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We discuss several results on asymptotic behavior and regularity for wave
equations with nonlinear damping wutt — Au + \ut|m’1ut = 0 in Ry x R™,
where m > 1. In particular, we show that Vu € L™T1(I x R") for all initial
data (u,ut)|t=0 € H'(R") x L2(R™) when m < (n +2)/n and I C Ry is
a compact interval. We also consider global well-posedness in Sobolev spaces
HFR™) x H*=1(R") for k > 2. The strength of nonlinear damping is critical
when m = n/(n — 2) and n > 3, which makes classical techniques ineffective.
We outline the proof of global well-posedness for m = 3 and n = 3 (critical) un-
der the additional condition that (u,ut)|t=0 are spherically symmetric. Finally,
we present scattering results for spherically symmetric global solutions.
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1. Introduction

The asymptotic behavior and regularity of solutions to wave equations with
nonlinear damping (m > 1)

Ut — Au + |ut|m71ut =0, (t,ZII) S R+ X Rn, (1)

are not only challenging questions but also starting points for understanding
basic mechanisms in nonlinear hyperbolic equations, such as scattering-

18-20

damping and smoothing-focussing.?%14 A classical result of Lions and

Strauss!® states that (1) is globally well-posed for all initial data

w(0,z) = uo(z), w(0,2) =ui(z), =xe€R", (2)
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with (ug,u;) € H¥(R™) x H*"1(R™) and 1 < k < 2; see also Joly, Metivier
and Rauch,? Liang,'* and Serrin, Todorova and Vitillaro.?? Moreover, if

up € H*(R™), wuy € HY(R™) N L*™(R"),
problem (1), (2) has a unique global solution u with the following properties:

(a) we L>®(Ry, H*(R™)), wu; € LRy, H(R™));
t

(b) Ei(u,t) = Ey(u,to) —/ /|us|m+1alxds7 t > 1o,
to

1
where Fy(u,t) = 3 | gk: 1/(|V°‘ut|2 + |VOVu|?)dz;
(c) Er(u,t) < Ey(u,ty), FEa(u,t) < Ea(u,to), t > to;
(d) supp(u,u;) C {|z| <t+ R} if supp(uo,u1) C {|z| < R}.

Hence, E1(u,t) and Ea(u,t) are non-increasing functions of ¢. A natural
question is whether these norms decay to zero or not as t — oo. The an-
swers are known in several cases described in Section 2. Another interesting
problem is suggested by identity (b) which implies u; € L™ (R, x R™)
even for data (ug,u;) € H*(R™) x L2(R™). Section 3 shows that the gain of
regularity in Vu is similar if m < (n+2)/n: Vu € L™T(I x R") for every
compact I C Ry. The final Section 4 deals with the question Ej(u,t) < co
at all ¢t € Ry for k > 2 and arbitrarily large Ex(u,0). It is expected,
based on the invariant scaling of (1), that either m < oo and n = 1,2,
orm < n/(n—2) and n > 3 will be a sufficient condition. However, the
critical cases m = n/(n — 2), n > 3 remain open as they are difficult to
study by current perturbation techniques. This paper outlines authors con-
tribution?® which covers m = 3, n = 3, and spherically symmetric data in
HFR?) x HFY(R3), k > 3.

2. Asymptotic behavior of energy

The long time behavior of solutions to the Cauchy problem (1), (2) is not
well-understood yet. We should mention that the boundary value problem
x € Q, where Q C R” is a bounded domain, is quite different. Nakao?! and
Haraux” have found polynomial decay rates of E1(u,t) under the Dirichlet
boundary condition u = 0 on 9f2. The current state of this problem and its
generalizations for localized damping and source is presented in Lasiecka
and Toundykov.'® A surprising similarity with the Cauchy problem is that
no decay estimates are known for Es(u,t) and higher-order norms.
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There are three types of results about the asymptotic behavior of (1),
(2) with data (ug,u1) € H*(R™) x L?(R"): decay estimates for Ej(u,t),
lower bounds on Ej(u,t), and Fi(u — uq,t) — 0 as t — oo for a finite-
energy solution u of the wave equation, i.e., scattering in the energy space.
Clearly, the existence of scattering states implies that the energy approaches
a non-zero constant. Below is a short review of significant results.

A sufficient condition for scattering, due to Motai and Mochizuki,?° is
m>14+2/(n—1), n > 2. In such cases, the energy E;(u,t) can not decay
as t — oo. The result is generalized by Matsuyama'” to certain exterior
domains in n = 3. Both papers contain direct proofs that Ej(u,t) does not
decay, which avoid the existence of scattering states u .

The strongest decay estimate for problem (1), (2) has long been loga-
rithmic. For 1 < m < 1+ 2/n and 0 < p < 2/(m — 1), Mochizuki and
Motai'® have established

Ey(u,t) < Cu{ln(2 + )}, (3)

where C), depends on p and (ug,u;). The gap between conditions for scat-
tering and energy decay means that the asymptotic behavior of Fj(u,t) is
unknown if 1 +2/n <m <14 2/(n —1). Estimate (3) is very weak but it
may be sharp in the critical cases n > 2, m = 1 +2/(n — 1). Kubo'? has
found such modified asymptotic profiles in n = 2, m = 3.

The logarithmic decay rate of energy is unlikely to be sharp, however,
if 1 < m < 1+ 2/n. Then the invariant scaling and nonlinear diffusion
phenomenon for (1) strongly suggest polynomial rates depending on n and
m. To explain the first argument, we consider a change of variables

u(t, ) — uy(t,z) = ACT™/ =Dy (Xt —to), Mz — x0)), (4)

with A > 0 and (tg,79) € R x R"™. Equation (1) is invariant under these
transformations. Since {uy(t,z)} resembles a delta family concentrating
at (to,2p), as A — 00, it can be used for testing conjectures about the
asymptotic behavior and regularity of u. Changes may occur at critical m
where the energy is A-invariant. We readily calculate

Ey(un, t) = A= DF20=D70 By (u, A(t — to) (5)
and set t =1, tg = 0, and k£ = 1 to obtain
Ei(u,\) = X2 By (uy,1).

Thus, the behavior of u(\, z) as A — oo is determined by the relative
smoothness of uy(1,z) compared to ux(0,z); any non-trivial smoothing
estimate of uy (1, z) will imply a decay estimate of u(X, z). The former type



February 20, 2008 17:15 WSPC - Proceedings Trim Size: 9in x 6in  asymreg

of results is very plausible since the nonlinear damping has a regularizing
effect on solutions. Notice that always Ej(uy,1) — oo as A — o0, so the
energy of u is not expected to decay when m > 1+ 2/n.

To present the second argument in favor of polynomial decay rates,
we assume that (1) exhibits the nonlinear diffusion phenomenon. Here the
relevant correspondence is u; &~ v, where v solves the fast diffusion equation

(’Um)t —Av= 0, (t, l') S ]R_;,_ x R™.
Every positive solution v has a polynomial asymptotic profile
v(t,@) ~ ¢ (A Blaf?/e2mT) T, (6)

with o, 8> 0, and v = (n — m(n — 2))~1; see Carrillo and Véazquez* and
the references therein. The wave equation with a nonlinear damping (1) is
formally transformed into the fast diffusion equation if us is neglected, the
remaining terms are differentiated with respect to ¢, and wu; is replaced by
v. Such manipulations can not be justified, although they are valid when
the damping is linear; see Matsumura.'6

Theorem 2.1. Let u be a solution of (1), (2) with compactly supported
(ug,u1) € H2(R") x HY(R™). If n >3 and 1 <m < (n+2)/(n+ 1), then

El(“‘:t) S Catiaa t— 00,
where a > 0 depends only on m and n, while C, depends on a and (ug,u1).

Unfortunately, the above decay rate®S is implicit. Here the the lack of
control on ||u||zz is the main difficulty. This is also an essential difference
with the wave equation in a bounded domain or the Klein-Gordon equation
Uy — Au+ u + |ug|™ uy = 0. The proof of Theorem 2.1 uses “parabolic”
effects coming from the presence of damping in (1). A crucial idea is to
introduce weights similar to the asymptotic profile of fast diffusion (6).

3. Smoothing effects

The regularizing effect of nonlinear damping on solutions of (1), (2) has
already been studied. Examples are constructed of piecewise C? data with
jump discontinuities which are partially smoothed during the evolution
when m > 1+ 2/(n — 1); see Joly, Metivier, and Rauch® (radial data)
and Liang'? (general data).

We consider the complementary range 1 < m < 1 4 2/n and general
data (ug,u1) € HY(R") x L?(R"). Recall that u; € L™} (R, x R"), so
uz is more regular than w; for almost all ¢ > 0; see Sec. 1, identity (b).
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The partial smoothing of u; is a significant difference with the linear wave
equation. A natural question is whether the regularizing effect extends to
Vu. The answer is affirmative, if the nonlinear damping is relatively weak.

Theorem 3.1. Assume that 1 < m <1+ 2/n. For every compact interval
I C Ry, the solution u of (1) satisfies

HquLmH(IxR") <C (Ell/(erl)(u?O) + Ein/(erl)(u,O)) ,
where C' depends only on m, n, and I.
We begin with a simple estimate for the wave operator [J = 92 — A.

Lemma 3.1. Assume that 1 < p < g < oo and 1/p—1/q = 1/(n +1).
There exists C' depending on p, q, and n, such that

[Vullpa(rn+1y < CllOpul|pa(rn+ry + CllOu]| Lo (rn+1y

for every compactly supported distribution u € E'(R™) which has finite
norms on the right side.

The proof of Lemma 3.2 is postponed for the end of this section.
Proof of Theorem 3.1. Let I C J be compact intervals in Ry and
X € C§°(R4) be a cut-off function satisfying

@ fLel
MU0, if teR\

We denote the first two derivatives of x by x’ and x”'. Applying Lemma 3.1
to xu, where u is a solution of (1), we have

IVa(xu)l[La(rrsr) < Cll0i(xu)

Since

rarr+1y + CllOXW) || e (rrt1y-

|m71

O(xu) = —x|u g + 2X ue + x"u,  O(xu) = xur + X u,

the initial estimate becomes
IXVaoullpa(rnrry < ClIxutllpa(rn+ry + X ull La(rn+1))
FClxluel ™ | Lo () (7)
FO(IX wtll Lo (rnry + (X ull Lo (1))
The strongest regularization occurs when
g=m+1, p=m+1n+1)/(m+n+2), (8)

as the nonlinear damping requires ¢ < m + 1 for u; € LY(Ry x R™).
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Notice also that m < 1+ 2/n implies p < (m + 1)/m. Hence, the most
singular term in (7) is estimated by Holder’s inequality:

m 1
Pty < CEP "0 (0,00 (9)

Ix|we]™ | e (rrt1y < Ollug]

We can assume that u(t, ) is compactly supported, since the estimates are
local in time and the equation has a finite speed of propagation.

The other terms in (7) are trivially bounded by FEj(u,0). Recall that
the integration takes place on a compact set {(t,z) : t € J, |z| < t + R}
and p < (m+1)/m < 2, where p and ¢ are defined in (8).

We begin with the norms involving u; on the right side of (7):

Xl La¢rnery + X well o (rnr)
< luell pmer(rxrry + Cllwell L2 (% rm) (10)
< C’Ei/(mﬂ)(u,O) + CE11/2(u,O).

The Sobolev embedding H(R"*1) — LI(R"*!) for ¢ < 2+2/n implies

X vl La(rnr1y < Cluell L2 rmy + VUl L2(1x R7))
< CE}"*(u,0). (11)

Finally, we use H!(R"™1) — L2(R"*!) and p < 2

IX"ull o (rrt1y < VUl 2 (rxrm)
< CE?(u,0). (12)

Substituting estimates (9), (10), (11), and (12) into (7), we obtain

||v1u||Lm+1(IXRn) <C (Ell/Z(u, 0) + E11/(m+1)(u, 0) + E*In/(m—&-l)(u7 0)) )

Since 1/(m+1) <1/2 <m/(m+ 1), we can drop Ell/Q(u,O) from the last
estimate. The proof of Theorem 3.1 is complete.
Proof of Lemma 3.1. Define the Fourier transform F as

Fu(r,§) = / e TRy (¢, 2)dxdt,  (1,€) € RMTY,
Rn+1
and denote its inverse by F~!. From F(dyu) = it Fu and F(Vu) = i¢Fu,
F(Ou) = (=72 + |¢*) Fu.
To express Vu in terms of d;u and (Ju, we rewrite this identity as

€1 Fu = |7|Fu+ (€] + 7))~ F(Ou)
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and apply F~! to both sides:
Vu=F! (§|§\_1sign(7').7-'(8tu)) (13)
+iF (e HE + 7)) T F ()

Here sign(7) = 7/|7| for 7 # 0. It is well known® that £/|¢| and sign(7) are
L4(R™*1) Fourier multipliers, while (|¢|+|7|)~! is an LP(R"H1) — L9(R™+1)
Fourier multiplier if 1/p —1/¢ =1/(n+ 1) and 1 < ¢ < co. Using (13),

[Vl pacrnery < | FHEIEN sign(7) F(Oyu)) || La(rmsry
HIFHELE e + 17D T FOu)ll Lo any
< Cl|0ul|pa(rr+ry + CllOul| o (rr+1y-
This completes the proof of Lemma 3.1.

4. Regularity and scattering for critical damping

The global well-posedness of (1) is a highly nontrivial problem in Sobolev
spaces H¥(R") x H*~1(R™) with k > 2 since the monotonicity of |us|™ Lu;
no longer implies a prior: estimates. Standard techniques treat the nonlin-
ear damping as a perturbation and restrict its growth m < n/(n — 2) if
n > 3; this is implied by scaling laws (4), (5) and Ea(u,t) < Fa(u,0):

Es(uy,t) = N2/ m=D+2=n gy (4, M) < Ey(u,0), X — oo,

for m > n/(n —2), n > 3. Hence, the existence of concentrating solutions
(increasing norms of order k > 2) can not be excluded for large m. There is
some possibility to handle the critical case m = n/(n—2) by improved clas-
sical techniques, similarly to the nonlinear wave and Schrodinger equations;
see Grillakis,® Shatah and Struwe,?® Bahouri and Gérard! for the former
and Bourgain,? Tao, Visan, and Zhang?* for the latter. So far the global
well-posedness of (1) is established along these lines in a special case: m = 3,
n = 3, and radial data.?> We will present the main ideas and analytic tools.

Our result concern mainly large data, as the global existence and asymp-
totic behavior are well-understood for small data; see Klainerman and
Ponce,'! Hérmander,® and the recent work of Matsuyama.'”

Let us define the Sobolev spaces of spherically symmetric functions
HE ((R®) = {u € H*(R?) : u is a function of |z|},
for k > 1. These are invariant under the evolution determined by (1), (2).

We write Du = (Vu, u;) for the space-time derivative of u. The following
is partial answer to the question about global well-posedness.?®
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Theorem 4.1. Let m = 3, n = 3, and (up,u1) € H3 ,(R?) x H2 ,(R?).

Then problem (1), (2) admits a unique global solution u, such that
D e C(Ry, HL*U(R?),  |a| <3.

a

Moreover, u satisfies the estimates

t
> [P ) ds < Culugsu), £20,
laj<2 0

Z El(Da’LL,t) S CQ(’LL(),Ul), t Z 0,

lor]<2

for implicit constants Ci(ug,u1), k = 1,2, which are finite whenever the
norm ||ugl|gs + ||ui|lgz is finite.

Remark 4.1. We rely on the “forbidden” L} L2 — L7 L%° Strichartz estimate
for the wave equation in R x R?; see Klainerman and Machedon.'® The
estimate is valid only for spherically symmetric solutions which explains
the condition for spherically symmetric data.

Proof of Theorem 4.1 (outline). Recall a useful fact: for |o| < 1,
t
E1(D%u,t) + (2| + 1)/ |us D*us||22 ds = Ey(D%u,0).
0

Step 1. Let u be a local solution of (1), (2), such that E5(u,t) < oo for
t € [0,Ty). The equation for D%*u, |a| = 2, involves non-dissipative terms:

OD%u + 3ufD“ut + Z cfgﬁutDﬁutDVut =0, (14)
Bty=a

where cg ., are constants. From Es(u,t) < E5(u,0), these are bounded by

t
[ Do) ds, o <2 (15)
0

Step 2. We can handle L?L° norms by means of

t 1/2 t
( JALCIE ds) < CEY?(,0)+ € [ Do)l ds,
0 0
which is an endpoint Strichartz estimate. If |a| = 1, the inequality leads to
t 1/2 t
(/ 1 Du(s)||2 ds> < CEY*(u,0) + c/ l|u?(s)D%us(s)| 2 ds.
0 0

It is not trivial to bound the right side by the L?L° norm on the left side.
We need a simple “non-concentration” proposition.
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Prop 4.1. Assume that (ug,u1) € H3(R?) x H?(R?) and |a| = 1. Let u
be the solution of problem (1), (2) extended on a maximal interval [0, T%).
For every € > 0 there exists 6§ € (0,7Tp), such that

t

sup / (l[us ()1 2s + llus(s) Dus (5)[122) ds < e.

te[To,Tx) Jt—6

The result follows from [|u,(s)||34 + [Jus(s)D%us(s)||2. € L([0,T%)).
Applying Prop. 4.1, we find C > 0 and ¢ = §(ug, u1, @) > 0, such that

t 1/2
( JRLRI ds) < CEY2(u,0)(1 + CEY2(u,0)#%,  (16)
0

for all ¢ € [0,Ty). The estimate for |a| = 2 in (15) is similar.
Step 3. To complete the proof of F5(u,t) < co, we combine the standard
energy estimate from (14) and the L?L°-estimate (16) with |o| = 1, 2.
The solutions constructed in Theorem 4.1 are asymptotically free, since

the nonlinear term v} is supercritical for scattering theory in R3.

Theorem 4.2. Let m = 3, n = 3, and (ugp,u1) € H3 4(R3) x H2 ,(R3).
The global solution u of problem (1), (2) is asymptotically free:

”Dau(t) 7Dau+(t)||2 *)07 t— 00,
for 1 <|a| <3, where uy is a solution of Juy = 0 with initial data
Duy(z,0) € Hfq(R?) x Hyoq(R).

Proof of Theorem 4.2 (outline). We use the estimates in Theo-
rem 4.1 and Hoélder’s inequality to show a sufficient condition for scattering:

| Il i<, <ol <2
0
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