM, N);|f(p)—g(p)| < e(p), |df(p)—dg(p)| <elp), Vpe M}.

Here we consider T, N, Ty, N as subspaces of R", so we may regard
df(p),dg(p) € L(T,M,R"™), and take in this space of linear maps the norm

defined by the Riemannian norm on M and the usual norm on R".
Exercise 3. Show the space W' (M, N) is Hausdorff.

We’ll show in the next section that the topology of W (M, N) is inde-
pendent of the choices of the embedding ® and the Riemannian metric on
M.



In general W (M, N) is not metrizable; but we’ll write ||f — g||1 < € to
mean [f(p) — g(p)| < e(p) and |df (p) — dg(p)| < e(p), for all p € M.

On the space of C* maps from M to N a different topology is given by C'-
uniform convergence on compact subsets of M; we’ll denote this topological
space by C'(M, N), The basic neighborhoods of f € C'(M, N) are the sets
V1(f, K,6), where K C M is compact and § is a positive real number:

V([ K,8) = {g € CY(M,N):|f(p)~g(p)| < § and |df (p)—~dg(p)| < 6,¥p € K}.

(we may abbreviate this by saying || f — gl[c1(x) < 0.)

The identity map i : W(M,N) — C'(M,N) is continuous: the C!
Whitney topology is finer than the topology of C'!' uniform convergence on
compact sets (C'-u.o0.c.)

When M is compact, the two topologies are equivalent.

The space C(M, N) is metrizable, with countable basis. ( Why?)

3. Mapping properties of the Whitney topology. In this section
we consider how the C' Whitney topology behaves under C' mappings of
manifolds. There are two situations to be understood.

(A) My, My are manifolds, N a surface in euclidean space, ¢ : M1 — My
a C! mapping. Composition defines a map:

¢*: WH(M,N) — W (M1, N), ¢*(f) = foo.
It turns out that ¢* is not always continuous, but is always a homeomor-
phism if ¢ is a diffeomorphism.

(B) M is a manifold, Ny, Ny are surfaces in euclidean space, ¢ : N1 — Ny
a C' map. We have:

bu : WHM, Ny) — WM, N3), é.(f) =dof.

We'll see that ¢, is continuous, and a homeomorphism if ¢ is a diffeomor-
phism.

Note that (¢ o )* = 1* 0 ¢* and (¢ 0 1)x = ¢« 0 .. In particular, if ¢
is a diffeomorphism ¢* and ¢. are bijections, with inverses (¢*)~! = (¢~1)*
resp. (¢s) ' = (¢ )s.

Let’s deal with (A) first.
Example. When M is not compact, we may find a continuous positive
function € : M — RT with inf{e(p);p € M} = 0. (Do this.) Then for



any f € W1(M, N), the basic neighborhood W(f,€) contains no constant
maps (other than possibly f): the constant maps form a discrete subset of
WM, N).

It follows that the natural inclusion ¢ : N — W1(M, N) (which maps

q € N to the constant map with value ¢) is discontinuous if M is not compact
and dim(N) > 0.

On the other hand, note that if we consider the single-point manifold a,
W'(a, N) is naturally homeomorphic to N, via f + f(a). Thus if M is non-
compact and dim(N) > 0, the map ¢ : M — a induces ¢* : Wl(a, N) —
WY(M, N), which via the natural diffeomorphism W'(a, N) ~ N corre-
sponds to the inclusion by constant maps : N — W1(M, N), which is dis-
continuous.

The following proposition allows us to deal with the case of compact M,
in (A).

Proposition 2. Let ¢ : My — Mj be a C! map. Given K C M; compact
and n > 0, there exists § > 0 so that if f,g € W (Ms, N) and ||f —g||1 < &
in ¢(K), then |[fod—god|l; <nin K.

Proof. Let a > 1 be a real number so that A > sup{|d¢(p)|;p € K}, and
set 0 =n/A. Thenif |f(q) —g(¢q)| < d in ¢(K), we have |fop—gop| <d <n
in K, and also, for each p € K:

|[d(f 0 d)(p) — d(g 0 d)(p)| = |df (6(p))dé(p) — dg(¢(p))de(p)]
< [df (¢(p)) — dg(é(p))l|d¢(p)| < 6A <,

as we wished to show.

Remark. Note that this shows ¢* : C'(My, N) — C1(My, N) is continu-
ous, for any C' map ¢ : My — M.

Corollary 1. If M, is compact and ¢ : My — My is a C' map, then
¢* : WY My, N) — W(My, N) is continuous.

It suffices to observe that any positive continuous function € on M; has
a positive infimum (say n > 0.) The proposition gives a positive constant
0 > 0 such that:

geW(f,0)=gogp e Wi (fop,n) CW(fode).

We now refine the above argument to establish that ¢* is continuous if ¢ is
a proper map.



Proposition 3. Let ¢ : My — My be a C! proper map. Then ¢* :
WY(May, N) — W1 (My, N) is continuous.

Proof. We first observe that if n : M; — R™ is continuous and ¢ : My —
Ms> is a continuous proper map, we may find a positive continuous function
§: My — RT so that 0 < §(¢(p)) < n(p), for all p € M;.

Indeed let My = |J,c 4 Ko be alocally finite cover of My by compact sets
K. Since ¢ is proper, for each a € A the preimage ¢~'(K,) is compact, so
aq = inf{n(p);p € ¢ 1(K4,)} is positive. (Unless ¢~ 1(K,) = (), in which case
we set a,, = 1.) By Corollary 1 of Proposition 1, there exists § : My — R
continuous, so that 0 < (q) < aq, for all ¢ € K,. If p € My, ¢(p) € K, for
some o € A. So it follows 6(¢(p)) < an < n(p), as we wished.

Given € : M; — R* continuous, let n(p) = €(p)/(1 + |d¢(p)|), and find
d : My — R™ continuous as in the previous paragraph, satisfying 0 < do¢ <
n < eon M.

We claim that if f,g € W' (My, N) with g € W(f,6), then go ¢ €
W(fog,e). Indeed from |g— f| < § in My we have |[gop— fop| < dod < €
on Mj. And from |dg — df| < 6 on My follows:

|d(g o ¢) —d(f o ¢)| = [(dg o ¢)(de) — (df o $)(de)| < [(dg — df) o ¢||d|
<|(dg —df) o ¢|(1 + |dg]) < 0(1 + |de]) <e.

This concludes the proof of proposition 3.

Corollary 1. If ¢ : My — M is a C' homeomorphism onto a closed
subset of Ma, then ¢* : W (Ms, N) — W!(My, N) is continuous.
Indeed in this case ¢ is a proper map.

Corollary 2. The topology of W(M, N) does not depend on the choice
of Riemannian metric on M.

Let g,h be Riemannian metrics on M, and set M; = (M,q), My =
(M,h). The identity map i : My — Ms is a diffeomorphism, and hence
i* : WY My, N) — WY(My, N) is a homeomorphism. But * is evidently the
identity, so this says the topologies of W (M, N) and W' (Mz, N) are the
same.

Before turning to part (B) (properties of ¢.) we make a general obser-
vation about the Whitney topology.

Lemma. Let C = (Kq)aea be a locally finite cover of the manifold M
by compact sets K,. A basis of neighborhoods at f € W!(M, N) may be



obtained by considering all families @ = (aq)aca of positive real numbers
indexed by A, and setting, for each family a:

W(f,a) ={g € WM, N);lg = fllci (k) < a, Vo € A},

Proof. Let W(f,¢€) be a basic neighborhood of f. Define @ = (aq)aca
by setting a, equal to the infimum of € over K,, a positive real number.
Clearly W(f,a) Cc W(f,e).

Conversely, given the family a, from corollary 1 of proposition 1 there
exists € : M — R™T continuous, so that 0 < €(p) < aq, for p € K,. Thus
W(f,e) c W(f,a).

Proposition 4. If ¢ : Ny — N3 is a C' map, the map ¢, : W1 (M, N7) —
WY(M, Ns) (given by ¢.(f) = ¢ o f) is continuous.

Proof. Fix a countable, locally finite cover of M by compact sets, M =
U2, K;. Let f € WHM, Ny). To prove the continuity of ¢, at f, we must

show that given a sequence b = (b;) of positive real numbers, we may find a
sequence a of positive real numbers so that, for all i > 1:

Hg - f”Cl(Ki) <a; = |!<Z5Og —¢o fHCl(Ki) < b;.
This will be done in two steps.

Step 1. For each i > 1, let L; C Ny be a compact neighborhood of f(Kj;).
Then a; = dist[f(K;), N1\ L;] is a positive number, and |f —g| < a; in K; =
g(KZ) C L;.

Since ¢ is uniformly continuous on L;, we may pick smaller a;, if neces-
sary, to guarantee that if |z — y| < a; for z,y in L;, then |¢(z) — ¢(y)| < b;.

And then from |g — f| < a; on K; follows |pog— ¢ o f| < b; on K;.

Step 2. Note that since dp(p) € L(T,N1, Ty N2) and dp(q) € L(TyN1, Ty(q)Na),

the expression d¢(p) — d¢(q) is meaningless.

To circumvent this, recall that if we assume My C R", My C R®, we may
find a neighborhood V' of M7 in R™ and extension ® : V' — My (of class C!)
of the map ¢. Then d®(p) — d®(q) € L(R", R®) does make sense.

If g € WL(M, Ny), we have:
[d(¢o f) =d(dog)|=|d(®of)—d(®og)|=[dPo f)(df) - (dP o g)(dg)]

= [(d® o f)(df) — (d® o g)(df) + (dP o g)(df) — (d® o g)(dg)|
< |d® o f — d® o g||df| + |dP o g||df — dg|.



And now we impose the final restrictions on the a;.

Since d® : L; — L(R", R®) is uniformly continuous, we may assume:
b
z,y € L, |z —y| < a; = |dP(x) — dP(y)| sllép |df| < 51

We may also assume:

bi

5.

Then if g € W(M, Ny) is such that |g — flerk,) < ai, it follows from the
above calculation that |d(¢ o g) —d(¢ o f)| < b; on K;.

Corollary. The topology of W!(M, N) does not depend on the embed-
ding of N in some euclidean space.

Proof. Let ¢1 : N — R", ¢ : N — R® be C' embeddings of N. Set
N1y = ¢1(N),Ny = ¢9(N). The map ¢ = ¢god; : Ny — Ny is a C!
diffeomorphism (justify), so ¢ W*(M; Ny) — W(M; No) is continuous, and
indeed a homeomorphism, since it is bijective with (¢,)~1 = (¢~ 1)..

a;sup |d®| <
L;

4. Stability of certain classes of C'! maps.

In this section we show that if a C'' map is an immersion, a submersion,
an embedding, a diffeomorphism or transversal to a closed submanifold, then
this property is preserved under small perturbations fo the map. First, a
preliminary result.

Lemma 1. Let U C R™ open, K C U compact. Let f € C1(U, R") be
an immersion in K (that is, if x € K, df (z) € L(R™, R") has trivial kernel.)
Then there exists 7 > 0 so that if g € CY(U, R"),||lg — fllcr(x) < n, then
the restriction g is an immersion.

Proof. Let O C L = L(R™, R™) denote the open set of injective linear
maps. Then df : U — L is continuous and maps K to O. Since K is compact
and O is open, n = dist[df(K),L\ O] > 0. And if g € CY(U, R"),||g —
fllerxy < m, then dg(K) C O, as we wished to show.

Proposition 5. The C' immersions define an open subset Imm! (M, N)
WY(M, N). Likewise, C! submersions define an open subset Sub'(M, N) C
Im*(M,N).

Proof. Let U C M (open) be the domain of a chart X : U — R™,
let K C U compact, f € CY(M,N), N C R" an immersion on K. By the

lemma and proposition 2 (mapping invariance of W), there exists § > 0 so
that if g € C'(M, N), |lg — fllc1(x) < 0, then g is an immersion on K.

N
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Let M = [JU; be alocally finite, countable open cover of M, with U; the
domain of a chart for M and (Vi) with V; C V; C U; also a locally finite open
cover. Let f € W1(M, N) be an immersion. We have a sequence a = (a;) of
positive real numbers so that if g € W(M, N) and ||g — fller ) < ai, then
G|y, is an immersion. Thus the neighborhood W (f,a) of f in W'(M, N)
consists only of immersions.

Exercise 4. Use a similar argument to prove the statement for submer-
sions.

Remark. Recall from the example in the preface that Prop. 5 is false
for C1(M < n): we need the Whitney topology. And, of course, the set of
immersions from M to N may be empty (for instance, if dim(M) > dim(N).)

The following lemma is used to prove openness of C! embeddings.

Lemma 2. Let U C R™ open, K C U compact convex, f : U — R" a C*
map such that f|x is an embedding. Then there exists n > 0 so that any
g € CHU, R") with ||g — fl|c1(x) < 7 is an embedding in K.

Proof. From Lemma 1, we know there exists n’ > 0 so that ||g —
fller(xy <n' = gx is an immersion. We also knowo there exist ¢ > 0,6 > 0
so that |f(z) — f(y)| > ¢|lx — y| for any x € K,y € U with |z —y| < J. By
compactness, there exists d > 0 so that |f(z) — f(y)| > d if (z,y) € A =
{(z,y) € K x K;|x —y| > 0}, a compact set.

Let n = min{n’, £, }. We claim if g € C(U, R") with llg = fllerxy <,
then gk is injective. Indeed, let z,y € K,x # y; set h = g — f. Then
|h(z)| < 0,]dh(z)| < 6, for all z € K, By the mean value inequality (since

K is convex) we have |h(z) — h(y)| < n|x — y|, for all z,y € K. Note that:
@Dg(x) —gW)| = [f(x) = f(y) — |h(z) = h(y)];
(@0)lg(z) = g(y)| = |h(z) = h(y)| — [A(2)] — [A(y)]-
We consider two cases. First, assume 0 < |z — y| < §. Then from (i):
l9(2) = 9(v)| = elz 9| = Sl —y| > 0.

Now if | — y| > 4, then (z,y) € A, and we have from (ii):

d d

\g(x)—g(y)lzd—§—§>0.

Thus g is an injective immersion on K, and since K is compact, g|x is an
embedding, proving Lemma 2.



Proposition 6. The C' embeddings f : M — N define an open subset
EmbY(M,N) C WY(M,N).

_ Proof. Let M = JU; be a ‘good cover’ of M (definition above). With
W; ¢ V; € V; C U, use the cover M = JV; to define the topology of
WY(M,N).

Let f € WY(M,N) be an embedding. From Proposition 2 (mapping
invariance of W) and Lemma 2, we have for each i > 1 a positive a; so that if
g € WY{M,N) and Hg*f“cl(ﬁ-) < aj, then gy is an embedding. Since f is a

homeomorphism from M to f(M), we have d; = dist(f(W;), f(M\V;)) > 0,

and lima; = 0, We claim W(f,a) C
Imm!'(M,N). We show that any g €

Choose the a; so that a; <
Emb'(M, N). Clearly W(f,a)
WL(f,a) is injective.

d;
3
C

Let p,q € M,p # q, We have p € W, for some ¢ > 1. If ¢ € V;, then
9(p) # 9(q). If ¢ € M'\'V;, then |f(p) — f(q)| = ds, and therefore:
d; d;

l9(0) —9(@| = |f(p) = (D) =1 () = 9)| = |£(a) = 9(@)| =2 di = 5 =5 >0,

showing that g is injective on M.

We just have to show that if f is a homeomorphism onto f(M) (so that
the d; > 0 are defined, as above) and g € W(f,a) with lim; a; = 0, then
g is a homeomorphism onto g(M). Thus we take a sequence p, € M with
9(pn) — g(p), and must show p,, — p. Note that we may assume there is
a subsequence ( denoted p),) leaving every compact subset of M eventually.
(Restricted to a compact subset, injective immersions are embeddings.)

Fix an ¢ > 1 so that p € W;. Then for n sufficiently large p/, € M \ V},
and thus |f(p) — f(p},)| > d;. Also, since |f —g| < aj on V; and lim; a; = 0,
we have lim, |g(p},) — f(p},)| = 0, so lim,, f(p;,) = g(p). So we have:

d; <lim|f(p) — f(pn)| = £ () — 9(p)],

a contradiction, since |f — g| < d/3 in V;. This shows that, in fact, all the
pr have to lie in some compact subset of M.

Question. Suppose f € WO(M, N) is proper. If a; — 0 and g € WO(F, a),
does it follow that g is proper?

(The connection is that an injective immersion which is also a proper
map is an embedding. The converse is not true; for example, the inclusion
oof the open disk into R? is an embedding, but not proper.)
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Proposition 7. The set of all diffeomorphisms f : M — N (onto N!) is
an open subset Dif f1(M,N) c W'(M,N).

Proof. (a) First assume M and N are connected. Leet M = JU; be
a ‘good cover’ of M (definition above.) Given f € W!(M,N), it has a
neighborhood W1(f,a) consisting only if embeddings into M. We claim
that if g € W(f,a) and a; — 0, then g is surjective. Since g is an open
map and N is connected, it suffices to show g(M) is closed in N.

So consider a sequence g(p,) — ¢ € N. We want to show there exists
p € M so that g(p) = q. If p,, has a convergent subsequence p), — p € M,

then lim g(p;,) = g(p), so g(p) = q.

The alternative is that no compact subset of M contains infinitely many
pn- Thus, letting zi,, = inf{i;p, € V;}’ we have lim,, i,, = oo, so lim,, a;, = 0.
Thus:

0 <lim[f(pn) = g(pn)| <lima;, =0,

and lim,, f(pn) = ¢. Since f is onto n, there exists p € M so that f(p) = q.
So f(pn) — f(p), and since f is.a hoomeomorphism this implies p, — p. So
g(p) = lim g(p,) = ¢, showing g is surjective.

(b) Moving to the general case, let M = |J My, N = [JN; be the de-
compositions into connected components. For each s, let f(Ms) = Nj
and pick ps € M, g5 = f(ps) € Ns. Since N3 is open in N, we have
dist(gs, N\ N5) = ¢s > 0. Thus if g € W(M, N) with |g — f| < ¢s on Mj,
we have g(M;) C Ns.

Using a covering M = |J K; by compact connected sets to define the
topology of W!(M, N), each K; is contained in a connected component Mj.
Thus if we require the sequence a = (ag) satisfies a; < ¢s whenever K; C cs,
it follows that the maps g € W(f,a) satisfy g(Ms) C Ns. The proposition
then follows from case (a).

Remark. The conclusion of proposition 6 is not true in the space C* (M, N).
For example, the identity map of the open unit disk D in R? is not an in-
terior point of the subset of C'(D, D) made up of diffeomorphisms, (Check
this). The point is that in the Whitney topology we are free to consider
functions € : D — RT with e(x) — 0 as x approaches a boundary point.
Thus a small perturbation of a difftomomorphism onto D (in the Whitney
sense) is forced to be onto D.

Prior to considering transversality, we prove a lemma regarding the sta-
bility of regular values.
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Lemma 3. Let K C M be compact, A : M — R* a C' map for which
0 € R® is a regular value, Then there exists § = §(K) > 0 so that if
p: M — RSis a C! map with ||u — Allet(xy < 0, then 0 is a regular value

Proof. The set U of p € M so that d\(p) € L(TM,, R®) has rank s is
open, and is a neighborhood of the preimage A~!(0); f is a submersion in
U. Thus we may find an open set A containing K N A~%(0), so that A c U
is compact, with A7 a submersion. Moreover, A(K \ A) is a compact subset
of R® not containing 0; thus dist|]\(K \ A),0] = a > 0. In addition (by
the stability of submersions), there exists d; > 0 so that if u € C*(M, R?)
satisfies ||y — /\HCI(Z) < 01, then iz is a submersion, that is, any y € R® is
a regular value of 1A

On the other hand, ||u—Al[c1(xy < @ implies 0 € p(K\ A). Thus, setting
6 = min{d1,a}, we see that |[u — Al|c1(x) < 0 implies 0 is a regular value of
tx- This concludes the proof of Lemma 3.

Proposition 8. Let S be a closed submanifold of N. Then the set of C*
mappings f : M — N which are transversal to S is open in W!(M, N).

Proof. Let C be a covering of S by domains W of charts for N, y : W —
R", so that y(W N S) c 7=1(0), where 7 : R* — R® projects on the last s
coordinates (s is the codimension of S in N.)

Let f € WL(M, N) be transversal to S.

Since S is closed in N, we may cover M by open sets U so that either
f(UNS =0or f(U) C W for some W € C. Refining this covering, we obtain
M = |JU; locally finite, with charts z; : U; — R™ such that x;(U;) = B(3),
and so that, for a given i, either f(U;) C N\ S, or f(U;) C W, for some
W € C. Use the covering M = (JV;,V; = z; }(B(2)) to define the topology
in WY(M, N).

Given i > 1, there are two possibilities. The first is that f(U;) NS = 0.
Since f(V;) is compact and disjoint from the closed set S, we may choose
a; > 0 so that ||g — chl@ < a; implies g(V;) NS = 0. Thus g is trivially
transversal to S on V.

The second possibility is that f(U;) NS # 0, so f(U;) € W for some
W € C. Then since f is transversal to S, considering the chart y : W — R"
and the projection 7 : R" — R®, we know that 0 € R’ is a regular value
of the map A =moyo f:U; - R®. By lemma 3, we may find §; > 0 so
that ||[Toyog—moyo f||Cl(Vi) < ¢; implies 0 € R® is a regular value of
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m oy og. But then, by virtue of Proposition 4, we may find a; > 0 so that
llg — f||01(71_) < a; implies ||[Toyog—moyo f||Cl(Vi) < §;, and thus that g
is transversal to S on V.

The sequence @ = (a;) defined in this fashion defines a neighborhood
W(f,a) of f consisting only of maps g : M — N transversal to S, conclud-
ing the proof.

Remark. If S is not closed in N, the set of C! maps from M to N that
are transversal t oS may fail to be open in W!(M, N). For instance, let
M =R,N=R? S ={(z,2%);x > 0}, f: R — R? given by f(z) = (z,0).
f is trivially transversal to S (since f(R) does not intersect S.)

Exercise 5. Show that arbitrarily close to f (in the W' topology) one
may find g : R — R? which is not transversal to f.

5. Approximations in class C'.

Corollary 2 of proposition 1 is an approximation theorem in class C?:
given a continuous map f : M — R™ on a manifold of class C*, and a positive
continuous function € : M — R", to find an approximation g : M — R"
of class C¥, so that g € WO(f,¢), we proceeded as follows: given a locally
finite open cover M = |JV;, for each i find p; € V; so that |f(p) — f(pi)] <
e(p),p € V;. Then if (;); is a partition of unity (of class C*) subordinate
to (V;), take the weighted average g(p) = >, ¢i(p)f(p;). This g is of class
C* and satisfies |g(p) — f(p)| < e(p)) for all p € M.

We'll need the notation: (i) Vy(K) = U,ex By(p), the n-neighborhood
of K C R™ compact. (ii) For f,g: U — R" of class C" (r > 0), 6 > 0 and
K C U (with U C R™ open, K compact) we say [|f — g|lcr(x) < 4 if:

| f(x) —d’g(z)] <6 Vre K forj=0,1,...,r

Proposition 8. Given f : U — R™ of class C", K C U and § > 0, there
exists g : R™ — R" of class C*° so that ||g — fl[cr(x) < d (0 <7 < o0).

Proof. By the differentiable Tietze extension theorem, there exists h :
R™ — R" of class C", coinciding with f in V, K. If eta > is sufficiently
small, then for j = 0,1, dots,r:

sup{|d’h(z + y) — d'h(z)|;z € K, |y| < n} < 0.

Let ¢ : R™ — R be.a nonnegative C* function so that ¢(y) =0 for |y| > n
and [ ¢d™y = 1. Defined g : R™ — R™ as the average:

o@) = [ 6@tz + )"y = [ oz~ oh()ams
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(by change of variable). By the Leibniz rule, for each j =1,...,r:
dig(a) = [ olw)dhia +p)d"y = (1) [ Dol — ().

Since ¢ € C*°, we see that h € C*°. And since [ ¢ =1, we see that for each
xz € K and each j =0,1,...,7:

@ g(z) — & f(z)] = | /cb(y)[djh(l‘ +y) — dh(z)]d"y|

SSMAJMx+wd%um/wwww<&
ly|<n

as we wished to show.

This leads directly to the main local smoothing result for maps from R™
to R™:

Lemma. Let f: B™(3) — R" be a C' map. Given § > 0, there exists
h: B™(3) — R™ so that:

(1) h=f in B"(3)\ B"(2);

(2) llh = fller < 6 in BT (3);

(3) h € C* in B™(1).

(4) h is at least as differentiable as f, on any subset of B™(3).

Proof. Let ¢ € C*°(R™) be an auxiliary function, with 0 < ¢ < 1,
¢ =11in B™(1) and ¢ = 0 in B™(3) \ B™(2). Let A be any positive real
number so that 1+ ||¢||c1 < A. From Proposition 8, there exists a C>° map
g:R™ — R" suchthatHg—fHCl( )<5/2A.

B™(2)
Define h = (1 — ) f + g (so (4) is guaranteed to hold.). Then:
(1) h= fin B™(3) \ B™(2).
(2) [h=fl=¢lg—fl<lg— f] <§/2A <6 in B™(3) and
|dh — df| = |(g — f)dp + (dg — df )| < 2|l¢llcrllg — fller < 0.
(3) In B™(1), h =g, so h is C°°. This concludes the proof.
Proposition 9. Let M™ be a manifold and N C R™ a surface, both of
class C*¥. The C* maps from M to N are a dense subset of W' (M, N),

Proof. Given f: M — N of class C', and € : M — R* continuous, we
must find g : M — N of class C¥, so that g € W(f,e).

Fix a covering C of N by domains of charts y : Z — R", and then cover
M by open sets U with compact closure, so that f(U) C Z, for some Z € C.
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This covering of M may be refined to a second one, countable, locally
finite and consisting of domains of charts x; : U; — R™, so that z;(U;) =
B™(3). Thus for each i there is a coordinate chart (for N), y; : Z; — R",
so that the compact set f(U;) is contained in Z;. As usual, we let V; =
=Y (B™(2)),W; = x; 1(B™(1)) and assume the W; cover M.

We now construct, inductively, a sequence of C' maps from M to N:
fo=1F, f1,..., satisfying the conditions:

(1) f1 :fo OHM\‘/l, f2:f1 onM\Vg,... fi:fi—l OHM\‘/i.

(2) fi is of class C* on Wy U...UW;.

(3) ||fz — fi71H < 2% on M.

(4)f:(U;) C Z; for all j.

Assuming fo = f, f1,..., fi—1 defined, satisfying (1)-(4), we construct
fi : M — N of class C'.

From propositions 2 and 4 (continuity of induced mappings on W1),
there exists § > 0 so that, if \,u : B™(3) — v;(Z;) are C' maps with
|\ = ullcr < 6 on B™(2), then:

lly; LoXoa; —y; topom|cn < e/2 on V.

Set A = y; 0 fi10(x;)7t : B™(3) = v;i(Z;) C R". By the preceding
lemma, there exists u : B(3) — R™ of class C!, with 4 = X on B™(3)\ B™(2),
of class C* where ) is C*, with ||z — A||c1 < § in B™(3).

Define f; : M — N setting f; = fi—1 on M\ V; and f; = yz._l o[ ox;on
U;. Conditions (1)-(3) are clearly satisfied by f;, and we need to verify (4).

Only a finite number of sets ﬁj intersect U;, since U; is compact and the
cover {Uy,Us, ...} of M is locally finite. For each of those Uj, the compact
set K; = A(z;(U;NU;)) is contained in the open set A; = y;(Z;NZ;). Hence
pj = dist(K;, R" \ A;) > 0. If we take care to require 6 < p; for all indices
j such that U; N U; # 0, then we’ll have the condition f;(U;) C Z; satisfied
forall j =1,2,3,....

This completes the inductive definition of the sequence f; of C' maps
satisfying (1)-(4), starting at fo = f.

Each p € M has an open neighborhood W intersecting only a finite
number of the sets V;. Let i be the highest index such that W, NV # 0.
Then i > s, so fi € C* on Wy. Also j > i = W, C M\ Vj, and thus
fi = fix1 = fiyre = ... at all points of W,. Thus it makes sense to define
g : M — N by setting g(p) = lim f;(p) at each p € M. Clearly g € C*m
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since each p € M has a neighborhood W, on which g coincides with the C*
map f;. Finally, for x € W, we have:

€

9 Fles (@) = i~ folon(2) < i firlea(@) .+ foler (@) < 3 < (),
r=1

concluding the proof.

Proposition 10. Let M be a C* manifold (k > 1), f € WY(M, R®)
an embedding. Then in each neighborhood of f there exist embeddings
g : M — R? such that:

(i) g is at least as differentiable as f, everywhere on M.
(ii) g(M) is a surface of class C*° in R*.

Proof. We'll follow the scheme of the previous proof. Let U = {U;,Us, .. .)
be a locally finite cover of M by domains of coordinate systems x; : U; —
B™(3) so that, setting V; = z; "(B™(2)),W; = x; *(B™(3)), the W; still
cover M. Given a positive continuous function € : M — R™, we may as-
sume (from Prop. 6) W1(f,e€) is a neighborhood of f consisting only of
embeddings.

To find a map g € W(f, ¢) satisfying (i) and (ii) we’ll construct, induc-
tively, a sequence of maps fo = f, f1,..., fi,... from M to R?, satisfying:

(1) fi= fi-1ron M\ Vj;

(2) fi(W1U...UW;) is a C* surface in R?;

(3) |fi = fi—1li(z) < e(x)/2" on M;

(4) f; is at least as differentiable as f;_1, everywhere on M.

Assuming f0 = f, f1,... fi_1 exist, we define f; as follows. Let a =
inf{e(p)/2% p € V;}. There exists b > 0 so that if A\, u: B™(3) — R® are C*
maps with [|A — u|[1 < bin B™(2), then || ox; — po x|y < ain V. (Cf
Prop. 2.)

Let A = fi_10(x;)~! : B™(3) — R®. By the lemma preceding Proposition
8, there exists a map p : B"™(3) — R® such that 4 = A on B™(3) \ B™(2),
p e C® on B™(1), ||p— All1 < bin B™(3) and p is noo less differentiable
than A.

Now let f; = pox; in U;, fi = fi—1 in M \ V;. It is easy to check that
conditions (1)—(4) are met,

Exercise 6. Fill in all the details in this proof outline.

Remark. We’'ll show in the next chapter that, given any C! manifold
M, there exists an embedding f : M — R® in some euclidean space R°.
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Proposition 9 implies this embedding may be taken so that f(M) is a C*°
surface. Then considering the smooth lcoal parametrizations ¢ € C° of
f(M), the maps ¢! o f will constitute a maximal atlas for M, of class C°°,
contained in the original C' atlas of M.

6. Whitney’s immersion theorem.

The goal of this section is to prove that the set of C'' immersions from a,
C' manifold M™ to R® is open and dense in W!(M; R®), provided s > 2m.

Lemma 1. Given f : M™ — R® of class C!, let X = J22, N; be a
countable union of surfaces in R®, of codimension greater than m. Then for
almost every v € R*, we have [f(M) +v]NX = 0..

Proof. Saying the intersection is not empty (for a given v) is equivalent to
saying that, v € R® is in the union of the images of the maps ¢; : M x N; —
R*, ¢i(p,q) = q — f(p). Since dim(M) + dim(N;) < s for all 4, the image
of each ¢; has measure zero in R®. And so does the union of their images,
proving the claim.

Lemma 2. Suppose s > 2m. Let f: B™(3) — R®* be a C" map (r > 1).
Given € > 0 (constant), there exists an immersion g : B™(3) — R*, of class
C*, so that |g — f]1 < € in B™(3).

Proof. By virtue of Proposition 9, we may assume f € C*°. We search
for g of the form g(x) = f(x) + Az, where A is an s X m matrix of small
norm. Then dg = df + A. The problem is finding A (of arbitrarily small
norm) so that df)x) + A has rank at least m, for each = € B™(3).

Now, the matrices of rank i < m make up a surface N; C R™* of codi-
mension (m —i)(s — ) (why?). Since s > 2m and i < m — 1, ot follows that
(m—1i)(s—1i)>1.[2m — (m —1)] = m + 1. Thus each N; has codimension
> m in R*™. Since df : B™(3) — L(R™,R°) = R*™ is a smooth map,
Lemma 1 implies that for almost every matrix A € R*™, df (z) + A has rank
m, for all x € B™(3), that is: ¢ is an immersion. Since a set of measure
zero may not contain any neighborhood of 0 € R*™, we may choose A with
arbitrarily small norm; so |g — f]|; is arbitrarily small in B™(3).
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