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ABSTRACT. We consider the Cauchy problem for the damped nonlinear Schrodinger
equations, and prove some blowup and global existence results which depend

on the size of the damping coefficient. We also discuss the L? concentration
phenomenon of blowup solutions in the critical case.

1. Imtroduction. In this paper, we study global existence and blowup of solutions
to the Cauchy problem for the damped nonlinear Schrédinger equation:

i0pu + Au + |[ulP" u +iau =0, (t,z) € [0,00) x R™ (1.1)

with initial data u(0) = ug € H'(R"), where a >0, p > 1, and p < 1 +4/(n — 2) if
n > 3. The equation (1.1) arises in various areas of nonlinear optics, plasma physics
and fluid mechanics, and has been studied by many mathematicians and physicists
(see, e.g., [4, 10, 25, 26] and references therein).

It is known that the Cauchy problem for (1.1) is locally well-posed in H*(R"™)
(see Kato [12] and also Cazenave [2, Section 4.4]): For any ug € H'(R™), there
exist T (up) € (0,00] and a unique solution u(t) of (1.1) with u(0) = ug such that
u e C([0, T (ug)); HX(R™)). Moreover, Ti (ug) is the maximal existence time of the
solution u(t) in the sense that if T}y (ug) < oo then lim; 7= () [|[u(t)|[z2 = oc.

First, we recall some known results for the case a = 0 (see [2, 23] for more
information). When p < 1 + 4/n, we have T;(up) = oo for any ug € H(R™).
When p > 1+ 4/n, we have T (ug) = oo if the initial data wug is sufficiently small
in H'(R™), and T§ (ug) < oo if ug € ¥ and E(ug) < 0, where we put

¥ ={ve H'(R") : xv € L*(R")}
and the energy F is defined by

1 1
E(v) = 5lIVolf: - ol (1.2)

1
p+1
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(see [6, 9, 24, 29] and also Remark 1.3 below). The global existence result follows
from the local well-posedness in H!(R"), the conservation laws of energy E(u) and
charge ||ul|?., and the Gagliardo-Nirenberg inequality:

1)—n(p—1)/2 n(p—1)/2 n
[olPtE, < o) BP0 gy n P20y e HYR™). (1.3)

Lpt+1l =

The blowup result is based on the virial identity:

Sl = 16P(u(), 1€ 0,75 (w),

where
1 2 Tl(p 7 1) p+1
P(v) = §||VU||2 - m”’UHPH- (1.4)
Note that P(v) < E(v) for all v € HY(R") if p > 1+ 4/n.
Next, we consider the case a > 0 in (1.1). In this case, we have
lu@®llze = e™*lluollzz, ¢ € 0,75 (uo)), (1.5)
but the energy E(u(t)) is no longer conserved nor decreasing. In fact, we have

L B(u(r) = ~aK(u(t), € 0,7} (u)), (1.6)
where
K(v) = Vol — [o]Zt, (L.7)

(see M. Tsutsumi [25]). It is proved in [25] that when p > 1+ 4/n, we have
T (ug) < oo if ug € X satisfies

E(up) <0 and m[(uo) + V(ug) <0, (1.8)

where we put

I() = ||av||32, V(v) = %/n x - Vou(z)v(x) de.

The proof in [25] is based on the following two identities:
d

a](u(t)) + 2al(u(t)) = 4V (u(t)), (1.9)
%V(u(t)) + 2V (u(t)) = 4P(u(t)) (1.10)

for t € [0,T(ug)), where P is the functional defined by (1.4).

For the case p < 1+ 4/n, we have T, (ug) = oo for all ug € H'(R") and for
all @ > 0. Indeed, for this case, we have the following blowup alternative: if
T (ug) < oo then limy_, () [lu(t)||2 = oo (see [27], and also Sections 4.6 and 5.2
of [2]). This alternative and (1.5) imply that T (ug) = oo for all ug € H*(R") (for
the long time behavior of global solutions for (1.1) with external force f(z), see,
e.g., [5, 11, 14]). Therefore, we consider the case p > 1+ 4/n only.

Now, we state our main results.

Theorem 1. Assume that 1 +4/n < p < 1+4/(n —2). For any up € H*(R™)
there exists a*(||ug||g1) € [0,00) such that T, (ug) = oo for all a > a*(|Jugl| g1 ).
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Theorem 2. Let 1 +4/n <p <1+4/(n—2). Assume that ug € ¥ satisfies one
of the following conditions:

(1) E(UO) <0,

(ii)  E(up) =0 and V(up) < 0,

(i) E(uo) >0 and V(ug) < —+/2E(uo)I(ug).

Then, there exists a(ug) > 0 such that T, (ug) < oo for all a € [0, ax(up)).

Remark 1.1 A similar result to Theorem 1 is stated in [23, p.98] without proof
(see also [4, Theorem 2.4]).

Remark 1.2 For the case p = 1+ 4/n and a > 0, numerical simulations suggest
the existence of finite time blowup solutions of (1.1) (see Fibich [4]), but it is an
open problem whether there exist finite time blowup solutions for this case (see [20]
for comparison with other types of dissipation).

Remark 1.3 Whena=0and 1+4/n <p<1+4/(n—2), it is well known that
we have T (ug) < oo if ug € X satisfies one of the conditions (i), (ii) and

(iii")  E(up) > 0 and V(ug) < —/2E(ug)I (up)

(see [9, 24, 29, 2, 23]). We note that the sufficient condition (ii) in Theorem 2
follows from (1.8), but (i) and (iii) do not.

Remark 1.4 For the case a = 0, it is proved by Cazenave and Weissler [3, Corollary
2.5] that when pg(n) < p < 144/(n—2), for any ug € X, there exists b*(ug) € [0, 00)
such that Ty (e®#"uy) = oo for all b > b*(u), where

n+24+vn2+12n+4
2n '

Note that 1 < pg(n) < 1+4/n. The proof in [3] is based on the Strichartz estimates
but not on the energy method. Since the energy E(u(t)) is not conserved nor
decreasing when a > 0, the energy method is not useful for the proof of Theorem
1, and we will apply the argument in the proofs of Proposition 2.4 and Corollary
2.5 of [3].

The rest of the paper is organized as follows. In Section 2, we give the proof of
Theorem 1 along the argument in Cazenave and Weissler [3]. In Section 3, we prove
Theorem 2 by modifying the proof of M. Tsutsumi [25]. In Section 4, we construct
some invariant sets under the flow of (1.1), which are independent of the damping
coefficient a > 0, and prove a global existence result for solutions with initial data
in these invariant sets. In Section 5, assuming the existence of blowup solutions, we
study the L? concentration phenomenon for blowup solutions of (1.1) for the case
p=1+4/nand a > 0.

po(n) = (1.11)

2. Proof of Theorem 1. In this section, we prove Theorem 1. Let U,(t) be the
propagator for the linear equation:

iOu+ Au+iau =0, (t,x) € [0,00) x R". (2.1)

The Cauchy problem for (1.1) with u(0) = ug € H'(R") is equivalent to the integral
equation (see [2, 12]):

u(t) = Uy (t)ug +i/0 Ua(t — s)|u(s)|p*1u(s) ds. (2.2)

The following result is a key moment in the proof of Theorem 1.
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Proposition 3. Assumea > 0 and 1+4/n <p < 1+4/(n—2). Then, there exists a
positive constant ¢ independent of a such that if ug € H*(R™) and ||Uy(-)uol| 1o (0,00;.0+1) <
e, then T (ug) = oo, where

2p—1)(p+1)
4-(m-2)(p-1)
We begin with several space-time estimates, which will be used in the proof of
Proposition 3. These estimates go back to Strichartz [22], and have been widely
used to study nonlinear Schrodinger equations (see, e.g., [7, 12, 2, 23]). Remark
that when a > 0, U,(t) are not unitary on L?(R™), and the expression (2.4) below

plays an important role, especially in the proof of Lemma 6.
We define

0= (2.3)

t
B1)0) = [ Ut = 5)5(5)ds
0
for ¢ > 0. Note that
t
Q,[f](t) = efat/ Uo(t — s)e® f(s) ds. (2.4)
0
Moreover, for t > 0 and 7 € R, we define
t
Vlf)(t. ) = [ Uolr - 9)et f(s) ds.
0
We say that a pair (g, r) is admissible if 2 < r < o0, 2 < ¢ < co and
2 (1 1)
—=n{=-—--).
q 2 r
We do not consider the endpoint case (¢,7) = (2,2n/(n — 2)) for n > 3.

Lemma 4. Let 0 < T <0 and2<r <oo. For0<t<T and T € R, we have

1Walf](E,7)]

T
Lrsc/‘h—ﬂﬂﬂﬂ*”Wﬂﬁhww7
0

where C' depends only on n and v, and v’ denotes the Holder conjugate exponent of
r.

Proof. By the decay estimates for Uy(t) and by (2.4), we have
t
IWalf1(E )]z < 67‘”/ 1Uo(7 = 5)e** f(s)l| - ds
0
t
= Ce_at/ 7= | T YD e f (s)]] e s
0

t
< C/O |7 — |2V f ()] ds.

This completes the proof. |
Lemma 5. Let 0 < T < 0o and 0 < t < T. For any admissible pair (q,r), we have

[@alfllLecoriLry < Clfll Lo 0,750y
Walf1(E;-)]

where C' depends only on n and r.

La(0,T;L7) < C”fHLq'(o,T;LT’)»
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Proof. For 0 <t <T and 7 € R, it follows from Lemma 4 that

T
Wa 10t 7) e < C/O 7= s f(5)ll o ds.
Thus, the result follows from the Riesz potential inequalities. OJ
Lemma 6. Let 0 < T < oo. For any admissible pair (q,r), we have
1@alf]lloe0,7;02) < CHf”Lq'(o,T;Lr')’
where C' depends only on n and r.
Proof. For 0 <t < T, by (2.4) we have
124l F1(8)]Z

= (e‘” /Ot Uo(t — 5)e® f(s)ds, e /Ot Up(t — a)e® f(o) da>

L2

_ e—2at/0 /0 (Uo(t — s)e® f(s), Up(t — U)eadf(o'))Lz do ds
- e_2at/0 /0 (" f(5), Un(s — 0)e” f(0)) 2 dor ds

=t [, Bl e s

By the Holder inequality and Lemma 5, we have

1@alF10)]17- < 6_‘”/0 1% F ()l L 1WalFICE $)l| 2 ds

< /0 If L [WalF1CE, )l e ds

< fllper o750 N ¥alfIE M a7y < OHfHQLq'(o,T;Lr')
for ¢ € (0,7"). This completes the proof. O

Lemma 7. Let 0 < T < o0, 2 <7 < 2n/(n —2), and let 6, 6 € (1,00) satisfy
1 1 1 1
Lo (L_1y 2.5
0+9 n(2 7‘> (25)

1@alfMllzo0,ri0m) < Clf Lo (0,750 )
where C' depends only on n, r and 6.

Then, we have

Proof. For 0 <t < T, it follows from Lemma 4 that

T
|@. A1)l < C / £ — 8| /271D ()| ds.

Thus, the result follows from the Riesz potential inequalities. OJ

Now we are in a position to prove Proposition 3.
Proof of Proposition 3. We follow the proof of Proposition 2.4 in [3]. Let r = p+1
and (q,7) be the corresponding admissible pair. Let 6 be given by (2.3), and
satisfy (2.5). Since p > 1+ 4/n > po(n) (see (1.11)), we have 6, 6 € (¢/2,00). Let
e > 0 and let ug € H'(R") satisfy ||[Ua(-)uoll 16 (0,00;27) < €, and u(t) be the solution
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of (1.1) with u(0) = ug. We denote T, (ug) by T* for simplicity. Since pr’ = r, by
Lemma 7, we have

lullo o727 < 1Ua()uollzeo,r,nry + 1 @allul’ ulll Lo 0,70
< e+ Cullal " ull oo gy = & + Crllalo o i, (2.6)

for any T € (0,7*), where C7 > 0 is a constant independent of uy. Moreover, since
pd =0and 1/¢' =1/q+ (p—1)/6, we have

_ -1
[[lul? IUHL‘I'(O,T;W“"/) < CHUHZE(O,T;LF)||U||LQ(0,T;W“)
and by Lemma 5, we have

[/l ago,rswrry < 1Ua(uoll Lago,rswry + 1@ llw’~ ]| ago,rywr
< Uo(YuollLao.zwrry + CllulP~ ull par o 11y

—1
< Caolluollm + Collullfo g p. oy 1l Lo, mswr ) (2.7)

for any T € (0,7*), where Cy > 0 is a constant independent of ug. Put Cy =
max{C1, C}, and assume that ¢ satisfies 2°Coe? ' < 1. Since |[ul| e (o 7,1~) depends
continuously on T, it follows from (2.6) that

lull Lo 0,757y < 2€. (2.8)
By (2.7) and (2.8), we have
[ullLago, 7wy < 2C0||uo |l ar- (2.9)
Finally, by Lemma 6 and estimates (2.8) and (2.9), we obtain

lull o .02y < NUa()tiollz o051y + [ RallulP ™ ulll Lo o)

< 0o Yuoll Lo o=ty + Cll[ulP ™ ull Lo 0,1+ w1

< Cllullen + Cllullay ey 10l oo w10y < o,

which implies T* = oo by the blowup alternative (see, e.g., [2, Theorem 4.4.1]. This
completes the proof. O

Proof of Theorem 1. Since U,(t) = e~ *Uy(t), we have

10wl rony = [ € 1Ualt)uoll .
By the Sobolev inequality, we have
10o(t)uollLe+r < CllU()uollzr = Clluol
for all ¢ > 0. Therefore, we obtain
Jim ([Ua(uollLo 0,00;20+1) = 0- (2.10)

Theorem 1 follows from Proposition 3 and (2.10). O
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3. Proof of Theorem 2. In this section, we give the proof of Theorem 2 by
modifying the proof of M. Tsutsumi [25].

Proof of Theorem 2.  Let ug € ¥ satisfy one of the conditions (i), (ii) and (iii),
and assume that the solution u(t) of (1.1) with u(0) = ug exists for all ¢ € [0, c0).
We put B(t) = Eu(t), I(t) = I(u(t), V() = V(u(t)), K(t) = K(u(t)) and
P(t) = P(u(t)). Then, by (1.6), (1.9) and (1.10), we have

E'(t) = —aK(t), (3.1)
I'(t) + 2al(t) = 4V (1), (3.2)
V'(t) +2aV (t) = 4P(t) (3.3)

for all t > 0. Define

n+2)—(n—2)p
nlp—1)—4

Then, since 1 +4/n < p < (n+2)/(n — 2), we have b > 0, and by (3.1) and (3.4)

and by the definitions (1.2), (1.4) and (1.7) of E, P and K, we have

b= 2a. (3.4)

% e "E(t)} = —(2a + b)e " P(1). (3.5)
Moreover, by (3.2) and (3.3), we have
%{e‘btl(t)} = —(2a + b)e ' I(t) + 4e 'V (1), (3.6)
%{e‘ti(t)} = —(2a 4 b)e "V (t) + 4e P P(t). (3.7)
Since P(t) < E(t), by (3.5), we have
e " P(t) < e P E(t) = E(0) — (2a + b) /t e P P(s)ds. (3.8)
0
Here, we put
) v 2atb= —p=D (3.9)
nlp—1)—4 '

and

Then, by (3.8) we have
P'(t) +~P(t) < E(0).
Since P(0) = 0, we have

(e7t —1). (3.10)

By (3.7), we have

V'(t) + 4V (t) = V(0) + 4P(t),
and by (3.10), we have

%{eﬁf/(t)} =V(0)e" + 4 P(t) < V(0)e + 4137(0)(67t —1).
Since V(0) = 0, we have
V() < Vo) (e —1)+ 4Eg°) (e —1—~t). (3.11)

Y Y
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Moreover, since v = 2a + b > 0 and I(t) = [Jzu(t)||5. > 0, by (3.6) and (3.11), we
have

2 I(t) = e P I(t) < e{I(0) +4V (1)} < g(,1), (3.12)
where we put
o:8) = 1007 + @t -1y 4 BED o1 )

By the Taylor expansion, for each ¢t > 0, we have
g(v,t) = 1(0) + 4V (0)t + 8E(0)t* + O(7) (3.13)
as v — 0. Since we assume that ug satisfies one of the conditions (i), (ii) and (iii),
there exists tg = to(uo) € (0, 00) such that
1(0) + 4V (0)to + 8E(0)t3 < 0. (3.14)

Note that ¢y is independent of 7. Since + is proportional to a by (3.9), it follows
from (3.13) and (3.14) that there exists a.(ug) > 0 such that g(vy,t9) < 0 for
all a € [0,a«(up)). Thus, by (3.12), we see that I(tg) < 0 for all a € [0, a«(up)).
However, since I(t) = |lzu(t)||3, > 0 for all ¢ > 0, this is a contradiction. Therefore,
we conclude that T (ug) < oo for all a € [0, a.(up)). O

4. Invariant sets and global existence. In this section, we construct some in-
variant sets under the flow of (1.1), which are independent of the damping coefficient
a > 0, and prove that the solutions of (1.1) are global if the initial data belong to
the invariant sets.

Let 1 <p<144/(n—2). For w >0, we put

w 1 w 1
Sulw) = Blo) + S0l = 51V0lEa + SlvlEs — =5l @)

Ko (v) = K(v) + wllollf2 = Vo[22 +wlolZ2 = ol
d(w) = inf{S,(v) : v € H (R™")\ {0}, K, (v) = 0}, (4.2)
A, ={ve H'(R"): S,(v) < dw), K,(v) > 0}.

Note that since

- k= 2= (v 2
Su(v) = g Kolv) = 50735 (IVellz: + wlivlz2), (4.3)
we have
d(w) = Q(I)p;—i—ll) inf{[|Vv]|7: + wl|v]|72 : v € H'(R™)\ {0}, Ky(v)=0}>0.

It is well-known that d(w) > 0 and it is attained by a positive solution ¢ € H!(R™)
of the stationary problem for (1.1) with a = 0:

—Ap+twp—|plPlo=0, zeR" (4.4)

(see, e.g., [19]). Although the energy E(u(t)) is not monotone for the case a > 0 in
general, we have the following global existence result.

Theorem 8. Let 1 <p<1+4+4/(n—2) and a > 0. If the data uy € |
have T (up) = oo.

w0 Aw, we

The following lemma plays an important role in the proof of Theorem 8.
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Lemma 9. Let 1 <p < 1+4+4/(n—2) and a > 0. For any w > 0, the set A, is
invariant under the flow of (1.1), i.e., if ugp € Ay, and u(t) is the solution of (1.1)
with w(0) = ug, then u(t) € Ay, for allt € t € [0, T (up)).

Proof. By (1.5) and (1.6), we have

4
dt

Since u € C([0, T (ug)), H'(R"™)) and uy € A,, we see that u(t) € A, for small
t > 0. Suppose that there exists t; € (0,7, (up)) such that u(t) € A, for all
t € [0,t1), and u(ty) € A,. Then, we see that K, (u(t)) > 0 for all ¢t € [0,t],
and by (4.5), we have S, (u(t1)) < Su(up) < d(w). Since u(t;) ¢ Ay, we have
K, (u(t;)) = 0. Moreover, since u(t;) # 0, by the definition of d(w), we have
d(w) < S, (u(ty)). This is a contradiction. Hence, we conclude that u(t) € A, for
all ¢ € [0, T (ug)). 0

Su(u(t)) = —aKy(u(t), t € [0,T; (uo))- (4.5)

Proof of Theorem 8. Let ug € A, for some w > 0, and u(t) be the solution of (1.1)
with u(0) = ug. By Lemma 9, we see that S, (u(t)) < d(w) and K, (u(t)) > 0 for
all t € [0, T (up)). By (4.3), we have

p—1 2 2
S (IVUDIEs +wlulo)l)
1
= SL(u(t) ~ 7 Ku(u(t) < SL(ult) < d(v)
for all t € [0, T (up)), which implies T} (ug) = cc. O

Remark 4.1 It seems that Theorem 1 does not follow from Theorem 8 and a
simple scaling argument with ¢ and w.

Remark 4.2 For the case a =0 and p > 1+ 4/n, it is known that the sets

Bl ={ve H'(R"): S,(v) < di(w), P(v) >0},
B, ={ve H'R"):S,(v) <d(w), P(v) <0}

are invariant under the flow of (1.1) with a = 0, where w > 0, S, and P are defined
by (4.1) and (1.4) respectively, and

dy(w) = inf{S,(v) : v € H'(R™)\ {0}, P(v) =0}
(see [1, 2]). Note that

4 ; :n(p—l)—4
n(p—l)P() 2n(p —1)

and it is known that di(w) > 0 and it is attained by a positive solution of (4.4)
(see [1, 2]). Since the positive solution of (4.4) is unique, up to translations (see
[13]), we see that dj(w) = d(w), where d(w) is defined by (4.2). Moreover, it is also
known that we have Tj(ug) = oo if ug € BY, and T (up) < oo if ug € B, N'X (see
[1, 2]). We do not know whether A, can be replaced by B in Theorem 8 for the
case a > 0, nor whether the conditions (i), (ii) and (iii) can be replaced by ug € B

in Theorem 2.

w
Su(v) = IVollze + 5 lvlzs,
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5. L? concentration for critical case. In this section, we study the L? concen-
tration phenomenon for blowup solutions of (1.1) for the case p = 14+4/n and a > 0.
For the case a = 0, this phenomenon has been studied by many authors (see, e.g.,
[15, 16, 17, 28, 30, 31]). Because of Remark 1.2, we assume the existence of blowup
solutions of (1.1) in the case p =1+ 4/n and a > 0.
Let Q € H*(R™) be the ground state (unique positive radially symmetric solu-
tion) of
—AQ+Q-1QY"Q=0, zeR" (5.1)

(see Kwong [13] for uniqueness). We state the following result.

Theorem 10. Let p = 1+4/n, n > 2 and a > 0. Assume that ug € H'(R") is
radially symmetric, and suppose that the solution u(t) of (1.1) with u(0) = ug blows
up in finite time T € (0,00). Then, for any function p(t) satisfying p(t) — oo as
t — T, we have

tim sup [Ju(t) |22 ({11 <p(0)/ 1V a2 1) = @22 (5.2)
Remark 5.1 By (1.5) and the blowup alternative, we have lim;_,7 || Vu(t)||12 = oo
in Theorem 10. In particular, taking p(t) = R||Vu(t)|| 12 in (5.2), for any R > 0 we
have

lim sup [[u(t)l| 22 ({jai<ry) = Q2.

t—
Remark 5.2 For the case a = 0, it is well-known that lim sup,_, can be replaced
by liminf; 7 in (5.2) (see Y. Tsutsumi [28]). For related results on the Zakharov
system, we refer to Glangetas and Merle [8, Theorem 1].

Remark 5.3 We do not consider the case where the initial data ug is not radially
symmetric (see, e.g., [16, 17, 18, 31] for the case a = 0).

We first prove a simple lemma.

Lemma 11. Let T € (0,00), and assume that a function F : [0,T) — (0,00) is
continuous, and lim;_p F(t) = oco. Then, there exists a sequence {tx} such that
t, — T and

i fg" F(r)dr

e (S I (5:3)

Proof. We follow the argument in the proof of Lemma 2.1 of [4]. We put

G(t) = /Ot F(r)dr, tel0,T).

If lim; 7 G(t) < oo, then (5.3) holds for any sequence {t} satisfying ¢, — T'. So,
we assume that lim¢_,7 G(t) = co. Then, since lim;_,7 log G(t) = 0o, we see that

F(t) d
limsup ——= = limsup — log G(t) = o,
tHTp G(t) tHTp dt s ( )
which shows that there exists a sequence {tj} such that t;, — T and (5.3). O

The following variational characterization of the ground state @ plays an impor-
tant role in the proof of Theorem 10.

Lemma 12. Let p=1+4/n, and Q be the ground state of (5.1). Then we have
1Qllze = inf{||v]lz2 : v € H'(R™)\ {0}, E(v) <0}
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For the proof of Lemma 12, see Weinstein [29] and also [18].

Proof of Theorem 10. We follow the argument in the proof of Theorem 6.6.7 of [2].
We put o = 2+4/n. We denote by H!, ,(R™) the set of radially symmetric functions
in H'(R™). Since the initial data uo € H} ;(R™), we see that u(t) € H} ;(R™) for
all t € [0,T). By the energy identity (1.6), we have

E(u(t)) = E(uo) — a/ K(u te[0,7). (5.4)
By (1.7), the Gagliardo-Nirenberg inequality (1.3) and (1.5), we have
K (u(t))] < [IVu)|Z2 + llu)]1Z.
< IVu@®)liz: + Cllu)172*IVu(®) 12
< (1+ Clluoll 72 ) I Vu(®)[17-

for all t € [0,T). Moreover, by Remark 5.1, we have lim;_,7 || Vu(t)||2. = oo. Thus,
by Lemma 11, there exists a sequence {t;} such that ¢, — T and

. JoF K (u(r))dr
R TN PR (55)

Here, we put
Ne = 1/[Va(ti)llz,  vi(e) = N ulte, Ava).
Then, we see that v, € H!, ;(R") and

loellze = Ju(tllze < uollze, I ¥vellzs = 1. (56)
By (5.4) and (5.5), we have
11 b
B(u) = 5~ >l = Blus) ~axf [ Ku(r)dr =0 (6.)
0

as k — oo. Since {vx} is bounded in H(R™) by (5.6), there exists a subsequence
of {vy} (we still denote it by the same letter) and w € H'(R™) such that

v —w weakly in H'(R™). (5.8)

Since {v;} C H! ,(R") and n > 2, it follows from (5.8) and the compactness of the
embedding H} ;(R™) — L7(R") (see Strauss [21]) that

vy — w strongly in L7(R™). (5.9)
By (5.7), (5.8) and (5.9), we have |w|| 5. = 0/2, especially w # 0, and
E(w) < likminfE(vk) = 0.
Therefore, by Lemma 12, we have

QN2 < |lw| L2 (5.10)
Moreover, by (5.8) and since p(t;) — oo, for any M > 0, we have

lwllzzgrag<ary = W {vellzgai<ary) = Hm (fu(e)ll ez gz <a
< Hmnf{lu(te)lz2 (e <poren-
Since M > 0 is arbitrary, by (5.10), we have
Q2 < [lwllz2 < likfgi;}f||U(fk)||L2({\m|<p(tk),\k}),

which shows (5.2). O
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