WEIGHTED L2-ESTIMATES FOR DISSIPATIVE WAVE
EQUATIONS WITH VARIABLE COEFFICIENTS

GROZDENA TODOROVA AND BORISLAV YORDANOV

ABSTRACT. We establish weighted L2-estimates for the wave equation with
variable damping u¢t — Au+ auy = 0 in R™, where a(z) > ao(1 + |z|)~* with
ap > 0 and a € [0,1). In particular, we show that the energy of solutions
decays at a polynomial rate t=(7=®)/(2Z=)=1 if q(z) ~ ag|z|~* for large |z]|.
We derive these results by strengthening significantly the multiplier method.
This approach can be adapted to other hyperbolic equations with damping.

1. INTRODUCTION

The long time behavior of dissipative wave equations has been studied extensively
as an important problem related to global well-posedness, existence of attractors
and exact controllability. In contrast to the enormous number of works concern-
ing L2-estimates, the number of general techniques is quite small: (1) resolvent
estimates for parameter dependent elliptic operators [AL], [CZ], [FZ], [HM], [RT1],
[RW], [SJ], [W1], (2) observability inequalities combined with the energy dissipa-
tion law and semigroup property [BN], [DC], [DG], [DLG], [FJ], [HA], [LT], [KV],
[MP], [MN], [NM], [RT2], [Z1], [22], or (3) first-order multipliers determined by the
symmetries of wave equation and consistent with the boundary conditions [IM1],
[IM2], [M2], [MN1], [MN2], [UH]. Since a complete survey of results exceeds the
scope of this paper, many significant contributions are inevitably omitted.

Despite their differences, the existing methods have a common characteristic:
they are developed to study solutions with exponential asymptotic behavior. Thus
estimates for solutions with polynomial behavior are rarely precise. A typical case
is the wave equation with damping u; — Au + au, = 0, where a(z) > ap > 0 in
R". When a(x) = ap, Matsumura [M1] has established ||u(t)||z: = O(t~"/*) as
t — oo. This estimate is obtained by simple Fourier analysis but its generalization
to variable coeflicients is far from straightforward. In fact, the necessary resolvent
estimates within the first method are not found yet. The second method can not be
applied either, since the observability inequality fails for a € L>°(R"™), [DG]. Finally,
the results of third method are usually dimension independent: |lu(t)||z2 = O(1).
Sharper estimates require more complicated arguments, such as [IM2] showing that
lu(t)|| 2 = O(t=1/?) for n > 2. This decay rate is the best possible for n = 2, but
it is unlikely to be sharp for n > 3. The weakness of multiplier method may be
attributed to the use of tus + z - Vo and other Morawetz-type expressions [MC]
related to the scaling invariance of wave equation uy — Au = 0. Examples like
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a(z) = ap show that the diffusion equation agu; — Au = 0 is a much more accurate
approximation; the “diffusion phenomenon” is studied in [MMR], [MY1], [MY?2],
[NT1], [NK1], and the references therein.

The goal of this paper is to strengthen the multiplier method for the wave equa-
tion with variable damping in R"™. We obtain more precise L?-estimates and faster
decay rates depending on n. The multipliers are derived from positive approximate
solutions in accordance with the diffusion phenomenon. Our computations are el-
ementary and sufficiently flexible to allow other second-order hyperbolic equations
with damping. The new estimates help investigate the existence and behavior of
global solutions for various nonlinear perturbations, [TY].

Given a positive coefficient a € C*(R"), such that

(1.1) a(xz) > ap(l+1z))™%, a€l0,1),
we study the Cauchy problem
(1.2) Uy — Au+auy =0, xe€R" t>0,
w(0,2) = up(x), u(0,2) = uy(x).
For simplicity the initial data are compactly supported in the energy space:
up € HY(R"), wu; € L*(R"™), wuo(z) and ui(z) = 0 for |z| > R.
It is well known that (1.2) admits a unique weak solution u satisfying
u € C((0,00), HY(R™)), u; € C((0,00), L*(R™)),

and having compact support,

u(t,z) =0 for |z| >t+ R.

The main quantities of interest are the L2-norm and energy associated with u.
In fact, the energy arises after multiplying equation (1.2) with u; and applying the

divergence theorem on [0, ] x R™:
t
/(uf V) dr = /(uf V) dz| - 2/ /aug deds.
t=0 0

Hence the energy is a non-increasing function of ¢. The important question is
whether the energy decays as t — oo and if so, how fast it decays. Affirmative
answers require some lower bound on a(x) as || — oo, since solutions are asymp-
totically free if a(x) < ag(1 + |=|)~1=° with § > 0; see Mochizuki [MK]. Of course
the energy of such scattering solutions will approach a non-zero constant as t — oo.
Moreover, the energy will not decay uniformly with respect to initial data (ug,u1)
if a(x) vanishes in a neighborhood of a line w, as shown by Kawashita, Nakazawa,
and Soga [KNS].

A simple idea how to strengthen the multiplier method for equation (1.2) comes
from the special cases a = ag and a = a(t) where the diffusion phenomenon is
well understood. In the former case, u(t,x) ~ Cow(t, z) with Cy depending on the
initial data and w being a solution of the diffusion equation

wy—Aw=0, z€R" t>0.

More details are given in [NT1]. It turns out that we can use the Gaussian

12
w(t,z) = t"Ze” e .
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A similar asymptotics holds in the latter case of (1.2) studied by Wirth [W3]. Here
the precise conditions for u(t, x) ~ Cow(t, z) and exact constant Cp are more subtle
but the important fact is that w solves

alt)wy — Aw=0, ze€R" t>0.

Thus w—'u ~ Cy on the support of u in both cases. We expect the diffusion
phenomenon to persist when a = a(z) in (1.2), so we will try to obtain sharper
L?-estimates by factoring out the asymptotic profile w and working with w™ u.
This quotient will admit more precise estimates since it will vary relatively slowly.
A slight difficulty is the lack of explicit solutions to

a(x)wy —Aw =0, ze€R", t>0,

but we can choose w satisfying the corresponding inequality with a greater left side.
The new problem has simple solutions of the form

A(z)

(1.3) w(t,z) =t"™e M2

with parameters my, ms, and a function A(z) given by (1.5) below. Unexpectedly,
we can still estimate w~u very precisely. The only multiplier has two terms:

(1.4) wy (w™ )y + wo(w™ ),
where the weights are defined by

wo = w and wlzmgw(@+%> 1,
t w
for certain constants mg, m4, and an approximate solution w(t, z) from (1.3). Here
the role of my is to make the denominator of w; positive, while the role of w;
itself is to equalize the two terms in (1.4). Let us also mention that m; in (1.3)
determines the decay rates of weighted energy and L2-norms.
To state the results, we begin with conditions on a. First, we require (1.1). We

also assume that there exists a solution of the Poisson equation
(1.5) AA(x) =a(z), x€R",
with the following properties:

(al) A(xz) >0 for all x,

(a2) A(z) = O(|z|*~®) for large |z|,

(a3) m(a) = liminf ————= >

Such solutions A(z) exist in many cases, including radial coefficients a(z) which
behave like |z|~* as |z| — oo. We consider examples in Proposition 1.3. For
non-radial coefficient a(x) the solution A(x) of the Poisson equation (1.5) can be
constructed by the method in [WZ].

The main decay estimates of this paper are stated next.

Theorem 1.1. Assume that conditions (1.1) and (al)-(a8) hold. Then for every
0 > 0 the solution of (1.2) satisfies

/e(”"”(“)*‘s)mtm)a(ac)u2 dx

IN

Cs(IIVuolZe + llur||Z2)8" =",

/e(m(“)_‘s)Aiz) (uf + |Vul?) dx

IA

Cs([[VuollFz + [lur | 72)¢°~ @,
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for allt > 1. The constant Cs depends also on R, a, and n.

Hence m(a) from definition (a3) determines the decay rates. Moreover, m(a)
is invariant under scaling and depends only on the behavior of a(x) as |z| — oc.
Additional assumptions on a will probably allow § = 0 in Theorem 1.1.

Another important consequence of the main theorem is that all norms under
consideration, restricted to {x : A(z) > t'*¢} with € > 0, decay exponentially.
Notice that these regions overlap with the support {z : |z| <t + R}.

Corollary 1.2. Assume that conditions (1.1) and (al)-(a3) hold. Then for every
0 >0 and € > 0 the solution of (1.2) satisfies

/A( i+ (u? +u? + |Vul?) de < Cs(||Vuol32 + ||U1||%2)67(m(a)75)t6’
z)>tlte

where t > 1.

The most interesting applications of Theorem 1.1 rely on two-sided inequalities or
asymptotics for a(x). Such examples yield more information for A(x). The following
result is shown in Appendix B.

Proposition 1.3. Let a be a radially symmetric function in C1(R™), n > 1, which
satisfies

(1.6) ap(l+ |z))7% <a(z) <ar(1+|z))7% «a€][0,1).
(i) Equation (1.5) admits a solution A € C3(R™), such that

(A1) Ag(1+ |=[)** < A(z) < A1+ |2])*,
(A2)  m(a) >0,

where Ay and Ay are positive constants.
(ii) In the special case

(1.7) a(x) ~ aslz|~%, |x| — oo,

with ag > 0, equation (1.5) has a solution with the following properties:

a2

U — z| — 0o
(43)  A(x) (2—oz)(n—a)‘ "7 |zl )
(A1) m(a) = Z:Z

Combining the above proposition with Theorem 1.1, we can give more explicit
weighted estimates.

Corollary 1.4. Assume that a is a radial C*-function satisfying condition (1.6).
Then for every § > 0 the solution of (1.2) satisfies

/ eAg(?n(a)—é)W%a,uQ dr

IA

Cs(IVuollZs + [[ual|Z2)e° =5 =),

IN

[
/ Mm@ (2 L |Vu?) de < Cs(|[ Vol e + lu [[2)8 ™1,

where t > 1.
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Corollary 1.5. Assume that a is a radial C*-function satisfying conditions (1.6)
and (1.7). Then for every d > 0 the solution of (1.2) satisfies

n—2«a
2—«a

—2 |x|27
et E T R e < CIT s + e

n—a_q

_2 a2 —
[t EE ) de < Ol Tualls + )5

where t > 1.

Let us mention that the energy and L2-norm in Corollary 1.5 have faster decay
rates when o — 1. Thus, weaker damping coefficients give rise to solutions which
decay faster at infinity. This seems counterintuitive, but it only means that the
constant damping a = 0 is an “overdamping” in equation (1.2).

The results of this paper should be put into perspective with previous results
on several related problems. One of them is the asymptotic behavior of energy
and other norms when a = a(t) in the main equation (1.2). Using Fourier analysis,
Wirth [W2], [W3], Reissig [MR], and Reissig and Wirth [RW] have obtained a series
of sharp LP — L9 estimates including

/u2 der < Cot_(l_k)%,
Jwsivut ae < curt-nEn),

for a(t) = ao(1 +t)¥ and k € (—1,1). Notice how the decay increases although
the damping coefficient weakens as k — —1. The absence of z in a(t) allows a
partial Fourier transform and a WKB-representation of u by Fourier multipliers.
This approach can generalize not only Matsumura’s estimates [M1] but also the
more precise estimates in [NT2], [NK2] for ¢ = 1 and Strichartz’s estimates [SR]
for a = 0.

Another interesting problem is to treat coefficients with critical decay in (1.2).
The main condition on a = a(t, z) is

a(t,z) > ap(l+t+ |x|)_1,

where ay > 0. Here Fourier analysis becomes cumbersome as it involves localizations
in both frequency space and extended phase space (0,00) x R™. The multiplier
method is a natural alternative applied by Matsumura [M2] and Uesaka [UH] to
establish the decay estimate

(1.8) /(u? +|Vul?) dz < Cot~ min{Zao},

Their multipliers have the form {w(t)u}; with a suitable weight w(t). Remarkably
this method can handle the critical decay but can not take advantage of any slower
decay, such as (1.1). In fact estimate (1.8) does not remain sharp for stronger
dissipations; for instance Corollary 1.5 shows that the decay rate is close to t~"/2~1
if « is close to 0.

The final question is about the behavior of exterior energy defined by restrict-
ing the solution u(t,x) to large |x| depending on t. Tkehata [IR] has considered

coefficients
o fafe

a(x) a€0,1),
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and established the following weighted estimate for (1.2):

_o|x2—
/62(10(2—0‘) 2L2l5 (u? + |Vu|2) dx < Cy,

where ¢ > 1. Hence the solution decays very fast if |22~ /t is large. If this ratio is
small, however, the result provides little new information.

The paper is organized as follows. In Section 2 we state a general weighted
identity whose proof is postponed to Appendix A. We derive a modified equation
for w~'u and find sufficient conditions for its energy to decrease in Section 3. The
existence of non-trivial weights is shown in Section 4. The last Section 5 contains
short proofs of Theorem 1.1 and Corollaries 1.2, 1.4, and 1.5. For completeness we
verify Proposition 1.3 in Appendix B.

2. A WEIGHTED ENERGY IDENTITY
Let us consider a general first-order perturbation of the wave equation:
(2.1) U — Au+aug +b-Vu + cu =0,
where the coefficients a, b = (b1, b2,...,b,), and ¢ are C'-functions. The above
form is invariant under multiplicative perturbations of u. Our goal is to derive a

weighted identity for « involving three positive C?-functions: wg, w; and w.
Define 4 = w™lu, or u = wi. Substituting this product into (2.1), we have

e — A+ ddiy +b- Vi +éi =0
with new coefficients

a=a+2w tw, b=b— 2w Vw,
(2.2)
= wil(wtt — Aw + aws + b - Vw + cw).

o>

We will multiply the transformed equation with wiu; + wot, rearrange terms,
and integrate by parts over R™. The resulting identity is shown below.

Proposition 2.1. Let u be a solution of (2.1) with compactly supported data
Ug € HQ, Uy € H'.

Assume that wg, wi, and w > 0 are C?-functions. Then

d
7 B, Vi, @) + F (i, Vi) + G(i) = 0,
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where
1
E(i;, Vi, 1) = 5 /[wl(af + | Va)|?) + 2woit + (éwy — Oywo + awo)a?] de,
. . 1 . .9
F(4;,Vu) = 3 (—=0pwy + 2awy — 2wo)hy dx

+/(Vw1 +bwy) - @,V dx

1
—1—5 /(—atwl + 2wo)|Vai|? de,
1 .
¢@ = 5 / 102w0 — Awg — Dy (dwo) — V - (bwo) + 26wy — dy(éwn)]a? da.
The coefficients a, b, and ¢ are given in (2.2).

Proof. This involves elementary but tedious calculations shown in Appendix A.

3. WAVE EQUATIONS WITH WEAK DISSIPATION
We can apply the identity in Proposition 2.1 to the main equation (1.2). Then
a=a(x), b=0, c=0,
so the transformed coefficients (2.2) become
a=a+ 2w tw, b= —2w ™V,
(3.1)
¢ =w N (wy — Aw + awy).

The weighted identity for @ in Proposition 2.1 simplifies if we choose wy = w.
There is no simple expression for wy in terms of w, so wy will be chosen later. It is
convenient to keep the most complex coefficient ¢ and express the other coefficients
in terms of w, wy, and a. The simplified functionals are

1
E(ty,Vi,0) = 3 /[wl(af + | Va|?) + 2wyt + (éwy + Opw + aw)d?] da,
1
F(u,Vu) = 3 /(—Btwl + 2aw; + 4w10; Inw — 2w)a? dx

+ /(Vw1 — 2w Vinw) -4, Vi dz

1
n /(—Otwl + 2u)|Val? de,

2
G(a) = %/[éw—@t(éwl)]ﬂz da.

These satisfy the identity

(3.2) A B, Vi, @) + P, Vi) + G(i) = 0,

dt
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for initial data wy € H? and u; € H'. However, we will establish an integral
version of this inequality for all data in the energy space. Meanwhile we need more
conditions on the damping and weights to insure F' > 0 and G > 0, so dE/dt < 0.

Proposition 3.1. Let w and wy be positive weights and ¢ be defined in (3.1).
Assume that

(i) ¢>0, 9e<O0,

(i) —Oywy +w >0,
(#i1) (=0rw1 + 2w)(—0wr + 2aw; + 4w 0 Inw — 2w) > (Vw; — 2w Vin w)Q.

The weighted energy E(i:, Vi,G) is a non-increasing function of t for every
solution u of (1.2):

1
3 /[wl(ﬁf + |Val?) 4 2wigt + (wy + Oyw + aw)d?] de < Ey

for allt > to, where Ey is defined as Eg = E (G, Vi, 0)|t=4,- (Recall that i = w1 u.)

Proof. If the data are compactly supported and satisfy ug € H? and u; € H',
identity (3.2) holds. Notice that conditions (¢) and (i) imply

éw — O(éwy) = é(w — Opwn) — (0é)wy > 0.

Hence G(4) > 0. Condition (#i¢) and —0yw; 42w > 0, which follows from (i¢), guar-
antee that the quadratic form F'(d;, V@) > 0. Thus (3.2) yields dE (4, Va, @) /dt <0
or E(tu, Vi,u) < Ep.

In general, any compactly supported data ug € H' and u; € L? can be approx-
imated by compactly supported C'>° sequences uék) — ug in H' and ulk
L?. Denote the corresponding solutions of (1.2) by u(®) and their weighted energy

by E(ﬁgk), Vi) 4(*)), The first part of this proof shows that

— w7 in

(3.3) E@®, va® a®) < B, va®, a®)|,_,,.

Since the weights w and w; are bounded positive functions on every finite interval
of t, the weighted energy is equivalent to the standard energy:

|EY2 (0™, va®, a®) - BYV2(a,, Vi, a)|
< o) (Juf® = wlize + | Vu® - Full12 ),
whenever ¢ € [0, T]. It is well known that the weak solutions of problem (1.2) satisfy
luf = willzz + 1Va® = Fullzs < (Jluf? = wallzz + Vel = Tuollz2)
Hence we obtain
BV @), va®) a®) — EY2(a,, Vi, )l
< o) (Il = wllze + [Vl = Vuollz2)
We can use the latter estimate to pass to the limit as k — oo in (3.3):
E(iiy, Vi, @) = lim B@®, va® q®)y < lim E@®, va®, a®)|,_, = E.

This completes the proof for general data in the energy space.
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It is essential to have a positive definite weighted energy E(iy, Vi, @). The next
step is to find some sufficient conditions. We will rely on an auxiliary estimate
derived from the inequality E(u;, Vi, 4) < Ey in Proposition 3.1. In fact, we can
neglect a few non-negative terms and combine 2wd; @i+ d;wi? = d;(wii?) to obtain
1d

(34) 2.dt

1
wi? de + 3 /awﬂ2 dxr < Ey.

This is sufficient for an upper bound on the weighted L?-norm if a satisfies (1.1).

Proposition 3.2. Let w and wy be positive weights satisfying conditions (i)—(iii)
in Proposition 8.1. Assume that a satisfies (1.1). Then the following estimate holds
for the solution u of problem (1.2):

/wﬁ2 dx < Ng + CEpt®

fort > to, where No = [ wii? dx|t:to :

Proof. Since |z| <t+ R on the support of @, (3.4) and (1.1) yield

d -2 %o / -2
— d —_—— dx < 2E).
dt/wu er(l—&—t—l—R)O‘ wu” dr < 0

We rewrite the inequality as

di (e s (LR / wii® dx) < 2Fperts (1H+R)
t =

and solve it for the weighted L?-norm using the estimate

@ —

t tl— Ctl «@
—a 1 o o
/ O N = / eC7 2T dy < L.
to - Jii-e C(l—a)

We can now state the conditions for positive definiteness of E (i, V@, ). This
result is a consequence of Propositions 3.1 and 3.2.

Proposition 3.3. Assume that condition (1.1) on a holds. If w and wy satisfy
conditions (i)-(iii) in Proposition 3.1 and the additional conditions

(iv) w < Cit™ %wy,
(v) drw > —Cit™ %w,

with C1 > 0, then the solution u of (1.2) satisfies

IN

/wl(af +|Val?) da C(No + Ey),
/awﬁQ dr < C(Ny+ Eyp),

fort > tg. (Here Ey and Ny are defined in Propositions 3.1 and 3.2, respectively.)

Proof. We begin with the result of Proposition 3.1:

/[wl(f@ + |Val?) + 2wiyd + (éwy + Oyw + aw)d?] de < 2E.
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Estimating 2w @] < et“wa? + e 1t~ *wa?, where € > 0, we obtain
/[(w1 —et®w) (4} + |Va|?) + (éwy + Opw + aw — e W) dr < 2Ey.
This inequality and conditions (iv), (v) allow us to write
(1—eCh) /[wl(ﬁf + |Val?) dr + /(éw1 + aw)i? dx

< 2Ey+ (Cy + e_l)t_“/wﬁz da.

To complete the proof, it is sufficient to choose € = (2C;)~! and estimate the
right side by Proposition 3.2. Actually we derive a stronger estimate as éw;42 > 0.

Proposition 3.3 shows that the L?-norm of the original solution u satisfies
(3.5) /aw*1u2 dx < C(Ng + Eyp),

since @ = w~u. The corresponding estimates of u; and Vu in terms of 4; and Vi
are not immediate. In fact we make another assumption on w and w;. The final
estimates are given below.

Proposition 3.4. Assume that conditions (1.1) and (i)-(v) hold. If
(vi) wiw 3 (wi + |[Vwl?) < Cya(x)
holds for some Cy > 0, the solution u of problem (1.2) satisfies

/aw_1u2 dx < C(Ny+ Ep),

/wlw_Q(ut2 +|Vul|?) dr < C(Ng+ Ep),

for allt > tg.

Proof. The first estimate is just (3.5). To prove the estimate of u; and Vu, we
notice that

1
@} = (—w twu + w ) > 5w72uf — 3w wiu?
and .
|Vﬁ|2 = (—w_Qun + w_1Vu)2 > §w_2|Vu|2 - 3w_4|Vw|2u2.

Thus we have
1
iwlw”(u? + [Vul?) <wi (@ + |Val*) + 3ww™* (wf + [Vw|*)u?.

Integrating the inequality and applying the estimate in Proposition 3.3 yield

1
§/w1w_2(uf + |Vul?) doz < C(No + Eo) + 3/w1w_4(wt2 + |[Vw|?)u? dz.

Condition (vi) implies that the integral on the left side is bounded by
3C; /aw*1u2 dx < C(No + Ey),

as a consequence of estimate (3.5). The proof is complete.
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Let us point out that the above result yields non-trivial estimates if the weights
not only have properties (i) — (vi) but also decay sufficiently fast as ¢t and |z| — oo.
For instance, the non-decaying weights w = 1 and w; = t are admissible but the
estimates in Proposition 3.4 are rather weak for this choice:

/au2 dx < C(Ny+ Ep),

/(uf +|Vul?) dz < C(Ny+ Eo)t™*

The existence of more useful weights is related with the properties of solutions
of the Poisson equation in R™. This problem is studied in the next section.

4. CONSTRUCTION OF WEIGHTS

We will find non-trivial weights w and w; which meet conditions () — (vé) in the
previous section. Recall that w will be an approximate solution of equation (1.2).
The second weight is a more complex function similar to flt w(s,x) ds.

It is crucial to have a solution of the Poisson equation

AA(z) =a(z), ze€R",

with properties (al) — (a3) shown in the introduction. Given a small § € (0, 2m(a))
and a large Sy > 0, we set

(4.1) m=m(a) — 20, S(x)=(m(a)—9)A(z)+ So.
Now the two weights are defined by

4\t 12

(4.2) w(t,z) = tfm(i*@, wi(t,x) = 3 <6 + S(I)>_ w(t,x).

Constants such as Sy, % and 6 are introduced for technical reasons. However, § > 0
plays an essential role in the proof of condition (i), i.e., ¢ > 0 and 9;¢ < 0. This
parameter leads to the loss of #° in our decay estimates.

A few useful properties of m and S(z) are collected below.

Lemma 4.1. Define m and S(z) by (4.1) and assume that m(a) and A(z) have
properties (al) — (a3). There exists Sy > 0 such that

(S1) AS’( )—(m+5) (x) forall =,
(52) (|33\2 ) for large |z|,
(1 5mia ) a(x)S(z) — |VS(z)]* >0 for all .

Proof. Property (S1) follows from (4.1) and AA(xz) = a(x). Property (52) is
a restatement of (a2). To verify (53), we fix ¢ > 0 and use (a3) to obtain the
inequality

1+4+e€
m(a)

a(x)A(x) — |[VA@)|> >0

for sufficiently large |x|. Multiplying through with (m(a) — §)?, we have

(1+¢€)(m(a) —9)

m(a)

a(z)S(x) — |VS(z)]?> >0
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with S(z) = (m(a) — 0)A(z). We can choose € = §/(2(m(a) — §)). Inequality (S3)
holds with S(x) = S(x) if |z| is large. If we add a constant Sy depending on 4,

S(x) = S(z) + S will satisfy (S3) for all z.

Next we calculate the first and second order derivatives of w :
w _@+S(x) . we — _T+S(:c) 2w+ m  25(z) w
Ut 2 L £2 2 3 :

VS(z) AS(z)  |VS(2))?
" w, Aw = <— " + 2 )w

(4.3)

Vw = —

From these formulas we can express ¢ in terms of m and S.
Lemma 4.2. Let w and wy be defined by (4.2) and ¢ be defined by (3.1). Then
AS —ma aS—|VS|?

t * 12

+( m S(x))2+m 25(x)

T e

2 3

Proof. We substitute (4.3) into (3.1).

Finally we check a simple but useful upper bound on d;w; /w;y to be used later.

Lemma 4.3. Let wy be defined in (4.2). Then
Opwy (t, x) o —mt 1 485(x)

wi(t,z)  — t 3 2

Proof. We calculate Oywy /wy = 0 Inw; using definition (4.2):

dun(tz) _ m a@+<62aw)@+ﬂw)?

wy (L, ) STyt e i t

t t2
Replacing (6 + S(x)/t)~* by 1/6, we obtain

Oywn (t, ) m  S(x) 6 2Sx)\ 1 _ -m+1 45
iy <7+ )i

t 2

t 3 t?

We can now confirm that our choice of weights leads to the estimates in Section 3.

Proposition 4.4. Assume that A(z) satisfies (al) — (a3). Let w and wy be defined
in (4.2) with m and S(x) defined at (4.1). Then conditions (i)—(vi) in Section 3
hold for sufficiently large t > to.

Proof. (i) The formula for ¢ in Lemma 4.2 and the properties of S(z) in
Lemma 4.1 show that
da(x) N dra(x)S(xz)  25(z)
t 2 3
(
t

o
Vv

da(x) n S(z)(61a(x) — 2/t)
2 ’
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where 01 = §/(2m(a)). Clearly we can assume that |z| < ¢ + R in these estimates.
From a(z) > ap(1 + |z])~%, with a € [0, 1), we conclude that d1a(z) — 2/t > 0 for
sufficiently large time ¢t. Hence the entire coefficient ¢ > 0.

The proof of ;¢ < 0 is similar, since —t0;¢ and ¢ have identical leading coefhi-
cients of t~! and proportional coefficients of t—2.

(#4) Using definitions (4.2) and Lemma 4.3, we find that

( Orwn W )
- + — Jw;
w1 w1

(m—l_4S(m)+8+4S(a@)>w1

t 3 2 t 3 2

—Oyw1 +w

> 0.
(7i7) We can estimate the first factor on the left side by condition (7):

*atwl + 2w =

(—Ow1 + w) + w
> w.

The second factor needs more work. We rewrite

19) 0
—Oyw1 + 2awy + 4w 0 Inw — 2w = (— 1 + 2a> wy + <4tw — 2w> w1
wq w wq

and apply Lemma 4.3 to estimate —dyw; /wy:

-1 4585
—Ow1 + 2aw; + 4w10; lnw — 2w > (mt —3 zf? + 2a(m)) w1

. ( dm  4S(x) 16 8 S(x)) o

t t2 t 3 t2

Regrouping terms on the left side, we obtain

Oywy + 2awq +4w10: Inw — 2w > (
> a(x)w
for sufficiently large t; the latter inequality follows from
a(r) > ap(l+t+ R)™™> (3m+17)t !

whenever |z| <t + R and ¢t is sufficiently large.
Thus we multiply the above lower bounds of the two factors in (#i4):

(=0pwy + 2w)(—0wy + 2awy + 4w 0 Inw — 2w) > w-aw
4a(x)(6t + S(x

> =l

where we use w/wy = 4(6t + S(x))/(3t?) from definition (4.2).
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It remains to bound the right side of inequality (#i7). Since Vw; /w; = VInwy,
we calculate

Vw; —2wu1Vinw = (Vinw; —2VInw)w,
VS(x) VS(x)
(_6t+S(x) T >w1
(5t + S(z))VS(x)
t(6t 4+ S(z))

wq

and form its square

(5t + S(2))*|VS(@)]* 5

— 2w, VInw)? :
(Vwy — 2w,V Inw) (6t + 5(2))2 w3

Condition (S93) shows that |VS(x)|?
compared with the lower bound (4.4):

(5t+5(m))2|VS(x)|2w2 < a(I)S(x)(5t+S(I))2wz
t2(6t + S(z))? b= t2(6t + S(z))? !
a(z)5(z) -

> 2 1-

IN

a(z)S(x), so the above expression can be

Hence condition (#i¢) holds.
(tv) Property (S2) in Lemma 4.1 implies
w(t,z)  46t+S(@)

= <Cct™¢
wy(t,x) 3 t? -

for |x| < ¢+ R. This is equivalent to condition (iv).
(v) Formulas (4.3) show that w; > —mt~!w, which is stronger than (v).
(vi) Tt is convenient to rewrite this conditions as

Y (G + (V)?) < Cala)

and express it in terms of m and S(z) :

12 m S\ |VS(z)?
6t+5($)<<t+ 2 ) e ) = Clo)

Recall the estimates S(z) = O(|z[*>~%) and |VS(z)]* < a(z)S(x). Hence the left
side is bounded by
t2 2m? n 252%(z) n a(x)S(x) < ﬁ 25(x)
6t + S(z) \ 2 4 2 6t 2
Ca(z)

+a(z)

IN

for sufficiently large t > ty. The proof of Proposition 4.4 is complete.

5. PROOF OF THE MAIN THEOREM AND COROLLARIES

It follows from Proposition 4.4 that w and w;, defined by (4.1) and (4.2), are
admissible weights for the decay estimates in Proposition 3.4. As a consequence we
readily derive the main result and its corollaries.
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Proof of Theorem 1.1. The estimates are trivial for small ¢, so we assume
that t is large throughout our proof. We apply Proposition 3.4 with the weights
defined by (4.1) and (4.2). For every ¢ > 0,

/e(m(“)f‘s)A(tw)a(a:)u2 dr < C(Ng+ Eo)t%*m(a),

o (1 Adx)\ "
/ el <t + A )) (uf +|Vul?) de < C(No+ Eg)t2=m(@),
where t > ty and t( is a sufficiently large number depending on a, n, and d. To
simplify the second estimate, we notice that

<1 + A(fﬂ))l - (1 + A(:J)) : > cte 07

t t2

for sufficiently large ¢ > ty. The estimates in Theorem 1.1 follow with a loss of
decay 20 if we also observe that

No + By < C(|[Vuol[72 + [lua]l72),
where C' depends on R, a, and n. We obtain the final form after replacing 26 by 4.

Proof of Corollary 1.2. We add the two estimates in Theorem 1.1 and restrict
the integration to {z : A(x) > t1T¢} :

_§)Alz) —m(a
/ emOmOT au® o+ uf + [Vul?) do < Co([|VuolZe + [lun [[22)¢ .
Alz)>t1+e
From A(z)/t > t€ and a(x) > ap(1 + 1t + R)™%, we have that
[ [VuP) do < Cal( Vol + ur )@=
A(z)>t1+e

A slight increase of § allows us to include the power of ¢ in the exponential term.
This completes the proof.

Proof of Corollary 1.4. To obtain the weighted energy estimate we combine
Theorem 1.1 with the lower bound (A1) from Proposition 1.3, namely
Ag(1+ |z))*™* < A(z) < Ay (1 + |2[)2~®, € R"™

The weighted L?-norm requires more work. First Theorem 1.1 yields
1) [ MmO e do < ([ Tuol + )5
The upper bound on A(x) shows the existence of C' > 0, such that

a(x) > C(A(x)) ==
(5.2) = Ct 7= (AE;”)>“

A(zx)

> (Ot Tae 974 ,

whenever t > tg is sufficiently large. We complete the proof by substituting this
lower bound of a(x) into inequality (5.1).
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Proof of Corollary 1.5. This result is similar to but more precise than the
second corollary. Using properties (A3) and (A4) in Proposition 1.3, we write the
main decay estimates as

n—a

n—a A(z)
/ CEEDA )2 dr < Cy(|VuollZe + foualZe)0 R

n

n—ao A(z) —a
/6(2*”75) T (uf + V) de < Cs(|[VuollZa + fua|7)t

where as
A(z) ~ mlwIQ‘“, 2| — oo.
Hence there exists C' > 0, such that
Az) +C > a2 z2~®, zeR™

2—a+0)(n—a)

The remaining part is a lower bound of a(z) which repeats (5.2).

APPENDIX A. WEIGHTED ENERGY IDENTITIES

We will verify Proposition 2.1 using simpler notations. Actually we will consider
a more general non-homogeneous perturbation of the wave equation:

(A.1) vy —Av+ Avy+ B-Vo+Cv=nh
with coefficients A, B = (By, Ba, ..., By),and C in C*((0, 00) x R™). It is convenient
to assume that
v(t,z) =0 and h(t,x) =0 if |z| >t+ R,
for some R > 0, and
v e C((0,00), H*(R™)) N C*((0,00), H'(R™)), h € C((0,00), L*(R")).
Given functions P and @ in C?((0,00) x R™), we multiply (A.1) with Pv; +Qu :
(vee — Av+ Avy + B - Vo + Cv) (P + Qu) = h(Pv + Qu)

The left side can be transformed through integration by parts over R". There are
many terms, unfortunately, so we split the work into five steps.

Step 1. Multiply (A.1) by v; and rearrange the terms on the left side:

v + [Vol?
2
where the dot product means = -y = z1y1 + - - TpYn-

Step 2. Multiply (A.1) by v and rearrange the terms on the left side:
02
2
Step 3. Multiply the identity from Step 1 by P and integrate by parts over R".

2 2 2 2
%/Pw dx—/th da:+/VP-vthdx

2
) -V (vth)—l—Ath—t—vtB-Vv—l—C(l;) = huy,
t t

2
(vtv)tv.(vvv)u§+|w|2+A< ) +B~V%+Cu2:hv.
t

9 d v? v?
+ [ (PAv; + v,PB - Vv) dz + o PC; dr — (PC)t? dx

= /hPUt dx.
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Notice that boundary terms vanish since the support of v(t, ) is compact.
Step 4. Multiply the identity from Step 2 by @ and integrate by parts over R".

%/Qvtv diﬂ—/Qtth dw—l—/VQ-vVu dx

2

d 2
+/(Q‘VU|2—QUE) dm—l—a/QA% dx—/(QA)t% dx
B 4 24
f/V-(Q )3 z+/QCv T

= /th dx.

In the final form we rewrite
1 1 1 1
Quuv = §(Qt1}2)t — §Qttv2, VQ - vV = §V - (v*VQ) — 51)2AQ,
so the above integral identity becomes
d 1 1 1
o /(QUtU - §Qt712) dm+/§Qttv2 dx — / iAQvQ dx
9 9 d v? v?
+ [@QIVoP - Qi) dot 5 [ QAT du— [(Q) % do
02
—/V-(QB)? dm—&—/QC’vQ dx

= / hQu dz.

Step 5 Add the final identities from Step 3 and Step 4 and combine terms with
the same order of derivatives. This leads us to the following result.

Proposition A.1. Let v be the solution of (A.1). If P and Q are C2-functions,

d
%E(vt, Vo,v) + F(v, Vv) + G(v) = H(h, v, v),

where the functionals are given by

E(v,,Vo,v) = %/[P(vf + |Vv\2) +2Quw+ (CP — Q + AQ)UQ] dz,
F(v, Vo) = %/(—Pt +2AP —2Q)v? dx

-l-/(VP—i— BP) - vVv dz

1
—|—§ /(—Pt +2Q)|Vv|? dx,

Go) = 5 [1Qu—5Q(4Q) - V-(@B) +20Q — (CPI? da,

H(h,v,v) = /h(Pvt—FQ'U) dz.
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Proof of Proposition 2.1. The result is a special case of Proposition A.1. Let
the functions be v = 4 and h = 0. We obtain the identity in Proposition 2.1 if

A=a, B=b, C=¢,
P:wh Q:’LU()7

are the coefficients and weights, respectively.

APPENDIX B. THE PoissoN EQUATION IN R"

We will study the positive radial solutions of
(B.1) AA(z) =a(z), ze€R",

for positive radial a(x) in n > 1 dimensions. (When n = 1 we consider even
functions A(z) and a(z).) The main problem is to show that there exists a radial
solution in the class of functions satisfying (al) — (a3). Additional difficulties are
to find the asymptotic behavior of A(x) as |z| — oo and compute the limit m(a).
We will find three different representations of A(z) depending on whether n = 1,
n=2orn > 3.

When n = 1, we have

(B.2) Alr) = 1+ /OT(T —7)a(t)dr, reR.

However, we can consider only non-negative r since A(r) is an even function.
When n > 2, we rely on radial symmetry to simplify the Poisson equation:
A n—1dA

dr? roodr

where we write a(r) instead of a(rw), w € S"~!. We multiply with r"~! and trans-
form the equation into
d dA
e (Tnldr> =7r""ta(r).
Integrating on [0, r] yields
dA(r)

,
= :7“1_"/0 ™ ta(r) dr.

If we repeat the integration and choose A(0) = 1, the resulting solution is

a(r), r=lxl,

(B.3)

(B.4) A(F) = 14 /0 (m ;) ra(r) dr, n=2,
(B.5) A(r) = 1+ - i 5 /OT <1 - :Z_j) Ta(r) dr, n>3.

Notice that the solutions of Poisson equation given by (B.2), (B.4), and (B.5)
satisfy A(0) = 1 and dA(0)/dr = 0. When n > 2, A(r) means A(rw) with w € 8"~ 1.
The above formulas for A(r) lead to the following two-sided bounds.

Proposition B.1. Assume that a(x) is an even function, if n = 1, or that a(x)
depends only onr = |z|, if n > 2. If a € C(R™) and

ag(1+]z))™* <alz) <a1(1+z))™%, «a€]0,1),
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where ag and ay are positive constants, the solution of equation (B.1) defined in
(B.2), (B.4), or (B.5) satisfies A(0) =1, dA(0)/dr =0, and

Ao(L+[z])>* < A(z) < A1 (1 + [2])*7%, 2 €R”,
Ax(1+ [2])' 7 < [VA(@)] < As(1+ |2)' 7%, Jz| =2 1,
for some constants Ag, ..., Az > 0.

Proof. We can write a common formula

1
(B.6) A(r) = 1—|—7’2/ K,(r)a(rr)dr, r >0,
0
where
1—7, if n=1,
K,(r)={ 7lni, if n=2,

Lr(1—772), if n>3.
It is easy to see that there exist L, > [, > 0, such that
K,(r) < L,, 7€l0,1] and K,(1)>1,, 7€][1/4,1/2].
From these bounds, formula (B.6), and our assumptions on a, we obtain
(B.7) 1+ aol,Io(r)r? < A(r) <1+ a1 L0 (r)r?, >0,
with

1/(2—k)

Ik(r)z/ (I+r7)~%dr, k=0,1.
(1-k)/4

Now the trivial estimates

Io(’l")

IV

1/2
/ (I+r) %dr=(14r)"%/4,
1/4

L) < /O(TT)—ader—a/u—a),

and (B.7) yield the two-sided bound on A(r) in Proposition B.1.
To show the second claim of Proposition B.1, we use

dA(T) _ ! n—1
o = T/O " a(rr)dr, >0,

which is valid in any dimension n > 1; see (B.2) and (B.3). Clearly the assumptions

on a imply

dA(r)
dr

(B.8) 1+ agJo(r)r < <l4arJi(r)r, r>0,

with L
Ji (1) =/ A +r7)"dr, k=0,1.
(1-k)/2
The simple estimates
Jo(r) = (Q+r)"/2",
Ji(r) < r7¥/(1-a),

and (B.8) complete the proof of Proposition B.1.
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Proof of Proposition 1.3, claims (Al) and (A2). We apply Proposition B.1
to the solution A given by (B.5). Clearly this solution meets conditions (A1)—(A2).

Proof of Proposition 1.3, claims (A3) and (A4). It follows from (B.3) and
the asymptotics a(r) = azr~* 4+ o(r~—®) that

dA "
(r) = 7"17"/ 7 Hagr ™ +o(r7%)] dr, 7 — 0.
dr 0
Hence
dA(T) a2 l-«a -«
& - n-a T
ag o 9_
A — « «
"= aae—a” T
as r — 00. A substitution into m(a) shows that
n—ao
m(a) = 7o
The proof of Proposition 1.3 is complete.
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