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ABSTRACT. We consider the evolution of compact hypersurfaces by fully non-linear, parabolic
curvature flows for which the normal speed is given by a smooth, convex, degree one homoge-
neous function of the principal curvatures. We prove that solution hypersurfaces on which the
speed is initially positive become weakly convex at a singularity of the flow. The result extends
the convexity estimate [HS99b| of Huisken and Sinestrari for the mean curvature flow to a large
class of speeds, and leads to an analogous description of ‘type-II’ singularities. We remark that
many of the speeds considered are positive on larger cones than the positive mean half-space,
so that the result in those cases also applies to non-mean-convex initial data.

1. INTRODUCTION

Given a smooth, compact immersion Xg : M™ — R"*1 n > 1, we consider smooth families
X : M % [0,T) — R"™! of smooth immersions X (-, ¢) solving the curvature flow

X
E(a@t) = —s(z, t)v(z,t),

X(',O):Xo,

where v is the outer unit normal field of the solution, and the speed s is determined by a function
of the principal curvatures k; (with respect to v). That is,

s(x,t) = f(k1(z,t), ..., 6n(z,t)). (1.2)

We require that the speed function f satisfies the following conditions:

(1.1)

Conditions.

(i) that f € C=(T") for some connected, open, symmetric cone I' C R";
(ii) that f is monotone increasing in each argument;
(i41) that f is homogeneous of degree one;

(iv) that f > 0; and

(v) that T is preserved by the flow .

Condition is intended as follows: Let X be a solution of (L.I)-(L.2) such that the initial
hypersurface satisfies (k1(z,0),...,k,(x,0)) € T for all z € M. Then there is a connected, open,
symmetric subcone Iy of I satisfying ['o\ {0} C I such that the principle curvatures of the solution
satisfy (k1(z,t),...,kn(x,t)) € Tg for all (z,t) € M x [0,T). We refer to I'g as a preserved cone
of the flow. This is discussed further below.

Observe that, since the normal points outwards and f is homogeneous, we lose no generality
in assuming further that (1,...,1) € I, and that f is normalised such that f(1,...,1) = 1.
Furthermore, since f is symmetric, we may at each point reorder the principal curvatures such
that K, > -+ > K1.

For most of the paper, we will also require that f satisfies the following two conditions, which
are somewhat distinct from Conditions 7:

Conditions.
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(vi) that f is locally convex; and

(vii) that (g—z]; - 57];) ‘z > 0 whenever z € T is such that z, > z,.

We will say that s is an admissible speed for the flow if s is given by such that f
satisfies Conditions ({il)—(vii).

Some discussion of Conditions f is in order: The symmetry of f is a geometric condition—
it allows us to write s as a smooth function of the Weingarten map of the solution, which ensures
geometric invariance of the flow. The monotonicity of f then ensures that the flow is parabolic,
which guarantees short time existence of a solution if the principal curvatures of the initial im-
mersion lie in I". Condition is then a requirement that the principle curvatures do not ‘move
out of’ T' during the flow. In general, some such condition is necessary (c.f. [AMZ13 Theorem
3]), although, in particular, it automatically holds in each of the following situations (c.f. Lemma

5.3):

Ancillary Conditions.

(viii) that Conditions (1)—(i}) and hold, and T" is convex; or
(iz) that Conditions (1)—(iv) and hold, and f|6F =0; or
(z) that Conditions ({)- hold, and n = 2.

For the purposes of Theorem [I.I} however, we need only assume that the weaker condition
@ holds. We remark that Ancillary Condition makes sense because any function satisfying
Conditions ({)—(iv) has a continuous extension to dI'. This is proved for I' =Ty in [AMZ13], but
the proof is easily modified for the present situation.

In the presence of Condition , Conditions f are equivalent to requiring that that
the speed is a smooth, convex function of the Weingarten map (c.f. Lemma . We note that
Condition is automatically true in each of the following situations:

Ancillary Conditions.

(xi) that Conditions (1)— and hold, and I" is convex; or
(xii) that Conditions %, an hold, and f extends as a convex function to R™ (for
example, if f|8F =0); or
(xiii) that Conditions (1)-(id), and hold, and n = 2.

The above assertions are discussed in greater detail in section
We now list some examples of admissible speeds.

Examples 1.1. The following functions define admissible speeds for the flow (1.1):

(1) The arithmetic mean: f(z1,...,2n) = 21 + -+ + 2z, on the half-space T = {z € R™ :
z1+ -+ 2z, > 0}. The corresponding flow is the (mean convex) mean curvature flow.

(2) The power means: f,(z1,...,2,) = (2] +-+- + zﬁ)%, p > 1, on the positive cone I'"t =
{z € R" : z; > 0 for all i}. The case p = 2 corresponds to the flow by the norm of the
Weingarten map.

(8) Positive linear combinations: If fi,..., fr are admissible on T, then, for all (s1,...,s%) €
Fi, the function f = si1f1 + -+ + spfr is admissible on I'. For example, the function
f(z1,0 o zn) =21+ +2n+ /27 + -+ 22 on the cone Ty defines an admissible speed.
In fact, the functions fo(21,...,2n) =21+ + 2n + /22 + -+ 22 for a € [0,1] on
the larger cones Ty = {z € R™ : 21 + -+ + 2z, + ay/28 + - -+ + 22 > 0} define admissible
speeds. We remark that the cones T, contain the half-space {z € R™ : 2y + -+ 4+ 2z, > 0}.

(4) Concave functions: If g € C*(I') is symmetric, homogeneous degree one and concave,
then an admissible speed is defined by the function f = H — eg on the subcone of T' for
which H > eg and §* < é for all i. The class of concave functions discussed in [An07]
then provide an interesting class of admissible speeds.

(5) Convex homogeneous combinations: Let ¢ satisfy Conditions [i)-(id) and (vi)- on
a cone I' C R%, and suppose that the functions fi,..., fr define admissible speeds on a
cone Ty, C R™. Then the function f(z1,...,2,n) =& (f1i(z1,-- -, 2n), -, fu(21,. .., 2n)) o0
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the cone {z € T : (f1(2), ..., fr(2)) € T} defines an admissible speed. For example, the
function fe(z1,...,2,) = Hp(z1+€H, ..., z,+cH) on the coneT'. :={z € R" : z; +eH >
0 for all i} defines an admissible speed.

Curvature problems of the form 7 have been studied extensively, although mostly
under the assumption that the initial hypersurface is locally convex, that is, having Weingarten
map everywhere positive definite. The most well-known result in this case is Huisken’s Theorem
[Hu84], which states that, when the speed is given by the mean curvature, uniformly locally convex
initial hypersurfaces remain uniformly locally convex and shrink to round points, ‘round’ meaning
that the solution approaches total umbilicity at the final point. Chow showed that this behaviour
is true also for the flows by the n-th root of the Gauss curvature [Ch85], and, if an initial curvature
pinching condition is assumed, the square root of the scalar curvature [Ch87]. Each of these flows
satisfy Conditions 7 on the positive coneI' =T, :={zx € R" : 2; >0, i =1,...,n}. More
general degree one homogeneous speeds were treated by the first author in [An94al [An07, [An10],
where it was shown that uniformly convex hypersurfaces will contract to round points under the
flow , so long as the speed satisfies Conditions — and, in addition, either:

(a) n=2; or
(b) f is convex; or
(c) f is concave, and inverse concave, that is, the function

_ 1y —1
Is (zl,...,zn):f(zl 1,...,zn1)
is concave.

These conditions were weakened in [AMZ13], and their necessity demonstrated by the con-
struction, in dimensions n > 2, of concave speed functions satisfying Conditions (f)-(iv)) for which
convex initial hypersurfaces do not remain convex under the corresponding flow [AMZ13, Theorem
3.

In the case of non-convex initial hypersurfaces, much less is known about the behaviour of
solutions of , although in many cases the analogy with the mean curvature flow continues.
For example, a simple calculation shows that spheres shrink to points in finite time under flows
(LI)-(L.2) satisfying Conditions —. The avoidance principle (c.fE| [ALMI12al Theorem 5])
then implies that any compact solution of must become singular in finite time. If, in addition,
the flow admits second derivative Holder estimates (for example, if the speed function is a concave
or convex function of the principal curvatures [Ev82) [Kr82], or if n = 2 [An04]), one can deduce,
by standard methods, that a singularity is characterised by a curvature blow-up (c.f. [ALMI2b]).

For the mean curvature flow, a crucial part of the current understanding of singularities is the
asymptotic convexity estimate of Huisken and Sinestrari, which states that any mean convex initial
hypersurface flowing by mean curvature becomes weakly convex at a singularity [HS99b]. This,
together with the monotonicity formula of Huisken [Hu90] and the Harnack inequality of Hamilton
[Ham95a] allows a rather complete description of singularities in the positive mean curvature case.
We note that asymptotic convexity is necessary for the application of the Harnack inequality to
deduce that “fast-forming” or “type-II” singularities are asymptotic to convex translation solutions
of the flow.

For other flows, the understanding of singularities is far less developed. There are several reasons
for this: First, there is no analogue available for the monotonicity formula, which is used to show
that “slowly forming” or “type-I” singularities of the mean curvature flow are asymptotically self-
similar. Second, there is in general no Harnack inequality available sufficient to classify type-II
singularities, although the latter is known for quite a wide sub-class of flows [An94b]. And finally,
there is so far no analogue of the Huisken-Sinestrari asymptotic convexity estimate for most other
flows, with the notable exception of the recent result of Alessandroni and Sinestrari, which applies
to a class of flows by functions of the mean curvature having a certain asymptotic behaviour [AS10].
In a companion paper [ALMI12b], we wera able to exploit the simplified structure of the evolution

LWe remark that the avoidance principle proved in [ALMI2al Theorem 5] is not in general true when the cone
of definition of the speed is non-convex. However, a slight modification reveals that it is still possible to compare
compact solutions with spheres.
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equation for the second fundamental form in two dimensions (see also [Sc06l [An07, Mc11]) to prove
that an asymptotic convexity estimate holds in surprising generality for flows of surfaces, namely
for any surface flow f satisfying Conditions 7. On the other hand, one would expect
this result should fail in higher dimensions in such generality, due to the aforementioned examples
of ‘nice’ speeds which fail to preserve local convexity of initial data. In this paper, we show that
an asymptotic convexity estimate is possible in higher dimensions in the presence of the additional

convexity Conditions — .

Theorem 1.1. Let X : M x [0,T) — R™"" be a solution of (1.1) with s an admissible speed.
Then for all € > 0 there is a constant C. > 0 such that

—k1(z,t) <es(x,t)+ Ce .
for all (z,t) € M x [0,T).

The proof of Theorem utilises a Stampacchia-De Giorgi iteration procedure analogous to
those of [Hu84l [HS99al [HS99b] [(Ch&5l [Ch&T] (see also [ALMI2b]), in contrast to the result of
[AS10] (see also [Sc06]), which is proved using the maximum principle. We remark that, by
carefully constructing our curvature pinching function, we are able to avoid the rather technical
induction on the elementary symmetric functions of curvature that is necessary in [HS99b].

Combining Theorem with the Harnack estimate of [An94b| (c.f. [Ham95a]) as in [HS99al
HS99b|, we are led to the following classification of type-II blow-up limits about type-II singular-
ities.

Corollary 1.2. If s is an admissible speed, then any type-II blow-up limit of a solution of the
corresponding flow (L.1)) about a type-II singularity decomposes as a product X : (¥ xR*"F)xR —
R such that X|E,C : 3k xR — RFL € R s q strictly convex (k-dimensional) translation

solution of the flow (1.1]).
Corollary [T.2] is proved in section [6}

2. NOTATION AND PRELIMINARY RESULTS

We now describe some important background results necessary for the subsequent sections.
We begin with flow independent results to do with symmetric functions, and prove, in Lemma
that each of the Ancillary Conditions G) implies Condition . We then discuss
flow dependent results, and prove, in Lemma that each of the Ancillary Conditions 7
implies Condition . We follow the conventions of [AMZ13] [An07] [An10, Mc05], where proofs
or references for much of this section may be found. Many of the results can also be found in the
book [Ge06] by Gerhardt.

The curvature function f is a smooth, symmetric function defined on an open, convex, sym-
metric cone I'. Denote by Sr the cone of symmetric n X n matrices with n-tuple of eigenvalues,
A= (A1,..., ), lying in T A result of Glaeser [GI63] implies that there is a smooth, GL(n)
invariant function F : Sp — R such that f(A(A)) = F(A). The invariance of F under similarity
transformations implies that the speed s(z,t) = f(k1(x,t),. .., &n(z,1)) is a well-defined, smooth
function of the Weingarten map W, that is, s(x,t) = F(W(x,t)) := F(W(x,t)), where W(x,t)
is the component matrix of W(x,t) with respect to some basis for T M ® T, M. If we restrict
attention to orthonormal bases, then Wij = hyj, where h;; are the components of the second
fundamental form.

We shall use dots to indicate derivatives of f and F as follows:

. d 2
[N = — fA+sv),  fYNvw; = —— F(A+sv),
ds|,_, ds?|,_, 2.1)
... . 2 ’
FY(A)B;j; = d F(A+sB), FPY"(A)BpyBys = d—Q F(A+sB).
ds|,_, ds?|,_,

The derivatives of f and F are related in the following way (c.f. [Ge90) [An94al, [AnQT]):
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Lemma 2.1. Suppose that the function f satisfies Condition @) Define the function F : Sp :(— R
by F(A) := f(A(A)) as above. Then for any diagonal A € Sr we have

ER(A) = fE(A(A))6™, (2.2)
and for any diagonal A € Sr and symmetric B € GL(n) we have

MA) — F1OA)) ) 2
MA@ ) 2

. N p
FPET(A)BygBrs = fPY(A(A))BppBqq + 2 Z il

p>q
Note that (2.3) holds (as a limit) even if A has eigenvalues of multiplicity greater than one.

In particular, in an orthonormal frame of eigenvectors of W, we have
FHOV) = (96"

FPUT (W) BpgBys = fP9(k) BppBaq + 2 Z W (qu)2 '
e p ~ Kq

Observe that, by , Conditions 7 imply that 7 is parabolic. The methods of
[Ge06l, Section 2.5] (see also [GG92] and [Ball]) then imply short time existence of solutions, so
long as the principal curvatures of the initial immersion lie in T'.

It follows from that the function F' is convex if and only if the function f is convex and
satisfies (f? — f9)(z, — z,) > 0. We now show that in most cases of interest the second condition
is automatic.

Lemma 2.2. Suppose that f satisfies one of the Ancillary Conditions , or . Then
f satisfies Condition .

Proof. Suppose first that Condition @ is satisfied, so that I is convex. If I' = I'y then the claim
is proved in [An94al Lemma 2.2] (see also [EH89]). However, the proof applies to any convex cone:
Consider an arbitrary point z € I'. Since f is smooth and convex, for any v € R™ and any s € R
such that z 4+ sv € I' we have
0< L p(e+ s0) = L iz + )
—f(z+sv) = —f'(z + sv)v; .
~ ds? ds !
Therefore, if s > 0,
iz + sv)v > fi(z)v;.

Setting v = —(e, — €4), where e; is the basis vector in the direction of z;, we obtain

(=112 (- 7)

If z, > z, then there is some so > 0 such that (z —so(ep —€q)), = (2 — s0(ep — €4)),. By the

—s(ep—eq)

symmetry and convexity of T, this point is in I'. Since f is symmetric, f? = f¢ at this point and
the claim follows.

Now suppose that is satisfied, so that f extends to a convex, symmetric function on R™. If
the extension is smooth, then the claim follows as above. If not, then we need to be more careful;
we make use of the fact that the difference quotient (f(v(s)) — f(v(t))) /(s — t) is non-decreasing
in both s and ¢ along all lines v(s) = z + sv.

Consider a point z € I" and a direction v € R™. Then, for any s € R and any sg > 0, we have

fets0) = fetso)  fGtso) = () flets)— ]

2 > lim
s — 8o S sN\0 S

z .
( ) _ f |Z’Ui .
Setting v = —(e, — €4), it follows that

_(f'p_fq)z:f‘iz f(z+ sv) = f(z + sov) f(z 4 sv) — f(z + spv)

P < <1 =’ (0),

Vi = s — 8o _s>‘nslo s— 8o ¥-(0)
where we have defined ¥(c) := f(z+ (04 s0)v). We note that the left derivative ¢’ (0) exists, and
is no greater than the right derivative ¢, , by convexity of 1. Supposing without loss of generality
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that z, > z4, we may choose sg such that z, — sg = z4 + s9. With this choice, it is easily checked
that 1 is an even function. Since v is convex, we have

/ / 1 ¢(3) —¢(0)
Y- (0) < ¥4 (0) = lim ————=
_ o W(=s) = (0) L t(s) — 9(0) )
Rt TR e U

It follows that ¢’ (0) < 0 and we obtain (fp — f‘J)‘ > 0 as required.

Finally, suppose that is satisfied, so that I' C R2. Consider some point z € I' and suppose
p # q are such that z, > z,. Since f is homogeneous of degree one, we have f = flz; + f22s.
Then, since f, f! and f? are positive on I', we must have z, > 0. Now,

2f =2 (frmp+ f2) = (F = 17) o —2) + (£ +17) (o + 20)
so that
(fp_fq) (2p — 2¢) = 2f — (fp+fq) (2p + 2q) -

If 2, + 2z, < 0, then we are done (since f, f' and f? are positive). Otherwise, z lies in the open,
symmetric, convex cone {z € R? : 2; + z5 > 0}. But we have just proved that the claim already
holds in this case. This completes the proof. O

In the following, we are interested in the behaviour of solutions of the flow equation f.
We consider speeds s = f(k) such that f satisfies Condition , and denote the corresponding
function of W by F. We will use the following convention in order to simplify notation: If g
satisfies Condition (i), and G(A) = g(A(A)) is the corresponding function on Sr, then we write
g(z,t) = g(k(x,t)) and G(z,t) = GOW(z,t)). Similarly, G(z,t) = GOW(x,t)) and G(z,t) =
G(W(z,t)) . This convention makes the notation s for the speed unnecessary, and from here on
the speed will be denoted by F'.

We recall the following evolution equations (see [An94al [An07, [AMZ13] [Ge06, Mc05]):

Lemma 2.3. Let X : M x [0,T) — R"! be a solution of the flow (1.1)—(1.2) such that f satisfies
Conditions (@)7. Then the following evolution equations hold along X :

(1) (815 - ‘C)h‘lj = (VzdF)J + thkhkj = quvrsvihpqvjhrs + Fklhilhij;

(2) (0, — L)F = FF*n2,;

(8) Oydp = —HF du; and

(1) (9, — L)G = (G’klﬁpws - Fkléws) VihipgVihes + GPlhypg FM B2,

where L is the elliptic operator FijViVj, h?j = hikhkj, w(t) is the measure induced on M by
the immersion X (-,t), and G is any function given by G(x,t) := g(k1(x,t),..., kn(z, 1)) for some
smooth, symmetric g : I' — R.

Applying the maximum principle to Lemma , we see that F' remains positive for all ¢ €
[0,T) whenever it is initially positive. It then follows from Euler’s theorem and the monotonicity
of f that the largest principal curvature also remains positive.

In the case that g is homogeneous of degree one, Euler’s theorem simplifies Lemma to

(0, — L)G = (GFL Frars — FREGrarsyg, b, ik, + FFR2,G . (2.4)
It follows that
G 1 el S el A s 2 . G
(0 — L) (F> =5 (G“qu» — FrGre, ) VihpgVihys — fF“ka \ <F) . (2.5)

Therefore max s (¢} (G/F') will be non-increasing in ¢ whenever G satisfies the condition

(GrFPars — FRGPETS), by, Vihes < 0. (2.6)
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These observations help us to find preserved cones for the flow: Suppose that f satisfies Con-
ditions 7. If there is a smooth, non-negative, symmetric, homogeneous degree one function
g : ' = R such that

(leﬁqu,'rs . Fklépq,rs)Tkquvlrs < 0
for any totally symmetric 7' € R™ @ R" ® R™, where G is the corresponding function on Sr, then
any solution of the corresponding flow admits a preserved cone. Namely, the cone I'y := {z € R :
9(2) <maxyry (o} (£) f(2)} is preserved.

In general, finding such a function g will be highly specific to the choice of flow speed f, however,
in many cases we can be sure preserved cones exists:

Lemma 2.4. Suppose f satisfies one of the Ancillary Conditions , @, or @ Then f
satisfies Condition @

Proof. Suppose that Condition holds, so that the cone T is convex. It follows from Lemma

that Condition holds, so that F' > 0 by Lemma Let X be a solution of (1.1)—(1.2).
Then the Weingarten map of X satisfies

(8, — L)hi? > F*h2 h7 (2.7)

Let 'y be the interior of the symmetrised convex conic hull in R™ of the principal curvatures of X.
Then [y \ {0} C T'. The preservation of I'y by the flow follows by applying a slight modification of
Hamilton’s tensor maximum principle [Ham84, Section 3] to (c.f. [An07, Theorem 3.2] and
[AnHo, Chapter 6]).

Now suppose that is satisfied, so that f vanishes on OI'. If X : M x [0,T) — R""! is a
solution of the corresponding flow, then F' is initially positive, and the maximum principle implies
that it remains so. Then we may consider the function Gy (z,t) := g1(k1(z,%), ..., kn(z,t)), where
g1 is the function defined by equation of the following section. Observe that f extends to a
convex function on R™ by setting f = 0 outside I', so that, by Lemma Condition holds.
Then we may proceed as in Lemma to obtain

Z = (GRUFPs — PR ) VyhygVihes <0, (2:8)

and it follows that G1/F < ¢p := maxys (o} G1/F. So consider I'g := {z € R" : g1(2) < cof(2)}.
Since g1(z) = 0 iff z € T'y NT and, by convexity of the extension of f, {z € R™ : 2y + --- + z, >
0} C T, we have (AT'N ATy) \ {0} = (. It follows that 'y is a preserved cone.

Finally, consider the case that Condition (EI) holds, so that I' C R?. Observe that, in this case,
it is sufficient to obtain an estimate on the pinching ratio of the solution (which in this case follows
from an estimate on G /F), since any open, connected, symmetric cone I' in R? that contains the
positive ray is of the form {z € R? : zpin > €Zmax - However, we can no longer use any convexity
properties of f to control G;1/F, and the above proof that Z < 0 no longer applies. On the other
hand, by carefully analysing each of the terms in the expression for Z, it is possible to write the
terms involving second derivatives of the speed as gradient terms, and the remaining terms turn
out to be automatically favourable for obtaining the desired estimate on Z. We refer the reader
to the papers [An07, [ALM12b] for the proof of this assertion. O

The existence of a preserved cone ensures that the flow is uniformly parabolic:

Lemma 2.5. Let X : M x[0,T) — R"™! be a solution of (1.1, with an admissible speed F. Then
there is a constant c1 > 0 such that for all (x,t) € M x [0,T) it holds that

1 )
EMZ < FM(z, tyopu < erfol?

for allv € T, M, where | - | is the norm induced on TM by the immersion X (-,t).

Proof. In an orthonormal frame of eigenvectors of the Weingarten map, we have, by , that
ER = fk§EL Let Ty be a preserved cone for the flow. Since Ty \ {0} ¢ T, and f* > 0 on I’
for all k, we see that the derivatives fk are bounded by positive constants on the compact set
K :={z€eT,, : |2/ =1}. Since the derivatives f* are homogeneous of degree zero, these bounds
extend to the cone I'.,\{0}, which completes the proof. O
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The following long time existence result then follows using standard methods (c.f. [ALMI2h]).

Proposition 2.6. Let X : M x [0,T) — R"! be a mazimally extended solution of (1.1), with an
admissible speed. Then T < oo, and maxysy 4y [W| — 00 ast —T.

We now focus on the proof of Theorem [I.1] and Corollary[1.2] so for the rest of the paper we will
assume that f defines an admissible speed, and X : M x [0,T) — R"*! is a maximally extended
solution of the corresponding flow (1.1)).

3. THE PINCHING FUNCTION

In this section, we carefully construct an appropriate curvature pinching function to be used in
the proof of Theorem That is, a smooth, symmetric, homogeneous (degree one, say) function
G(z,t) = g(k1(z,t),...,kn(x, 1)) of the principal curvatures that vanishes only if the hypersurface
is weakly convex. Our goal is to show that the ratio G/F vanishes asymptotically along the flow.
In particular, this ratio should be non-increasing. In view of we would therefore like G to
satisfy

(GFLPars — FRIGPATS )7y b Vihes < 0.

In fact, as we shall see, the following two estimates will be essential

Properties 1.
(1) for alle > 0, there is a constant c. > 0 such that
R I VW|?
(Gk:leq,rs o Flepq’Ts)vkhpqvlhrs § 705| = |

whenever G > €F; and,
(2) for all e > 0, there is a constant . > 0 such that

(FGH — GF*)h};, < =7 FIW)?
whenever G > eF.

These estimates are needed to show that the positive part of the function G , := (G/F —¢)F?
is bounded in L? (M x [0,T)) for any € > 0, so long as o is sufficiently small. This is done in Section
[ The proof of Theorem [I.1] then follows from standard arguments, which we recall in Section
But first, we construct our pinching function. We first try a smoothed out version of the natural
choice, max {—k1,0}. The function we obtain possesses the second of the above properties, but
the first property only weakly (that is, with ¢. = 0). By making this function slightly more convex
(namely, strictly convex in non-radial directions) we are able to obtain a function satisfying both
estimates uniformly (without harming the other properties).

We begin with a smooth function ¢ : R — R which is strictly convex and positive, except on
R, where it vanishes identically. Such a function is easily constructed; for example, we could use

(1) = { rle iz %f r<0;
0 if r>0.

Now consider the following function, defined on I':

0(2) = f<z>i¢ ( fZ)) . (3.1)

Observe that g; is non-negative and vanishes on (and only on) I'; NT'. Furthermore, g; is clearly
smooth, symmetric, and homogeneous of degree one. We now calculate:

~k:'kn Zi ~ [z ys_zi'k)
o f;(b(f)Jr;gb(f)(l 7!

(3) 2l (05
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It follows easily from the convexity of ¢ that ¢(r) — 7"(;5(7’) < ¢(0) = 0. Since ¢ is positive and )

vanishes on R, we must also have ¢(r) < 0 for all » € R. Moreover, equality holds in the above

inequalities only if 7 > 0. Therefore ¢¥(z) < 0 for each k, with equality if and only if z € T'y NT.
Now compute

=pq _ Fpq n i\ _Fog (A l n ”('%)(‘p_%'p)(‘q_zi'q)
. f;[¢<f> f¢<f)}+f;¢ %) (o7 - 2w) (80— 24).

ok fpa _ fkgpa _ O Zk "pq_ﬁ - ('%) ( Ap_zi'p> ( .q_zi'q)
glf f gl ¢<f>f f Z¢ f 61 ff 61 ff . (32)

i=1

and

This forms a non-positive definite matrix for each k. Finally, consider
L it a o a0 (3) -4 (%)
9 -l =9 T — : (33)
) 2 —2 Zp — Zq

This is also non-positive for each k, since convexity of ¢ implies w > 0. Putting (3.2 and
(3-3) together using Lemma [2.1] we see that

(szlppq,rs — F’”C;‘fq*”) VichpgVihes <0.

Zp — Zq Zp — Zq

To obtain the uniform estimate, we modify the function g; to introduce a slightly stronger
convexity property. We utilise the good convexity properties of the FEuclidean norm: Consider the
function g defined by

9
g:=K(g1,92) = =, (3.4)
g2

where go is a positive, monotone, degree one homogeneous function of the principle curvatures
which is strictly convex in non-radial directions. The function defined by

92(2) == Rf(z) + Zzl — |z
i=1
has the properties we require, so long as the constant R > 0 may be chosen such that g» > 0 (at
least along the flow). Let’s first show that such a choice is possible.
Lemma 3.1. There exists a constant R > 0 such that
RF(x,t) + H(x,t) — [W(x,t)| >0
for all (z,t) € M x [0,T).

Proof. Define Ga(x,t) := ga(k1(x,t),...,kn(x,t)). Since F(-,0) > 0 and M is compact, we may
choose R > 0 such that Ga(-,0) > 0. By (2.4), it suffices to show that

(Glglﬁpq,rs _ F}gl(’;’gq,rs) thqulhrs >0.

First calculate

and
) .. 1
gh? = RfP1 — —|Z|3 (|z\26pq — zpzq) .

It follows that

géqu - fkggq = (1 - |5> P+ W (|Z|25pq - szq) ) (3.5)

which, by the Cauchy-Schwarz inequality, is non-negative definite for each k.
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Finally,

o fe p g . g L
ggf f _fkg2 92 _ <l_k)f f +—fk
2l) 2 =2 |7l

Zp ~ Zq Zp — %q
which is also non-negative definite for each k. It now follows from (2.2)) and (2.3)) that
(Glglﬁpq,rs - Fklé«gqﬂ”s) thpqvlhrs >0
as required. O

So the function G is well defined. Let us first observe that it also satisfies Properties [1] (i)
weakly:

Lemma 3.2. There is a constant cqg > 0 such that
G(z,t) < coF(x,t).
for all (z,t) € M x [0,T).
Proof. By a straightforward calculation, we find
(szppq,rs _ Fklépq,rs) — Kl (Glflﬁ\pq,rs _ szégq,rs) 1 K? (nglﬁpq,rs _ Fklé;gq,m)
Skl fraf ap 2 q
- FY K845

at any diagonal matrix. Noting that K'(x,y) > 0, K?(z,y) < 0 and K(z,y) > 0 whenever = and
y are positive, we see that

(G“FP‘NS - F’”G‘W»”) ViWoaViWys < 0. (3.6)
In view of ([2.5)), the claim now follows from the maximum principle. O

We now show that G satisfies both of our required estimates (Properties [1) uniformly:

Lemma 3.3. For all € > 0 there exist constants co > 0 and v > 0 such that
2 N s 1 2
—cy |VZ‘V| < (lequ,rs _ Flepq,rs>thpqvlhrs < -—= |V?}‘

- (3.7)

and
(FGF' — GERYR2, < —yF|W)|? (3.8)
whenever G > eF.

Proof. Let A € GL(n) be a diagonal matrix and T' € R” @ R" @ R™ be a totally symmetric tensor.
Define

QAT) = — (leﬁ’pq’” — F’Clé'pq,m)

' TenaTirs 20. (3.9)

Recalling the application of the Cauchy-Schwarz inequality to reveals that equality occurs
in only if T is radial, that is, if for each k we have Tj,, = 111 Apq for some constant puy.

Define the set I'. := {z € I : £f(z) < g(2) < cof(2)}. Then, to prove (3.7), we need to
demonstrate uniform positive bounds for FQ(A,T) whenever A has eigenvalues in I'; and |T'| # 0.
Since @ is homogeneous of degree two with respect to T', we may assume without loss of generality
that |T| = 1. Moreover, since @ is homogeneous of degree —1 with respect to A, it suffices to obtain
the required bounds on the compact slice K := {4 € Sr : eF(A) < G(A) < ¢oF(A), |4] = 1}.
The upper bound now follows immediately from the continuity of Q.

To prove the lower bound, it suffices to show that Q(A,T) = 0 for A € K only if |T| = 0. We
have seen that Q(A,T) can only vanish if 7" is radial. Then, since A is diagonal, it follows that T’
is also diagonal: Ty, # 0 only if &k =1 = m. Since A # 0, there is some p for which A,(A) # 0.
But, since Tiim = pAim = peAi(A)dm, we have for any k

A (A)

Tekk = ——Tkpp -
kkk /\p(A) kpp
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But Tjpp, vanishes unless k = p. Thus T has at most one non-zero component: Tj,,,. It follows
that A has at most one non-zero eigenvalue: If instead we had A, > 0 for some ¢ # p, then we

could obtain the contradiction T),, = %qup = 0. Since A € Sr, C Sr, we must have A\,(A) > 0.

But this implies that that G(A) = 0, so that A ¢ K, a contradiction. Therefore ) can only vanish
if T vanishes. This completes the proof of (3.7).
For the second estimate, we observe that, in an orthonormal basis of eigenvectors of W,

(FGM — GFM) < FGH = Fgkskt < 2Fﬂgfl6kl .
g2
Now ¢1/g2 is positive on I'; and therefore has a strictly positive lower bound on the compact slice
. N{|z| = 1}. Similarly, ¢¥ < 0 on I'., and therefore has a strictly negative upper bound on

I'. N {|z| = 1}. Since both terms are homogeneous of degree zero, these bounds extend unharmed
to I';, and the claim follows. O

Now consider, for some positive constants € and o, the function

Geo = (ch —5) Fo.

Observe that the upper bound G/F < ¢g implies
GE,U < coF°. (310)
We have the following evolution equation for G. ,:

Lemma 3.4. The function G, satisfies the following evolution equation:

R R 2(1 —
(6t _ ﬁ)Gs,a — Fa—l(lequ,rs _ Flepq’TS)vkhpqvlhrs + %<VGE7O'7VF>F
1—
-2 E 4 oG W (311)

where we have introduced the notation (u,v)r := F*upuy and |W|% := F*h3,.

Proof. We first compute

G

_ po—1 _ = g
VG.y=F (VG FVF> + 7GeoVE.

It follows that

-1
LG, = F7 (cG - gﬁF) + %GMEF — 27— (VG. . VF)p
o(l—o
- %GE,U\VH% : (3.12)
Therefore,
G
0~ £)Geg = 77 (0= £)G = £0 ~ OF ) + 5:6.0(0, - £)F

1-0 o(l—o0)

+ 2= (VG VF)r = =0 Geo|VF|3

= Fo Y (GMEPers — PRGPETS) by Vihes + 0Ge o |hl%
1-0 o(l—o0)
+2—— (VG. o, VF)p — TGWWF@

as required.
O

Just as in for the the mean curvature flow, it is the final two terms of the evolution equa-
tion which obstruct the application of the maximum principle. We will proceed by the
Stampacchia-De Giorgi iteration method as applied in [Hu84l [HS99a]. The first step is to show
that the spatial LP norms of the positive part, (G: »)+ := max{G. ,,0}, of G. , are non-increasing
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in ¢, so long as o is sufficiently small. As in [Hu84, [HS99al, [HS99b], this leads to a uniform upper
bound on G, , for small, non-zero o.

4. THE INTEGRAL ESTIMATES

Proposition 4.1. For all € > 0 there exist constants ¢,L > 0 such that for all p > L and
0 <o <lp2, the LP(M, u(t)) norm of (Ge,0)+ is non-increasing in t.

To simplify notation somewhat, we fix £ > 0 and denote E := (G¢ ,)+. Then E? is C! in ¢ for
p > 1, with 9,F? = pEP~19,G. ,. The evolution equation (3.11]) for G, , then implies

%/Ep du :p/EP—lﬁaw du—p/Ep_lF"_lQ(VW) du

(VG o, VF) IVF|%
+2(170)p/Ep #dufa(lfa)p EpTd
+Up/Ep|W|2F dp—/EpHqu, (4.1)

where Q(VW) = —(leﬁpq’“ — Fklépq’”)vkhpqvlhrs. It will be useful to estimate |VF|p in
terms of [VW)| as follows

Lemma 4.2. There is a constant, c3 > 0 for which |VF|% < c3|VW|2.

Proof. Since Vi F = fkahpp in an orthonormal basis of eigenvectors of W, the claim follows
from the uniform positive bounds on f? along the flow. O

For p > 2, we can integrate the first term of (4.1) by parts:
/Ep—lcaw dp= —(p— 1)/EP—2|VGW|§ dp — /Ep—lﬁklv”vkhmvlam du.

The first term on the right will be useful. We estimate the second term (when G., > 0) using
Young’s inequality as follows:

_Fkl,rsvkhTslee)a < 204 Z ’vk}h’l‘sleE o|

k,l,rs
thrs %(lee 0)2
<cyF .
- k;s< p2F2 B2
_1 VWQ 1 VGEO'2
:c4E<p 2|F2| _|_p2| E2’|>7 (42)

where we have estimated each of the homogeneous terms F*-"s above by 2¢4 /F.
A useful term is obtained from the second term of (4.1]) using the first estimate of Lemma
We estimate the third term using Young’s inequality as follows:

i I 1 _1 F2
/Ep<VCfEa VF> dug%/mﬂwwﬁpdwp; /Epwdﬂ- (4.3)
F

Putting this back together, we obtain the following Lemma:
Lemma 4.3. For all 0 € (0,1) it holds that

d 1
pr /E”du < ((01 +e)p? — —plp - 1)) /EP_Z\VGE,UP dp
1

| VW2
+ | (es+ca)p? — —p E”% dp+cs(op+1) | EPPW|?du. (4.4)
CoC2 F

Proof. Since —HF/|W|? is homogeneous of degree zero in the principal curvatures, it may be
estimated above by some constant, which allows us to estimate the final term in (4.1). Now apply

the estimates of Lemmata and and the inequalities (3.10)), (4.2) and (4.3) to the
O

remaining terms.
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Notice that for sufficiently large p the first two terms of (4.4]) become negative. We now show
that the final term may similarly be controlled by the good negative terms, so long as o is also
sufficiently small.

Proposition 4.4. There are positive constants Ay, As, Az, B1, Bo which are independent of p and
o such that:

VW2
F2

/EP|W|2 S (Alp% + Agp% + Ag) /Ep_2|VGE7U|2 d/,l,—l- (Blp% + Bg) /Ep d/.l,. (45)

Proof. We begin with the commutation formula (c.f. [AnBal Proposition 5])
VieVihpg = ViV i + hiih?pg — hpgh®ki + high® i — hpih’ g

which holds on a general hypersurface of R"*!. This contracts to the following Simons type
identity:

Lhpy = FMN,V hig + FR? g — FF by b1+ F¥hyh? 0 — F¥ hyih?,
Contracting further with G yields
GPULh,, = GPUEFN Y by + (FGF — GF*)R?y, .
On the other hand, we have that

FRN Y hig = VV F — F¥YN 0, Vg ha

so that
GPILhy, = GPIV,V  F — GPUEMTSY b,V hig + (FGF — GFM)h2y, (4.6)
We now recall (3.12)):
1-— 1—
LG, =F""" (EG — ?LF) + %GE,ULF —2=—2 VG, ,,VF), - %GMWF\%

= Fo-1 (F“c'zpqvkvlhpq + FMGPETS by Vihs — gﬁF) + %GMEF

1—0 o(l—o
(VGey, VF), + %

Putting (4.6)) and (4.7]) together, we obtain
LG., = F7H(EMGPOs — GMEPI™ )V 1 hpVihes + F7 2 (FGH — GFM)V, VY F

-2

ool VEP. (4.7)

. . 1 B
FETUEGH - G2y FGoolF ~ 20 (VR VG )

o(l—o0)
2
The first and third terms on the right may be estimated from below using Lemma [3.3]
Applying Young’s inequality to the term involving the inner product, we obtain

S0 VI | Ot

+ G.o|VF|3. (4.8)

F? E2
wherever G, , > 0. Recalling the estimates of Lemmata and and equation (3.10]), we

arrive at

(VF,VGeo)r < (1—0)E (

VW2
F2

LG 5 < (ca+ cocs + cocr)F + FO2(FGF — GFMYV.V, F — vFo W2

2

o -IVG: »
+ ng’o—ﬂF + COClF T
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Now put the yF?|W|? term on the left, multiply the equation by EPF~7, and integrate over M
to obtain

IVWI2

/EP\W|2d,u< —/EpF LG o dp+ (c2 + cocs + cocr) /Ep du

+/EPF—2(FG“ - GFkl)Vlequ+U/Ep+1F_1_"£Fd,u

+ cocy /Ep_2|VGE7U|2du. (4.9)
Integrating the first term on the right by parts, we obtain the following estimate:

Lemma 4.5. If o € (0,1) and p > 2, there are constants Cy,Co, D1 > 0, independent of o and p,
such that

IVW\2

—/EPF*UﬁGs,gdug (Clp-i-Cz)/ EP2|\VG. ,|*du+ Dy /Ep du .

Proof. Integrating by parts, we find
— / EPF LG, 5 dp = p/E”_lF_”WGE’Uﬁp dp—o / EPF~"YVG, o, VF)rdu
+ / EPE= Rk, b, VG, dp.

2C4

Estimating each of the coefficients of F' above by =&
and third terms, we obtain

and applying Young’s inequality to the second

o _ CoOoO
_/EpF LGe,adUSCOP/Ep 2|VG6,0|2Fdﬂ+2/Ep< E2 F2

cocy IVWI|?2 VG, |?
+2/Ep< F2+ o2 du .

,/EPF*U.CGW dp < (coclp+ CO?” + %) /EH\VGdeu

CoC1C20  CoCy VW2
o120 | 0t EP
G F?

Vool , 971 o,

Therefore,

du .

In the same way, we obtain the following estimate on the third term of (4.9):

Lemma 4.6. There are constants Cs3,Cy, D3, Dy > 0, independent of p > 2 and o € (0,1), such
that

/VWF—%FG“—GF“WQVJWMS(am%+ruy/EVﬂVGaA%m
NWP

(de2 + Dy /Ep du .
And the fourth term:

Lemma 4.7. There are constants Cs,Cq, D5, Dg > 0, independent of p and o, such that
VW
2

[ B cRdn < (Cant 4 Co) [ 2GRt (Dt 4 Da) [ B d

This completes the proof of Proposition [4.4]
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Combining Proposition [.4] with Lemma we obtain
d :
at /Ep dp < — (Clp2 - 0410pg — anop® — ozgp% - a4p) /E]’_2|Ga7o|2 dp
1 1 VW)|?
— (81— Baop* — Bsow — fap? — 65) /Ep| fad

for some constants ay, 8; > 0, which are independent of ¢ and p. Proposition follows easily.

du .

5. PROOF OoF THEOREM [L.1]

We are now able to proceed just as in [Hu84, Section 5] and [HS99al, Section 3], using Proposition
and the following lemma to derive the desired bound on G, ,.

Lemma 5.1 (Stampacchia [St66]). Let ¢ : [kg,00) — R be a non-negative, non-increasing function
satisfying

o(h) < (h_ck)a<P<’f>Ba h>k>ko, (5.1)

for some constants C' >0, a« > 0 and 8 > 1. Then
¢(ko +d) =0,
where d* = Cgo(ko)ﬂ_12ﬁ%.
Now, given any k > ko, where ko := sup,¢(o,1) Supy Ge,o(+,0), set
vr(2,t) = (Geolat) —k)F  and  Au(t) = {z € M : vy(a,1) > 0}.

We will show that (k) = |Ag| := fOT fAk(t) du(-,t) dt satisfies the conditions of Stampacchia’s

Lemma for some k1 > ko . This provides us with a constant d for which | Ay, +4| vanishes. Theorem
then follows. Observe that |Aj| is non-negative and non-increasing with respect to k. Then
we only need to demonstrate that an inequality of the form holds.

We begin by noting that

Lemma 5.2. There are constants L1 > L and cg > 0 such that for all p > L1 we have

d 1
G [eans o [ 9o dn < cotop 1) /A F2GE , dy. (5.2)
k

Proof. Observe that
d _
o v dp = / P(Gey — k) 0Ge 5 dp — /ngqu.

Ay

The result is then obtained by proceeding as in Lemma (4.3)), applying

2
V|2 = %(Gw — kP TAVG .2,

and estimating |[W|? < CF? using the degree zero homogeneity of |W|?/F?2. O
Now set ¢’ = o + . Then
n n (G‘Sv”)i -p P —p P
Frdp< | PP dp =k [ (Geg) du < k77 [ (Geor), dp. (5.3)
Ak A Ag

If p > max {Ll, 4%,2} and o < gp*%, then p > Ly and o’ < ép’%, so that, by Proposition

/AF" dp < k*P/ (Geror(+,0)) dpo < po(M) (i?)p (5.4)

Choosing k sufficiently large, the right hand side of this inequality can be made arbitrarily small.
We will use this fact in conjunction with the following Sobolev inequality to exploit the good

gradient term in (5.2)).
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Lemma 5.3 (Huisken [Hu84]). There is a constant cs (independent of o,p, and €) such that

(/v,chm); <cg </|wk|2du+ (/Ak F"du)i (/viqduy) , (5.5)

where q is equal to " if n. > 2, or any positive number if n = 2.

Proof. Since we have the estimate H? < C'F? (by degree zero homogeneity of the quantity H?/F?)
this follows from the Michael-Simon Sobolev inequality [MS73] and the Holder inequality just as
in [Hu&4]. O

It follows from (5.4]) and (5.5 that there is some ki > ko such that for all k¥ > k; we have

1
(/vzqd,u> < 205/|V1}k|2du.

Therefore, from (5.2)), we have for all k > k;

(/Uqu;L)q < cglop+1) F2GP du.
dt G

Integrating this over time, and noting that Ay (0) = ), we find

1 T H T
sup </ vE d,u) + 5 / </ v%l d,u) dt < 2cg(op + 1)/ / FQGQG dupdt . (5.6)
[0,7) \J Ay €1€s Jo 0 JA,

We now exploit the interpolation inequality for LP spaces:
—0) ¢6
flao < IF1R°1F15 5 (5.7)

where 6 € (0,1) and q% = g + 1;9. Setting r =1 and 0 = q%, we may assume 1 < gy < q. Then
applying (5.7) we find

gqo—1 %
/ viq‘) dp < (/ vi d,u) (/ v% du) .
Ak Ak Ak

Now, applying the Holder inequality, we find,

T m - T : m
(/ / 0% dp dt) < (sup/ vi du) (/ (/ v du) dt> )
0 Apg [O,T) Apg 0 Apg

Using Young’s inequality, ab < (1 — q%) QToT + qiobqo, on the right hand side, we obtain

T W 1 1 /T :
/ / 02 dpdt (1 - ) sup / vidp 4+ — (/ v* d,u) dt
0 JA q0 /) [0,T) J Ay qo Jo Ap

r :
sup/ v,%d,u—i—/ (/ v2qd,u> dt .
[0,7) J A, 0 Ap
Recalling (5.6)), we arrive at

T a0 T
(/ / 0% dp dt) < 2c(op+1) / / F?GP , dudt. (5.8)
0 Ak 0 Ak

Application of the Holder inequality yields the inequalities

d
dt Uﬁ dpt + 2c1cg

IN

IN

T T B
/ / F2GE  dudt < |Ap'"+ (/ Fraen du,dt> < e Ag)r (5.9)
0 Ak 0 Ak

1
q

T N T 0
and / / v dpdt < |Ap|"" w0 (/ / 0% dp dt) , (5.10)
0 Apg 0 Ag
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where the integral on the right hand side of ([5.9)) was estimated in a similar manner to ([5.4)), with
1

cr = k3 (Tuo(M))" (so long as o < ép*%, and 2r > Ly := max{Lq, 4;’—22, 3}, say). Finally, for

h >k > k; we may estimate

|Ah|_// dpdt = // Geo = +dudt<// Ceo — K +dudt
Ay Ah Eo'_k Ap -

Since Ap(t) C Ax(t) for all t € [0.T), and v} := — k)%, we obtain
(h— k)| A < / / oZ dpd (5.11)
Ag
Putting together estimates , -, - ) and (| -7 we arrive at

— (h—k)p
for all h > k > kq, where v :=2— - — 2. Now fix p := 2L5 and choose ¢ < 4p 3 sufficiently small
that op < 1. Then, choosing r > max{ qo 7, L2}, so that v > 1, we may apply Stampacchia’s

Lemma. We conclude that |Ag| = 0 for all k > ki + d, where dP = cger27-1 72| Ay, |71, We note
that d is finite, since T is finite and

(G&U)Jj_ —p
dp < lelgkl (Gsa d/.t<k EO' 0 d/,éo,
A, Ay, R

where the final estimate follows from Proposition
It follows that

G <eF+(ky+d)F'77 <2F +C.
for some suitably large constant C. > 0. Theorem [T.1] follows.

6. RESCALING ABOUT TYPE-II SINGULARITIES

We now analyse the structure of fast forming singularities. Let X : M x [0,T) — R™"™! be a
smooth, compact solution of (L.1)) satisfying the following ansatz: For all C' > 0 there is a time
tc € [0,T) such that

O
T—1t
for all ¢t € [tc,T). We say that the flow undergoes a type—H singularity. To analyse the shape of
type-1I singularities, we consider, following Hamilton [Ham95b] and Huisken-Sinestrari [HS99a],
the following sequence of parabolic rescalings: For each k € N, choose a sequence (¢) of times
tr € (0,7 — 1/k], and a sequence (zy) of points zx € M such that

1 1
)P (T — = —t, ) = (T ——-—t).
Weant? (T- g =) = e a0 (T 1 —¢)

2
max [W(z, t)|” 2 (6.1)

Now set

1
Ly = ‘W(l‘k,tk”g, ap = —Lgty, and oy := Ly (T— P tk> .

Lemma 6.1. As k — oo, we have
t, >T, Lp—o0, ap— —00, and o0 —> 0.
Proof. By the ansatz , for all R > 0 there exists tg € [0,T) and zr € M such that
W(zr,tr)|*(T — tgr) > 2R.
On the other hand, there is some sufficiently large kg € N such that

1
tr<T — —, ‘W(:L‘R,tR)P (T_k_tR)>R

k
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for all £ > kg. Therefore, by definition,
1
o > |W(£ER,tR)|2 (T— E - tR> >R

for all kK > kr. Since R was arbitrary, we find o — 0o as k — oo.
Since (T — % — tk) is bounded, it follows from the definition of o that L, — oo as k — .
Therefore, since |W)| remains bounded whilst ¢ < 7', we must have ¢, — T. It follows that

Qap — —OQ. O

Now consider the rescalings

t
Xk(.%',t) =L (X (:L‘7 i + tk) — X(xk,tk)> ; for te [ak,ak] .
k

It is straightforward to compute

8Xk -1 t t
h ety = — L *F (@, — +t — it
Y (z,t) 5 (x,Lk—i— k)z/(a:,Lk—f— k) ;

00Xy, . 0X t . t
ot (z,t) = v/ Lk@ (1’7 fk + tk) = (gk)”(z,t) = Lygi; (‘ra fk + tk>

g 1 .. t
ij — ij )
= (gk) (Z‘,t) Lkg <$7 L +tk) )
and

t t
ve(z,t) =v |z, — 4+t = kDin(x,t) =*Dyv |z, — + t;
Ly Ly

_1 t
= Wk(x,t)sz2W<x,+tk>
Ly

_1 t
= Fy(z,t) ZLk2F($7+tk) ,
Ly

where we used the script k to distinguish quantities related to the rescaling X (in particular, *D
is the pullback of the Euclidean connection along X}). We refer to the sequence (Xj) as a blow-up
sequence. Observe that the rescalings satisfy the flow equation . We also note the following
properties (c.f. [HS99al Lemma 4.4]):

Lemma 6.2.
(i) For each k € N, X}, (z1,0) =0 and |W(xg,0)| =1
(i) For any e >0 and ¥ > 0 there exists kg € N such that o, > ¥ and
max . Wi|> <1+¢ (6.2)

Mx ok,
for all k > ky.
(i1i) For any e > 0 there exists C. such that
Ce
VL
(k)

for all (z,t) € M X [y, 01, where k"’ is the smallest principal curvature of Xj.

—k{" (@, t) < eFy(a,t) + (6.3)

Proof. Part (i) is immediate from the definitions and our calculation of W.
To prove part , first note that

Wi (2, )|? = L W(2, L't + )%

By the definition of Ly and the choice of (zy,t;) we also have

1 1
Wiz, L 't + 1)) (T -z (L't + tk)) < Ly <T - tk) .
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Therefore:

Since o — 00, the claim follows.
For part , we have

k¥ (x,t) = fil(a:,L,:lt—i—tk).

1
VL
Therefore, by Theorem for all € > 0 there exists C, such that

_’Qllc(a%t) <

1 C
F(z, LYt +t C.) = eFy(x,t <
m(e (z,L; 't +tg) + Ce) = eFy(x,t) + N

for all (x,t) € M x [—ag, o%]. O
We now prove Corollary

Proof of Corollary[1.9 Since the flow speed is a convex function of the Weingarten map, the flow
admits second derivative Holder estimates, and we may proceed as in [Balll Section 3], using
Lemma to obtain a sublimit X : Mo X Iss — R™t! of the blow-up sequence. Since for each
k the rescaled immersion X is a solution of the flow on the time interval [y, o%], we deduce from
Lemma [6.1] that X is an eternal solution of the flow (that is, I, = R). Part of Lemma
implies that X, is weakly convex. Applying the strong tensor maximum principle [Ham®&2)
(c.f. [An07, Theorem 3.1]) to the evolution equation for the Weingarten map

Ochi? = Lhi? + FPP™N,hyo VI by + F¥h3 07

we deduce, just as in [HS99b, Theorem 4.1], that the rank of W is constant and its null-space is
invariant under parallel transport. The same use of Frobenius’ Theorem as in [Hu93l Theorem
5.1] (c.f. [Ham84]) then implies that M., splits isometrically as a product R"~* x ¥¥ for some
1 < k < n, where E’;C is strictly convex. Moreover, Xoo|2k solves the flow in RFHL,

Now observe that, by Lemma and , the maximum value of [Wao!| is 1, and occurs
at (o0, 0); it follows that the maximum value of F' is also attained here. We complete the proof
by applying the differential Harnack inequality of [An94b] to deduce that Xoo|2k () moves by

translation (c.f. [Ham95al).

Proposition 6.3. Let X : X% x R — RFt! be a strictly convex, eternal solution of (L.1) with
admissible speed F' such that sups,yp F' is attained. Then X moves by translation.

Proof. Consider the function ®(A) = —F(A~1!), where F : S, — R gives the flow speed as a
function of the Weingarten map (here, Sy is the cone of symmetric, positive definite matrices).
For any A € §;, B € GL(n), we have

B|,(B) = % IRCEUEE % (B = Bl (47 BATY)
and
®| ,(B,B) = 5722 g_O<I>(A+sB) = —F|,(A'BA™  A"'BA™") —2F| , (AT'BAT'BA™) .
Since F' >0, F > 0, and F > 0, it follows that
o 1—ad ? P <0

for all & € (0,1). That is, ® is a-concave for all a € (0,1). Thus Corollary 5.11 of [An94b] may
be applied. We deduce that any strictly convex solution of (|1.1)) satisfies

(a —1)F <

= . _ _
WEF — g (W (grad F),grad F) + alt—tg) =

(6.4)
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for all t > tg, where t( is the initial time, grad is the gradient operator on M, and F gives the
speed along the flow in the Gauss map parametrisation. It follows that any strictly convex, eternal

solution of (|1.1]) satisfies
P:=0,F —g(W '(grad F), grad F) > 0.

Moreover, is deduced from the maximum principle applied to the time evolution of P, such
that equality is attained at a space-time point only if equality holds identically. Since by assump-
tion supyyg £ is attained, P vanishes identically.

We now recall the evolution equation [An94b, Equation 5.2] for the Harnack quantity P:

(0, — £) P = ®(1d)P + ¢(Q,Q),

where @ is the time derivative of the inverse of the Weingarten map in the Gauss map parametri-
sation, and L is the elliptic operator corresponding to £ in the Gauss map parametrisation. Since
P is identically zero, this simply says CIJ(@, Q) = 0. Recalling the equation for ®, positive def-
initeness of F' and strict convexity of ¥ imply that @ must vanish. Returning to the standard
parametrisation (e.g. using [An94b, Lemma 3.10]), we find 0 = Q = W10 (¥ — VyW) oW1,
where we have defined the vector field V := —W~!(grad F'). Substituting ;W = Vgrad F +FW?,
we have, for all u € T'Y,

0 = Vugrad F + FW?(u) — V,W(V)
= Vu(grad F + W(V)) + W(FW(u) — V, V).

It follows that VV — FW = 0.
Now define the Euclidean vector T := V?

gﬁ — Fv. Then, for all u € T,
DT = (V.V — FW(u)) —gW(V) +grad F,u) v = 0.

Thus T is parallel. Now set X (z,t) := X(¢(z,t),t), where ¢ is the solution of ddi: = V' with
initial condition ¢(z,0) = z. Then

0X 90X dy' 90X

gr_n 4y,
ot ox* dt ot
O
This completes the proof of Corollary O
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