
GAKUTO International Series, Mathematical Sciences and Applications, Vol. 26 (2006)

Nonlinear Dispersive Equations, pp.189-200

Instability of standing waves for nonlinear Klein-Gordon
equation and related system

Masahito Ohta 1

Department of Mathematics, Faculty of Science,

Saitama University, Saitama 338-8570, Japan

E-mail: mohta@rimath.saitama-u.ac.jp

Grozdena Todorova 2

Department of Mathematics, University of Tennessee,

Knoxville, Tennessee 37996-1300, USA

E-mail: todorova@math.utk.edu

1 Introduction and Main Results

We study the strong instability of standing wave solutions eiωtϕ(x) for the nonlinear

Klein-Gordon equation of the form

(1) ∂2
t u−∆u + u = |u|p−1u, (t, x) ∈ R× RN ,

where N ≥ 2, 1 < p < 1 + 4/(N − 2), −1 < ω < 1, and ϕ ∈ H1(RN) is a nontrivial

solution of

(2) −∆ϕ + (1− ω2)ϕ− |ϕ|p−1ϕ = 0, x ∈ RN .

From the result of Ginibre and Velo ([9]) the Cauchy problem for (1) is locally well-

posed in the energy space X := H1(RN)×L2(RN). Thus for any (u0, u1) ∈ X there exists

a unique solution ~u := (u, ∂tu) ∈ C([0, Tmax); X) of (1) with ~u(0) = (u0, u1) such that

either Tmax = ∞ (global existence) or Tmax < ∞ and limt→Tmax ‖~u(t)‖X = ∞ (finite time

blowup). Moreover, the solution u(t) satisfies the conservation laws of energy and charge:

E(~u(t)) = E(u0, u1), Q(~u(t)) = Q(u0, u1), t ∈ [0, Tmax),
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where

E(u, v) =
1

2
‖v‖2

2 +
1

2
‖∇u‖2

2 +
1

2
‖u‖2

2 −
1

p + 1
‖u‖p+1

p+1,(3)

Q(u, v) = Im

∫

RN

uv dx.(4)

Let φω ∈ H1(RN) be the ground state (the least energy solution) of (2). We refer

to [2, 30] for the existence of φω, and to [12] for the uniqueness of φω. The stability of

standing waves eiωtφω for (1) has been studied by many authors. First, we consider the

orbital stability of eiωtφω. Shatah [27] proves that eiωtφω is orbitally stable if p < 1+4/N

and ωc < |ω| < 1, where

(5) ωc =

√
p− 1

4− (N − 1)(p− 1)
.

Shatah and Strauss [29] prove that eiωtφω is orbitally unstable when p < 1 + 4/N and

|ω| < ωc or when p ≥ 1 + 4/N and |ω| < 1. Here, we say that a standing wave solution

eiωtϕ is orbitally stable for (1) if for any ε > 0 there exists δ > 0 such that if (u0, u1) ∈ X

satisfies ‖(u0, u1) − (ϕ, iωϕ)‖X < δ, then the solution u(t) of (1) with ~u(0) = (u0, u1)

exists globally and satisfies

sup
t≥0

inf
θ∈R,y∈RN

‖~u(t)− eiθ(ϕ(·+ y), iωϕ(·+ y))‖X < ε.

Otherwise, eiωtϕ is said to be orbitally unstable.

Next, we consider instability of uω(t) in stronger sense. Berestycki and Cazenave [1]

prove that the ground state standing wave eiωtφω for the nonlinear Klein-Gordon equations

(1) is very strongly unstable (see Definition 1 below) when the frequency ω = 0 (see also

[26]). Shatah [28] proves that the ground state standing wave eiωtφω for the nonlinear

Klein-Gordon equations with general nonlinearity is strongly unstable (see Definition 2

below) when ω = 0 and N ≥ 3. Recently, the authors in [22] prove that the ground

state standing waves eiωtφω for the nonlinear Klein-Gordon equation (1) are very strongly

unstable when the frequency |ω| ≤
√

(p− 1)/(p + 3) and N ≥ 3. Here, we give the

definitions of very strong instability and strong instability.

Definition 1 (very strong instability) We say that eiωtϕ is very strongly unstable for

(1) if for any ε > 0 there exists (u0, u1) ∈ X such that ‖(u0, u1)− (ϕ, iωϕ)‖X < ε and the

solution u(t) of (1) with ~u(0) = (u0, u1) blows up in finite time.

Definition 2 (strong instability) We say that eiωtϕ is strongly unstable for (1) if for

any ε > 0 there exists (u0, u1) ∈ X such that ‖(u0, u1)− (ϕ, iωϕ)‖X < ε and the solution

u(t) of (1) with ~u(0) = (u0, u1) either blows up in finite time or exists globally and satisfies

lim supt→∞ ‖~u(t)‖X = ∞.
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Note that, by the definitions, if eiωtϕ is very strongly unstable then it is strongly

unstable, and that if eiωtϕ is strongly unstable then it is orbitally unstable.

Before stating our main results, we recall instability results for the nonlinear Schrödinger

equation

(6) i∂tu + ∆u + |u|p−1u = 0, (t, x) ∈ R× RN .

Let ω > 0 and φω ∈ H1(RN) be the ground state of

(7) −∆ϕ + ωϕ− |ϕ|p−1ϕ = 0, x ∈ RN .

It is known that for any ω > 0 the standing wave solution eiωtφω for (6) is orbitally stable

when 1 < p < 1+4/N , and it is very strongly unstable when 1+4/N < p < 1+4/(N−2)

(see [1, 7]). Moreover, for the critical case p = 1 + 4/N , for any ω > 0 and any nontrivial

solution ϕ ∈ H1(RN) of (7), it is known that the standing wave eiωtϕ is very strongly

unstable for (6) (see [32]). For general theory of orbital stability and instability of solitary

waves, we refer to Grillakis, Shatah and Strauss [10, 11].

We state our main results.

Theorem 1 Let N ≥ 2, 1 < p < 1 + 4/(N − 2), ω ∈ (−1, 1) and φω be the ground state

of (2). Assume that |ω| ≤ ωc if p < 1 + 4/N , where the critical frequency ωc is given by

(5). Then, the standing wave eiωtφω for nonlinear Klein-Gordon equation (1) is strongly

unstable in the sense of Definition 2.

Can we refine further this instability result? Namely, can we prove in certain cases

that standing wave eiωtφω for (1) is very strongly unstable in the sense of Definition 1?

The result of Cazenave [5] gives an answer of this question for the restricted range for

the exponent p of nonlinearity 1 < p ≤ 5 for N = 2 and 1 < p ≤ N/(N − 2) for

N ≥ 3. Cazenave proves that any global solution u(t) of (1) is uniformly bounded in

X, i.e., supt≥0 ‖~u(t)‖X < ∞, if 1 < p ≤ 5 and N = 2, and if 1 < p ≤ N/(N − 2) and

N ≥ 3. Therefore, for this range of the exponent p, Theorem 1 together with the result of

Cazenave gives us a very strongly instability result in the sense of Definition 1 for ground

state standing waves eiωtφω of the NLKG equation (1). Using an argument in Merle and

Zaag [17], we can extend the result of Cazenave and prove the uniform boundedness of

global solutions of (1) in X when 1 < p < 1 + 4/(N − 1) and N ≥ 2. The following

Lemma holds.

Lemma 2 Let N ≥ 2 and 1 < p < 1+4/(N −1). If ~u ∈ C([0,∞), X) is a global solution

of (1), then supt≥0 ‖~u(t)‖X < ∞.

Therefore, from Theorem 1 and Lemma 2 we deduce the following.
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Corollary 3 In addition to the assumptions in Theorem 1, let 1 < p ≤ 1 + 4/(N − 1)

if N = 2, 3, and that 1 < p < 1 + 4/(N − 1) if N ≥ 4. Then, the ground state standing

wave eiωtφω for the nonlinear KG equation (1) is very strongly unstable in the sense of

Definition 1.

Remark. Let us mention that when the exponent p of nonlinearity is in the range

1 + 4/(N − 1) < p < 1 + 4/(N − 2) we can not give better instability results than those

in Theorem 1 for ground state standing waves eiωtφω of the nonlinear KG equation (1).

For the critical frequency ω = ωc in the case 1 < p < 1 + 4/N , we have the following.

Theorem 4 Let N ≥ 2, 1 < p < 1 + 4/N and ϕ ∈ H1(RN) be any nontrivial, radially

symmetric solution of (2) with ω = ωc. Then, the standing wave solution eiωctϕ of

nonlinear KG equation (1) is very strongly unstable in the sense of Definition 1. The

same assertion is true for ω = −ωc.

For the existence of infinitely many radially symmetric solutions of (2), we refer to [3].

As mentioned above, a similar result of Theorem 4 is known for the nonlinear Schrödinger

equation (6) (see [32]) in the critical case p = 1 + 4/N , without assuming the radial sym-

metry of solution of (7) and the restriction on space dimensions N ≥ 2.

The proofs of Theorems 1 and 4 are based on using local versions of the virial type

identities.

To prove instability of the ground state Shatah in [28] considers a local version of the

following identity

d

dt
Re

∫

RN

x · ∇u∂tū dx = NK1(~u(t)),(8)

K1(u, v) := −1

2
‖v‖2

2 +

(
1

2
− 1

N

)
‖∇u‖2

2 +
1

2
‖u‖2

2 −
1

p + 1
‖u‖p+1

p+1.

Since the integral in the left-hand side of (8) is not well-defined on the energy space X,

we need to approximate the weight function x in (8) by suitable bounded functions. To

control error terms by the approximation, initial perturbations are restricted to being

radially symmetric and the decay estimate for radially symmetric functions in H1(RN):

(9) ‖w‖L∞(|x|≥m) ≤ Cm−(N−1)/2‖w‖H1

(see [30]) is employed. The assumption N ≥ 2 is needed here. This kind of approach has

been also used for blowup problem of NLS (6) (see, e.g., [20, 21, 14, 15, 16, 18, 19]).

In the proof of Theorem 1 for the case p ≥ 1+4/N , we use a local version of the virial

identity

(10) − d

dt
Re

∫

RN

{2x · ∇u + Nu}∂tū dx = P (u(t)),
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where

P (u) := 2‖∇u‖2
2 −

N(p− 1)

p + 1
‖u‖p+1

p+1.

Note that (10) follows from (8) and

1

2

d2

dt2
‖u(t)‖2

2 =
d

dt
Re

∫

RN

u∂tu dx = −K2(~u(t)),(11)

K2(u, v) = −‖v‖2
2 + ‖∇u‖2

2 + ‖u‖2
2 − ‖u‖p+1

p+1,

and that the functional P appears in the virial identity for the nonlinear Schrödinger

equation (6):

(12)
d2

dt2
‖xu(t)‖2

2 = 4P (u(t)).

For the case p < 1 + 4/N , we use a local version of the identity

(13) − d

dt
Re

∫

RN

{2x · ∇u + (N + α)u}∂tū dx = K(~u(t)),

where α := 4/(p− 1)−N and

(14) K(u, v) := −α‖v‖2
2 + α‖u‖2

2 + (α + 2){‖∇u‖2
2 −

2

p + 1
‖u‖p+1

p+1}

(cf. [29, page 185]). Note that

K(u, v) = P (u) + αK2(u, v)(15)

= −2(α + 1)‖v − iωu‖2
2 + 2(α + 2)(E − ωQ)(u, v)

−2αωQ(u, v)− 2{1− (α + 1)ω2}‖u‖2
2,

and that 1− (α + 1)ω2 ≥ 0 if and only if |ω| ≤ ωc.

Further, we consider the Klein-Gordon-Zakharov system

∂2
t u−∆u + u + nu = 0, (t, x) ∈ R× RN ,(16)

c−2
0 ∂2

t n−∆n = ∆(|u|2), (t, x) ∈ R× RN ,(17)

where N = 2, 3 and c0 > 0 is a constant. The system (16)-(17) describes the interaction

of Langumiur waves and ion acoustic waves in a plasma. The complex valued function

u denotes the fast time scale component of electric field raised by electrons, and the real

valued function n denotes the deviation of ion density (see [34, 4, 8]).

We consider instability of standing wave solutions

(uω(t, x), nω(t, x)) = (eiωtφω(x),−|φω(x)|2)
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for (16)-(17), where −1 < ω < 1, and φω ∈ H1(RN) is the ground state of

(18) −∆ϕ + (1− ω2)ϕ− |ϕ|2ϕ = 0, x ∈ RN .

The well-posedness of the Cauchy problem for (16)-(17) in the energy space is stud-

ied by Ozawa, Tsutaya and Tsutsumi [25]. Here, the energy space Y is defined by

Y = H1(RN) × L2(RN) × L2(RN) × Ḣ−1(RN). When N = 3 and c0 6= 1, it is proved in

[25] that for any (u0, u1, n0, n1) ∈ Y there exists a unique solution u := (u, ∂tu, n, ∂tn) ∈
C([0, Tmax); Y ) of (16)-(17) with initial data u(0) = (u0, u1, n0, n1) satisfying the conser-

vation laws of the energy H(u(t)) = H(u(0)) and the charge Q(u(t)) = Q(u(0)) for all

t ∈ [0, Tmax), where Q is defined by (4), and

H(u, v, n, ν) =
1

2
‖v‖2

2 +
1

4c2
0

‖ν‖2
Ḣ−1(19)

+
1

2
‖∇u‖2

2 +
1

2
‖u‖2

2 +
1

4
‖n‖2

2 +
1

2

∫

RN

|u|2n dx.

For global existence results for the case c0 = 1, see [24] and [31].

By a similar method as in the proof of Theorem 1 for the case p ≥ 1 + 4/N together

with an argument in Merle [16] for the Zakharov system, we have the following.

Theorem 5 Let N = 2, 3, ω ∈ (−1, 1) and φω be the ground state of (18). Then,

the standing wave (eiωtφω,−|φω|2) of KGZ system (16)-(17) is strongly unstable in the

following sense. For any λ > 1, the solution u(t) of (16)-(17) with initial data u(0) =

(λφω, λiωφω,−λ2|φω|2, 0) either blows up in finite time or exists globally and satisfies

lim supt→∞ ‖u(t)‖Y = ∞.

Remark. It is known (see [4]) that the negative initial energy H(u(0)) implies that the

solution u(t) of (16)-(17) either blows up in finite time or blows up in infinite time, namely

the solution exists globally and satisfies the asymptotic condition lim supt→∞ ‖u(t)‖Y =

∞. Since the energy

H(λφω, λiωφω,−λ2|φω|2, 0) > 0

for λ close to 1, the result in [4] is not applicable to Theorem 5.

Next, we consider the very strong instability of (eiωtφω,−|φω|2) for the system (16)-

(17). Since the second equation (17) of the Klein-Gordon-Zakharov system is massless, it

seems difficult to obtain an uniform boundedness of global solutions for (16)-(17) similar

to Lemma 2. Therefore, for the standing wave (eiωtφω,−|φω|2) we do not deduce a very

strong instability similar to the instability result in corollary 3 of Theorem 1. However,

using the method in our previous paper [22], we obtain the following very strong instability

result for small frequencies.
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Theorem 6 Let N = 3, |ω| < 1/
√

3 and φω be the ground state of (18). Then, the

standing wave (eiωtφω,−|φω|2) of the KGZ system (16)-(17) is very strongly unstable in

the following sense. For any λ > 1, the solution u(t) of (16)-(17) with the initial data

u(0) = (λφω, λiωφω,−λ2|φω|2, 0) blows up in a finite time.

In the next section, we give a sketch of the proof of Theorem 1. For the proofs of

Lemma 2, Theorems 4, 5 and 6, see [23].

2 Outline of the proof of Theorem 1

Here, we present a short sketch of the proof of Theorem 1. For the details, see [23].

First, we consider the case p ≥ 1 + 4/N . We define

Jω(u) =
1

2
‖∇u‖2

2 +
1− ω2

2
‖u‖2

2 −
1

p + 1
‖u‖p+1

p+1,(20)

d1
ω = inf{Jω(u) : u ∈ H1(RN) \ {0}, P (u) = 0},(21)

R1
ω = {(u, v) ∈ X : (E − ωQ)(u, v) < d1

ω, P (u) < 0}.(22)

Note that

(E − ωQ)(u, v) = Jω(u) +
1

2
‖v − iωu‖2

2,(23)

P (u) = 2∂λJω(λN/2u(λ·))|λ=1.(24)

The following Lemmas are crucial for the proof of Theorem 1 in this case.

Lemma 7 Let N ≥ 2, 1 + 4/N ≤ p < 1 + 4/(N − 2) and ω ∈ (−1, 1). Then, we have the

followings.

(i) Jω(u)− 1

N(p− 1)
P (u) > d1

ω for all u ∈ H1(RN) satisfying P (u) < 0.

(ii) The minimization problem (21) is attained at the ground state φω of (2).

(iii) λ(φω, iωφω) ∈ R1
ω for all λ > 1.

Lemma 8 Suppose that N ≥ 2, 1 + 4/N ≤ p < 1 + 4/(N − 2) and ω ∈ (−1, 1). If

(u0, u1) ∈ R1
ω, then the solution u(t) of (1) with ~u(0) = (u0, u1) satisfies

(25) − 1

N(p− 1)
P (u(t)) > d1

ω − (E − ωQ)(u0, u1), t ∈ [0, Tmax).
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Proof of Theorem 1 for the case p ≥ 1 + 4/N . Let λ > 1 and put

δ :=
N(p− 1)

2
{d1

ω − (E − ωQ)(λ(φω, iωφω))}.

Then, by Lemma 7 (iii), we have δ > 0. Suppose that the solution u(t) of (1) with

~u(0) = λ(φω, iωφω) exists for all t ∈ [0,∞) and is uniformly bounded in X, i.e.,

(26) M1 := sup
t≥0

‖~u(t)‖X < ∞.

Note that u(t) is radially symmetric in x for all t ≥ 0. For the solution u(t) of (1) and

m > 0, we define a function I1
m(t) by

I1
m(t) = 2 Re

∫

RN

Ψm∂ru∂tu dx + Re

∫

RN

Φmu∂tu dx,(27)

where

(28) Φm(r) = Φ
( r

m

)
, Ψm(r) =

1

rN−1

∫ r

0

sN−1Φm(s) ds

and Φ ∈ C2([0,∞)) is a non-negative function such that

Φ(r) =

{
N for 0 ≤ r ≤ 1,

0 for r ≥ 2,
Φ′(r) ≤ 0 for 1 ≤ r ≤ 2.

Then, we have

− d

dt
I1
m(t)

= 2

∫

RN

Ψ′
m|∇u|2 dx− p− 1

p + 1

∫

RN

Φm|u|p+1 dx− 1

2

∫

RN

∆Φm|u|2 dx

≤ P (u(t)) +
N(p− 1)

p + 1

∫

|x|≥m

|u(t, x)|p+1 dx +
C0

m2
‖u(t)‖2

2

for all t ≥ 0, where C0 is a positive constant independent of m. By (9) and (26), we have
∫

|x|≥m

|u(t, x)|p+1 dx ≤ ‖u(t)‖p−1
L∞(|x|≥m)‖u(t)‖2

2

≤ Cm−(N−1)(p−1)/2‖u(t)‖p+1
H1 ≤ CMp+1

1 m−(N−1)(p−1)/2

for all t ≥ 0 and m > 0. Note that we assume N ≥ 2. Thus, there exists m0 > 0 such

that

sup
t≥0

(
N(p− 1)

p + 1

∫

|x|≥m0

|u(t, x)|p+1 dx +
C0

m2
0

‖u(t)‖2
2

)
< δ.

Then, by Lemma 8, we have (d/dt)I1
m0

(t) ≥ δ for all t ≥ 0, which implies limt→∞ I1
m0

(t) =

∞. On the other hand, there exists a constant C = C(m0) > 0 such that I1
m0

(t) ≤
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C‖~u(t)‖2
X ≤ CM2

1 for all t ≥ 0. This is a contradition. Hence, for any λ > 1, the

solution u(t) of (1) with ~u(0) = λ(φω, iωφω) either blows up in finite time or exists for all

t ≥ 0 and lim supt→∞ ‖~u(t)‖X = ∞. This completes the proof of Theorem 1 for the case

p ≥ 1 + 4/N . ¤

Next, we consider the case where p < 1 + 4/N . For this case, we need a variational

characterization of the ground state φω of (2) different from that of the case p ≥ 1+4/N .

We consider

K0
ω(u) = α(1− ω2)‖u‖2

2 + (α + 2){‖∇u‖2
2 −

2

p + 1
‖u‖p+1

p+1},(29)

d0
ω = inf{Jω(u) : u ∈ H1(RN) \ {0}, K0

ω(u) = 0},(30)

R0
ω = {(u, v) ∈ X : (E − ωQ)(u, v) < d0

ω, K0
ω(u) < 0},(31)

where α = 4/(p− 1)−N > 0. Note that

K0
ω(u) = 2∂λJω(λβu(λ·))|λ=1, β =

α + N

2
=

2

p− 1
.

The following Lemmas play an essential role in the proof of Theorem 1 for the case

p < 1 + 4/N , as Lemmas 7 and 8 do for the case p ≥ 1 + 4/N .

Lemma 9 Let N ≥ 2, 1 < p < 1 + 4/N and ω ∈ (−1, 1). Then, we have the following:

(i)
1− ω2

α + 2
‖u‖2

2 > d0
ω for all u ∈ H1(RN) satisfying K0

ω(u) < 0.

(ii) The minimization problem (30) is attained at the ground state φω of (2).

(iii) λ(φω, iωφω) ∈ R0
ω for all λ > 1.

Lemma 10 Suppose that N ≥ 2, 1 < p < 1 + 4/N and ω ∈ (−1, 1). If (u0, u1) ∈ R0
ω,

then the solution u(t) of (1) with ~u(0) = (u0, u1) satisfies

1− ω2

α + 2
‖u(t)‖2

2 > d0
ω, t ∈ [0, Tmax).

Now, instead of I1
m(t) defined by (27), we consider a function

I2
m(t) = I1

m(t) + α Re

∫

RN

u∂tū dx,(32)

where α := 4/(p− 1)−N . Using this function I2
m(t) and based on Lemmas 9 and 10, we

can prove Theorem 1 for the case p < 1 + 4/N in a way similar to the case p ≥ 1 + 4/N .
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