Sample Solutions to Homework
UTK — M148 — Honors Calculus ITI — Spring 2015
Jochen Denzler

1. Find antiderivatives of the following functions:

(a) f(x)=cos(2x +4) F(z) = % sin(2x +4) + C
_ T 3z 3e _ T 1 3z 1 3e+1
(b) g(x)=3e"+e* +u G(z) = 3e +3e +—3e+1x +C
1 1
(¢) h(w)—aforx>0 H(x)—glnx—FC
5 L 4
(d) k(z)=1/z K(z)=—727"+C

Note: I would consider it ok here if you were to omit the C' (or choose one particular number for
it), simply because “Find antiderivatives for [these]” could be reasonably understood as “Find
some / at least one antiderivative for each of these”. Had I specifically demanded to find the or
all antiderivatives, then the C' would be mandatory.

Note: In part (c), H(z) = +In(5z) + C is also correct since In(5z) = Inz + In5. An absolute

value sign as in In|z| + C is permissible, but redundant, since I specified > 0 beforehand.

2. Find the area below the curve y = 22, above the z-axis, between z = 0 and z = b as a
limit of a sum of rectangle areas (as done for y = az in class). To this end, divide the interval
[0, ] into n pieces each of equal length Az = %. Do two calculations, one by evaluating the
function at the left endpoint, one at the right endpoint.

Draw a picture.

Hints: You may need the following formula (which is likely new to you, and you may just
take my word for its validity): 12 4+22+32 +... +n? = w. You may also need
a similar formula ending with (n — 1)2, which you can obtain from the one I gave you by
simple algebra.

Solution:

Let me first use the hint. From

1)(2n +1
T e S Uk )6("+ )

(which is true for each positive integer n) we conclude, by replacing n with n — 1, that

(=1 -1+1)2n—-1)n+1) nm-1)(2n-1)
2+224+3%+... +(n—1)7= 5 = ;




b _
ny=mn

b b b
o = 2z 35

The Riemann sum with tags at the left end of each interval is
b b/b\2 b/ b\2 b by2 b3

Ay(n) = =0% + —(—) + —(2—) +...+—((n— 1)—) = —3(01+12+22+...+(n—1)2)
n n\n n\ n n n n

Using the above summation formula, we obtain the area of the rectangles to be A;j(n) =

b3(n—_1g1222n;1)’ and lim,,_,o 4;(n) = b2 = b3/3.

N

b o9b
0 & 20

b
" 3

The Riemann sum with tags at the right end of each interval is

AT(n)=%124—%(%)24—%(2%)24—...—1—%(n%)Q=2—2(12+22+...+n2>

b _
nn—n



Using the above summation formula, we obtain the area of the rectangles to be A,(n) =
pp DD - and limy, o0 Ar(n) = 092 = 57/3.

3. (a) Evaluate Y°°_ j(6 — j).

(b) Simplify the expression 7| f(j) — Sv—s f(k) (where you may assume that n is an
integer > 3).
(c) Evaluate >

n. Then write

e 1 G +1 forn=1,2,...,7 respectively and conjecture a formula for general

G0 +1) as a difference of two terms, based on the conjectured formula, and use
this to prove the formula as a telescoping sum.

Solution:
6
(a) Zj(G—j):0'64—1-5+2-4+3-3+4-2+5'1+6'O:35
§=0
n n—1
() oSG =D FR) = FW) FS@) 4 ) = (F@) o+ fn=1)) = F() + ()
=1 k=2
(Note that there is an f(n — 1) in the first sum, even though it’s hiding amongst the ...’ right

before the f(n).)

(c) First the numerical evaluation:

Zl 1 1 _ 1
J=1j(+1) — 1.2 =3
S sk = e+ 2 —}+i=1
Sl =ttt s+ —frdd
St At ded =irh=
R e A% % nF SRR RS
So we observe a pattern and conjecture that Z;L:lﬁ = NLH

As for writing TG 2 a difference, you could use a formula that I mentioned in class in different

+1)
context (and quite inconspicuously so), namely 3G i—l) = % — j% That would be correct, but
you could find a different way by relying on the hint ‘based on the conjectured formula’, namely:
n

If indeed > =1 7G50 +1) = o1 (as we conjecture to be true for all n and have verified up ton =17
1 n—1

at least), then the sameformula for n — 1 Would read > 7'~ iz 1 TGFD) T neldl = "T_l These two

3 with j = n. So if the conjectured formula is

sums just differ by the last term, namely the m

. 1 _ n_ _ n—1
indeed true, then PdD) T n

But we do not need to rely on the conjectured formula to believe this last statement; rather we
can verify it by direct algebra:

n+1 n n(n+1) — n(n+1)




indeed. Having verified this formula, we can now work backwards to obtain the conjectured
formula with the certainty that doesn’t rely on guesswork:

S 55 = GG DG D )

We see that intermediate terms cancel: the negative term in each parenthesis cancels out the
positive term in the preceding parenthesis. All that remains is —% + nLH This confirms that
the conjectured formula indeed holds for all n.

Note: in future classes you will prove this kind of formula by a method called induction. The calculational
part will be more or less the same as what we did here, but the writeup will be more formal and organized.

. . . . 1 _ l o L
Your calculation may look a bit different if you wrote G T G AT

Namely you’d get:
n n

Y2677 -2+ GGG )

Jj=1

. . . . . 1 1 _
Adjacent terms from adjacent pairs cancel, and all that remains is ; — =5 = +45.

4. Estimate f05 11”; > from above and below by a Riemann sum each; make the Riemann
sums consist of 10 terms (using an equidistant partition).

Solution: Since 1/(1 + 2?) is decreasing on [0, 5], we get an estimate from above by using the
left endpoints as tags, whereas we get an estimate from below by using the right endpoints as
tags.

The equidistant partition of [0, 5] into 10 pieces is

=x9 <D =1x

N ©

1 3
0:x0<§:w1<1:x2<§:w3<...<

So x; = % and each Ax; = % For the left endpoints as tags, we have t; = x;_1 = jT We

conclude 0
5 dx 1
< : ~ 1.61349
/0 1422 Z1+(ﬂ—;1)2

<
l\’)l}—t

Similarly, for the left endpoints as tags, we have t; = z; = % We conclude

5
/0 1+x2

Note: We will shortly see that the exact value of the integral is arctan 5 ~ 1.37340. Clearly, for good numerical
evaluation, a better estimate than Riemann sums is desirable. The trapezoidal rule would yield the average
of the two Riemann sums above, namely =~ 1.37310. The midpoint rule would be a separate calculation
1301/ + (B522)?) ~ 1.37354.

~ 1.13272
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5. We'll get a 4-digit precise result for fog mzd_f3 here. You will like a programmable calculator

for this, but the main work is still analytic work on the paper. Here is the philosophy of this
problem: While Riemann sums are good for theoretical purposes, a practical calculation will
give more precise results by using trapezoids rather than rectangles.

(a) Calling f(z) := 1/(2? + 3), find out on which subinterval of [0, 3] we have f”(z) > 0 and
f"(x) < 0 respectively. Answer should be in the form “f”(z) < 0” if x <?? and f”(x) > 0
if  >777.

(b) Instead of nesting a small slice of area beneath the graph of f, from z; to 41, between
rectangles, nest it between trapezoids: One trapezoid will have the oblique line connecting
(xj, f(z;)) and (zj11, f(x;41)), the other trapezoid will have the oblique line being a tangent
to the graph of f at z = %(xj + xj41). Which trapezoid gives a lower bound for the area,
which gives an upper bound, and how does the answer depend on issues discussed previously?

(c) Write out a formula for the areas of the individual trapezoids involved in the calculation,
then sum up the appropriate areas to get an upper and a lower bound for f03 1;113: choose
150 subintervals of equal length in [0,3]. Make sure that you select the midpoint rule for
some intervals and the trapezoidal for others, as discussed in (a) to get either an upper or a

lower bound for the integral. Now you may want to use technology and get actual numerical

values.
Solution:
(a) First, f'(z) = G%g and f"(z) = _2(x2+3’();2tr45(2x2+3) 2z _ (2:51_3533. So we have f”(z) < 0 for

0<z<1land f’(z) >0 for x > 1.

(b) When f”(x) < 0, the trapezoid connecting (z;, f(z;)) and (z;41, f(zj4+1)) underestimates
the Riemann integral; the trapezoid touching the graph of f at the midpoint (z; + x;41)/2
overestimates the Riemann integral. (cf left picture)

N N /

/

Lj Lj+1 Zj Tj+1

On the other hand (cf. right picture), when f”(x) > 0, the trapezoid connecting (z;, f(z;)) and
(j41, f(xj4+1)) overestimates the Riemann integral; the trapezoid touching the graph of f at
the midpoint (x; + ;41)/2 underestimates the Riemann integral.

(c) Dividing up the interval into 150 pieces, each will have width %. According to part (a), in

the interval [0, 1], we get estimate fol xgl—j?) from below by the trapezoid method:
1 50 . .
da 1 f((j —1)/50) + f(j/50)
— =: A1 4ra = 0.302296
/0 213 ; 50 2 Lt



and from above by the midpoint method:

1 50 .
dz 1 j—1/2
N ) — Ay~ 0.302302
/0 22+ 3 ; 50f< 50 1

In the interval [1, 3], we get the estimate from above by the trapezoid method

3ode R 1 f((j —1)/50) + £(j/50)
g — =: As rq = 0.302
/1 253 =50 2 2tra 7 0302503

and from below by the midpoint method:

3 dr 150 1 ] B 1/2
/1 33‘2——|—3 = j; %f< 50 ) = A2,mid ~ 0.302299

So we find

5 d
Al,tra, + A2,mid ~ 0.604594 < / 332—:7_3 < Al,mid + A2,tra = 0.604605
0

Note: It transpires, using the fundamental theorem of calculus, that
Uode 1 z 1 T
I N R I e
and
3 dx 1 z 1° T
| 7= [mmedal, -
as well. So it is a coincidence of this particular problem that the two parts of the integral are numerically so
close to each other.

6: Evaluate the following integrals (among the expected answers, there may be: “cannot do it
with tools available”, or, “integral may not exist since integrand isn’t piecewise continuous”):
(a) /cosx dz (b) / (32% — 4sin(22)) da

7 5 .
1
() / — dz (d) / Sl
2 T 1 T
(e) /_2 = dx (f) mh—>n<lo 1 t dt

1 1
(9) / z? dx (h) / t? dx
0 0
Solution:

(a) /cos:nd:nzsin:n—l—C’

(b) / (32 — 4sin(2z)) dz = 23;4 +2c08(22) + C
(c) /;idx: [_1}7:_1+1:i

% sina .
(d) / dz you’re not expected to be able to do this
1




Note that in (e) all you can say is ‘may not exist...’, i.e., raise doubt. We had discussed in class that
“when f is piecewise continuous on an interval [a,b], then fabf(ac) dz is defined”. This guarantee
does not apply for (e), because 1/22 is not piecewise continuous on [—2,2]. The above statement
does not rule out the possibility of other functions also having an integral, and indeed there are
examples of functions that have an integral without being piecewise continuous. FYI, the present
example is not of this kind and indeed the integral does not exist.

The next problem consists of two steps: first you are to calculate an integral, then a limit of
this integral.

/ t73/2 gt = [—2t‘1/2]x — 2 Y219
1 1

xT
Therefore lim t732dt = lim (—227Y2 +2) =2
T—>00 1 T—00
In textbooks, you find this type of problems under a special section ‘Improper integrals’. We will
study them in more detail later. However, short of the name tag ‘improper integral’, all we are having
here is simply a combination of two known concepts.

! 1]t 1
2 3
9 /wdm—_{—x} = -

(That was too easy.) — In contrast, in the next problem, ¢ is not the integration variable. It is
(short of any context indicating otherwise) a constant.

1
() /0 2dr=[Pz])_ = 1-1-0=1¢

Note that | have enhanced the notation of the right bracket to avoid ambiguity: | have written
[...]L_, instead of merely [...]J, because two symbolic variables are present.

2 if 2] <1
f(@) '_{ 2z —1 if|z|>1
Find ff’l f(x)dx

Solution: We need to split the integral depending on which formula applies: Between —1 and
1, we have f(z) = 22, and above 1, we have f(z) =2|z| —1 =2z — 1. So

/jf(:f:)da::/_11f(m)dm+/13f($)dx:/_11m2d$+/13(2m_1)dx: Exg]l_lJr[xz_wﬁ:
1

1 20
=< (-35)+9-3--n=3
Note: Since in the case of piecewise continuous functions, the integral does not depend on the value
of the function in a single point, there is no need to worry about the fact that at the lower limit of
integration x = —1, a different formula applies. — In this particular example, there is no issue in
any case, since both formulas 2|x| — 1 and 22 give the same value at the ‘seam’ points = %1, so
| could have written “z2 for |z| < 1" without changing the function.



8: Take the same function f as before. Calculate F'(x) := Jy f(t)dt. The answer should be
a formula that also involves if’s. Graph both f and F on the interval [—2,2] in the same
coordinate system. (In this graphing job, a halfway decent handmade figure, like what I'd
draw on the blackboard, is preferable to a print-quality technology-generated figure.)

Solution: If |z| < 1, then the whole interval of integration between 0 and x contains only
such points t for which || < 1, and therefore the formula f(t) = t? applies. (By the note in the
previous problem, the same conclusion applies for |z| < 1.)
So we calculate

43

T r 3:.3
F(a:)::/o tzdt:[g](]:? for |z| <1

Now assume |x| > 1. Specifically, we consider z > 1 first. Then we have to split the integral at
1, as we did in the preceding problem, and we calculate

T 1 T 1 . 1
F(x)::/ f(t)dt:/ t2dt+/(2yty—1)dt:—+[t2—t]1:x2—x+— for x>1
0 0 1 j/—l/ 3 3
=2t—

Likewise, we calculate for x < —1:

x -1 x 1 z 1
F(x) := / ft)dt = / t2 dt+/ (2lt] — 1) dt = —§+[—t2 —t]Y, =—a-a—< for z<-1
0 0

=—2t—1
Note: You could have used fom = — ff to get the limits of integration into their natural order, but

doing so is not necessary, even though it may be preferred for the ‘feelgood effect’.

The figures are:

1 —a:z—a:—% for x < —1
—= T F(x):= %w?’ for —1<zx<1
o 3:2—3:4—% forz >1




9: Find the following derivatives without attempting to evaluate the integrals first.

d x d 50
(a) i sin? ¢ dt (b) o / (sin?t)/t dt
d [*® dt d [*®dt
© &) T3a @ =) T
. 2
d "% sint d [*
© @] Erp N g ] eerra
Solution:
d X
— / sintdt = sin’z
dfll' 0
sin? z

d 50
%/ (sin?t)/tdt = —

/21‘ a2 1
s 1+t* 1+ 20)* 1+a2*

2z
dt 2 1
/ —:———:0
s T 2z

d ("7 sint cos z sin(sin z)

dz J 24+17  sinfz+1

22

di g((t + 1)) dt = 2z g((2® + 1)?)
T Jo

10: Of the following three integrals, two are prohibitively difficult, one is easy. Select the
easy one and calculate it:

(a) / V2 +sinzdr, (b) /cos V2 +sinzder, (¢) /sin V2 +sinzdx

Solution: The manageable one is (b). The substitution u = 2 4 sinz (or just as well the
similar substitution v = sinz) gives

2 2
/COS$\/2+Sinxdajz/\/ﬂdu: §u3/2—|—C’: §(2+Sinﬂj)3/2—|—0

[
-

2 _\/z V2
/ ¢ d$:2/ e“du:2(e\/§—e)
1 VT 4 1
u=z, du= idz/\x
Note: Numerical value by calculator is 2.78994. — Plausibility check in head: 1-term Riemann sum
at midpoint is eV15/\/15 ~ e12/1.2 &* (1 +0.2)/1.2 ~ 2.8. — (*) | used ™! ~ 1 + small,
approximating the graph with its tangent line near z = 0.



[

/ 1n—xdgn—/lnzudu— [u 2/2]”12 (1 2)?

u=lInz, du =dx/x

4 In4

1 d In4

/ dx = / w_ [In u]iﬁg‘ =In(ln4) — In(In2) = In ne =1n2
9 x lnz 4 Jm2 U In2 4

u=Inz, du=dz/z In4 =In(2?) =2In2

Note: Numerical value by calculator for the first integral is 0.240227, for the second integral
0.693147.

13:

8 3 2
/ \/1+\/1+xdw:/ 2u\/1+udu:/ 2(@2—1)v2vdv:[év5—év3} =
0 0 1 0 V2 5) 3

V2
T+z z=u?—1, de = 2udu v=+v14u, du=2vdv
128 32 224 — 8v/2
5 _?__f V=T 15

Note: Plausibility check in head: V2 is not quite 1.5, so make 8v/2 into approximately 11. Then
213/15 = 71/5 ~ 14. (The precise numerical value by calculator is 14.1791.) Looking at the
integrand, it increases from /2 to v/4 = 2, so the integral must be between 82 ~ 11 and
8 x 2 = 16, consistent with our calculation.

14:
i —d
/tanwdw:/Smwdx:/—u:—lnu+C’:—1ncosw+C
cos T U
U = Cosx
15:
2d 2d 2d
/7xdw:/7u:/—u:2arctanu+0:2arctanex+C
er 4 et 4 u(u+ut) u? +1
e =u, x =Inu, de = du/u
16:

(a) Calculate [z3e™*dx.

b) Given any positive integer n, express N gmre= dz in terms of [ 2"~le=%dz. Then
y p g D 0 0

express limpy _s oo fON 2"e* dx in terms of limy_ e fON " le% dx.

(c) Evaluate limy 00 fON 2100¢=7 dx. Rather than writing the result of a huge integer with
over 150 digits, write it as a product of many 1- and 2-digit numbers without further evalu-
ation.

Solution: (a) We do three integrations by parts, deriving the power and integrating the
exponential:

/:E?’e_x dr = 23(—e™) + /3:E2e_x dr = —x3e™® — 322%™ + /63:6_“” dx =
= —2%e % — 3227 — 6we % + /66_9” dr = — (23 + 322 + 62 +6)e™ " + C

10



(b) A single integration by parts, just as before, gives
N N N N
/ e dx = [—x"e‘x]o + n/ " le P de = —N"e N + n/ " e da
0 0 0

when n > 0. Taking the limit N — oo kills the integrated term:
N N

lim 2" Fdr =n lim 2" e % da

(¢) Let me use the abbreviation [ for limy_,o0 fON. Using the result from (b) repeatedly, we
get

o0 o o
/ 2% dr = 100 x / 2Pe ™ dz = 100 x 99 x / 2 Be T dx =
0 0 0

o0 o0
:100><99><98></ :1:97e_xd:17:...:100><99><98><...xlx/ e % dr =
0 0

=100 x99 x ... x 1 (which you may know to be abbreviated as 100!)
17:

1 2 1 2 4
/629” cos3xdr = 5625‘3 sin 3z — 3 / et sin3rdr = ge% sin 3z + 5625‘3 cos 3x — g / e?® cos 3z dx
{ ) { )

227 % sin 3z 2% —% cos 3x

After two IBPs we are back to the original integral. We read this calculation as an equation to
be solved for the unknown integral, i.e., moving the integral to the left, we conclude

13

1 2
5 /ezx cos 3z dr = gezx sin 3z + §e2m cos 3z

hence )
/629” cos 3x dx = Ee%(?) sin 3x 4+ 2cos 3z) + C

18: (assuming a > 0)

1 3 1 1 3 1 1

2 2 2

/a 2?(Inz)? dx = [%(lnx)z]a — g/a 2 Ingde = —%(lna)2 - [gx?’lnx]a + §/a 2% d
T T
%xii 2l£x %x;; %
3 2 2
= —%(lna)2 + §a3 Ina+ 2—7(1 —a®)
Therefore
: by 2 2
al_1>r(r)1+ ) z*(lnz)*dx = 7

11



|2

4 2 2
/ e V¥dy = / 2ue Y du = [—2u e_“]z + / 2e " du = [—2ue_“ - 26_“]3 =2—6e 2
0 T 0 T 0

VT =u, dv =2udu IBP as in #16

20: IBP applied to 1 x arcsinz with 1 being integrated and arcsinx being differentiated; the
remaining integral can then be handled by substitution:

arcsin x dr = x arcsin x

T 1
— | —dx = xarcsinz+— /u_1/2 du = rarcsinz+v1 — 22+C
/ \/1 —JE2 /]\ 2
1

1—22 =u, rdr = —3du

—

[\V]

1:

2 4

2 2 2 2 2
/7111(1113:) lnxdx = /ulnudu: %lnu—/%du: %lnu—uz—l-cz (nz)” Inflnz) _(nz) +

v + 1

Inz=u, du= 4 IBP

x

N
N

4 2 2 uB 2 2.3 1
/ \/Elna:da::/ 2u? ln(u2)du:4/ u?Inudu = [4311111] —4/ ?—du:
1 1 1 1

0 1 L B
VI =u, =1 dr=2udu IBP
2 312 32 2
:3—ln2—4 L :3—ln2——8
3 9, 3 9

23: (quote of problem abridged here:)

1

2757 S0 he attempted integration by parts, using

M.1. Shap had forgotten the antiderivative of
— __1

UI =landv = o

Task 1: Carry out M.I. Shap’s calculation and see what integral he obtained.

Task 2: (too easy)
/ Wy
z2+1

x? 2 +1 1

(22 +1)2 - (22 +1)2 - (22 + 1)2

Using this simple piece of algebra:

and using the trick of going around in circles (and be known as a big wheel for it), do the
next task:

Task 3: Evaluate / du

dx

“T have done it once, I can do it again”
dz

(22 +1)3

Task 4: Now evaluate /

Task 5: Evaluate /

12

C



Solution:
Task 1: Integration by parts on [ w%ﬂ dx:

1 T —2z T x?
1x dx = — dx = 2 | ———=d
/ 211 T 2 /x($2+1)2 ‘ 3:2+1+ /(ZE2—|—1)2 v

Task 2:

1
/ dr = arctanz + C
2 +1

. . 2 2
Task 3: Using the hint (xgq_:,’_l)g ;2:11)2 - (xzil)m

0 salvage the work from the previous task
to evaluate the new integral [dz/(z? + 1)%:

1 T z? T 1 1
do = 2 dz = o0 ——dz-2 | ———d
/a:2+1 a:Tx2+1+ /(x2+1)2 a:Tx2+1+ /x2+1 v /(a:2+1)2 *

from Task 1 from hint

Substituting the known integral | 52% dx = arctanz + C (as in Task 2) and solving for the

1

unknown | ( 5> dx, we get

z2+1)
1 1 T 1 1 T
———dr = = dr | == | —— t C
/(a:2+1)2 v 2<x2+1+/x2+1 x) 2<x2+1+amanw>+
dx . . . .
Task 4: To evaluate m, we could either redo the previous steps, starting with
> +a

[dz/(z* + a?) instead of [dx/(x? + 1) (correct, but unnecessarily complicated); or else we
reduce it to the case a = 1 with a simple substitution:

/ = _/ = __3/ O =207 (i +arctant ) + € =
(x2+a2)2¥ (a2t2+a2)2_a (t2—|—1)2_2a ppy +arctan -

r=at, de = adt

1 4 x/a x 1 x 1 x
= §CL <m + arctan E) + C = 5@ <m + E arctan E) + C

Task 5: This time, we use the integration by parts —Task 1 style- on the (now known)
[ dz/(z* 4+ 1)?, obtaining (with similar algebra as in Task 3) the new integral [ dz/(z? +1)3:

1 x -2 2x T x2
/1X(3:2+1)2dx_(3:24—1)2_/3:(3:24-1)3(13:_(m2+1)2+4/(3:2+1)3d$

Using (x;fl)g =1 9;”22:'11)3 — (x241-1)3’ and solving for the new unknown integral, we get

dx x dx
4/<x2+1>3 INGERE *VW

and therefore

dx 1 T +3 T +3 ¢ LC
——— = — —arctan
(@2+1)3 4\ (22+1)2 22241 2

13



24: Sometimes, definite integrals can be determined without finding an antideriva-

tive: (a) Find f_77 % without attempting to obtain an antiderivative. Give a
quick sketch of the graph of the function under the integral sign to illustrate your
reasoning. — (b) Use the substitution ¥y = —x on the integral to confirm your

conclusion algebraically.

Solution: (a) The function f given by f(x) = x%% is odd, i.e., f(—z) = —f(z). So whatever
area is above the z-axis for z > 0 is matched with a corresponding area below the z-axis for
x < 0 (and vice versa: what is below the z-axis for x > 0 is matched by a corresponding area
above the z-axis for x < 0.) Since we are integrating over a symmetric interval [—7,7], the
contributions cancel out, and the integral is 0. Here is a graph of f:

Between 7 and 2w, the function is negative,
but of such a small absolute value that the
figure does not resolve it.

(b) Letting I := f_77 SN 72 and substituting z = —y gives

zi+1
7 . 7 .
sin(—y) —siny
[:/ 7—1dy:/ dy =—1I
+7 (—y)4+1( ) ryt+1
Since I = —1I, we conclude that I must be 0.

25: (a) Describe the graph y = v/25 — 22 in geometric terms. Based on this deliber-

ation, what should fi,) V5 — 22 dx be? — (b) Use an appropriate trig substitution
to verify your conclusion calculationally.

Solution: (a) The graph is a semi-circle with radius 5. The area underneath this graph should
therefore be % w52,
(b) Using the substitution o = 5sin u, with u between —% and 7, we calculate f_55 V25 — x?dr =

ffﬁz 25 cos? u du = [%(u + sinu cos u)]i/jﬂ = %m

26: You sure know that cosz < 1 for all x, and probably also that sinz < x for z > 0.
But you may not know yet that cosxz > 1 — %x2 for all z, and that sinx > x — %x?’
for > 0. In this homework, you’ll see why this is the case (and a bit more).

Recall: If f(z) < g(x) for x € [a,b], then fab f(x)dx < f;g(az) dr.
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(a) Integrate the inequality cost < 1 for all ¢ over the interval [0,z], with = > 0.
What inequality do you obtain?

(b) Next integrate the inequality so obtained (renaming the variable into ¢) over the
interval [0, z] again and solve for the trig function. What inequality do you now
obtain?

(c) Repeat the procedure three more times, obtaining new inequalities for sinz or
cos x in each step.

(d) Use the best of these inequalities to nest the values of cos% and sin% between
values easily calculated by hand; i.e., find rational numbers for the ‘7’ to make
7 < cos% < 79 and 73 < sin% < 74 true. None of your calc’s will require a pocket
calculator (except possibly for converting fractions to decimals in the very end).

Solution: (a) We obtain [ costdt < [ 1dt, which simplifies to sinz < x.

(b) Integrating sint < ¢ over the interval [0, z], we obtain [ sintdt < [ tdt. Thisis 1 —cosz <
23; Solving for the trig, we obtain cosx > 1 — l

(c) Integrating cost > 1 — 2¢2 over [0, ], we obtain [ costdt > [(1— $t*)dt, which evaluates
tosinx > x — %:173.

Next, we integrate sint >t — %t?’ over [0, x] and obtain 1 — cosz > %:172 — ﬁx‘l and therefore
2, 1.4

cosx<1—§x + 572
Now integrating this again, we obtain fom costdr < fow(l — %tz + ﬁt‘l) dt, in other words, sinz <
T — t2d + 3-ab

6 120" -
(d) We find 1 — (3)? < cos < 1— 3(3)
(with 6 digits accuracy) this is 0.875000

$)4, which is £ < cos§ < £+ 2. In decimals

+ 71 (
co % 0.877605
<s

<3l

2
<

i i in L 1/1\3
Likewise for sin 3, we conclude 2 3 — E(E)

amounts to: 0.479166 < sin% < 0.479428.

—_

)3+ 1—;0(%)5, which in decimals

l\)lr—-
N[ —

[=]

[When converting to decimals, I have chosen always to round up the upper bounds and to round
down the lower bounds, such as to have certain estimates.]

dx 2cosudu 1 x/8 x/4
27a : [ zeosudu 1y 7 Be B
= /(4—332)3/2 T/ Scostu _ qrmutC 1_(x/2)2+c =1

x=2sinu (*)

(*) Clearly |z| < 2, else the original integral wouldn’t make sense. We may (and do) choose

u between —F and 7, hence cosu > 0. This is why no absolute value arises in (4 cos 2u)3/2 =
8 cos® u.
27b : /(4 — 223 dy = /(4 cos?u)3/? 2 cosudu = 16 / cos*udu
/I\
T =2sinu

15



We finish this up with integration by parts:

/cos4udu:/cos?’u cosudu:cos3usinu+3/cos2u sinu du
——"

1—cos?u
I T
2

—3cos“u sinu  sinu

Therefore
4 3 2 3 . 3 )
4 [ cosudu = cos®usinu + 3 [ cos“udu = cos” usinu + B (u+ cosu sinu) + C

2

Inserting and undoing the substitution, in particular cos“u =1 — (%)2, we get

/(4 — 2232 dx =4 (1- (%)2)3/2( /2) + 6 (arcsmi + =1 —(2/2)? ) +C

3
= %(4 —2?)3? 4 6arcsing + 53:\/4 —z2+C
x? tan? u cosu sin?
27c* . =
N © coslu cos3 u
x = tanu, dx:du/cos w, 1+2*=1/cos’u

Again we may and do choose |u| < § so that cosu > 0 and no absolute value is needed when
taking the square root of cos?u. (The same remark will apply in the following problems without
being repeated each time.)

4 d d
27d" : /\/x2+x+1da:=/,/(x+%)2+%dx:/ 3/2 V3 ~ =§/ -
S 4 cos?u 2 cos®u 4 cos® u

= (v/3/2) tanu

cos? cos3 u

)
27e* . /\/3:—1 r—3 da:—/\/:n—2 daz—/ta s1nudu_/w

xr—2=1/cosu, d:c—smudu/cos u

We have assumed = > 3 here. (Clearly the root is real only when x > 3 or # < 1.) This makes
x —2 > 1 and therefore cosu > 0. We may assume u to be between 0 and 7, hence tanu > 0.

In contrast, if we had x < 1, we’d have cosu < 0, and we would need to assume u between 3

and 7. Then tanu would be negative and 4/ coleu — 1 would be — tan u rather than tan u.

- /4 T p 1 /16 dy 1 /arctan 16 du
: —— dx = - _ = =
- 1 1+V.Z'4+1 /]\ 2 1 1+\/y2+1 T 2 arctan 1 COS2U(1+1/COSU)

¢ =y y = tanu

16



/ arcsin x do — / ArCsin 2 - i de — _arcsin:n N / dr
2 2 x /1 — 12
27g : l 1
1 =1
1—a2 x

Now we can treat the remaining integral with a trig substitution:

/dx _/du_/sinudu_/—dy__}/ 1+1 du —
x\/l—a@; sinu 1—0082u¥ 1—y2 2 l—y 14y y=

r =sinu cosu =1y
1 1. 1—cosu 1. 1—+v1—22
= ({1 —y) —m1+y)) +C= =l 4
2(n( y) —In(1+y))+ 5 T eosn R - A

Here y is between 0 and 1, so 1 —y and 1 + y are positive and no absolute value is needed in
under the logarithm.

Note that a variety of versions are possible in the final result. For instance, expanding the
fraction with 1 —+/1 — 22 to get the root out of the denominator yields In I=¥1=2= V;_zz + C, at least

if 2 > 0; for z < 0, you’d have to write In :=¥1=2= v|gg|_“"”2—FCinstead.
1 1 /2 .
1—=z 1—=x 1 —sinu )2 T
27h : —dx = ——dx = _— du = =——-1
/0”14_3; x /om :13T ; o5 Cosudu [u + cos u], 5
T =sinu

Here we have a convenient plausibility check: The integral is clearly < fol ldz =1 and > fol(l —

x)dr = % The calculated result is numerically = 0.571, consistent with the plausibility check. Also

the midpoint rule with just one interval yields 1 - é?—g = é\/ﬁ ~ 0.577.
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28: In one of the examples of the previous problem, the trig substitution could be
avoided, and a simple power substitution would work instead. Find which of them
it is and also carry out the power substitution for comparison.

Solution: If, for the quadratic under the square root, we have its derivative explicitly available
to combine with dx, then we can substitute the quadratic, rather than using a trigonometric
substitution. This happens in #27g:

/L_/ﬂ__l/L__/d_y
V1 — 2?2 x2v/1 — 22 4 2) (I1—v)Wu N 1—92
1—z?=v, —2zdr=dv Vu=y, dy =dv/2\/v

But now we are back to the same integral as in 27g, and the finish-up is the same as before.

29: Redo all problems of the previous list (#27 a~h), using a hyperbolic substitution
instead of the trig substitution. Subsequently get rid of the hyperbolics by expressing
them as exponentials and substituting ¢! = y (assuming ¢ is what you named the
new variable in the hyp substitution.) If you end up with a rational expression in y
that is not routine to integrate, you may stop here; we’ll return to this task later.
Otherwise, finish them up. If possible, draw a resume whether you feel the hyperbolic
or the trigonometric substitution was easier.

Solution:

dx 2dt/ cosh? t 1 1.
29a : /m¥/m—1/008htdt—181nht+c

r = 2tanht

Undoing the substitution to get %sinh(artanh%) + C' is straightforward, but hyperbolics of

inverse hyperbolics should be simplified, and I wouldn’t expect you to have much knowledge
about inverse hyperbolics available anyways. So here we go ‘the pedestrian way’: If § = tanht =

t_,—t 2t _ . . .
e = 22’5——1—}’ then solving for e?' is easy: 2 = (1+ £)/(1 —£). So e’ = |/2tZ. This means

sinht = $(ef —e™") = 3(,/32% — y/32%). Conclusion:

dx _1 2+a:_ 2—=x _1(2+x)—(2—w) B x
/(4—m2)3/2_8<\/2—x \/2—1—3:)—1_0;8 i T ra=C

common denominator /4 — x2

Here the hyperbolic subsitution gave an easy integral, but returning to the orginal variables was
lengthy. So this time the trig sub seems easier.

4 \3/2 2dt 16 dt 16 - 32dt 295 (t
29b : 4 — 2232 4y = / = / = / = /
—— /( =) o 4 <cosh2 t) cosh?t cosh® ¢ (et 4+ e7t)? (2t +1)5

xr = 2tanht

The standard sub is e! =y, e’ dt = dy; so we can continue

:29/73/4@
TP ey
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You may stop here until we learn the algebra to integrate rational functions, but there is one
sneaky thing you could do first to simplify matters: borrow one factor y to go with the denom-
inator for an integration by parts:

3
3 Y _ Y 3 y _ s 1 d
/y Wdy——m+g/ymdy——s(yf+l>4 ~ w16 e
- -

2 —1/8 —1/6
W gE L werip
Hey, we’re lucky; Miss Happy’s hwk #23 will take care of the rest:
4 6,3 5
y*dy —2% 2°y 8y 12y
29 / = — + + + 12arctany + C'
(*+1° W+ (2+1)2 (y2+1)2  y2+1 Y
As before, we argue that, if § = tanht, then y = el = 1/?:—;; and therefore y? +1 = ﬁ. So
we get
/(4 g = (27 ) @422 Q2-w)’ C+x)2  (2-2)? 2+2)'2
4 (2—z)3/? 2 (2—a2)1/2 2 (2—x)1/2
(24 2)/? 2+x
+3(2—x)m+12arctan 5 o +C
1 2
= VA= 22 (—(2 - 22+ 1) — 22— 2)? +2(2 — 2) + 12) + 12arctan o
10z — 423 2
= %\/4 — 22 4+ 12 arctan 5 e +C
—x

Both trig and hyp subs were a bit lengthy, but still it looks like trig has an edge here. — Note also
that the results do not look like they are the same; but that doesn't mean they aren't. We'd have
to do some algebra to convert the arctan into an arcsin to see this.

sinh?t cosh t dt 1

22 1
29¢ : dr = - 2t_2 —2t dt = = 2t _2t—4t
= /\/362—1-1 wT/ cosht 4/(6 +e ) 8(6 € )+C

x = sinht

To undo the substitution, we need to solve for ¢: Yes, that’s t = arsinh z (if you are familiar with
inverse hyperbolics), but we can express this with logarithms (since hyperbolics can be expressed
in terms of exponentials), and we sure want to simplify e, which should feature the undoing of
a logarithm by the exponential. So here we go: 2r = e' — e, hence (e!)? — 2x(ef) — 1 = 0.
Therefore €' = x 4+ v/22 + 1 (and we can discard the — sign since e! > 0). In conclusion we get

2
1
[ o o=@+ VR IR~ o - VT D~ dlna + Va4 D)) 4 C
:%<$\/x2+1—1n(x+ 3:2+1)>+C

That looks easier than the trig sub; in particular since we are done already with the hyperbolic,
whereas there is still unfinished work to do on the trig sub.

29d : /\/:E2+:E—|—1d3::/\/($+%)2—|—%d:ﬂ:z/coshztdt:%/<e2t+e_2t+2>dt
/I\
z+ 1 =(V3/2)sinht
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which is %(ezt —e~2 4 4t) + C. The further evaluation is as in #29c, with only a minor change;
namely

" jEg:+1/2+\/<gc+1/2>2+1 L2+ 1)+ 2V o+ 1
it

VB2 V3/2 V3
So
—— 3 /(2 + 1+ 2vVa2 1)2 —(2x 4+ 1) + 222 1)2
/ x2—|—3:+1d:1::—<(x+ +2Va2+x+1) _( 2x+1)+2vVa2+xz+1) —|—4t)—|—C’
32 3 3
2+ 1 3 ~
=~ 3:2—|—3:+1—|—§ln(2:£+1—|—2\/3:2—|—3:+1>—I—C

(where in the last step, the In /3 was absorbed in the arbitrary constant C').

Again the hyp sub seems more expedient, given that we still have to deal with the return to the
original variables in the case of the trig sub.

g%é(/Jatﬂaizww:/V@tETTMw?/ﬁm%ﬁ:%G%—E%—M)+C

x —2=cosht, dx = sinhtdt

We have used x > 3 again and may take ¢ > 0. In contrast, if we had had z < 1, we would have
needed the sub z — 2 = — cosh ¢ instead (and could still have ¢ > 0).

To undo the substitution, we have e! + e™t = 2(x — 2), i.e., (") — 2(z — 2)e! +1 = 0, hence

el=@—-2)£/(r—22—-1Tand et = (z—2)F/(z —2)2 — 1. Since we took ¢ > 0, we know

e! > et and therefore the upper sign is applicable. We conclude

/¢Gfﬁgf5mzé<0mnyk(wdﬁ—g{(m—m— u—mLJY—u>+C
:w;2 (w—l)(x—3)—%ln<w—2+\/m)+C

Again, it looks the hyperbolic is the easier one, unless we find a really swift way of finishing up the
trig integral in #27e.
29f .

/4 T gp— L /16 dy 1 /y=16 coshtdt 1 /y=16 (e® +1)dt

—_— ar = — _— = — - = — e A—

1 1+vVat+1 2)1 1+Vy2+1 T2 y=1 Ll+4cosht 2/ 4 2et+e2+1
y = sinht

We have postponed the tranformation of the limits of integration for a moment. As before (in
#29c), if y = sinht, then e! = y + \/y? + 1. We substitute ¢! = 2z, dt = dz/z, and get

/4 " . 1 /16+\/257 (22 + 1)dz

— —dx = — - @ @

1 1+vVat+1 2 iiva  2(2242241)

At this moment, we await the skill to integrate rational functions before finishing up.

The decision whether trig or hyp is faster has to wait yet.

29 / arcsin x d arcsin x n / dx
: T = —
:g $2 €T A /1 _ 11:2
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where

/ dz _/ dt/ cosh? ¢ _/ dt _/ 2et dt _/ 2dz
V1 — 22 ¥ tanht/cosht J sinht ) €2 —1 ¥ 22 -1

x =tanht, do = dt/cosh®t et =z
With a similar hint as in #27g, we can write the last integrand as ﬁ — ZLH and then integrate:

If > 0, then ¢ > 0 and z > 1, so we have the integral In(z — 1) —In(z + 1) + C. If x < 0, then
t <0 and z < 1, and we have the integral In(1 — z) —In(z + 1) + C.

We have yet to express e in terms of z. As in #29a,b, we get ef = %J_r—x Therefore
d -1 1 —+/1-—
/ LAY 2 | e S I A VA B B
2v1 — 22 z+1 Vitrz+V1l—2z

It would take a bit more algebra to show that this is indeed the same as what we got in #27g,
despite the different appearance.

29h :
/1 /1—xdx_/l I d$_/°°(1—tanht)dt_/°° de~t dt _/°° 4dy
o Vi+z —  Jy V1—22 ¥ o cosh®t/cosht Jo €2t+€_2t+2¥ 1 oyt 2y? 41

r = tanht e =y

We may rely on #23c for the last integral: It is
o

Y T T
[2(y2ﬁ+arctany)}l 7'('—1—5:5—1

Both methods were reasonably straightforward, but it seems the trig has an edge over the hyp here.

30: (a) Reduce the integral [ 3)2‘231; du to the integral of a rational function in two
ways: Either using the substitution sinu = y (taking advantage of the fact that one
cosu can go with the differential, leaving only even powers of sinu and of cosu). Or
use tan § = t, which is a universal tool working for all rational expressions of sinu
and coswu. Which of the two methods leads to the ‘easier’ rational integral (where

‘easyness’ is judged by the degree of the denominator)?
(b) Convert the integrals obtained in 27c-e into integrals of rational expressions.

. : 1 1.1 1 1/_1 1

(c).Ne>.<t you will use the hint that 7 = 3l + Fy) and 1_yy2 = (15 — 1)
which is a piece of algebra that you will be able to invent yourself in a few weeks;
and also a similar piece of algebra that you can obtain by squaring the given hints,

like (1_22)2 = %( (1_1y)2 +a Jrly)2 + 1_2y2) (then re-use the first hint for the last term!)

With these hints you should be able to finish up the integrals obtained in 27c,d,e.
(Don’t forget to undo the substitutions in the end to get answers in terms of z.)

Solution:

102 2 2
(a) — With sinu =y S udu: wdu: yidy
3 (

cos3 u (1 — sin?u)?2 1 —y?)?

sinu =y
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For the substitution ¢ = tan 5, we need to express sinu and cosu in terms of ¢ = tan 5, which
is, by trig identities used in class,

1—¢2 . 2t 2dt
— smu = ———=
14¢27 14¢27 1+ t2

COS U =

Then we get

sin? (202/(1+ 3> 24t 8t”
— With tan % = ¢ du = - dt
(a) — With tan 3 /cos3u ! /(1—152)?’/(1%2)3 1+ 12 /<1—t2>3

The former variant is simpler, and we will use it in part (b).

Part b: The reduction of 27c&e has just been done in part (a). As for #27d, we calculate

3/ du _3/ cosudu _3/ dy
4) cosu 4 ) (1—sin?u)? ¥ 4/ (1—y?)?
sinu =y

Part c: From the hint we have the algebraic [implification (which you by now know to be
called ‘partial fraction decomposition’)

y? 1 1 1 2 o 1/4 1/4 /4 1/4
( )=

[ + _ + _
(=922 4\(1-y2 @Q+y? 1-y 1—-y)? (I4y)? 1-y 14y
Therefore
2
Yy 1/4 1/4 1 1 y/2 1. 1—y
———dy=—"————+-In(1—y) — - In(1 C= —In—=+C
/(1—y2)2 V=T, Ty taU ) oAy O = s g
Now let’s undo the substitutions in #27c (I am suppressing the arbitrary constant C')
z?dx y/2 1. 1—y sinu 1, 1—sinu tan u 1 1
V 24_1:1—y2 an—i-y:Zcoszu 4" 1 sinu _ 2cosu §1n< —tanu)
v T T —_—

(1—sinu)2/ cos2u

27c, 30ab y =sinu
1
_r 1+:1:2—|——ln(\/1—|—3:2—3:)
2 2
/]\
tanu =z, cosu = (1 + 2)~ /2
(Using InT = —1In(1/T), we see that this is the same as what we got in 29c, albeit a bit

differently written.)
Next, we undo the substitutions in #27e (again I drop the C):

2 1. 1-— t 1
/\/(ac—l)(ac—3)dx: v/ +—In . —i——ln( —tanu) =
1—y2 4 14y , 2cosu 2 \cosu
T T T
27c, 30adb y = sinu as before 1/cosu=z—2

_(@-2) (;—2)2_1+%ln(x_2_ (x_2)2_1):

_ (x —2) ($2_ D(x —3) + %ln(z—2— (x — 1)(x—3)>
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Again, when comparing this to 29e, this is the same result, despite the difference in two signs.
Use InT = —1In(1/T). The two expressions (z —2) £ /(x — 2)2 — 1 are each other’s reciprocals.

For #27d, we need to do the partial fraction decomposition yet:
1 1/4 1/4 1/4 1/4

(1 —y?)? (1—y)2+(1+y)2 l—y 1+y

Therefore (just changing a sign compared to the previous calculation)

/ dy y/2 1. 1—y o tan u 11 < 1

——In +C = ——1In —tanu>+C’
cos U

(1—312)2:1—312 4 1+y ¥2005u 2

y =sinu

Undoing the substituion (and not forgetting the factor % in front of the y-integral), we get

/\/3:2+:E+1dx:3tanu—§ln< ! —tanu)—l—C:

1 8cosu 8 cos u 1
27e, 30b tanu = (22 +1)/V/3
2 1 2 1)2 2 )2 2 1
_V3@e+ 1) H@_%ln( L, Qe 224 )+c
8 3 8 3 V3
2 1 3
= :EZ_ \/:132—1-3:4—1—gln<\/:n2+:n—|—1—(x+%)>+C”

In the last step I have combined C — %ln % into the new constant C”.

31: Finish up #27f, using the universally helpful substitution for rational expressions
in sin u, cos u mentioned in the previous problem. (And I am not aware of a simpler
procedure by means of a more specialized substitution). Make sure to get an exact
expression first, in which all occurrences of trig(arctrig(number)) are simplified; then
you may use technology to get a numeric result and check it for plausibility in view
of the original integral.
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Solution:

; /4 T J 1 /arctan 16 du 1 /? 1 2dt
= -  dr= - - -
\/ 2 1—¢2)2 2
1 1+vVat+1 1 2 Jarctan1  €COS“u + cosu 0 2 /7 —E1+i2§2 + i—l—z 1+¢
x2:y,theny:tanu t:tan%

First we need to express the limits in terms of ¢: Lower limit of integration: Note that tanu =

zgéz =1 t2 So when u = arctan 1, i.e., tanu = 1, then ¢ must satisfy = t2 =1,ie,t?+2t—1=

0,ort= —1 +1/2. The positive sign apphes since t > 0 when u is between 0 and 7 /2. Likewise,
when 2; = 16, we find t = (—1 + v/257)/16.

So we S1mphfy

(V/257—-1)/16 1+ ¢2 (V257-1)/16 1 4 42
I= dt = —_dt
/\/5—1 (I—2)2+ (1 —-)(1+¢t2) /f 1 2(1—12)
and ) / /
1+t 11 1/2 1 1+t
/72(1_752) dt_/<—§+—1_t+ 1+t> dt =3 < t—i—ln—l_t) +C
Therefore
I V257 -1 Vi 14n (V257 +15)/16 W V2
2 16 (17 — \/257)/16 2—-2
1

=3 <\/_—@+ln(16+\/ﬁ)—ln(l+\/§)>

The numerical value is I ~ 1.03005.
A quick plausibility check could go like this: drop the 1 under the square root, obtaining

[:/4 T dx < 4 rdx _
1

1 17
1+ vVat+1 1 1422 2

4 In - ~ 1.07003

[ln(l + xz)]l =

1
2

The next part was not required, but let me do it for comparison anyways: We can also finish
up the same integral coming through the hyperbolic substitution, from #29f:

1 16++/257 (22 4 1) dz
=1 / ot 1)dz
1+v2 2(z+1)°
The partial fraction decomposition has a repeated factor this time, but is bottom heavy. We
have

2241 1 -2 0
- =" +
2(z+1)2 2z (2412 z+1
So
1 1 16++/257 1 1 1
I=|=Inz+ = —(In(16 + v257) — In(1 + V2)) + —
{2 z+1]1+ﬁ 2( ( ) ( )) 17+257 2+2

Well, you judge which one is easier. ..
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1 2
5% +4x — 13
and calculate /0 Bro? —55—6 dx.

5z2 4+ 4z — 13

32: Find the PFD of
o=t ¢ © 3+ 222 —5x —6

Solution: First we need to factor the denominator. Good guesses for a zero are 1, £2,
+3 and +6. The rational root test says that the only rational numbers that could be zeros of a
polynomial with integer coefficients are among those that have a numerator dividing the constant
term of the polynomial (here: —6) and a denominator dividing the highest order coefficient (here:
1). Hence, if none of the above-mentioned good guesses works, the polynomial will not have a
rational zero and our factorization becomes impossible, short of the ‘cubic formula’ (which you are
not expected to know and which is complicated enough to be a pain in the butt to use).

—1is a zero. Sois 2. Sois —3. [Alternatively, We could stop guessing after the first success and
factor 23 4 222 — 52 — 6 = (x +1)(2%2 4+ 2 — 6) and then use the quadratic formula on z + z — 6.]

The rational is bottom—heavy. We have the form of the PFD as

5z2 4+ 4z — 13 5z2 4+ 4z — 13 A B C

234222 -5z -6  (z+1)(z—2)(x+3) :E+1+:E—2+:E—|—3

Cover-up yields:

. _ 5—4-13 __

Atz —2: B=204813 1

. _ P13

Possible consistency checks to detect miscalc’s:
Multiply with z and take lim,_,o.: yields 5= A+ B + C,
Plugging in x = 1 yields —4/(-8) = é — B+ %.

Now we can integrate:
/1 522 4+ 4z — 13 J /1 2 1 2Ny,
xr = €T =
0 3+212 -5 —6 o \z+1 z—-2 x+3
1

= [QIn(x—l—l)+1n(2—:n)—|—2ln(:n—|—3)]0 =

2
:2ln2—ln2—|—21n4—2ln3:5ln2—2ln3:ln%

N(x? —2
33: (a) Find the PFD of (z +2)(2% — 2)

o RS ES (b) see next item.

Solution: (a) The form of the PFD is (we are in the bottom—heavy case again)

(z+2)(=*-2) A N B +C’:L"+D
(x+1)2(x24+1) (z+1)2 z+1 2241
Cover-up at ¢ — —1 yields A = @ = —%. - '
Cover-up (complex) at x — i yields Ci+ D = (272(;)2_2) = _3(2?2) = —% + 3i.

SowegetC:?)andD:—%.
Multiplying by z and letting  — oo yields the equation 1 = B + C, hence (with C' = 3 known
already) B = —2. We have thus found the PFD

(z+2)(z*-2)  —1/2 -2 3z-3/2

(x+1)2(22+1) (z+1)2? z+1 22+1
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A consistency check against miscalc’s could use z = 0:
21 3

Here is a different approach:

Obtaining A = —% as before, we subtract that term from both sides:
B +C’a:+D_ (z +2)(2? - 2) 1 2@ +2)(a?—2)+ (a?+1)  22P+522—dx -7
r+1 2241  (2+1)222+1) 2@ +1)2 2(z + 1)2(22 + 1) 2w+ 1)2(22 4+ 1)

That numerator must have —1 as a zero, allowing us to factor off (x + 1). Namely 223 + 522 —
4z — 7= (z + 1)(22% + 3z — 7). This leaves us with the new, simpler, PFD task:

B +Cx+D_ 222 4+ 3z — 7
r+1  22+1 2@+ 1)(22+1)

Cover—up at x — —1 yields B = 2_232_ T — —92. Moving the newly found term over again, gives

Cx+D  22%+3z-7 2 202 + 3z — T+ 4(2® + 1) 622 + 3z — 3 (x +1)(6x — 3)

r24+1 2(:E—|—1)(3:2—|—1)+:E—|—1 - 2(x + 1) (22 + 1) 2@+ D22 +1) 2@+ 1)(z2+1)
and after cancellation we read off C, D immediately. In this calculation, each reduction step

is its own consistency check since the factorization and cancellation would fail if the preceding
coefficient were not calculated correctly.

2% 4+ 76
33: (b) Find the PFD of
33: (b) Find the PFD of o 37

Solution: (b) This one is not bottom-heavy. The denominator has degree 5, whereas the
numerator has degree 6. Polynomial division will give us a first degree polynomial before we get
a bottom—heavy remainder.

The form of the PFD is therefore

DA ey A B ¢ D | E
(x+2)3(x —3)2 (x+2)3  (z+2)2 z+2 (x-3)2 2-3

We have the choice to obtain A and D by cover—up immediately or after the polynomial division.

I’ll do it right away, and then again after the polynomial division, for you to compare, and also
as a consistency check that would likely discover miscalc’s in the polynomial division.

_ (=2)%476 _ 140 _ 28
We get A = (_5)2 =35 — § -

6
We also get D = 3 ;},76 = 72?;576 = %.
Let’s do the long division of polynomials; this requires us to expand the denominator:

(x+2)3(z — 3)% = (2 + 622 + 122 + 8)(2% — 62 + 9) = x° + 02t — 1523 — 1022 + 60z + 72.

2% 476 = (2° + 02 — 1523 — 1022 + 60z + 72)(z + 0) + (152* + 1023 — 602 — 72z + 76)

So we have
®+7 15z +102°® — 6022 — T2z + 76
cr2P@—32 °F @127z —3)7
and
15z* + 1023 — 6022 — 722 + 76 A B C D E
@+ 25 —3) ) A ) PR S prm o
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We can obtain A, D by cover-up from here as well:
A — 15:16-80-240+144476 _ 140 _ 28 . | ) — 15:814270-540-72:3476 _ 1215-270—140 _ 161
= an = 53 = 125 =25

(=5) 25
From here, we have to determine three coefficients yet. Either we have to move the calculated
terms on the other side and cancel factors, or we have to plug in numbers haphazardly and solve
a system of equations. I choose to move the calculated terms over:

25(15z* + 102® — 602 — 72z + 76) — 140(x — 3) — 161(x +2)* B N C N E
25(x + 2)3(x — 3)? S (42?2 42 -3

The numerator gets simplified and we know beforehand that we will be able to factor off (z +
2)(x —3)=22—2—6.

25(15z* 4+ 1023 — 6022 — 72z 4+ 76) — 140 (z — 3)? —161 (z + 2)3 = 375z* + (250 — 161)z> +
S~—— N——
=22 6249 =2346224122+8

+ (—1500 — 140 — 966)x* + (—1800 + 840 — 1932)2 + (1900 — 1260 — 1288)
= 37521 + 8923 — 260622 — 2892z — 648 = (2 — x — 6)(37522 4 464z + 108)
This leaves us with the (simpler) PFD task

37522 +464x + 108 B L C [ E
25(x +2)2(xr—3) (z+2)?2 z+2 -3

By cover-up, we get

375-4—464-24108 _ 680 __ _ 136

B = 25(—5) = 25(-5) 25 and

[ — 375:9+4464.3+108 _ 4875 _ 975 _ 195 _ 39
= 2525 = 2525 12 25  5°

Now we use the trick “multiply by = and let z — o0” t get C' from E: Namely C+ E = 375 =15,
hence C =

Conclusmn.
28 476 N 28 136 N 36 N 161 N 39
= x —
(x4 2)3(z — 3)? 5(x+2)3 25(x+2)2 5(x+2) 25(x—3)2 5(x—3)

A quick consistency check can be done at = 0 (in a first step, I'll combine those terms that
have similar denominators):

76 2 28 136 18 161 13 19-25-322 » 70 136

-— <~
8-9 5.8 100 5 25-9 5 50-9 ~ 100 100
The left simplifies to %. The right to _5—?(’;’ + 1. Yeah!!!

Variant: Returning to the paragraph marked (*), we could trade the reduction algorithm
(moving terms over, simplifying, cancelling) for solving a system of linear equations by plugging
in some reasonably nice numbers. Let me do this here:

Using © — oo (after multiplying with z), we obtain 15 = C'+ E. Using x = 0, we obtain
87% = % + % + % + % — £ Using z = —1, we obtain 12=10=604+72476 _ ?8”2”6 28 +B+C+ 2},’6116 %.
So the system of linear equatlons we have is

C+FE=15 B 5C 356 80

_1p _ 2593-9880-161 _ —76 _ _ 19 100 — 25
B+C—3E 200 = 700 — 100 = 1B i 5C 464 _ 116 ete
1pylo_lp_ 950-1445-644 _ —324 _ 36 100 — 25
4 2 3t = 900 = 900 — 100
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25

(x —1)2(22 + 42 + 5)
to deal with the quadratic, one without use of complex numbers.

34: Find the PFD of in two ways: one using complex numbers

Solution: The form of the PFD is

25 A N B N Cx+E
(r =122 +42+5) (x—1)2 z-1 (z+2)2+1

Alternatively, we can write it as

25 A B  Cx+2)+D

G121 de+5) @—1P a—1 " wr2P i1

where D + 2C' = E. The second variant is slightly more convenient, both for calculation with
complex numbers and for subsequent use in integration (or, later in Math231, for use in inverse
Laplace transforms). The punchline in the 2nd variant is that the (x 4+ 2) multiplying the
unknown coefficient D aligns with the z 4 2 in the completed-square form of the denominator.
We get A by cover—up at x — 1 as A = % = % Using complex cover-up at © — —2 4+ 7, we get
#51.)2 =Ci+D (or =C(-2+i)+ E). But —2 = BEH)® _ 846 g, we see ' = 3 and
Y
§.

(=3+1)? (-10)* 4 2
From multiplying with = and letting 2 — oo, we get 0 = B + C, hence B = —3

Consistency check at x =0 yields 5= A — B + QCTJFD, which is true for the numbers A, B,C, D
found.

Without use of complex numbers, we’d probably be best off using the reduction method after
finding A:

B N Cx+E 25 5 50 —5(z% 4+ 4z 4 5)
r—1 (z+2)2+1 (z—-12a2+42+5) 2x-12 2x—1)2(z2+4x+5)
=52 —=20z+25  (z—1)(-bz—25) —5(x +5)
2w —1)2(22 44z +5) 2 —1)2(z2+4x+5)  2(z—1)(2? +4x+5)
Cover-up at x — 1 gives nowB:_l—%)E’:—%.

We could now get C' = —B from x — oo as before, and D or F by plugging in z = 0. Or we do
another reduction step:

Cx+E —5(z +5) N 3 bz —25+3(z*+4x+5)
(x+22+1 2@—1)(z2+4z+5) 2@—-1)  2@—1(z2+4z+5)
322 +7x—10  (z—1)(3z+10)

2@ - 122 +4x+5)  2(z—1)(22 +4x +5)

SowereadoffC:%andE:E).

Conclusion:

25 5/2 3/2  3(x+2)/2+2

@122 1dr+5) (@-12 z-1" (@+2°+1
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r dt

(2 + a?)(t* 4 b?)’
b # a. Finally, calculate the limit limy_, I(a,b;x) (which may require 'Hopital).
— The purpose of this problem is to obtain I(a,a;z) = fox dt/(t* + a®)? by a different
method; we trust that I(a,a;2z) = limy_, I(a,b;x), i.e., that the integral depends
continuously on b. — Compare your result with Hwk #23 (Task 4).

35: Use PFD to evaluate I(a,b;x) := assuming a,b > 0 and

Solution:
1 ! 1 1
(t2 + a2)(t2 + b2) - b2 _ (12 t2 + a2 t2 + b2
Therefore
/x dt 1 1 " t 1 " t1* barctan £ —aarctan §
= —arctan — — —arctan - | =
o (B2+a®)(2+0b?) b2 —a? |a a b b, ab(b? — a?)

To calculate the limit as b — a in this expression we use 'Hopital. The derivative of the
numerator (wrt b!) is arctan £ — a(1 4 (§)?)"!(—%) = arctan £ + -+ The derivative of the

denominator wrt b is a(b? — a?) + ab(2b). So

X ax
arctan - + e

i Ia.b i arctan £ +
bova (a,b;2) = bova a(b? — a?) + ab(2b) 2a3

ax
x2+a?

Same as in #23 as it should be.

36: Use the trig substitution z = a tan u on the integral [ dz/(x?+a?)? and evaluate
it this way.

Solution:

d 1 1 )
/m = a—3/0052 udu = §a—3 <u+sinucosu)+0 = Tarctan £+ xi/a_i_c
T =tan u cos? u

r =atanu
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