COMPATIBLE CONNECTIONS AND CURVATURE ON CIl(X)-MODULES

Let W be a Cl(X)-module: a complex vector bundle W (of C-fiber dimension
N) with hermitian metric, endowed, at each point x € X, with a Clifford
multiplication CI(T,X) — Lc(W,) depending smoothly on z. (Recall this
Cliford action must itself satisfy a local triviality condition.) We denote by Fx
the orthonormal frame bundle of X, a principal SO,, bundle.

Let (sa(7)), (€i(w)) be suitable local orthonormal frames for Wy, Fx . The
frames determine matrices of connection 1-forms for the Levi-Civita connection
V9 = VEC on (X, g) and the compatible connection D on the Cl(X, g)-module
W, wI = wlC ¢ T*X|U ® 50, w € T*X‘U @ upn:

Ve, = iji(v)ej, Dys, = Zwba(v)sb,
J b

equivalently:

wé']i(v) = <vg6¢,6j>, Wha = (DySa, Sp)-

(Note the order of indices, the usual one for matrix elements when matrices
multiply ‘column vectors’ on the left).

Note also the matrices w are complex-valued, and skew-hermitian: w’ = —w.
We also represent (locally) the Clifford action of e; on W, in the frame (s,), by
a skew-hermitian matrix C'(e;) € uy, with entries defined by:

Cle;)sq = Zcba(ei)sb, or cpale;) = (C(€;)Sa, Sb)-
b
(‘Suitable frames’ means, by definition, the matrix entries c,p(€;)(x) are constant

functions on U.)

Now compute, using the conditions defining compatibility:

er(chal€s)) = (De, (c(€i)sa), sp) + (Cle;)Sas De, sp)
= (c(VY,€i)sa,5p) + (C(ei)(DekSa)’ sp) + (C(ei)sa, Dek8b>

Zwﬂ ek 6] Sa, Sb) €z‘ dea ek Sd,sb el Saazwdb er)Sd)
- Zwazcba €j) + dea ex)cpales) + deb er)Cdale
= iji (ex)cva(ej) + (clei)w(ex))ba — (wler)c(€i))ba

J
= ijg'i(ek)cba(ej) — [w(er), c(€i)]ba

J

Since the matrix coeflicients ¢4 (e;) are constant over U for suitable frames, we
conclude the connection matrices for a compatible connection must satisfy the
relation:

Zwigj(@k)c(eg‘) + [w(er),C(e;)] =0,  for all 4, k.



We claim that a solution to this system is given by the matrices:

w(ex) = iwanl(ek)C(el)C(em).

l,m

First, an easy calculation verifies these matrices are indeed skew-hermitian (ex-
ercise.)

Now compute, for i # k:

w*(ex)C(ei) — Cles)w*(ex) = i > Wi (er)[Clen)Clem)C(e:) — Clei)Cler)Clem)]
l,m
= % > Wl (ex)[~Cle)C(ei)Clem) — 20imCler) — (—C(er)Clei)Cem) — 261C (em))]
l,m
. % St (en)[~GimCler) + 6uC em)]
Im

_ %(_ S wh(en)Cle) + 3 whi(en)Clem)) = 3 wh(er) Cler)
l m i,l

Thus we see that, for all 7, k:
[w*(ex), Cles)] = Y wi(er)Cler).
ij

And therefore we indeed have:

waj(ek)c(ej) +lwler), Cle)] = > (w(ex) +wli(ex))Cle;) = 0.

J

Remark/exercise. Recall (from Riemannian geometry) that connection 1-
forms w;; associated to local frames (as well as the associated curvature 2-forms
;) must satisfy a compatibility condition under change of frames, if they
are to define connections on Riemannian vector bundles. For the Levi-Civita
connection on 7T'X:

LC LC
ei=> ¢gji, 9(x) = (gi;(x)) € SO, = W' =gl “g+gldg, Q"7 =4y
J

And similarly for the hermitian complex vector bundle W:
Sa =Y Sptba, Ux) = (uap(x)) € Uy = w=UlaU +UdU, Q=UTQU.
b
So, strictly speaking, we need to verify that the connection 1-forms w® defined

above satisfy this compatibility condition under change of frames, given that
the w’¢ do.



Perhaps this follows directly from the condition found at the outset, con-
necting the w’® and the w*. Also, observe that if both pairs of frames (e, s)
and (€/, §) are to be ‘suitable’ (as defined earlier), there should be a condition
connecting the change of frame maps g and U. Can you find it?

Perhaps it is (check!):

dU (ex)C(e)UT +UC(e))dU (ex) + Z(gtdg)li(ek)UC'(ei)UT =0 Vk,I

(There may be a geometric way to understand this constraint.)

Exercise. Use the constraint found above to establish that if the connection
1-forms w = (wap) € A} @uy (referring to suitable frames (e;), (s,) for TX and
W) satisfy the equation for compatibility of the connection, then changing to
another set (e}), (5,) of suitable frames (as described above) yields new con-
nection 1-forms @ which still satisfy the compatibility condition (with respect
Lc  ,LC .

to the Levi-Civita connection on C1(X), corresponding to 1-forms w;z~, w’;;” in

the frames (e;), (¢}) respectively.)



