THE RIEMANN CURVATURE TENSOR, JACOBI FIELDS and GRAPHS

1. Geodesic deviation: the curvature tensor and Jacobi fields.
Let (M, g) be a Riemannian manifold, p € M. Suppose we want to measure
the “instantaneous spreading rate” of geodesic rays issuing from p. The
natural way to do this is to consider a geodesic variation:

f(t,s) =exp,(tv(s)), wv(s) € TpM, v(0)=uv,0"(0)=w.
Then the “spreading rate” is measured by the variation vector field V' (¢):

_of

V(t) N %\320

= dexp,(tv)[tw],

a vector field along the geodesic v(t) = exp,(tv). Let’s try to find a differ-
ential equation satisfied by V. We have:

DV _Doj _Doj DV _DD o
ot O0tds Osot’  Ot2  Otds Ot
Setting W = 0,f (a vector field along f), we see that DW /0t = 0:

D df D D
2O = Ddexpytuls)u(s) = o) =0,

since 7;(t) = exp,(tv(s)) is a geodesic (75(0) = p,7s(0) = v(s)). Thus we
need to compute the vector field X (t) along f:

_ DDW D DW

X()

T ot 9s  9s ot
for then, along ~(t):
D*V
— = X(t).
dtz ( )

We compute in a coordinate chart:

f(s,t) = (z(s,1)) €R™, W(s,t) = a'(s,t)0s,.
Using the symmetry of the connection, we find:

X = aiatxkasl‘j(Vaxk Vawj Oz, — Val,j Vaxk Oz,)-

We now consider the linearity over smooth functions of this commutator of
covariant derivatives. We find:
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and, assuming we have normal coordinates at p (so Va,, Oz, = 0 at p):
V0., Vo, Oc, = Vo, Vo, Ou, = [(Vo, Vo, 0, — Vo, Vo, Ou,)-
Thus, by linearity, we have:
X(t) = Vo, Vo, s W = Vo, 1V, ;W
This suggests considering, given three vector fields X, Y, W, the vector field:
VxVyW —VyVxW.

A natural question is whether this is “tensorial” (linear over smooth func-
tions) in each of X, Y, W. Starting with W, we find:

(Vva — Vyvx)(fW) = f(VXVy — VyVX)W + [X, Y]f
This suggests subtracting the term V{yy)W. Computing again:
(VxVy = VyVx = Vixy))(fW) = f(VxVy = VyVx — Vix y)W.

This motivates the definition:

Definition. The (3,1)-Riemann curvature tensor R assigns to three
vector fields (X,Y, Z) on M the vector field:

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ.

Ezercise. This assignment is linear over smooth functions in each of X,Y
and Z.

For a vector field W (t, s) along an immersion f(t,s), we get the Ricci

equation :
DD DD
519V~ 5.5, = ROuS,0.H)W.

Returning to the vector field W (t,s) = 0y f along the geodesic variation
f(t,s) (where the curves t — f(t, s) are geodesics), we find:

D*V D DW
o2 Ot Os
and at s = 0 (since 9 fj;—g = ¥ and Os fls—g = V):

= R(atfv 8Sf)atf7

D%*v

—a T RV.A =0.



This is the Jacobi equation for the “geodesic deviation” vector field V (¢); its
solutions are Jacobi fields along ().

Remark. To find the first-order initial condition for V'(t), consider:

bv. _Dof D of d ,
“dt =0 Ot Os lrylr-vy = —75(0) = /(0) = w.
dt [t=0 Ot Os[t=0,s=0 O Ot |t=0,5=0 ds | (0) =v(0) =w
We conclude:
J(t) = dexpp(tv)[tw] is the Jacobi field along ~(t) = expp(tv) with IC J(0) = 0, J(O) —w.

In particular: dexp,(v)[w] = J(1). This expresses the differential of the
exponential map in terms of the solution of a differential equation along

v(t).

2. The case of graphs in euclidean space. Consider the surface
M c R+

M = graph(F) = {(z,F(z));z € R"}, F:R" =R, VF(0)=0.

The induced metric and inverse metric tensors are (check!):

1+|VF?

gij = 0ij + FiFj, g =67 —
Given the assumptions made at x = 0, we find:
9ij1(0) = 0 and hence Ffj(()) =0.
For the first derivatives of the Christoffel symbols at x = 0:
Oz, T15(0) = %(9ik|j|m + Gjklijm = Gijlkm)s

and for the curvature tensor:
R(azwaxk)axl = Vz] vxkaxl - vmkvxj amz
= (Fék\j - 1—‘éj|k + Fﬂré‘m - Fglricm)aivl

— pl

!Note here we’re using the notation R for what is in fact the pull-back ¢* R of the (3,1)
curvature tensor under the graph chart p(x) = (z, F(z))



Thus at x = 0 we have:

Ré’ki(o) = Fék|j - Féﬂk

Suppose we choose the axes so that the Hessian of F' is diagonal at © = 0:
Hess(F)g = diag(M1, ..., \n),  Fij(0) = A\idij (no sum).

Then, since g;;x(0) = FiFj1(0) + FFjr(0) = A\ (661 + 05104), the
only non-zero second derivatives of the metric at x = 0 are:

Gl = 270, Giglli = Giglgli = NN (0 # ).

(in particular, g;;;; = 0 for i # j.) Thus the only potentially non-vanishing
first-order derivatives of Christoffel symbols (at x = 0) have either all four
indices equal, or two pairs of equal indices:

i 2
ii|i_>‘ia

; 1 L,
Uiy = 5Giilgls + 9ty — 9igtas) =0 (0 # J),

. 1 .
nglj = 5(9@'j|i|j + Gijlalj — Gaaljlg) = Aidj, (0 F )

We conclude:
rﬁku = \i\j0irdu,

and for the components of the curvature tensor at x = 0:
Rékz = FékU — Flij\k = )\j/\k(éz-kélj — 5ij61k> (HO Sum).
For the components of the (4,0)-curvature tensor:
R]kzm = <R(8.Z’J Y a:ck)axzu 8xm>>
using the fact that g;;(0) = 6;; we find, at = = 0:
Rjrim = NjAk(0ik0jm — 0ij0km)
= D*F(0y,,00,) D*F(0y,,0s,,) — D*F(y,,04,) D*F (0., 0s,,),

where D?F is the Hessian quadratic form of F.



By linearity, we have for arbitrary vector fields X,Y, Z, W on R", and
at z = 0%

(¢*R)(X,Y)Z,W), = D*F(Z,Y)D*F(X,W) — D*F(Z,X)D*F(Y,W).

Since both sides of this equation are “tensorial” (4-linear over functions), it
in fact holds everywhere,and expresses the (4,0) curvature tensor in terms
of the Hessian of F.

Kulkarni-Nomizu product. Given two quadratic forms Q,Q (i.e., sym-
metric bilinear forms) in a vector space E, their Kulkarni-Nomizu product
is the 4-linear form on F:

(QQQ)(‘T’ Y, =, w) = %[Q(gj7 Z)Q(ya w)—Q(y, Z)Q(l‘, w)+Q(x7 Z)Q(y7 w)_Q(yv Z)Q(I, w)]

Exercise. (i) Q®Q has the same algebraic symmetries as the (4,0)-Riemann
curvature tensor, except for the first Bianchi identity: it is skew-symmetric
in (z,y), skew-symmetric in (z,w) and symmetric under swapping the or-
dered pairs (z,y) and (z,w). Thus Q ® Q is a quadratic form in the space
of alternating 2-vectors Ay(F).

(i) If Q = Q, the 4-linear form w = Q ® Q also satisfies the algebraic
Bianchi identity:

w(z,y, z,w) +w(y, z, z,w) + w(z,y,z,w) = 0.

In terms of the K-N product, the (4,0)-Riemann curvature tensor Riem
of a graph has the expression:

Riem = —(D*F o D7) ® (D*F o D).

where Dm(p) : T,M — R" is the inverse of the differential graph chart Dy,

and
(D*F o D7)(X,Y) := D*F(Dn[X], Dr[Y]), X,Y € T,M

Recall that if F has an inner product, there is an associated inner product
in A9(E) uniquely determined by:

(x/\y,z/\w> = (x,z)(y,w) - <y,z><x,w>

*Here we revert to more precise notation: * R is a (3,1) tensor on R™, the pullback of
the curvature tensor under the graph chart ¢



(which itself has the structure of a K-N product!) Note, in particular:
& A yl? = [aPlyl? — ()%

Thus, given a quadratic form on As(E) we have an associated symmetric
linear operator from A2(E) to Ag(FE). In the case of the (4,0)-Riemann
curvature tensor Riem, the associated symmetric linear operator (at each
pE M:

Rp : A2 (TpM) — A2 (TpM)

is known as the curvature operator, and has found important applications
in recent years.

The two-dimensional case. If n = 2, the only non-zero components of
Riem (at p € M) have the form (R(X,Y)X,Y), with X,Y linearly inde-
pendent (in T,M). If M is the graph of F:

(R(X,Y)X,Y) = —(D?F @ D*F)(Dn X, DrY, Dr X, DrY).

If the {e1, ez} is an orthonormal basis of (R",g) diagonalizing D?F with
eigenvalues A1, Ao, we find:

(DQF@DZF)(el, €2, €1, 62) = D2F(61, €1)D2F(€2, 62)—(D2F(61, 62))2 = A\

This motivates the definition, for general dimensions n (changing the order
of the second pair X,Y to get rid of the sign):

Definition. Let v,w € T,M be linearly independent. The sectional
curvature of M along the 2-dimensional subspace £ C T, M spanned by v
and w is the real number og(p) defined by:

(R(X, Y)Y, X)(p) = og(p)lvAwl,,

where X, Y are vector fields on M with X (p) = v,Y(p) = w and |v /\w|3p =

[vl3, [wly, — (v, w)3,.
Ezercise. og(p) depends only on the two-dimensional subspace F, not

on the choice of basis.

Thus, in the two-dimensional case (for the graph of a function F), the
sectional curvature o is the product of the eigenvalues of the Hessian D?F
( 0 = A\A2), and explicitly determines the (4,0)-Riemann curvature tensor,
via:

(RIX,Y)Z, W) = —c((X,Z2)(Y, W) = (Y, Z)(X,W)) = —a(X ANY,Z NW).



It also follows that:

o > 0 < A, A2 have the same sign.

3. Hypersurfaces in euclidean space. Let M" C R""! be a sub-
manifold. Given p € M, we define a local graph chart at p, ¢ : U — M,
U C R” open, via:

o(x) = (z,F(z)) e U xR, F:U — Rsmooth, (0,F(0)) =p, VF(0) =0.

The “upward” unit normal in a neighborhood of p isgiven in this chart
by the map:

(=VF(x),1)
V1+|VE(x)]?

Thus if N : M — S™ denotes the Gauss map of M, we have:

N:U—=R"™ N(z)=

N(p(x)) = N(x), =xe€U.
Vector fields X,Y in U correspond via ¢ to tangent vector fields X,Y € xas:
X =Dyp[X]=(X,VF-X), Y=DypY]=(Y,VF-Y).
By direct computation at x = 0, we find:
(DN(0)[X],Y) = —D*F(0)(X,Y).

And the chain rule gives: DN (p)[X] = DN(p)Dg(0)[X] = DN(0)[X], so
we find for the differential of the Gauss map:

(DN(p)[X],Y) = —D*F(0)(X,Y) = —D*F(0)(Dr(p)[X], Dn (p)[Y]).

where Dr(p) : T,M — R™, Dr(p)[X] = X if X = (X, VF - X).

Note that since the last equality is “tensorial” (bilinear in X,Y over
smooth functions), it in fact holds at all points of M. In addition, it shows
that the left-hand side is symmetric in (X,Y) (since the right-hand side is).
This leads to the important definition of the second fundamental form (of

A~

M in R™*1), the quadratic form on TM given in tems of the Gauss map N
by:

A(X,Y) := —(DN[X],Y).



Remarks. (i) The “first fundamental form” is the induced metric. (ii)
The purpose of the negative sign is to make the sectional curvature of the
graph of a convex function positive (see below).

Above we established that, for a graph:
A(X,Y) = D?*F(Dr|[X], Dr[Y]),

where D is the inverse differential of the graph chart, Dy. Thus we have, for
the (4,0)-curvature tensor of a hypersurface in R"*! the beautiful relation:

Riem = —-A® A.

To make this more concrete, consider a two-dimensional subspace E C
T,M which is invariant under the second fundamental form. This means
Sp(E) C E, where S, : T,M — T,M is the self-adjoint operator (with
respect to the induced metric at p € M) associated with A,. (Note S, =
—DN(p)). Let {e1,e2} be an orthonormal basis of E diagonalizing the
restriction Sp‘ > with Sp(e;) = Aje; for @ = 1,2. We have for the sectional
curvature of E:

op = (Ry(e1,e2)ez, 1) = A, © Ap(er, ez, €1, €2)

= Ap(er, e1)Ap(ea, e2) — (Ap(er, €2))® = Aido = det(Sp ).

This is an important conclusion: if F is a two-dimensional subspace
of T,M invariant under the “shape operator” S, = —DN (p) at a point
p € M, the sectional curvature at p along E (which depends only on the
first fundamental form and its derivatives up to second order) equals the
determinant of the restriction of the shape operator to E (which seems to
depend on the second fundamental form, or on the unit normal and its first
derivative).

In two dimensions, the “invariance” condition is unnecessary. The eigen-
values of S, are the “principal curvatures” at p € M, and their product is
the Gauss curvature K = A\ Ao at p. We conclude:

Gauss’s Teorema Egregium: o = K.

The fact that the sectional curvature equals the Gauss curvature is sur-
prising since o depends only on the induced metric (tangential information),
while K seems to depend on the embedding of the surface in R? (specifically,
on how the unit normal “turns” near p).



Recall also that in two dimensions the Gauss curvature of a hypersurface
equals the Jacobian of the Gauss map, so we have:

o(p) = K(p) = det DN(p), pe M.

4. The differential Bianchi identity.
Theorem. The (3,1) curvature tensor satisfies:

(VxR)(Y,Z)W + (VyR)(Z, X)W + (VzR)(X,Y)W = 0.

Proof. We compute in a geodesic frame at P, so that VxY (p) = 0 for all
vector fields X, Y. Then the left-hand side is, at p (using [X, Y](p) = 0):

Vx([VY, Vz]W) + Vy([VZ, Vx]W) + VZ([V_)(, Vy]W)

= ([Vx,[Vy,VZ][W) + [Vy, [V2, Vx][(W) + [Vz,[Vx, Vy]}(W),

and the fact this vanishes follows from the Jacobi identity for commutators
of linear operators.

An important corollary is the contracted Bianchi identity, which is useful
in General Relativity. It states:

1
div(Ric) — §VS =0,
where Ric and S are the (1,1) Ricci tensor and the scalar curvature, and

div(Ric) =), Ve, (Ric)(e;).

To see this, compute in an orthonormal frame which is geodesic at p (so
Veej(p) =0.) Then at p:

(div(Ric), X) = ((Ve;Ric)e;, X) =Y (Ve R)(ej,ei)ei, X) = > ((Ve,R)(ei, X)ej, )

i i,J 1]

= Z[—(VeiR)(X, ej)ejv €i> - <(VXR)(ej7 ei)ej7 ei>]

(from the differential Bianchi identity just proved)

= - Z Ve, Ric)(X),e;) — X(S) = —(div(Ric), X) — X(S),



proving the claim.

5. The Gauss and Codazzi equations for hypersurfaces.

Let M C M be a hypersurface (codimension 1-submanifold) with the
Riemannian metric induced from M. For vector fields X € xar, Y € i
(the space of vector fields on M restricted to M) we have the tangent-normal
decomposition (with respect to a unit normal vector N € X):

VxY =VxY + A(X,Y)N,

where A is the second fundamental form (recall A(X,Y) = —(VxN. Iter-
ating this formula, we find:

VxVyZ =Vx(VyZ+A(Y,Z)N) =VxVyZ+X(A(Y,Z))N+A(Y, Z)VxN.

skew-symmetrising and taking tangential components (using [X,Y](p) = 0,
for a frame geodesic at p):

(R(X,Y)Z]'""" = R(X,Y)Z + A(Y, Z)(Vx N)"" — A(X, Z)(Vy N)'".
Taking inner product with W € x s, we find for the (4,0) Riemann tensors:
(RIX,Y)Z,W) = (R(X,Y)Z,W)+A(Y,Z)(NxN,W)—A(X, Z)(Ny N, W)

= (R(X,Y)Z,W) — A(Y, Z)A(X, W) + A(X, Z)A(Y,W).

Using the Kulkarni-Nomizu product, we obtain for the (4,0) curvature tensor
of M and M the relation:

Riem = Riem + A ® A.

This immediately implies, for the sectional curvatures along the 2-plane
span{X,Y }:

oxy = oxy — AX, X)A(Y,Y) + A(X,Y)?> {X,Y} orthonormal

This is the general Gauss equation for hypersurfaces in a Riemannian man-
ifold. On the other hand, taking inner product of the first relation above
with the unit normal N:

(R(X,Y)Z,N) = X(A(Y, 2))-Y (A(X, Z)) = (VxA)(Y, Z)~ (Vv A)(X, 2).
This is the Codazzi equation. In terms of the shape operator:
(VxS)Y — (VyS)X = —R(X,Y)N.

In particular, (VxS)Y — (VyS)X = 0 if M is flat (or, more generally, of
constant curvature.)
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