Integration Review

1 Basic Functions
1. [kdz = kz+ C for any constant k
2. [a"dx = % + C except for n = —1.
3. [Ldz=m|z|+C
4. [e*dz = €”
5. [ cos(z) dz = sin(z)
6. [sin(z)dz = — cos(z)
Properties of Antiderivatives:
L [ kf(z) dz = k(] f(x) da)
2. [(f(z) +g(x))dz = [ f(z) dz + [ g(x) dz

If you want to find the antiderivative of a function that is NOT one of these basic functions, you need
to use an integration technique!

Primary Techniques:

1. Substitution

2. Integration by Parts

3. Simplify integrand using trig identities
4. Trig. Substitution

5. Partial Fractions



2 Substitution

This is generally the technique I try first, partly because it tends to work more often that not, and partly

just because I prefer it to the others..
This technique undoes the chain rule! Remember if you have f(g(x)), the composition of two functions,

then

Integrating both sides, I get:

flgla)) +C = [ Flgla))g (@) do
The issue, of course, is that it’s not always so clear given an integration problem whether or not the
integrand can be seen as the result of the chain rule! Basically subsitution allows us to see this:

Let u = g(z), then du = ¢'(z) dz and

f(u)—I—C:/f'(u)du

The point here being that if the integrand really is the result of a chain rule, substitution will usually
change the form of the problem into something that we can integrate directly!

Example: Integrate [ 6z(3z% + 5)° dz.
Solution: Let u = 322 + 5. Then du = 6z dz which appears exactly in the problem. We can change

variables, then, to get

4 2 4
/6$(3x2+5)3d:v:/u3du:uz+czw+6’

Notice that once we made the substitution, we reduced the problem down to one of integrating a basic

function!



Typical Problems
1 [2dz

Let w = 3 — z, then du = —dz, and

2 -2
/ da::/—du:—2ln|u|—|—C’:—21n|3—:1:|+C
33—z U

2. [cos(2z +1)dz

Let u = 2z + 1, then du = 2dz, so dz = du/2 and

1 1 1
/cos(2x +1)dz = 2 /cos(u) du = 5 sin(u) + C = 3 sin(2z + 1) + C

3. f3$€2w2+4 dz
Let u = 222 + 4, then du = 4z dz, so zdz = du/4 and

/3$62$2+4 dr = / %e“ du = %6“ +C = Zehzﬂ +C

4. fx\/2x + 5dx

Let u = 2z + 5, then du = 2dz, so dx = du/2, z = “Tf‘r’, and

1 - 1 1
/x\/2:v-|-5dx:§/u2 5\/17du:1/(u—5)u1/2du:Z/u3/2—5u1/2du
L 52 9 3 1 5/2 9O 3/2
= b2 2 = —(2 — 22
T gY +C 10(:1:+5) 6($+5) +C
5. [#Zdy
Let u =3 — z, then du = —dz and x = 3 — u, so

2 _
/ +$dx:—/5 udu:/l—gduzu—5ln|u\+C:(3—x)—51n|3—w|+0

33—z U



3 Integration by Parts

This technique is designed to undo the product rule. Remember

——(f(2)g(2)) = f'(z)g(z) + f(2)g'(z)

so integrating both sides, we get

f(z)g(z) +C = /(f'(w)g(w) + f(2)g'(x)) dz

and if we rearrange a little bit, we have

[ 1@ @as=so- [ fodr.

The notation we usually is: let u = f and v = g, then du = f'(z) dz and dv = ¢'(z) dz. Substituting,

/ud’uzuv—/vdu.

This is generally used when you have a product of two function in the integrand and substitution does

/ ze® dz

Solution: Let u = z, and dv = €®* dz. Then du = dz and v = €%, and we can get

we get

not work.

Example:

/xewd:v:wew—/e’”da:::Bem—ew-i-C.



Typical Problems

1. [zlnzdz

Let u = Inz, and dv = zdz (notice that the other choice is more difficult, because if dv = lnz dz,

we cannot find v easily). Now, du = 1 dz and v = 2?/2.

z?lnz T 22lnzx 22
/xlna:d:v— 5 —/id:v— 2 —Z-i-C

2. fx2 cosz dz

Let u = 22 and dv = cos z dz, then du = 2z dz and v = sinz, so
/wz coszdr = z?sinz — /2:1:sinmd:1:
Now, let w = 2z and dv = sinz dz, then du = 2dx and v = —cos z, so

2

:lL‘QSin!E—[—2ICOS.’L‘+/2COS$d$]:.’L‘ sinz + 2z cosz — 2sinz + C

3. [e*coszdx

Let u = €® and dv = cosz dz, then du = ¢* dx and v = sinz, so

/em coszdr = e sinx — /ew sinz dx
let w = e® and dv = sinz dz, then du = e¢* dxr and v = — cos z dz, so

=e”sinz — [—€e” cosz + /ez cos z dz)
putting everything together, we see that

/e“ coszdxr = e*sinz + e cosz — /ewcosacdac
Adding [ e” cosz dz to both sides, we get
2/6m coszdr = e”sinz + e” cos

so that finally,
1
/eQlc coszdr = E[eaC sinz + €* cos z]

4. [(z + 3)sin(z + 2)dz

Let w = 2+ 2, so dw = dz and z = w — 2 (note you don’t have to do this part, I'm just trying to

”clean things up” a bit before doing the integration by parts)
/(:z:+3) sin(z +2) dz = /(w+1)sinwdw = /wsinwdw+/sinwdw = /wsinwdw—cosw—l—C
Let u = w and dv = sinw dw, then du = dw and v = — cosw, so
= —wcosw + /coswdw —cosw+ C = —wcosw + sinw — cosw + C
Subbing back in for w = x + 2,

= —(z +3)cos(z +2) +sin(z +2)+C



5. [Inzdz

This one is definately not an obvious integration by parts, but it does work! Let u = Inz and

dv = 1dz, then du = %dw and v = z, so

/lnxdxlen:c—/dm:xlnac—:c—i-C



4 Common Integrals involving Trig Functions - Using Trig Identities
to Simplify Integrals

In general, you’ll use one of the following (or some rearrangement of one of these...)

A. 1=cos?6+sin%6

B. cos?6 = H—%S(Ze)
C. sin?§ = =20
Typical Examples
1. [cos@sin@df (solve by substitution)

Let w = sin 6, then du = cos # df and

sin? @

2—I—C

/cosHsinOde/udu=u2/2+C:

2. [cos®60df (use trig identity B.)

/eo#&d&:/”#s(ze)de:%smfe) +C

3. [sin?0df (use trig identity C.)

1— 2 in(2
/sinzﬁdﬁz/icgs( %) dozg— Smi %+ ¢

4. [cos®0df (start by changing cos® § = 1 — sin? 6, then use substitution)

/cos30d0 = /(1 — sin? §) cos 0 df = /cos@d@ - /sin2000s0d0 =sind —u®/3+C
where we have let u = sin#, so du = cos 6 df. Finally

=sinf —sin®*0/3 + C



5 Trig Substitution

This is based on using a trig identity to simplify the form of a problem, but here we begin with a problem

that does not involve trig functions. The basic indentities used are usually
cos’f +sin’f =1

and
1+ tan?f = sec? 9

Example [V1—22dz
Solution Since cos? § + sin? @ = 1, this implies that 1 — sin? @ = cos? §. So, if we let z = sinf, which

implies that dz = cos 0 df, we get
/\/1 — z2dx :/\/1 —sin?fcos§df = /cos20d0

So, by changing the integral to be in terms of our trig substitution, we were able to eliminate the square

root... we still aren’t quite done, but it’s a start!
1+cos(26)
2

We could finish by using the trig identity cos® 8 =

:/H#S(Ze)dg:/1/2d0+1/2/cos(20)d9= %0+isin(29)+0

Finally, we need to put this back in terms of z, so:

1 1 1
=3 arcsin(z) + 5 cos Osinf + C = 5 arcsin(z) + g\/ 1-z2+C



Example [v4 — z2dz (let z = 2sin#)

/\/4—m2d:1;:/\/4—4sin202c039d0:/4cos20d9=20+sin(29)+0

where we get the last integral because we already found [ cos? @ df above. Now, since § = arcsin(z/2), we
have
= 2arcsin(z/2) + sin(2 arcsin(z/2)) + C

Example [ H% dr (let z = tan#@, so dz = sec? 6 df)

1 sec’0
/1+$2df1):/mdez/dGZO‘l‘C:aICt&n(fE)‘l‘C




6 Partial Fractions

This is probably the least commonly used, but does appear from time to time... Basically, we find a way

to rewrite the quotient of two polynomials in a way that makes integration easier.

Example [ EQTIEH dx Solution First of all, notice that xz—zlm; 3= (2_3)1(10_1). We now try to find A
and B, both constants, such that
1 A B

(z=3)(z—-1) ::v—3+:v—1

To find A and B, multiply both sides by (z — 3)(z — 1) to get
1=A(z—-1)+B(zx—-3)=(A+B)z+ (—A—3B)

where we collected like terms in the end. If you compare the polynomials on each side, you see that the

constant term should be 1 and there should be no z term. Thus

A+B=0
-A-3B=1
Solving this system gives:
—2B =1

or B=—1/2. Since A= —-B, A =1/2. We end up with

1 _ 12 -1y

(z-3)(z—-1) z-3 =z-1

1 /2 1/2 1 1

where you can use substitution to get the final integrals.

so that

Example For something like

1
/($2+1)(x—2) dx

since the factor 22 + 1 doesn’t factor further, the P.F.D. looks like

1 Az +B C

@02 £+1 22

(the polynomial on top in the decomposition should always be one degree less than the one on the bottom,

unless it’s a repeated factor) This implies that

1=(Az+B)(z—2)+C(2? +1) = (A+ C)z? + (24 + B)z + (-2B + C)

so that
1=-2B+C
0=A+C
0=-24A+B

Solving this system we get A = —1/5, B = —2/5, and C = 1/5, so



1 1 —r—2 1 1 x 2
——————dr = - d = - |- dr — d 1 -2
/($2+1)($—2) T 5(/$2+1+$—2 LI:) 5[ /$2+1 z /$2+1 x—i—n|m |+C

For the first integral, we can use substitution letting u = x? + 1, but the second integral requires trig

substitution! The final integral is

1 1 2
_ _Eln(x2 +1)+ 31n|gc -2| - gaurctan(ac) +C



7 A Difficult Example that requires trig sub. AND partial fractions

Example

/v1+x2dx

Let z = tan 6, then dz = sec? 6 df and

1
/\/1+x2dac:/sec39d0:/—3d0:/ 30 g
cos® ¢

cos* 0
cos 1 1/4 1/4 1/4 1/4
=) ———di=| ———=du= d
/(1—sir120)2 /(1—112)2 “ /1—u+(1—u)2+1+u+(1—|—u)2 “
1 1 1 1 1. 1+4u U 1. 1+5sind sinf
= _ —u)4= - = -1 ———
41n(1 u)+4 ln(1+u)+4(1 —u) 4(1+u) o 4 n(l —u) 2(1—wu?) 4 n(l —sinf +2(:03204_0

1. 1+ = > 1. V22 +1 VzZ +1
:Zln( \/xz+1)+\/$;+1+0:—1n( -+ 14z 4 Ve +

) +C
1= 7 241 4 Val+l-z 2




