THE ENERGY DECAY PROBLEM FOR WAVE EQUATIONS
WITH NONLINEAR DISSIPATIVE TERMS IN R"

GROZDENA TODOROVA AND BORISLAV YORDANOV

ABSTRACT. We study the asymptotic behavior of energy for wave equations
with nonlinear damping g(u) = |u¢|™ 'us in R® (n > 3) as time t — oo.
The main result shows a polynomial decay rate of energy under the condition
1<m < (n+2)/(n+1). Previously, only logarithmic decay rates were found.

1. INTRODUCTION

The energy decay for dissipative equations of the form

(1.1) ug — Au+ g(t,z,u) =0, (¢, 2) € Ry x R™,
with initial data
(1.2) u(0,2) =wuo(x), u(0,2) =ui(x), =x€R",

is an important question and a key starting point for many open problems. Here
the nonlinear dissipation satisfies ¢ € C* and g(¢,x,us)us > 0. The global well-
posedness is established by Lions and Strauss [LS] for initial data ug € H*TH(R™),
up € H*(R"), 0<s<1.

When s = 1, a more precise result is available due to Liang [L], Motai [Mo], and
Serrin, Todorova and Vitillaro [STV]. It is known that if g(t,x,us) = |us|™ Lue
where m > 1 and

up € H*(R™), wu; € H'(R™) N L*™(R"),
problem (1.1), (1.2) has a unique global solution u with the following properties:
(a) (AS C(R-‘MHQ(Rn))v Uy € C(R+5H1(Rn))a Uty € LOO(R-HLQ(Rn))
(b) The energy identity holds:

t
E(t) = B(0) - / / 95,2, us)uydads,
0
where

(1.3) E(t) = %/ (uf + |Vul?)da.

(c) The solution u has a finite speed of propagation.

It follows from the energy identity that E(¢) is a decreasing function of ¢ > 0.
A naturally arising question is whether the energy E(t) decays to zero or not as
t — oo.

Let us mention that the boundary value problem z € Q, where  C R” is a
bounded domain, is quite different from the Cauchy problem (1.1), (1.2). Nakao
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[N1] and Haraux [H] have found polynomial decay rates of E(t) under the Dirichlet
boundary condition u = 0 on 9€2. The current state of this problem and its gener-
alizations for localized damping and source is presented in Lasiecka and Toundykov
[LT] (see also the references therein).

Below is a summary of results on the asymptotic behavior of E(t) for the Cauchy
problem (1.1), (1.2).

1. For the linear dissipation

g(ta xvut) = U,

the exact polynomial decay E(t) < Ct~"/271 is found by Matsumura [M].

2. For nonlinear dissipations g(t,z,u;) = |us|™ ‘uy, a polynomial decay rate
is derived in the presence of a mass term in equation (1.1) by Nakao [N2] (com-
pactly supported data) and Mochizuki and Motai [MM]. These authors consider
the nonlinear dissipative Klein-Gordon equation

(1.4) upr — Au+u+ |ug] ™"ty =0, (t,x) ER xR™
and show the following: if 1 < m < 1+ 2/n, the energy decays according to
E)<C(l+t)77, t— oo,

where v = 2/(m — 1) — n; if m > 1+ 2/n, [MM] establishes a complementary
non-decay result: there exists a dense set of initial data in H* x L? for which E(t)
does not decay.

3. The best known decay estimate for equation (1.1) with power dissipations is
due to Mochizuki and Motai [MM]. They show a logarithmic decay rate of energy
for the equation

(1.5) gy — Au+ |ug] ™ tuy =0, (t,2) € Ry x R™,
with exponents satisfying 1 <m <14 2/n:
E() <C{ln(2+1t)}77,

where v > 0 depends on m. The corresponding non-decay result in [MM] requires
m > 1+ 2/(n — 1), although the case of equation (1.4) suggests that m > 1+ 2/n
might be sufficient.

It is expected, however, that the energy of (1.5) decays at a polynomial rate.
The main difficulty in establishing such results seems to be the lack of control of
the L? norm of the solution. This is an essential difference with the equation in
a bounded domain or the Klein-Gordon equation. There are works improving the
logarithmic decay rate for the sake of making the dissipation linear for large |z|.
Nakao and Jung [NJ] consider a dissipation which is allowed to be nonlinear only
in a ball, but outside that ball the dissipation must be linear. The linearity of the
dissipation for large |x| makes it possible to control the L? norm of the solution.

In this paper we find a polynomial decay of E(t) for all solutions of (1.5) with
compactly supported data (ug,u;) € H?> x H'. The main idea is to use the “par-
abolic” effects coming from the presence of the damping term. We show that the
damping changes drastically the asymptotic behavior of solutions as follows.

1. The energy localized in || > t(+9)/2 with § > 0, decays fast.

Let u be a solution of equation (1.5) and let the exterior energy Eext(t) be

(1.6) Eexi(t) = %ﬁr|>t<1+6>/2 (“t2 + |Vu|2)dx,



for 6 € (0,1). Then we have the estimate
Bexy(t) < Cyn/2HA=((maD/(m=1)=n/20 1n ¢ ¢ — o0,

The exponent of ¢ shows that the decay of Eex(t) is fast when m ~ 1. Similarly, the
decay of Eex(t) is slow when m ~ 1+2/n. No decay is expected if m > 1+2/n. This
observation is consistent with the non-decay result on the Klein-Gordon equation
(1.4) in [MM], since the wave equation (1.5) is expected to have slower energy decay.

The exterior energy can be studied by weighted estimates. The strongest par-
abolic effects are manifested in the case of linear damping, m = 1, which allows
weights of the from w(t,z) = el*I”/()_In this case the exterior energy of (1.5)
decays exponentially. Namely, the estimate of [TY] is

Eext(t) S Ce_tzé/Qv t — oo.
A suitable weight for nonlinear dissipations is
(1.7) w(t,x) = (14 |z*/t)"/2,

with exponent b depending on m and n. The idea to use such weights comes from
the asymptotic behavior of fast diffusion equations

o™ — Av = 0.
In fact, every positive solution v has the asymptotic profile
(1.8) v(t,x) ~ t (o Bla)? /) D)

with positive constants «, 3, and v = (n — m(n — 2))~! (see Carrillo and Vazquez
[CV] and the references therein). The wave equation with a nonlinear damping
(1.5) is formally transformed into the fast diffusion equation if 9?u is neglected, the
remaining terms are differentiated with respect to ¢, and O;u is replaced by v. In
general these manipulations can not be justified, although they are valid when the
damping is linear; d?u is much smaller than the other two terms in equation (1.5)
as t — 0o, see [M]. Thus we expect the phenomenon to persist when the damping is
close to linear. The part |x|?/t>™7 of the weight in (1.8) asymptotically approaches
|z|?/t when m — 1, since v — 1/2 as m — 1. This explains the weight in (1.7).
The decay rate of the interior energy Fin(t), defined as

1
Ba(t) = & / (u? + |Vul?)da,
2 || <t(1+8)/2

is much slower than the decay rate of the exterior energy Fe(t). This further
restricts the decay rate of the total energy F(t). Here we also observe a significant
difference in the asymptotic behavior of u; and Vu.

2. The scaling invariance of (1.5) implies a polynomial decay of ||u| 2.
We show that

Juellzz < Ot R T t, t— oo,

where

(m—1)(m+n-+3)

(m+1)2—(m—1)n’
It is easy to see that 6 < 1if m < 1+ % The result is based on the scaling
invariance of equation (1.5). In fact, we have a weighted estimate of second order
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involving the scaling operator S =t0; + = -V, :

%/((Su)f +VSu)dz < C.

As a consequence, we can derive
1
HUtHLm+1 S Ctm+1

and, using the fast decay of Fo(t), the above estimate implies a decay of ||u| 2.
This is the only place where the higher regularity of initial data is essential. The
other results hold for data in the energy space.
3. Weighted LP-estimate for (0y ++/—A)? help bound Vu in terms of u;.

We expect ||[Vul|z2 to have the slowest decay rate which determines the decay rate
of the entire energy. This part is more technical. First we establish space-time L?
estimates of Vu in terms of d;u. To clarify the effects of dissipation, we rewrite
equation (1.5) in the parabolic form

(0 + V—=A)u = —|0pu|™ 1 Opu + 2V~ Adyu.

The final decay estimate is

t
//(s+|x|2)%*’3#\vu\"‘7“dxds
0

¢
< Fm/ /(s—i—|gc\2)%|8Su|’”+1dmds-I—Gm,a7
0

where m and a satisfy

n+g—m7—u<—1 and 0<a<l
2 2(m-1)

A key feature of this result is that F},, depends on m but not on the parameter a. The
other constant G,, , depends also on the initial data ug and u;. It follows that the
decay rates of Vu and d,u are closely related, with the latter being slightly faster.
Our proof is based on classical estimates for convolution operators in weighted L?
spaces. Similar results hold for all LP norms of Vu and can be used to study
the regularizing effect of nonlinear dissipation. The details will be presented in a
forthcoming paper.

Finally, we combine the space-time estimates of Vu with weighted energy esti-
mates to derive a polynomial decay rate for the energy.

Theorem 1.1. Let u be a solution of (1.5) with compactly supported initial data
(ug,u1) € H>x HY. Forn >3 and (n+2)/(n+1) > m > 1, the energy (1.3) decays
polynomially:

E(t) < Ct™%?, t — oo,
where the positive exponent a depends only on m and n.

The paper is organized as follows. Section 2 deals with Fey(t). Section 3 contains
the decay estimates of |lut||z2. Section 4 is devoted to the space-time LP estimates
for Vu. The main result about the polynomial decay of E(t) is shown in Section 5.
Finally we discuss some open problems in Section 6. In the Appendix we present
basic facts from harmonic analysis which are used only in Section 4.



2. DECAY RATE OF FEuy(t)

In this section we show a weighted energy estimate which implies that Eex(t)
decays fast as t — oo if the damping is close to linear (m ~ 1).

Proposition 2.1. Let u be a solution of equation (1.5) with compactly supported
initial data (ug,u1) € H* x L?. Define the external energy Eexi(t) by (1.6). Then

Eext<t) < Ctn/2+1—((m+1)/(m—l)—n/2)6 Int, t>2,
for anyn >1 and § € (0,1).

We give the proof after deriving a weighted energy identity. For a positive
w € C*, we multiply equation (1.5) with wu; and rearrange the terms to obtain

(g(uf + |Vu|2)) — div(wu Vu)
2 t

w
= —wlu ™ + i(uf + |Vul?) + Vw - u; V.

Useful forms of w are introduced later. Since u(t,-) is compactly supported, we can
integrate over R™ and use the divergence theorem. Then
d [w
pr 5(“? + |Vul?)da
(2.1)

= —/w|ut|m+1d$c+/%(uf+ \Vu|2)dm+/Vw-utVu dx.

This is the main identity. It plays a crucial role in both the current section and
Section 6, with a different weight w.
Proof of Proposition 2.1. We can assume that ¢ > 2 and |z| > 0. Let

w(t,z) = (1+|al?/t)"/2,

where the optimal b > 0 is to be chosen. To estimate the right side of identity (2.1),
we compute the derivatives

we = e
t - t2 b
Vw = bo(L+ [/t
and the quotient
Vw2

= b1 2/t~ L
—— (1+[z7/)

We will bound Vw-u;Vu by two applications of Young’s inequality using w; < 0 :

1 1 |Vuw|?
[Vw - u;Vu| < i(fwt)\Vu|2+§|_7| 2

m+1

1 1 m—1 [|Vw2\"1
< i |Vul? m+1
< 2'lUt| ul® + T 1w|ut| + 2+ 1) \ —wnw wy,
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where x is the characteristic function of the ball {z : |z| < ¢+ R}. It follows from
this estimate and identity (2.1) that
d [w

0 5(“? + [Vul?)dz

m

S _mi—f—l w|ut|m+1dx+/%\Vu\2dz

m—+1
m—1

n m—1 / |Vwl|? d
2(m+1) —wgw XA

Neglecting the two negative terms, we have a simpler bound:

m+1

+
d fw, 5 5 m—1 / |Vw|?\ ™1
- | = dr < d

dat | 2 (g +[Vuf)de < 2(m+1) (wtw xar

m-+41

c/ (1+ |z|2/t)? =1 da.
|z|<t+R

Ifo/2—(m+1)/(m —1) < —n/2, the last integral is not greater than

Ct"/2/| s (1+ [y/>)~"/2dy < Ct"/? Int,
y|<Vi+R

which means that

% (1+ |22 /022 + |Vu)dz < Ct2Int.

Integrating over [2,t], we have the weighted estimate
/(1 + |22/t 2 (u? + |Vu|?)de < Ct"*nt, t>2,

for all b < 2(m +1)/(m — 1) — n. The result implies fast decay of the local energy
in region where the quotient |x|?/t is large. In particular, we have

(1+ |22/ > #9972 if |q| > $(1+0)/2,

This completes the proof of of Proposition 2.1. (I

It is interesting to consider the two limit cases. If the exponent is m ~ 1, we have
that Eex(t) decays faster than any power of ¢. This is consistent with our knowledge
of the linear case m = 1, in which the external energy decays exponentially.

The upper bound on admissible exponents m is determined from the condition
6 < 1. In fact, 6 = 1 means that the support is no longer suppressed inside a small
subset of the ball |z| < ¢+ R. Proposition 2.1 shows that Eex(f) with 6 = 1 will
decay as long as

Solving for m, we obtain the condition m < 1+ 2/n.

3. DECAY RATE OF |lu| L2

The invariance of equation (1.5) under scaling transforms allows weighted esti-
mates of second order using the scaling operator

S=t8t+;v-Vx.

As a consequence we get the following decay estimate ||u||mg1 < Ct~ /D) see
Proposition 3.4. This holds in all dimensions n > 1. We can estimate ||u¢||z2 by
the finite propagation speed and Holder inequality. However, we obtain a faster
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decay rate if we replace the finite propagation speed with the estimate of Fex (%)
in Proposition 2.1. The strongest result is given below.

Proposition 3.1. Let u be a solution of equation (1.5) with compactly supported
initial data (ug,uy) € H? x H'. For anyn > 1,
(1+5)n m—1

luellp= < Ct 5 FF @ Int, t>2

where § = % (Notice that § <1 if m <1+ 2.)

The proof combines two simple lemmas. We consider the energy functional

1
E(u,t) = 5 /(ut2 + |Vul?)dzx
for various functions u.

Lemma 3.2. Let u be a solution of equation (1.5) with compactly supported initial
data (ug,u1) € H*> x H'. Then

2—m

u,0) + 2 <m1)25(u,0),

E(Su,t) < 26(Su + 2=

where the exponent m > 1. Hence E(Su,t) < C for allt > 0.
Proof. Consider the family of scaled functions
up(t,x) = e%/\u(ekt7 e*r), NER,

and notice that

9t ) —m,
d)\u)\ T)|x=0 = 1

It is easy to verify that u and u) satisfy the same equation (1.5), i.e.,
(02 — A)u+ [Ou|™ T 0pu = 0
and
(83 — A)U)\ + |(9tU)\|m_18t’u,/\ =0.
Subtracting these, we have the equation
(02 — A)(uy —u) + |Opux|™ " puy — |0su|™ 1 Ou = 0.
We multiply with 9¢(u) — u) and use the monotonicity of the damping, namely
(|0yux|™ " 0puy — |0pu|™ L Oyu) (Dyux — Oyu) > 0.
Thus we obtain the inequality
(02 — A)(uy —u) - Oy(uy —u) <0
and, after integration over R™, the estimate
g<5'(u —u,t) <0
de” V=
Hence,
E(uy —u,t) < E(un — u,0).
We divide by A? and pass to the limit as A — 0 :

—m

2
< .
E( u,t)_S(Su—i—milu,O)
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Using &(u + v,t) < 2E(u,t) + 2E(v,t) and E(cu,t) = c*E(u,t), we complete the

proof of Lemma 3.2. (|
In the next lemma we express u; in terms of Su from the identities

(3.1) tuy = Su—x-Vu,

(3.2) tuy = (Su—2x-Vu), —uy.

Lemma 3.3. The following identities hold fort > 0 :

-2 1
(1) /uttut dx = nTt /u? dx + 7 /(Su)tut dx,

n

-2 1
) /—Auut dx = T/|Vu|2 dx + ;/V(Su) -Vu dz.
Proof. To show (i), we apply (3.2). We can write

tuguy = (Su)rur — (- Vug)ug — uf

1
= (Su)rus — 5% Vu? —u?

1
= (Su)rus — §div(xuf) + (g - 1) u?.
Integrating on R™ and using the compact support of u(t, -), we derive (i). The proof

of (i) is similar. O
To apply Lemma 3.3, we multiply equation (1.5) by u; and integrate on R™ :

/|ut|m+1dx = f/uttut +/Auutdaﬂ.

It follows from Lemma 3.3 that

/|ut|m+1d:17 = Q;tn/ufdz+2;7tn/|Vu|2daj
1 1
5 /(Su)tutdx 7 /V(Su) -Vudz
2—-n

< Eu,t) + %51/2(% t)EY2(Su,t).

From this inequality and Lemma 3.2 we deduce the following decay estimate.

Proposition 3.4. Let u be a solution of (1.5) with compactly supported initial data
(ug,u1) € H? x H*. Then

1
lue||pm+r < Ct™mFT, > 2
for all dimensions n > 1 and exponents m > 1.

We can now bound ||u¢||r2 by Holder’s inequality and the finite propagation
speed of equation (1.5).

Corollary 3.5. Under the assumptions of Proposition 3.4,
luell e < CHEFFT =7, > 2.

In particular, |Jug||z2 — 0 ast — o0 if 1 <m <1+ 2 holds.



Proof. We use Proposition 3.4 and the inequality
n niim=—1
[[urll L2 < [vol(B")(t 4 R)" ]2 77 |[ue|

Lm+1.

(I
Finally, we derive a stronger decay estimate for ||u¢||z2 combining Proposition 3.4
and Proposition 2.1.
Proof of Proposition 3.1. We split the norm ||u¢|| 2 over interior and exterior
regions:
|utllre < ||ut||L2(\z|§t<1+5)/2>) + ||Ut||L2(|x|>t<1+6>/2)-

The first term is bounded by Hélder’s inequality and Proposition 3.4, while the
second term is bounded by Proposition 2.1:

1
146+ 2%‘Ee(zxt (uﬂ t)

n 146, q1lm=1
Juell= < [vol(B")(t + R) > )]ZMHHW‘Lm+1(\z\<t 2)

1+8)n m— 1 m
S Ct( 4) m+iivnl+1 +Ct%[%+176(7n—17%)] ln% t

The optimal ¢ is such that the two powers of ¢ are equal. Thus,
(m—1)(m+n+3)
(m+1)2—(m—1)n’

It is easy to check that § <1 when 1 <m < 1+ %7 so the estimate here is stronger
than the estimate in Corollary 3.5. (I
4. LP ESTIMATES FOR Vu

We establish an LP estimate of Vu in terms of 0;u for solutions of the wave
equation with nonlinear damping

(4.1) O*u — Au = —|0u|™ O

Possible applications include the asymptotic behavior of energy as well as the reg-
ularizing effect of nonlinear damping on Vu. Here we consider the former question
only. For our goal the exponents p < 2 are entirely sufficient, although the argument
can be modified to cover all exponents 2 < p < m + 1.

Proposition 4.1. Assume that n > 3. Let u be a solution of (4.1) with data
ult=o = ug, Opuli=0 = u1.

There exist constants By, Cp 4, and D, 4, such that

t 1/p

(/ /(s + x|2)d/2|Vu|pdacds>

0

t 1/p

< B, (/ /|x|d+p|83umpdxds>

0

t 1/p

+Cp 4 </ /sd/23‘9u|pdxds>

0

+Dp.a (V=) uo|lpr + [(V=2)*uollLe) + furllr + [Jua e |

k=0,1
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for any p and d satisfying

<p<2 and —-2<d<0.
n—1

Here every constant depends only on its subscripts p, or p and d.

The proof of Proposition 4.1 is based on two weighted LP estimates for linear
equations. First we consider the wave equation

(4.2) O?u—Au=f in Ry xR™,
which we rewrite in the form
(4.3) (0 + V=AYu= f+2V-A du in R, xR".

This is a parabolic equation for v with a new source depending on f and dyu. We
have an estimate of Vu by the two terms in the source.

Lemma 4.2. Assume that n > 3. Let u be a solution of equation (4.2) with zero
initial data ul|y=o = Owuli=0 = 0. There exist constants C, and Cp 4, such that u

satisfies
t 1/p
(/ /(s + |x|2)d/2|Vu|pdxds)
0

<o/ |xd<M>—1f|pdmds)l/p

t 1/p
+Cp 4 (/ /sd/2|8su|pda:ds) ,
0

whenever p and d satisfy 1 < p < oo and —2 < d < 0.

The above result will be applied to the wave equation (4.1) with the damping
treated as a source. To insure zero initial data in Lemma 4.2, we subtract the
solution u; of the linear parabolic equation

(4.4) (0 + V=A)u; =0 in R, xR".
Formula (4.3) explains why w; is more convenient than a solution of the wave

equation with identical initial data.

Lemma 4.3. Assume that n > 3. Let u; be a solution of equation (4.4) with initial
data wli—0 = uo and Owuili=0 = ui. There exists a constant D, 4, such that w

satisfies
t 1/p
(/ /(s + |x|2)d/2|Vul|pdacds>
0

< Dya| Y (IV=8)ouollpr + [(V=2) uol o) + lfurll s + fual|ze

k=0,1
whenever p and d satisfy n/(n —1) <p <2 and —2 < d <0.

To show Lemma 4.2 and Lemma 4.3 we use some basic facts from harmonic
analysis presented in Appendix A. In particular, we rely on LP estimates for certain
convolution operators in weighted spaces satisfying the A, condition. Proposition
4.1 readily follows from the two lemmas above.



Proof of Proposition 4.1. We rewrite equation (4.1) as
(@ “+ V —A)Qu = —|8tu|m718tu + 2\/ AN 8,511.

Applying Lemma 4.2 and Lemma 4.3, we have

t 1/p
(4.5) (/ /(s + |x|2)d/2|Vu|pd:vds)
1/p
</ /|x| |(V=2)"0u|™ 1o, u|pdxd5)
1/p
+Cyp 4 (/ /sd/2|8su|pd;vds>
0

+Dpa | D (IV=2)* uollps + | (V=2)* ug||ze) + l[uall s + urze

k=0,1

with p and d satisfying the conditions there. To complete the proof we simplify

/ /\x| |(V=2)"10su|™ L 0gulPdxds,

so that the constant remains independent of d. First we use Hardy’s inequality

[attiswra < (nid) [

with f = (vV—=A)"Y0su|™ 10su, 0 < s <t ,and d > —n :

1/p
(4.6) </ /|x\ |(vV=A)"You|™ o, u|pdo:d5)

1/p
< n+d (/ /|x\d+1’|v V=A)"Hoeum 1o updxds> :

Next we need weighted LP estimates for the Riesz transform

RF=V(/=R)'f o Rfw)= (o) [ e foie aer
It is well known that R is a convolution transform:
) x F(n 1)
Rf =Kgrxf with KR(x):rnW, o = é .

T 2
Moreover K g satisfies the conditions of Lemma A.1. Since the weight

w?ﬂj(a?) = |gc|d+p7 —n<d+p<n(p-1),

11

satisfies the A,(R™) condition, according to Lemma A.2, R is a bounded operator

in the space LP(w{™?) :

||V(V ) 1f||Lp(wd+P) <K, ( d+p)Hf||Lp(wd+P)

The range for d is —n —p < d < n(p — 1) — p, so it includes the range —2 < d <0

under the condition 0 < n(p — 1) — p, or

(4.7) p>

n—1"
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We use a standard convexity argument to find a uniform constant K, depending
on the constants K,(w;?) and K,(w?) :

||V(V *A)71f||Lp(wf+P) < Kp”fHLp(warP), -2<d<0.

Combining this inequality with Hardy’s inequality (4.6), we have

t 1/p
(/ /$|d|(v—A)_135u|m_185u|pdxds>
0

K t 1/p
< % (/ /x|d+p|85u|mpdmds> ,
n+d \.Jo

whenever the conditions —2 < d < 0 and (4.7) hold. A substitution into inequality
(4.5) yields the final estimate

t 1/p

(/ /(s + |x|2)d/2|Vu|pda:ds>

0

t 1/p

< B, (/ /|x|d+p83u|mpd:rds)

0

t 1/p

+Cp.a (/ /sd/2|8su|pdxds>

0

+Dpa | D (IV=2)* uollps + |(V=2)* ug|ze) + [[uallzs + ur 2o

k=0,1

with B, = pCpK,/(n — 2). The proof of Proposition 4.1 is complete. O
We will verify the two lemmas used in the proof of Proposition 4.1.
Proof of Lemma 4.2. The first step is to derive a suitable representation for
Vu. Solving equation (4.3) for u with zero initial data, we obtain

t t
u(t) = / (t— s)e_(t_s)mf(s)ds + 2/ (t— s)e_(t_s) V=8/ZAd,uds.
0 0
Let us apply V to both sides of the equality and use e *V~2v/—A = —d,e V5.
t
Vu(t) = — / (t — 5)0, Ve t=V=A(VZA) "1 f(s)ds
0

t
—2/ (t — 5)9; Ve =9IV=29 uds.
0
Introducing the operator
t
Tf(t,x)= —/ (t — 5)9, Ve =WV =Rf(s x)ds, (t,x) € Ry x R",
0

we can rewrite Vu in the form
(4.8) Vu=TK—-A)"1f+2T0u.

The next step is to deduce weighted LP estimates for T'. It is easy to see that T
is a convolution operator:

Tf=Kprxf with Kp(t,x)=—H()t0; VP (x),



13

where H is the Heaviside function
o - {

and P;(x) is the Poisson kernel

Pi(z) = (2m) " / etlel g g

0, if t<o,
1, if t>0,

We can compute the Fourier transform KT(T, £) using the partial Fourier transform
Pi(€) = e~ !¢l and identity Kr(t,x) = —H(t)t0;VP;(x) :

oo
Kp(r,6) = —i€ / e td et dt
0
ke
(€] +i7)?
Thus we obtain
(4.9) |K(,6)| <O, (r,6) €RxR™\ {0}.
The Poisson kernel P;(z) is given explicitly by
t I'((n+1)/2)

(4.10) P(x) = pnma Pn = = G2

Differentiating Kr (¢, x) = —H (t)t0;V P;(x) once, we have
C
(4.11) (0, V)K(t,2)| < @+ )0

It follows from (4.9) and (4.11) that K meets the conditions of Lemma A.1.
Hence T is a bounded operator in LP for 1 < p < oco. Such operators are also
bounded in LP(w) for any weight w satisfying the A, condition in Ry x R™.
Lemma A.2 shows that

(t,z) € Ry x R\ {0}.

wit,) = o', —n<d<n(p-1),
wit,z) = t¥%, —2<d<2(p-1),
are A, weights, so T is a bounded operator in LP(w{) for k = 1,2. Thus

1Tl ety < Cp(wg)||f“LT’(wg)7 k=1,2.

It remains to determine how the constant C,,(w¢) depends on d, which is impor-
tant for our applications of this estimate. A standard convexity argument implies
that C,(w{) can be bounded in terms of C,(w;?) and Cy,(w?) for d € [~2,0]. Let
us denote the upper bound by C,. Thus

ITf e sy < CollfllLewyy, —2<d<0.

Moreover, the weighted estimates in LP(w{) and LP(w%) admit restrictions to
each finite interval [0,¢] C Ry :

(4.12) ( /0 t / wi(s,2)|T f(s, :c)|pdxds) v

t 1/p
< ([ [uteoneoras) . =12
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Here C;z(:lc)l = Cp and CZSZ; = Cp(wg). (We will write C,, 4 for the latter constant.)
Both estimates are valid if —2 < d < 0. To complete the proof, we notice that

(s + )72 < fa|? and (s +|af?)¥? < 572,
and apply estimates (4.12) of T to the representation (4.8) of Vu. O
Proof of Lemma 4.3. The solution of equation (4.4) is given by
w(t, z) = Pi(x) * ug(z) + tPy(2) * (u1(z) + v—Aug(x)).

To estimate the two convolutions, we apply three inequalities for P;(x) which are
verified directly from formula (4.10).

Ifo<t<1,
C
(4.13) IVE s+ flle < ClIVfllee and VP * fllze < [ f]le-
Ift>1,
C
(4.14) VP * fllrr < WWHLL

We show only the estimate of ViP;(x) * (ui(x) + v—Aug(x)), since the other
estimate is similar. Let f = uy(x)++v—Aug(z). By the second inequality in (4.13),

1 1
/0 [tV Py * f||2 ,t42dt < C||f|%. /O 424,
Recall that d > —2, so the integral converges. Thus
1
/O [EV Py fII},t42dt < C(lualf, + ||[V=AuollF,).-
We apply (4.14) to bound

/ [tV P, * fI|5,t42dt < C||f||2, / d/2=n(p=1) gt

1 1

Notice that d/2 —n(p — 1) < —n/(n — 1) for p > n/(n — 1). Hence the integral
converges:

/1 1tV Py s f170t2dt < Clluallfs + IV=Buoll}1)-

Adding the estimates for (0,1] and [1, c0), we obtain
o0
/ 1tV P f17,t2dt < C(luallg + [V =Duollp, + [[uall7s + [IV=Auollf1),
0

for p > n/(n — 1). The proof is complete for this term.
There is a similar estimate for the other term V P;(x) *ug(z). The main difference
is that we apply the first inequality in (4.13) to the integral on (0, 1]. O
We conclude this section with a corollary of Proposition 4.1 relating the L™*!
norm of d;u and the L™ t1/™ norm of Vu. Recall that the former can be bounded



by the damping in equation (4.1). We choose p = (m+1)/m and d = a—

in Proposition 4.1. Here a € (0,1). The corresponding estimate is

t a m+1 mLH
wis) ([ [ )
0
t T
< Bmt1)/m (/ /|xa|8su|m+1dxd8>
+Cm+1)/ma—(m+1)/m (/ / 2

m

m+1

T |05l i dmds)

15

(m+1)/m

+ Co,

where Cj is a constant depending on m, d, and the initial data. We need an upper

bound on the L™*+1/™ norm of du, i.e., the integral

I, = / / 55 |0s u|n::1dxds

We will consider separately the cases of small and large t.
If t <1, we have

t
B< sup [0l [ st s
0

0<s<
Since (m + 1)/m < 2 and u(¢,-) is compactly supported, we obtain
I, <C(l+E(0), t<1.
If t > 1, the finite propagation speed and Holder’s inequality yield

(4.16) / [t

m+1
m dxds

m—1 1
m t m
/ / S% 2(m l)dxds (/ /S;|asu|m+1dmd5)
|z|<s+R 1

From vol B(s+ R) < C(s+ R)™, the first factor is bounded by
¢
/ st I ds < K,
1

ifn+a/2—(m+1)/(2(m—1)) < —1. Applying Young’s inequality,

m dxds

t
a_ m+1 m+1
/ /52 2m |a€u
1

for any € > 0. Thus

IN

IN

t
I, < C (14 E(0)) —|—€/ /8%|8Su|m+1dxds, t>1.
0

1
t a
K (/ /53|8su|m+1d:cds>
1
t a
C’E+€/ /55|85u|m+1dmds,
0

The estimates for I together with estimate (4.15) yield the following result.

Corollary 4.4. Assume that n > 3. Let u be a solution of (4.1) with initial data

U|t:0 = Ug, 3tu\t:o = uj.
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There exist constants Fy, and Gy, o, such that

t
| [sepyis
0

t
< Fm/ /(S+|$‘2)%|85u|m+1d$d8—i—Gm’a,
0

m+1
m dxds

Vu

for m and a satisfying

a m—+1
- < -1 d 1.
n+2 2(m—1)< and 0<a<

The constant G, depends also on ug and u;.

It is sufficient to choose F,, = (QB(m+1)/m)(m+1)/m, which is still a constant
independent of a. We will determine the optimal @ in Section 5. The above condition
on m is equivalent to

1
n+1/2+4a/2
Thus m < 1+ 1/(n+ 1) will be a stronger condition independent of a. However,
such a restriction does not seem optimal. We can do better if we use the suppressed
support instead of finite propagation speed in (4.16). The resulting sharper estimate
of the first integral will imply a weaker restriction on m. We do not pursue this
estimate since it is unlikely to give the optimal condition m < 1+ 2/n.

m<1+

5. DECAY RATE OF ||Vul|r2

We prove that the energy of equation (1.5) decays polynomially as ¢ — oo.
Proof of Theorem 1.1. We can assume that ¢ > 2. The weighted energy
identity is
w

d
(5.1) ﬁ/g(u? + |Vul?)dz = —/w|ut|m+1dx+R1 + Ry,

where
Wy

R, = /?(uf—l—wuﬁ)d:ﬂ,

Ry = /Vw-utVu dz.

Here the weight is w(t,z) = (¢ + |z|?)*/? with a small constant a € (0,1). The
exact conditions on a are given later. An important property of w is that

a
wy = i(t +z))¥? Vw = ax(t + |z)?)V? 1,

so wy is much smaller than |Vw| when |z| is large. More precisely, |Vw| = 2|z|w;.
Our goal is to show that the right side of identity (5.1) belongs to L'(R.)
for sufficiently small a. The computations are elementary, based on Young’s and
Hélder’s inequalities, with the exception of an L(m+1/™ estimate for Vu established
in Corollary 4.4. For convenience we restate this result.
Assume that m and a satisfy

a m+1
- < -1 d 0 1.
n—|—2 2(m_1)< an <a<
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There exist constants Fj,, and G,, , such that the solution of equation (1.5) satisfies

t
(5.2 | [ 1a3 5 9 s
0

t
< Fm/ /(s+|x\2)%|us|m+1dxds+am,a.
0

The constant G, , depends also on the initial data uy and u;.
We begin with an upper bound of R,. Applying Young’s inequality, we obtain

V- uVul < ale|(t+a)3~ uil [Vl

a a
S il L PLICT
o R

Since |z| < (t + |z]?)Y/2, we have the following estimate after integration:

[ o)

Ry <
2 m+1

m+41
m dx .

m—+41
2m |Vu

(5.3) o /(t—|— jaf?)% -

The two terms will be bounded separately.
We proceed to derive a similar estimate for R;. One part of R; is readily bounded
by Young’s inequality:

w a a_
Seud = 1Py
< (o [af?) E
~ 4(m+1)
a(m—1) g\ a_ mtl
(¢ 2" m—1,
+4(m+1)( 1)
Hence,
Wt o a 2\2 m+1
—t < =
/ 5 updr < Tl /(t+|x\ )2 |ug | da
(5.4)

a(m—1) 2y _mil
oD /(t+|a:| )35 g

The remaining part of R;, which involves %|Vu|27 needs a different application
Young’s inequality:

w a a
S Vul? = S+ 2Vl
2 4
am a_ m+1 m+1
< — (¢t 2 27 2m v m
< iy e
b (b [a]?) I T

4(m+1)
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Integrating the last estimate, we have

Wi 2 am 2y a_m+l m+1
— dr < ——m8M8— t ™ ™
[ Rvatar < i [ o) v
a a__ m+1 m

We can now substitute estimates (5.3), (5.4), and (5.5) into identity (5.1) and
integrate the resulting estimate on [2,¢] :
t

1 a
5 [+ o) (uf? + Vs

2

m

t
< dl(t)—irdg(t)—i—dg/ /(s+|x|2)%— 5 (V| " dads
2

t
—d4/ /(s+ |2]2) % Jus|™ L dads,
2

where the functions and constants are defined as follows:

di(t) = M/Q /(s—|— |9c|2)%_$ﬂclﬂvds7

a ' 2y2_mil m+1
da(t) = m/Q /(s + |z|?) |Vu|" dxds,
am

5 5a
4(m+1)’ 4(m+1)

Clearly d3 — 0, while the other constant dy — 1 as a — 0. Moreover, the
functions d;(t), i = 1,2, are bounded on R;. See Lemma 5.1 below. The main
difficulty is to bound the third term by the fourth (damping) term. We apply
estimate (5.2) and obtain

ds = dy=1-

t

1 a
2 /(8+ 2% (|us]” + [Vul*)da

2

< di(t) +da(t) + Gma

t
+(dsFm — d4)/ /(s + |]?) % |us | dads.
2

We can choose a € (0, 1) sufficiently small to insure d3F,,, — ds < 0. Assuming
that dq(t) and da(t) are bounded on Ry, we obtain

]. a
. /(t 1) (judl? + [Val?)de < C.

Thus E(t) < Ct~%/2. The proof is complete. O
It remains to verify the claim d;(¢t) < C for i =1, 2.

Lemma 5.1. Assume that m <1+ 1/(n+1). Then
(1) di(t) < C, (it) do(t) < C, t>2.
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Proof of Lemma 5.1. Part (i) follows if the exponent in d; (¢) satisfies

a m+1 < 1
2 m-1_
This is equivalent to m < 1+ 4/(2n + a), so it holds for m <14 1/(n + 1).
To verify part (ii), we use the Gagliadro-Nirenberg inequality and the estimates
[Vullzz < C and ||[V2ul|zz < C. Hence ||Vu| pm+1 < C, which implies

m+1

dg(t)SC/ s3772 ds.
2

The integral converges if a/2—(m+1)/2 < —1. This condition is met for sufficiently
small a. We have completed the proof of Lemma 5.1. ([l

6. OPEN PROBLEMS

There are two types of open problems: relatively accessible and very difficult.
Let us begin with the former type.

1. Generalize the polynomial decay in Theorem 1.1 for less regular initial data
(ugp,u1) € H? x L?. Basically this means to prove Proposition 3.1 without using the
scaling operator S and estimate more carefully do(t) in Lemma 5.2.

2. Remove the requirement for compactly supported initial data.

3. Show the polynomial decay in Theorem 1.1 for all exponents m < 1+ 2/n.

4. We expect that m = 142/n is the critical number for decay/non-decay of the
energy. Namely, there exists a dense set of initial data for the nonlinear dissipative
wave equation (1.5), such that E(t) does not decay if m > 1+ 2/n.

5. The hard open question is to find the exact decay rate of the energy. Here
we can use the regularizing effect of the nonlinear damping on Vu. The scaling
invariance of (1.5) with m > 1 may be crucial, as it helps transform local estimates
into global ones.

APPENDIX A. RESULTS FROM HARMONIC ANALYSIS

Let w be a non-negative locally integrable function on R™. The weighted space
LP(w) consists of functions f whose p-th power is Lebesgue integrable with respect
to the density w, i.e., the norm || f||Lr(w) < 0o, where

1120y = ( / If(Z)I”w(Z)dz)l/p.

A weight w satisfies the A, condition in R™, for 1 < p < oo, if there exists a
constant C' such that

1 1 A\
Al — — P < /= -1
w (g o) (g o) <o i -pe-
for all balls B ¢ R™. The A; condition is
(A.2) L/wﬁC’w(z), ae. z€D,
|B| /B

for all balls B C R™.
The following is a classical result on Calderon-Zygmund singular operators, see
Theorem 7.11 in [D].
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Lemma A.1. Let K be a tempered distribution in R™ which coincides with a locally
integrable function in R™ \ {0}. Assume that

K(¢) < C, ¢eR™,

V.K(2)| < e R™\ {0}.

[T
For 1 < p < oo, the convolution K x f satisfies
K+ fllee < Cpllfl Lo
Moreover, for w satisfying the A, condition (A.1),
1K * fll Lo w) < Cp(w)[| fllzr (w)-

The next lemma verifies the A, condition for two weights used in Section 4. This
result is essentially know, but we give a short proof.

Lemma A.2. Let (t,x) be the standard coordinates in Ry x R™. For 1 < p < oo,
the following hold:

(1) |z|* € Ap(Ry xR™) if —n < a <n(p—1),

(i) t* € Ay(Ry x R") if =1 <b<p—1.

To prove the above lemma, we need a basic factorization result about A, weights:
(A.3) wy, wy € A] = wlwéfp €A,

For the proof see Proposition 7.2 in [D].
Proof of Lemma A.2. We can write

a=a1+ (1l —plaz with —n<a <0, i=1,2

By property (A.3) with w; = |z

% claim (i) follows from

2| € Aj(Ry xR™) for —n<a; <0, i=1,2.

Clearly it is sufficient to show that |z|** is an A; weight. Consider a ball B of
radius ro centered at (to,zo). The inequality to verify is
1
| B|

where C is independent of B and (s,y). Since (to—s)? + (v —y)? < r¢ and a; <0,
the strongest inequality corresponds to s =ty and |y| = |zo| + 70 :

/ |z|*tdxdt < Cly|**, a.e. (s,y) € B,
B

1
T / |z|* dadt < C(|zo| + 70)*.
To (to—t)2+(wo—x)2<r

Notice that the range of ¢ in included in the interval [tg — 7o, to + ro]. Thus
1
— |lz|* dw < C(lao| +70)",
To Jlzo—z|<ro
for all zy and rg, will yield statement (7). We rewrite this inequality as
1
e T ryer / |z[* de < C
5 (|20l +70)" Jjng—z<ro

and consider two cases for zg and rq.
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If |zo| > 2r¢, then |zg — | < ro implies |z| > L|zo|. Hence
L[ e < )" vl sl <
Tg(|1'0| +T0)a1 |zo—z|<ro N r(’)’(\x0| +r0)a1 ’
which is bounded by vol(B™)/2% | i.e., a constant depending only on a; and n.
If |zo| < 2rg, then |zg — x| < rg yields |z| < 3rg. Thus
1 1
n—a/ jz|* dz < n—a/ [[* da.
5 (|20l +70)™ Jjzg—z|<ro 5 ([zol +70)* Jjzi<3r,

The right side is dominated by area(S"~1)3%1%"/(a; +n). This completes the proof
of claim (). Similarly, we can verify claim (4). O
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