COMPUTATIONS WITH WITT VECTORS OF LENGTH 3

LUIS R. A. FINOTTI

ABSTRACT. In this paper we describe how to perform computations with Witt vectors
of length 3 in an efficient way and give a formula that allows us to compute the third
coordinate of the Greenberg transform of a polynomial directly. We apply the results to
obtain information on the third coordinate of the j-invariant of the canonical lifting as a

function on the j-invariant of the ordinary elliptic curve in characteristic p.

1. INTRODUCTION

Let k be a perfect field of characteristic p > 0, W(k) be the ring of Witt vectors over
k, and W, (k) denote the ring of Witt vectors of length n, which in this case can be seen
as the quotient of W(k) modulo the principal ideal generated by p™. (See section [2| for a
quick review of Witt vectors.) Then, given an ordinary elliptic curve E/k, there is a unique
elliptic curve (up to isomorphism), say E/W(k), which reduces to E modulo p for which
we can lift the Frobenius. E is then called the canonical lifting of E. (See, for instance,
[Deudl] or [LST64].) Hence, given an ordinary j-invariant jo € k, the canonical lifting gives
us a unique j € W(k). Therefore, if k°*¢ denotes the set of ordinary values of j-invariants
in k, then we have functions J; : k4 — k, for i = 1,2,3,..., such that the j-invariant of
the canonical lifting of an elliptic curve with j-invariant jo € k9 is (jo, J1(jo), J2(jo), - - -)-

B. Mazur asked about the nature of these functions J; and J. Tate asked about the
possibility of extending them to supersingular values. (See [Finl0].)

Tate’s question motivates the following definition:

Definition 1.1. Suppose that jo ¢ k°9 and J; is regular at jo for all i < n. Then,
we call an elliptic curve over W(k) whose the j-invariant reduces to (jo, J1(Jjo), - - -, Jn(J0))
modulo p"*! a pseudo-canonical lifting modulo p"*1 (or over W11 (k)) of the elliptic curve
associated to jp.

If J; is regular for all i, we call the elliptic curve with j-invariant (jo, J1(jo), J2(jo),- - )

the pseudo-canonical lifting of the elliptic curve associated to jo.
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Hence, Tate asks about the existence of such pseudo-canonical liftings. One would not
expect pseudo-canonical liftings to exist, as they would yield curves which although are not
canonical liftings, as those do not exist in the supersingular case, are obtained through the
same formulas. On the other hand, we’ve proved that pseudo-canonical liftings modulo p?
do exist. More precisely, we’'ve studied J; in detail in [Finl0] (using many results from

[KZ9§]), proving the following:

Theorem 1.2. With the notation above and p > 5:

(1) J; e Fp(X) for alli.

(2) J1(X) is always regular at X = 0 and X = 1728, even when those values are
supersingular.

(3) We always have that (0, J1(0)) = 0 (mod p?) and (1728, J1(1728)) = 1728 (mod p?).

(4) If jo & k" U {0,1728}, then Ji has a simple pole at jo.

(5) J1(X) has a zero of order |(2p+1)/3] at X = 0.

In particular, this theorem tells us that only 0 and 1728 yield pseudo-canonical liftings
modulo p? (and they always do!), and hence we can only possibly have pseudo-canonical
liftings for those values.

Before proving the result above, we were able to conjecture it to be true from compu-
tational evidence. In the same way, we wanted to have some computational data on Jo to
form a proper conjecture in that case. The problem is that computations with Witt vectors
of length 3 demand a lot more computer power than with length 2.

At first, the author computed J; and Jy by computing the canonical lifting of the elliptic
curve F given by yg = a:g + agxg + by over Fp(ao, bp), where ag and by were variables, i.e.,
algebraically independent transcendental elements over IFj,, using the algorithm described
in [Fin02]. (Note that the algorithm gives more than just the canonical lifting E of E. It
also gives a lifting of points from E(k) to E(W3(k)) called the elliptic Teichmiiller lift.)
The algorithm gives the coeflicients of the Weierstrass equation of the canonical lifting over
Ws(F,(ao, bo)), say a = (ag,a1,a2) and b = (bg, b1, b2), where a;, b; € Fp(ag, by) for ¢ = 1,2.
Thus, we can compute its j-invariant using the operations of Witt vectors. The resulting
formula can then be easily be put in F,(jo), where jo = 1728(4a3)/(4a3 + 27b3), thus giving
us J1(X) and Jo(X).

But, since ag and by were taken as variables in a field of rational functions, the compu-
tations get quite demanding. While we were able to compute the reduction modulo p? of
the canonical lifting, i.e., a; and by, for several values of p, we could only initially compute
as and by for p < 13. With the methods used at the time, the computation of the third

coordinate of the canonical lifting (and elliptic Teichmiiller lift) for p = 17 in this situation
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used almost 24 gigabytes of memory (16 gigabytes of RAM and 8 gigabytes of swap) before
it crashed still unfinished. Formulas for the canonical lifting and elliptic Teichmiiller lift

modulo p? for p < 13 can be found, at the time of writing, at
http://www.math.utk.edu/"finotti/can_lifts/.

On the other hand, as seen in [Fin10], one can compute J; much more efficiently by using

the (classical) modular polynomial. More precisely, we have:

Theorem 1.3. Let ®,(X,Y) denote the modular polynomial and Hy,(X) be the reduction
modulo p of ®,(X, XP)/p. Then, J1(X) = —ﬁp(X)/(sz — X).

The goal here is then twofold: on the one hand, we would like to find a more efficient way
to perform computation with Witt vectors of length 3 in general. (We have special interest
on Witt vectors over polynomial rings. Over finite fields computations can be done quickly
by working with the proper extension of Z, instead.) On the other hand, we would like to
find an efficient way to compute Ja, in the same vein as Theorem so that we can obtain
more precise information on its nature, in the same vein as Theorem |1.2

It should be mentioned up front that we will not be able to prove a full analogue of
Theorem to Js here. Theorem gets pretty close, while Conjecture [9.3| gives what we
believe, from numerical evidence, to be the missing pieces. In particular, Theorem tells
us that j = 0 yields pseudo-canonical liftings modulo p3, while Conjecture states that
J = 1728 does not.

Also, Theorem gives a precise description of how to obtain Jo from the modular

polynomial as done in Theorem although the formula is not nearly as simple. More

precisely, Eq. (9.1) gives us
F(X)

(XP* — X)2p+1
for some polynomial F'(X) that can be explicitly obtained from ®,(X, X?). Theorem
and Conjecture describe Jo(X) as reduced rational function, thus giving information

J2(X) =

about possible pseudo-canonical liftings.

It should also be mentioned that the method from [Fin02] used to obtain the initial
examples of Jo mentioned above is not the most efficient. There are better methods to
compute the canonical lifting if we are not also interested in the elliptic Teichmiiller lift.
(In fact, Theorem below gives us one such method.) One of the difficulties of this
method is the computation of the Greenberg transform (see section |3) of an elliptic curve
over a ring of Witt vectors of length 3, and we study here also an efficient way to compute
the Greenberg transform. (See Theorem [6.1])

We should emphasize that our result on the Greenberg transform is not just of impor-

tance to our algorithm to compute the canonical lifting together with the Teichmiiller lift,
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although it is still relevant as one might actually need the elliptic Teichmiiller lift (e.g., to
construct error-correcting codes as in [VWO00] and [Fin06]). It also has theoretical implica-
tions, namely, it is the most important step in obtaining Theorems and mentioned
above.

Moreover, the formula for the third coordinate of the Greenberg transform given here is
necessary if one wants to attempt to generalize the method to prove Theorem in [Finl0]
to try to prove Conjecture @

We now give a brief description of the content of the next sections. Section [2] and
give brief reviews of Witt vectors and Greenberg transform, respectively. Section [ intro-
duces many auxiliary functions that are necessary to describe the third coordinate of the
Greenberg transform of a polynomial. Section [5| gives efficient methods to compute these
auxiliary functions, giving also an efficient method to compute the polynomials that give the
third coordinates of sums and products of Witt vectors. Section [6] gives the formula for the
third coordinate of the Greenberg transform of a polynomial. Section [7] briefly analyzes the
complexity of the computations using the new methods introduced, while Section [8| gives
explicit examples of how much time and memory is saved when computing the first three
coordinates of the Greenberg with these methods in some specific cases. Section [9] gives the
results and conjectures on Jo. Finally, section [I0] has a brief discussion and speculations on
what happens with J3.

The reader will notice that we need to introduce a lot of notation and that proofs,
although mostly straight forward, sometimes are done by long and involved computations.
Although this might make it tedious and laborious to follow some proofs, hopefully it will

not prevent one from appreciating the results themselves.

2. WITT VECTORS

In this section we will review some of the basic facts about Witt vectors. More details,
including motivation and proofs, can be found in [Ser79] or |[Jac84]. Let p be a prime, and

and for each non-negative integer n consider

def

W(n) (X07 T 7Xn) = X[;;J" +prn71 +---t pningfl +ann7 (2'1)

the corresponding Witt polynomial. Then, there exist polynomials S;, P; € Z[ X, ..., X;, Yo, ...

satisfying:

W (So, ..., 8n) = WM (Xo, ..., Xn) + WM (Yy,...,Y,) (2.2)
and

WPy, ..., P) =W (Xy,..., X,) - WM(Yy,...,Y,). (2.3)
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More explicitly, we have the following recursive formulas:

1 n n n
xS e, (24

1
Sp = (Xn +Yp) + E(X£*1 +YP S )4+ ;

and

1

p
(P 4+ Py

= (XY + XUV 4 XY

+ ;(XS"YS_l +o+ X0 V) (2.5)

+E(X§ Yy )—ﬁPé’ —"'—5P5_1
n—1 n—2
+p (Xf Vo4 X (VP 4 pYo) + . ) .

(Note that despite the denominators in the formulas, cancellations yield polynomials with
integer coefficients.)
We can then define sums and products of infinite vectors in A%20, where A is a commu-

tative ring (with 1), say a = (ag,aq,...) and b = (bg, b1, ...), by
a—l—bdéf (So(a(),bo),Sl(ao,al,bo,bl),...)

and

def
a-b= (Po(ao, bo), Pl(a(), ai, bg, bl), e )

These operations make A%>0 into a commutative ring (with 1) called the ring of Witt vectors
over A and denoted by W(A).

Since we will deal with Witt vectors over fields of characteristic p, we may use Sy, P, €
F,[Xo,..., X, Yo,...,Y,], defined to be the reductions modulo p of S, P, respectively, to
define the addition and the product of Witt vectors.

Then, we obtain:

7 XP+YP — (Xo 4+ Yo)P
Sl = Xl —|—Y1 + 0 + 0 ( U O) , (26)
p

P =X1Y) + Xy, (2.7)
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and

- 1
52:X2+Y2+p(Xf+Y1p— (X1+Y1+

X§+%p—(Xo+Yo)p)p>
p

XU+ Y — (Xo+ Vo)
+ p2 ,

(2.8)

XPYE + X5 VP — (XY + XV
. .

Observe that we are abusing the notation here, as it seems that we are dividing by p in

Py = X2Y0p2 + XPyP +X672Yz +

(2.9)

rings of characteristic p. But the meaning should be clear, as we have all terms divided by
p are in fact congruent to zero modulo p over Z. Hence, we should interpret those terms as

the reduction modulo p after the division by p. For instance,

XD YD — (Xo+Yo)P "=

=Y Xy,
p i=1
where ¢; is the reduction modulo p of the integer —% (’;) fori=1,...,(p—1).

Also, observe that although
XE 4+ — (Xo+ Yol 20 (mod p?),

we have that

X2 Y — (Xo + Yo)P )
p<Xf+Y1p—<X1+Y1+ 0 + Y5 = (Xo+ ¥0) >>

p
+ Xg2 + Yop2 — (Xo+Yp)” =0 (mod p?),

and hence we should interpret Eq. accordingly. On section 4| we shall describe how we
can define (and compute) those terms without having to refer to computations in charac-
teristic zero, thus avoiding this clumsy notation.

One should observe that simply computing Sy can take a lot of time and memory. For
instance, for p = 31 the polynomial S5 has 152994 monomials! In MAGMA creating a ring
of Witt vectors of length 3, which computes the S; and P; for ¢ = 1,2, can take a long time.
The command “W:=WittRing(GF(31),3);”, which creates a ring of Witt vectors of length
3 over 31, takes about 150.31 seconds on a server with two 64 bit 3.2 gigahertz Inter Xeon
processors and 16 gigabytes of RAM. With the methods that we describe below, we can
compute the S1, So, P, and P, for p = 31 in 1.39 seconds on the same computer.

Before we proceed, we review a few more results about Witt vectors that shall be used
later on. Let k be a perfect field of characteristic p, where p is the same prime as used in

W™ above. Since k has characteristic p, it can be shown that W{(k) has characteristic 0



COMPUTATIONS WITH WITT VECTORS OF LENGTH 3 7

and p is represented by the Witt vector (0,1,0,0,...) of W(k), while p™ is represented by
the Witt vector that has 1 on its (n+1)-th coordinate and zeros in all others. This allows us
to deduce that, since k is perfect, saying that (ag, a1, ...) is congruent to (bg, b1, . . .) modulo
p" (or modulo the principal ideal generated by p™) is equivalent to saying that a; = b; for all
i €{0,1,...,n— 1}. Hence, we can represent the elements of the quotient of W(k) by the
principal ideal generated by p™ by vectors of length n in a unique way, i.e., we can identify
this quotient with the ring Witt vectors of length n, which we denote by W, (k).

Also, one can show that W(k) is a strict p-ring (as defined in [Ser79]) with residue field
k. (Hence, any perfect field of characteristic p is a residue field of a strict p-ring.) For
example, if ¢ = p” and if we denote by Z, the ring of integers of the unramified extension
of Q, of degree r, then we have Z, = W(F,).

Moreover, W(k) has a natural lift of the (p-th power) Frobenius ¢ of k defined by
o(ag,a1,...) = (o(ap),o(a1),...), and the group of units of W(k) is the set W(k)* =
{(ap,a1,...) € W(k) : ap # 0}.

Before we can make the isomorphism between Z, and W(F,) explicit (with Egs.
and below), we need the following definitions:

Definition 2.1. (1) We denote by 7 the reduction modulo p map, i.e., 7((ag,a1,...)) =

ap.

(2) Let a € k. Then, the Teichiller lift of a is the Witt vector 7(a) o (a,0,0,...).
(Hence, 7 is a section of 7 and when restricted to k* yields a group homomorphism.)

(3) We also define the Teichmiiller lift of polynomial over f € k[xg, yo] as the polynomial
7(f) € W(k)[x, y] obtained by applying the Teichmiiller lift to the coefficients of f.

(4) Define W(k)* e {(a0,0,0,...) € W(k) : ap € k}. (This is a multiplicative set.
E.g., if k = F,, than W(k)* is made of all (¢ — 1)-th roots of unity and zero.)

(5) Let a € W(k). Define & (a), for k € Z>, as the unique element of W(k)* such that
a =372 ,&(a)p®. (This is well defined since W(k) is a strict p-ring and W(k)* is
a complete set of representatives of k = W(k)/(p) in W(k).)

With the notation above, we have

a=Y"&(a)y’ = (r(&(a), m(€(a)) m(E(a)”, ...) (2.10)
k=0
and -
(ap,ai,...) = ZT(ak)l/pkpk. (2.11)
k=0

(Remember we are assuming that k is perfect.)
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3. THE GREENBERG TRANSFORM

In this section we briefly review the definition of the Greenberg transform. (See also
[Lan52] and [Gre61].) We will deal only with polynomials in two variables here in order to
make the notation and exposition simpler, but one can easily generalize the obtained results

for more variables.

Definition 3.1. Let f(x,y) € W(k)[x,y]. If we replace x and y by (zg,z1,...) and
(0,91, -..) seen as Witt vectors of unknowns, and expand the resulting expression us-
ing sums and products of Witt vectors, we obtain a Witt vector (fo, f1,...), with f; €
k[xo, ..., i, Yo, .- .,y;]. This resulting vector is called the Greenberg transform of f and
will be denoted by ¢(f).
Moreover, if
C/W(k) : f(z,y)=0,

we define the Greenberg transform 4 (C') of C to be the (infinite dimensional) variety over
k defined by the zeros of the coordinates of (f).

It is clear from the definition that there is a bijection between C(W(k)) and ¢(C)(k).

Also, we clearly have
G(x+y)=(5,5,...) and Y(x-y)=(P,P,...)

One can recursively compute the coordinates of the Greenberg transform using the fol-

lowing theorem:
Theorem 3.2. Let f(x,y) € W(k)[x,y]| and suppose that G(f) = (fo, f1,...). If

WO (foro  F)=F7 WD (2, .. xn), W (yo,...,y,)) (mod p"t) (3.1)

(with W) as in Eq. (2.1)) for some f; € W(k)[xo,...,Ti, Yg,---,Y,], then f; reduces to
fi modulo p.

Proof. First, we observe that if g; = f; (mod p) fori € {0,...,n}, then W (£,, ..., f,)
W (gy,...,g,) (mod p").

If f =a = (ao,a1,...) € W(k), then the theorem is true by Eq. (2.11]). Also, the theorem
is clearly true for f equal to either @ or y. So, it suffices to show that if the theorem is true
for f and g, then it is also true for their sum and product. But these follow from Egs.

and ([2.3)) respectively. O

Theorem [3.2] above allows us to compute the coordinates Greenberg transform recursively,

generalizing Eqgs. (2.2]) and (2.3).
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The algorithm described in [Fin02] to compute the second and third coordinates of the
canonical lifting of an ordinary elliptic curve starts by computing the Greenberg transform.
But this requires a lot of computer power when the coefficients are left as unknowns, and
that is exactly the problem we first encountered when trying to compute J(X) for p > 17.

Observe, on the other hand, that Lemma 8.1 from [Fin04], restated below as Proposi-
tion allows us to compute the second coordinate of ¥(f) directly, without using sums
and products of Witt vectors or the recursive method from Theorem In fact, although
simple in the case of the second coordinate, this was crucial to the proof of Theorem
Hence, we need to find an analogue for the the third coordinate. (This analogue is stated
as Theorem [6.1] below.)

4. AUXILIARY F'UNCTIONS

In this section we introduce auxiliary functions that will be used to compute sums and
products of Witt vectors. We will again let k be a perfect field of characteristic p > 0 and
use the notation introduced in Definition 2.1l

We shall use also the following terminology:

Definition 4.1. We say that two polynomials fi; and fs are disjoint if no monomial has
non-zero multiples appearing in both f; and fs. (In other words, if m is a monomial of fi,

there is no v # 0 such that am is a monomial of fa, and vice-versa.)

Definition 4.2. Given f = Z” a; jx'y’ € W(k)[z,y] and a positive integer n, define
n\ def noocn gon
F) < Zaﬁjxw 7"
i7j

Note that if f and g are disjoint, then (f —}—g)(pn) = f(pn) +g®"). For products we need
different requirements. If f, g, and f - g have exactly my, mo, and mims monomials of
distinct degrees, then (f - g)®") = FO g™,

Definition 4.3. Given f € W(k)[x, y], define
() _
o (f) ¥ x (W) :

Also, given f € klxg, yo], let f denote its Teichmiiller lift. Then, we define 11 (f) def 1(f).

We define 9 in the analogous way for polynomials in more variables.

The function 1; was introduced in Definition 2.6 of [Fin04]. As observed there, one can

easily compute 9 (f) without having to lift it: if f is a single monomial, then ¥;(f) = 0
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and if f = f1 + fo, where fi and fy are disjoint, then one can easily check that

p—1
Bl = )+ ) - 3 (p) o (4.1)

i=1
In particular, we have that S; = X7 + Y1 + ¢1(Xo + Yp).

This allows us to compute v (f) recursively, and in trying to speed up the computation
of 11, one could try writing f = f1 + fo where fs is a single monomial from f, which would
give us ¥1(f2) = 0 in the equation above, and hence we would not need to compute this
term. But in fact, the most efficient way is to actually split f as the sum of two polynomial
with about half of its monomials each, as the powers that show up in the summation are
taken from polynomials with less terms. Moreover, this approach allows the algorithm to
use multiple processors in parallel, by sending 11 (f1) and 91 (f2) to different processors.

Note that we have to interpret formula with care, as again we are in characteristic
p, while it seems that we are dividing by p. But obviously, for i = 1,...,(p — 1), we have
that (’Z’) is divisible by p. To avoid any further confusion of this sort, we introduce some

extra notation:
Definition 4.4. We define,
1
bing (i) & <“> ,

and (with p implicit)

Finally, we write binl()g)(i) © (biny (7).

Hence, for all i € Z we have wq(i) € Z, and if p does not divide i, we also have
bin, (i), biny: (i), bin (i) € Z.

Besides allowing us to compute Sj, the function 1; also can be used to compute the
second coordinate of the Greenberg transform without performing sums and products of

Witt vectors. More precisely, Lemma 8.1 from [Fin04] gives us:

Proposition 4.5. Let
flr,y) =) aijz'y’ € Wa(k)[w,yl,
1,7
and f(xo,y0) € klzo,yo] be its reduction modulo p. Then, if a;; = (aijo,a:j1), we have

that the second coordinate of the Greenberg transform of f is
(fuo)Px1 + (fyo)Py1 + Z ai i1 vg )+ 1(f),
4,3

where fr, and fy, denote the partial derivatives of f.
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As we shall see later, computing the Greenberg transform directly makes the process
much more efficient and uses much less memory. So, the initial goal is to obtain a similar
result for the third coordinate of the Greenberg transform.

We shall need a function vy similar to ¢, which we break down into a few auxiliary

functions to simplify the exposition.

Definition 4.6. Let f, f1, fo,... € k[zo, yo] and f, f1, fo,... € W(k)[x, y] be their respec-

tive Teichmiiller lifts. (Also remember that 7 denotes the reduction modulo p.) Define:

(1)

0(f1, f2.1) < O(F1, f2ri) 7 (fgp))i(fgp))p ik i ;

(5) Define

m(fi, f2) € — X}m ifif3

Inductively, define for n > 3,

Mt fo) S fot ot fo) Fm (oo fo).

We shall also define 7;(f) . (Note that

771(f1’ BRER) fn) = 1,[)1(X1 + Xn)|X1:f17---7Xn:fn )

where we compute ¥1(X1 + - - - + X,,) before evaluating X; at f;.)
(6) Finally, similarly to 71, we define

def

n2(froofn) = V2(Xa -+ Xo)lx, o Xuet -

One should observe that the p'’s appearing in the denominators above will not cause

problems with the reductions modulo p, as one can easily verify that the corresponding
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numerators are congruent to zero modulo p’. (This also follows from the recursive formulas

in the next section.)

5. COMPUTATIONS IN CHARACTERISTIC p

As we shall see in Theorem the function v appears in the computation of the third
coordinate of the Greenberg transform of a polynomial. But, computing 12(f) by lifting
f, as in the definition, can be quite demanding. Computations are greatly improved if one
stays in characteristic p. We now show how we can compute u(f), A(f), and o (f) without
having to lift f. The idea is the same as with 1, i.e., to use a recursion based on the

number of monomials.

Proposition 5.1. Let f € k[zo,yo]. If f has a single monomial, then u(f) = 0. If f has

two or more monomials, let f = f1 + fo, where f1 and fo are disjoint. Then,

u(f) = nlf) + pf2) — Z binye () {5~ +mep 0(f1, f2 ).
p{’z
Proof. Let f, f,, and f, be the Teichmiiller lifts of f, fi; and f2 respectively. Then,
observing that (’;;) = (7;) (mod p3) (see, for instance, Theorem 1 of [DW93]) and f, and

fo are disjoint, we have

(£ — ()

2

(f2 + £ — (fy + fo)P°

p? p?
INE A N D SR N P
P P 2\ )7
pti

p—1 p—1 pz ' y
(Jorrstr S ()oer
=1 =1

K3 K3

1

f(p) p_fp2 () p_fp P 1 (D% i op2—i
(/) >p2 e )p2 le2<i>f1fé’
i

p—1 (P)vi £®)\p p(p—1)
() PR o
i=1

Since all coeflicients are integers, reducing the equation modulo p gives us the desired

formula. O

Now, on to A:
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Proposition 5.2. Let f € k[zg,y0]. If f has a single monomial, then A\(f) = 0. If f has
two or more monomials, let f = fi1 + fa, where fi and fo are disjoint. Also, let
ef . — . _ . _
v (— biny, (1) f1 f5 L — bin,(2) f£ 15 2, — bin,(p — 1) ¥ 1f2> :

Then,
Af) = A(f1) + Af2) + m(r(f1)s 1 (f2)) + m((fr) + 1(f2)s m(f1s f2)
p—1 ‘ p—1
() + Y bin@ (@) fP £~ bing ()0(f1, fa,9)-
=1 =1

Proof. Let f, f1, and f, be the Teichmiiller lifts of f, f; and f; respectively. Then,
2 2 p
1 [f&” R it i O ((f%”) + £ = (1 + mp) ]

p p p

[f&?ﬂ) _ (fgp))p N fgp2) _ ( (2p))p B p—1 1 <p) (f(p) .
p p p

® _ gp ) ep L A
e ]

hR

; 1 2
-1 7 p—1i
X 1<p> (fﬁ”—f’f) ( $ - é’)
— P\ p p
1

p— (P) _ pp ® _ ep\* p—1 ‘ A
_2;@?) <f1 g f1+ 2 g f2> <_Z;<€')>ﬂlf§_z> ‘

=1

Now, the first bracket clearly reduces to A(f1) + A(f2), while the last two sums reduce to
m(1(f1),¥1(f2)) and i (¥1(f1) + U1 (f2), m(f1, f2))-
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S300) e
+1 —}zj (1) - (— : 14 fgfg—i)p] |

The first term then clearly reduces to
p—1
> binf () F7 £
i=1
So, to finish the proof we need to show that the second term reduces to

p—1
m(v) =Y bing(i)0(f1, f2,4)-
=1

But, if p # 2,

00 s (£100mn )

i=1
5 o)) (F (P = g
i \P\ p
1[ &1 i\ 1 i pp—i ’
SO ) - (Z0)ne)
i=1 =1

Reducing modulo p gives the desired result. For p = 2, this term is zero, which yields the
0

correct result in this case.

The previous propositions give the following immediate corollary:

Corollary 5.3. Let f € kl[zg,y0]. If f has a single monomial, then o(f) = 0. If f has

two or more monomials, let f = fi1 + fa, where fi and fo are disjoint. Also, let

o & (= piny (1) A1/ = biny ()25, ., = biny(p = )T o).
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Then,
Yao(f) = Ya(f1) + Y2 (f2) + m(¥1(f1), ¥1(f2)) +m(W1(f1) + ¥1(f2), m(f1, f2))

p2—1 p—1
. N rioep2—i . N pi —i
+m(v) — Z bin (i) f1f5 "+ Z blnf) (z)flpr(p i3
=1 =1
pti

One should observe that the optimal way to split f as fi + fo in this case depends on
the number of terms. Our experiments seem to indicate that if f has few elements, then
it is faster to take f; as one of the monomials of f, as then ¢s(f1) and 1 (¥1(f1), ¥1(f2))
are both automatically zero. On the other hand, if f has many terms, it is better again to
have fi; and fs have roughly half as many terms as f.

Now, using 11 and 72, we can compute So and P directly in characteristic p:

Proposition 5.4. Let S; and P; be the polynomials over F, that give sum and product of
Witt vectors in characteristic p (as in Egs. (2.6)) to (2.9) ). We have:

S1 = X1+ Y1+ m(Xo, o), (5.1)
P = XY + X, (5.2)
and
Sy = Xo + Yo+ m (X1, Y1) + m(X1 + Y1, m(Xo, Yo)) + m2(Xo, Yo), (5.3)
Py = XoV + XPYP + XU Yy + m (X, YE, XPV7). (5.4)

Proof. The first two formulas are immediate, observing that ¥ (X + Yp) = m(Xo, Yo).
Also, the fourth formula follows from Eq. (2.9) and the definition of 7;.
To prove formula (5.3)) we use formula (2.8). We shall consider

1
p<X{’+Yf’ <X1+Y1+

XE+YE - (Xo+ Yo)p>p> XY (X + Vo)
p p?

in characteristic 0 and show that it reduces modulo p to 11 (X1, Y1)+n1(X1+Y1, m1(Xo, Yo))+

n2(Xo, Yp). Since

p—1
m(X,Y) == bin, (i) XY~
=1
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(also in characteristic 0), we have that the above expression can be simplified as:

1 XU+ Y — (Xo+ Vo)
Z;(X{’+Y1p—(X1+Y1+771(X0,Yo))p)+ 2 pg( ot 1o
1
E(Xp—i-yp Xl“‘}/l) )+771 (X1—|—Y1,7’]1(X0,}/0))
L1 X 4yy - (X0+Yo) <X§+Yop—(Xo+Yo)p>p
p P
(X1, Y1) +m (X1 + Y1, m(Xo, Y0))
L (XE v - <X0+Y0> CXP Y - (xh Yy
p P
1 x5+ yf - (Xp+Yp) <X5+Yop—(Xo+Yo)p>p
p p
(X1, Y1) +m (X1 + Y1, m(Xo, Y0))
1 X”+Y”P—(XO+YO)
p
1<X6’ Y R (Xé’mp—(Xom)p)p)
p p P 7

which reduces to n1 (X1, Y1) + n1(X1 + Y1, m(Xo, Y0)) + u(Xo + Yo) + AM(Xo + Yp), yielding
the desired formula. n

It is worth mentioning that we also have

Py = XYy + XPYP + X2YP 4 Xav?
2 2 2 2
+ m (XY Yo, XoYI ) + m (XY Yo + XY, (XEY1, X1YY))
2 2
+m(XG Yo+ XoYF + m(XgY1, XaYY), XTYT) + ma(XGY1, XaYF). (5.5)

The proof is not too hard if one realizes that many terms similar to Eq. appear with
Xo, Yo, X1, and Y; replaced by X2V, X1Y?, X7V, and X,V? respectively. Then, the
same ideas that led Eq. to Eq. , with only a small manipulation involved, give us
Eq. (5.5). (The formula for S3 should be much more involved.)

6. THE THIRD COORDINATE OF THE GREENBERG TRANSFORM

We now give the formula for the third coordinate of the Greenberg transform of a poly-

nomial.



COMPUTATIONS WITH WITT VECTORS OF LENGTH 3 17

Theorem 6.1. Let f € W(k)|[x,y] be given by
.f(ma y) = Zai7jxiij

2%

with partial derivatives with respect to  and y

folmy) =) bialy’, and  f lzy)=> ciz'y,
i, i,

respectively. Also, let f be the reduction modulo p of f (and use subscripts xo and yo to

denote its partial derivatives), and
aij = (aij0,aij1,0i52) (mod p?),
bi; = (bij0,bij1,bij2) (mod p?),
cijj = (CijosCijascije) (mod p®).

Then, the third coordinate of the Greenberg transform of f is given by

p p

) ) o o
P P oD, P P . ip, gD P
zo®2 T Iy Y2 + E :bm,lmo Yo | Tt E cijarg uy |yl

4,J 1,J
2 2 2 2 9 2 o2
P .2p P P, P p?, 2p A% JP
+ (fa?o:vo/2> T+ Jroyo 1Yl T (fyoyo/z) Y1 + E a; 5.2 Yo

i7j

+ (P + o+ Y aigazd vl

0,J
+m (fEw1 + fhy + Za@-,j,lxé”yép,wl(f)) +12(f). (6.1)
4,J
Note that since for all n € Z we have that
n = (n,wa(n)) (mod p), (6.2)

(with wy as in Definition we obtain
bija = (i+1)f a1 ji+wa(i+1)ay, o, cijr = (G+1DPaijpa+wa(j+1)a] ;4,0 (6.3)

Also, observe that the formula does work for p = 2 if we interpret the division by 2 as an
abuse of notation with the natural meaning, i.e, if we consider the terms i(i — 1)/2 that

appear in the second order derivatives as the reduction modulo 2 of this integer.
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Proof of Theorem[0.1 Let f, be the Teichmiiller lift of f, a;;jx, b, and ¢ be the

Teichmiiller lifts of a; j x, b; ;1 and ¢; j . respectively, and

(p) fp
i,j ]

Hence, by Proposition fo and f; reduce the first two coordinates of the Greenberg
transform of f.

Thus, by Theorem [3.2] it suffices to show that

def 1 2
2= = [f” (wo + paf + p? wz,yo +py} +p°ys) — f5 —pfh

is in W(k)|[xo, €1, 2, Yo, Y1, Y2] and reduces to Eq. (6.1) modulo p.

To simplify the notation, let g def f" Then, using Taylor expansion, we obtain

2 2

2 2
g(xh +pxt + pPxo,yf +pyl +p*y,) = g(xh ,yh)

2 2 2 2 1 2 2
+ G (20, 4G ) (P + P 22) + 9y, (2, Y0 ) (PYY + P*Y2) + G (%0 - 45 ) (p2)”

2 1 2 2

2
+ Gy, (20 U0 ) P)) (YY) + Gy, (0 4G )y (mod p?).

2
By Eq. 2.11)), a;; = a; 0 +pazép1 +p alép2 (mod p?), and hence, 0%(a; ;) = aﬁj’o +
pai’j’1 + p?a; ;2 (mod p?). Then, we have that

2 2 2 2 2 I o g
9=ty ) = £ (@, y0 ) +pY_alixg w +9° ) aijexy vy’ (mod p?).
7 —
Now, since o is a homomorphism which fixes Z, we have that ( f"z)mo = ( fmo)"2 and
2 2
(£ )yo = (Fy,)""- Thus,
in2 2 2
9o 1’0 vyo Z 0930 yo +sz€,j,1i”6p yy”  (mod p?)

and

Gy, mo ayo Z ijO yo —|—pz glwo yo (mod p?).
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Therefore,

o= [fo (movy()) f{ﬂ

1
p?

1 L9 .2 2 L9 .2
p_ip® gp ip?, ip P gp
“‘]; E :a’i,j,lm(] Yo + E :b?,j,owo v | =l + E omo yo Yy — f1
i,7 i,J
-2 -2 2 -2 -2
P D ip?, ip P
+ E aijoxg Yy + E B oxd Yy | 2+ E :szlmO yo Ty

2 N 2 2 1 2

S el sl” vt (ool ) o+ Lo i)
2 2 1 2 2. 9

+ Gaoy, (T0 Y0 )TIYL + 59y, (€0 » Yo Jyi”  (mod p), (6.4)

where the congruence sign means that the difference between the left hand and right hand
sides is in pW(k)[xo, 1, T2, Yo, Y1, Ya). Now, clearly, the last three lines of Eq. (6.4]) reduce
modulo p to the first two lines of Eq. (6.1)).

If, again to simplify notation, we let

ip, Jp ip, Jp ip, Jp
E :b 57,00 Yo | T1+ E : i.5,0C0 Yo | Y1 T E a;j1Ty Yy
ihj

then we can rewrite the first two lines of the right hand side of Eq. (6.4) as

h® — [ h+ M ’

p
A (a0 e S ()
B p? P p i p ;p b

Now, using Definition [4.6} it is clear that the expression above is in W(k)|[zo, @1, Z2, Yo, Y1, Yo

2 2
it (.
72+7

p p

and reduces to

Va(f) + 1 (fy 21 + y1+zaz,glxoyo +m (L + iy + ) aigazgd vy’ vi(f)
ij

modulo p, concluding the proof. ]

7. COMPLEXITY ANALYSIS

We now give a brief analysis of the complexity of the new method to compute the Green-

berg transform of a polynomial. Some explicit comparisons are made in Section
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The main difficulty here is that the complexity is based on the number of (non-zero)
terms of the polynomial, and it is difficult to give precise bounds for this number after a
few operations.

We will consider that the polynomials are stored as sparse, i.e., the zero terms are not
stored and do not affect the number of operations. Furthermore, we will disregard the
additions of the degrees of the variables when counting operations, i.e., the multiplication
of two monomials will be counted as a single operation.

Then, if f; and fy are polynomials of n; and ns terms respectively, then the product
f1 - f2 requires ning products and (ning — 1) sums, and so O(ning) operations on the base
ring. The largest possible number of terms for fi - fs is nins. In particular, for k € Z~g,
we have that ff requires O(n¥) operations and has at most n% terms. In fact, it is easy to
prove that it will have necessarily less terms than that, but in the worst case scenario it
would still have O(n¥) terms. On the other hand, if f; is a polynomial of degree (ny — 1)
in one variable, it would have at most (kn; — k + 1) terms, which in general is considerably
less than nf.

We now look at the complexity of computing Zf:_ll biny, (i) fi 5 ~'. We need, in the worst
case, O(nffl) operations to compute the f2, ..., flpfl. Let’s assume that n; < ng. Then,
we need at most O(nlng_l) operations to compute the products fif£~*, and p operations
to sum, yielding O(n;n5 ') operations total.

Now, let N1(f) be the number of operations performed in computing 1 (f), where f has
n terms. Then, by Eq. (1)), we have that N1(f) = N1(f1) + Ni(f2) + O(nlngfl), where
f = fi+ fo and n = n; + ny. (We shall keep this notation through out this section.)
Although in practice it seems that it is best to take n; and ng as approximately n/2,
the number of operations is always O(n?). Of course, in this case the operations are in
characteristic p, i.e., in k. Observe that to compute 1 (f) by lifting it (as in Definition {4.3])
requires O(nP) operations in (a ring of) characteristic p?, i.e., in Wa(k).

We now look at terms that appear in Corollary so that we can then analyze 1o(f).
We start with n;(v). Let v = (g1,...,9%) and assume that g; has m; monomials with
m; < mg < --- < my, and let m = my + --- + my. Now, partition the indices {1,...,k}
into two (disjoint) subsets and let hy and hg be the sums of the g;’s with respect to these
two subsets. (Hence, hy + ho = g1 + -+ + gr.) After possible reordering, we can assume
hi=g1+---+gr and ho = g1+ - -+ gx. Let [; be the number of terms of h;, and assume
1 < 3. In the worst case, we have that 1 +1ls = m. So, if Na(v) is the number of operations

necessary to compute 71 (v), then, since

m) =mgis--,9r) +m(Grs1, - 96) +mlgr + -+ gy Gr1 + - + Gi)s
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we have that No(v) = Na(g1, .-, 9r) + Na(gri1s - gr) +O(L1IE™1). As before, this gives us
O(mP) operations. Hence, if k = (p — 1) and ¢; = ffo(p_i), with f, n, f;, and n; as above,
and if n; and ny are approximately n/2 again, then we have that 7;(v) requires O(nP”)
operations.

Now, let g; def ¥1(fi), for i = 1,2. As observed, we have that the number of terms of g;,
say m; with my < mg, is O(n?). So, n1(g1, g2) requires O(mlmg_l) operations. If ny and
ng are again approximately n/2, we need at most O(np2) operations to compute 71 (g1, g2)-

To compute n1(g1 + g2, m(f1, f2)), with the g;’s as above, we have that g; + g2 and
m(f1, f2) will have O(nP) terms, requiring then O(n?”) operations.

Finally, computing

p*-1 p—1
S binge(@)fif T and > bin@ (i) P
i=1 i=1
ol

require O(nPQ) and O(n?) operations respectively. (Note that if f has n terms, computing
fP requires at most O(n(p—1)), even without using successive squaring.) Hence, computing
Ya(f) requires O(nP”) operations.

Thus, by Eq. (6.1), we have that computing the Greenberg transform of f when its

reduction modulo p, say f, has n terms and f itself has less that nP terms, takes O(nPQ)
operations in k. Computing using Eq. (6.4) takes O(n?”) operations in W(k).

8. PERFORMANCE IMPROVEMENTS

We show some concrete the improvements in processing and memory usage obtained from
the results in the previous sections. All the tests were performed on a Dell Precision 690
server with two dual-core 64 bit 3.2 gigahertz Inter Xeon processors, 16 gigabytes of RAM,
and 8 gigabytes of swap, running Fedora Core 11 (GNU/Linux) with kernel 2.6.30. Also,
we used the softwares MAGMA (version 2.16-1) and Sage (version 4.3) in the tests. Most

of the files used to run the tests described in here can be found, at the time of writing, at
http://www.math.utk.edu/ "finotti/comp/.

Note that neither MAGMA nor Sage takes advantage of the four cores available when
processing the computations (a single core is used), which could speed up the computations
even further, as observed before. (It should be mentioned that those softwares might make
it possible to use more than one core, but if so, the author is unfamiliar with the proper
methods.)

We start by the computations of the polynomials S; and S5 for various primes p. The

computations of P, and P, are, relatively speaking, much faster, enough for them to be
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TABLE 8.1. Time and memory usage on computation of S; and Se in MAGMA.

LUIS R. A. FINOTTI

char. || t; (sec) | ta (sec) | mi (MB) | me (MB)
23 5.589 0.590 26.06 11.96
31 56.100 1.389 68.72 18.38
41 638.029 4.259 210.56 57.80
53 || 8560.129 | 14.160 545.75 81.75
71 —— 59.810 —— 240.28
101 —— 363.689 —— 964.91
151 —— 3010.380 —— 4810.53

TABLE 8.2. Time and memory usage on computation of S; and S in Sage.

char. || t1 (sec) | t2 (sec) | m1 (MB) | ma (MB)
23 211.64 0.57 53.16 4.0
31 || 3450.87 | 1.17 115.40 10.5
41 —— 2.99 —— 25.0
53 —— 8.54 —— 63.0
71 —— 31.53 —— 197.5
101 —— 170.04 —— 808.22
151 - 1266.82 - 4032.82

considered irrelevant in comparison. (While P> needs O(p) computations in either F, or
W3(Fp) & Z/p*Z, depending on the method used, Sz needs O(pP) computations over the
same ring.) Tables and show the time and memory usage to compute these polyno-
mials, in MAGMA and Sage respectively, in two different ways:

(1) Using formulas and to expand the p - S; and p? - Sy in polynomial rings
over Z/p*Z and Z/p37 respectively (instead of Z), dividing the results by p and p?
respectively, and finally reducing modulo p. The time taken in seconds is denoted
by t1 in Tables and while the memory usage in megabytes is denoted by
mq. (This method is already considerably more efficient than creating a ring of

Witt vectors using MAGMA'’s built in function. Judging by the comparable times

produced in tests, it seems that MAGMA performs the operations above over Z.)

Using Proposition and computing 77 and 72 using recursion (as in Corollary.

The time taken in seconds is denoted by t5 in Tables and while the memory

usage in megabytes is denoted by mso.

As one can see, the first method is not very efficient in Sage, to the point that we did not
bother in even computing many of the values of t; and m;. On the other hand, one can see
that Sage is more efficient with the second method.

In any event, Tables and show considerable improvements in both time and

memory usage with the second method. Moreover, it should be observed that one can
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TABLE 8.3. Average times to sum two Witt vectors of length 3 in MAGMA.

Field || evaluating S; and Sy | recursive method
Fiq1s 0.017 sec. 0.004 sec.
Fi37 0.125 sec. 0.014 sec.
Fos10 0.709 sec. 0.058 sec.
F 434 3.475 sec. 0.847 sec.
Fx34 8.489 sec. 2.428 sec.
Fea 15.413 sec. 5.055 sec.
Fg120 2027.190 sec. 85.779 sec.

TABLE 8.4. Average times to sum two Witt vectors of length 3 in Sage.

Field || evaluating S and .Ss | recursive method
Fiq15 4.188 sec. 0.282 sec.
Fy37 5.192 sec. 0.271 sec.
Fos10 88.346 sec. 1.167 sec.
Fy34 782.754 sec. 3.111 sec.
Fy34 1959.466 sec. 4.953 sec.
Fgq4 3509.918 sec. 6.992 sec.
Fyg120 —— 61.317 sec.

use Proposition [5.4] and the recursive computations of n; and 7y to perform sums and
products of Witt vectors without computing (and storing in memory) the potentially large
polynomials S; and P; (for ¢ = 1,2). This also often yield considerable improvements when
computing sums and products of Witt vectors over finite fields. As the fields get larger,
computing sums and products this way outperforms the traditional way of evaluating the
polynomials S; and P;, even though both require O(p?) operations in the finite field. For
instance, in MAGMA, while over W(F3;4) the recursive method computes sums in 0.280
seconds (on average), in this situation evaluating S and S computes sums in 0.083 seconds.
But, for W(F3;5) the recursive method computes (on average) sums in 0.359 seconds, while
evaluating 57 and Sy computes sums in 5.090 seconds. In Sage the second method is already
much more efficient over F3;4. It takes in average 1.600 seconds, while evaluation takes in
average 192.681 seconds.

Note that those times do not take into account the extra time needed to compute S;
and Sy, which will also use more memory. Tables [8.3] and show average times to sum
two vectors over a finite field using these two methods for some relatively large finite fields
in MAGMA and Sage respectively. We computed the times using a few random elements
(between 7 and 20, depending on the size of the field), but the individual times don’t seem

vary much at all from the average shown above.
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TABLE 8.5. Time and memory usage on the computation of the Greenberg
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transform of quadratic polynomial in MAGMA.

char. || 1 (sec) | to (sec) | t3 (sec) | mi (MB) | ma (MB) | ms (MB)
7 0.420 0.410 0.360 11.57 11.28 10.31
11 9.730 4.570 1.909 130.62 107.69 36.38
13 39.929 | 20.800 7.730 520.12 383.88 94.28
17 || 758.480 | 262.910 | 74.620 4647.69 | 3032.72 529.75
19 —— 988.269 | 187.659 —— 7208.94 | 1124.44
23 —— —— 1086.250 —— —— 4185.97

As one can see, Sage is much less efficient than MAGMA especially with the first method.
But still, one can see a great improvement with the second method. (It seems that MAGMA
is just much faster performing computations with finite fields, at least at the time of writing.)

Finally we look at computations of Greenberg transform of polynomials with coefficients
in rings of Witt vectors over rational function fields, similarly to what is done when com-
puting generic formulas for the canonical liftings. (As mentioned before, we computed J;’s
initially using these general formulas.)

First, we consider a quadratic polynomial
x® + (ag, a1, az)x + (bo, b1, bs)

over W(F,(ao, a1, az, by, b1, b)), where the a;’s and b;’s are taken to be algebraically inde-
pendent transcendental elements over F,. We computed the Greenberg transform in three

different ways:

(1) computing S; and P; (with the faster method described above) for i = 1,2, and
expanding the expression;

(2) computing sums and products of Witt vectors using recursions, as done above;
(3) using the formula given by Theorem

Tables and shows the time taken in seconds and memory usage in megabytes for
different p in MAGMA and Sage, respectively, with these three different methods. These
are denoted by t1, t9, and t3, and mq, meo, and mg respectively.

Also, one can see that although MAGMA is more efficient with respect to time with the
first two methods, Sage is more efficient with the third (and best) method. (It is also more
efficient with respect to memory in all tests.)

Note that for p = 23, the third coordinate of the Greenberg transform is a polynomial in
nine variables, namely the z;’s, a;’s, and b;’s, and has 65553940 terms.

As a second example, we look at the case of a cubic:

x> + (ag, a1, az)x? + (bo, b1, ba)x + (co, c1, c2)



TABLE 8.6. Time and memory usage on the computation of the Greenberg
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transform of quadratic polynomial in Sage.

char. || t; (sec) | t2 (sec) | t3 (sec) || m1 (MB) | ma (MB) | ms (MB)
7 0.89 0.31 0.29 4.82 5.32 4.32
11 117.84 7.96 1.22 50.32 70.82 27.32
13 833.49 40.47 3.64 153.32 217.82 78.32
17 || 15559.63 | 668.95 | 49.43 922.63 1354.32 458.82
19 —— 2092.06 | 142.43 — 2907.32 976.32
23 —— —— 633.81 —— —— 3570.12

TABLE 8.7. Time and memory usage on the computation of the Greenberg

transform of cubic polynomial in MAGMA.

char. || t1 (sec) | ta (sec) | t3 (sec) || m1 (MB) | mg (MB) | mg (MB)
) 0.420 0.410 0.370 11.53 13.6 10.62
7 5.490 4.150 1.810 94.12 90.50 44.44
11 || 2517.389 | 987.440 | 240.849 || 8380.22 | 7209.50 | 2110.59
13 —— —— 2579.769 —— —— 10516.19

TABLE 8.8. Time and memory usage on the computation of the Greenberg

transform of cubic polynomial in Sage.

char. || t; (sec) | t2 (sec) | t3 (sec) || mi (MB) | ma (MB) | ms (MB)
) 0.50 0.32 0.29 5.82 6.82 4.82
7 27.48 6.69 1.30 65.82 72.82 33.82
11 10265.87 | 2211.73 | 196.01 3566.32 4999.32 1721.82
13 —— —— 1368.54 —— —— 8416.57
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over W(Fy(ao, a1, az, by, b1, b2, co, c1,¢2)). Tables and show the times and memory
usage obtained when using the same three methods described above with MAGMA and
Sage, respectively.

It is also worth observing that ¢; > to > t3 in MAGMA and Sage in all cases, with some
significant improvement. But while in MAGMA we always have m; > mgy > mg, with Sage
we have that mo > mq > ms.

Note that the third coordinate of the Greenberg transform is a polynomial in twelve
variables with 153065983 terms!

9. THE FUNCTION Js

Finally, we return to the question about the nature of Jo. We shall use the same ideas
that gave us Theorem [1.3|to find a simplified formula for J, which also allows us to compute

it in an efficient way. More precisely:
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Theorem 9.1. Let ®,(X,Y) € Z[X,Y] be the modular polynomial and suppose that over
Ws(F,) we have
= ai; XY, (Bp)x =) bi;XV,  and (Bp)y =) ¢ XV,
ij i3 2%
respectively, with a;; = (ai7j70, Aq5.15-- .), b@j = (bi,j,()v bi,j,la .. .), Cij = (Ci7j70, Cijly-- )
Also, let f(Xo,Yy) denote the reduction modulo p of ®, and
def i j
9(X0, Y0, Y1) = 01 (Y] = Xo)Y1i + Y aijn X'YP).
/L‘?j

Then, g(X, XP?, J1(X)P) is a p-power and

—1

JQ(X) = (sz _ X)p

S biga XTI R (X) 4 [ D e X (X

] 0]

—JUXP N a0 X 4 g(X, XP i(X)P) VP L (9.1)
i7j
(Note that when computing g, we first expand 1 (Y — Xo)PY1+ ai,j71XépY()jp), and then
evaluate it, instead of first evaluating (Y} — Xo)PY1 + ZaiijlXépYij and then computing
Y1)

Proof. By Theorem 3 of [LST64], we have that
Oy((Jos 1 (TP )) =0, (9.2

Also, Kronecker’s congruence relation tells us that f = (Xo — Y7 )(X{ — Yo).

As observed in [Finl0], this gives us that ¢y (f) when evaluated at (jo, j5) yields zero. In a
similar way, we also have that 1 (f) is zero when evaluated at (jo, ). Indeed, we have that
the Teichmiiller lift of f is f % (X —V?)(X?—Y). Note that f® = (X? —Y?*)(X?° —YP),

and let (XP° — YP) = (X? —Y)-g. Then, u(f) is the reduction modulo p of

2

(XP — YP)P(XP* — YP)P — (X — YP)P*(XP —Y)P
2

(XP —YP)P(XP - Y)PlgP — (X — YP)P*(XP — Y )P~
2 )
p

(X7 - Y)

and hence u(f)(jo,j5) = 0. In a similar manner it is easy to show that A(f)(jo,78) = 0,
and hence ¥s(f)(jo, 75) = 0.

This already reasonably simplifies to computations of Jo, as the last two terms of Eq.
in the case of f = ®,, which are the most demanding in terms of computer power, are

irrelevant to the computation of Jo, and hence can be dropped.
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Moreover, note that fx, = (X} — Yp) and fy, = (Y — Xo), and so the term
DL (R, X1+ oY1+ aija XFYEP)
1]
in Eq. (6.1 gives us

Gr((XF = Yo) X + (V) = Xo)'Vi + D aija Xi7YG").
1,J
Letting f1 & (X (XP —Yp)P X, and fo def (Yo = Xo)PY1+2, ;1 XPYIP, Bq. gives that
Y1(f1 + f2) (o, dg) = ¥1(f2) (o, 4> as f1 and fp are O'IISJOIHt and ¥1(f1)(jo, jg) = 0 (Which
can be seen with a computation in characteristic zero similar to the one above), which also
somewhat simplifies the computation of Js. So, applying Theorem with f = ®,, we
have:
P P

XY = g | b | R0 (e | iy

2

SBT3 X (XX RO | (93)
Z'7j
with ¢g(Xo, Yp, Y1) as in the statement.
Observe that since J2(X) € F,(X), we must have that g(X, X?, J?) is a p-th power in
F,(X), and the theorem follows. O

Remark 9.2. It should be observed that when using Theorem to compute Jo, the only
demanding piece is the computation of g(X, X?, J;(X)?) (assuming we have ®,,).

To make the computation more efficient, it is better to avoid first computing g( X, Yo, Y1)
and then evaluating the result at (X, X?, J), and instead evaluate at (X, X?,JV) as we
perform the necessary recursion. More precisely, define 1@1( f(Xo, Yo, Y1)) o if fis a

monomial, and if f = f; + fo, where f; and f5 are disjoint, then define
1(f) = 1(f1) + P (fa) mep )1 (X, XP, D) fo( X, X7, JE)P

This gives us
g(X, X7, JY) = P (Y = Xo)'Y1 + > aijun XFYEP),
1,3
and since this computation essentially uses rational functions on one variable, it is much

more efficient than computing g(Xo, Y, Y1) and then evaluate it at (X, X7, J7).
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With this method we were able to compute J2(X) for p < 37. The results can be found
at http://www.math.utk.edu/ finotti/can_lifts/. The formulas allowed us to obtain

the following conjecture:

Conjecture 9.3. Let p > 5 and

def ssp(X)

Sp(X) = X3(X — 1728)¢

where ssp(X) is the supersingular polynomial (as in, for instance, [Fin09]),

det J 0, fp=1 (mod 4); det ] 0, fp=1 (mod 6);
d = and € =
1, ifp=3 (mod4), 1, ifp=5 (mod 6).
(Hence, Sp(X) € Fp[X], and Sy(0), Sp(1728) # 0. See, for instance, [Fin09].) Then,

F(X)
(X — 1728)P35,(X)2+1"

where F(X) € F,[X] and satisfies the following conditions:
(1) (F(X),(X —1728)°S,(X)) = 1;
(2) F(X) has a zero of order (2| (p—1)/6] +1)p at X = 0.

Jo(X) = (9.4)

(A lower bound of the order of zero at X =0 of F and an upper bound for its degree is
given in Theorem [9.6 below.)

Although not as precise as the conjecture, a few results on Jy(X) can be derived from
Eq. . It should be observed that the main difficulty in proving the conjecture lies on
obtaining information on the term ) a; j2X P+iP® from Eq. . In fact, the results on
>~ ai j1 X TP (which is in fact equal to Hp(X)) from Kaneko and Zagier in [KZ98], obtained
by analytic methods, allowed us to prove Theorems and (In [Finl0] a different proof,

more computational and algebraic in nature, is also given.) We do have the following:

Proposition 9.4. Let p > 5, v, denote the valuation at p, ®,(X,Y) = Zaivain be the
modular polynomial, r o |(2p+1)/3], and s o (2l(p—1)/6] +1). Then:

(1) Ifp=1 (mod 6), then app = aip = 0.

(2) agi,aip =0 (mod p?) fori € {0,...,7}. In particular, with the notation of The-
orem we have that a; 01 = ag;1 = 0 fori € {0,...,7}, bio1 = coi1 = 0 for
ie€{0,...,r—1}.

(3) vplaip) >3 forie0,....s, i.e, ajp2=0 fori €{0,...,s}.

Before proving the first item of the Proposition, we need to introduce a little notation.

Let K be a quadratic imaginary field, zg € K with imaginary part positive, I' =/ + 20Z,
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and O & {ao € K : o' CT'}. We say that a € O is primitive if a ¢ nO for any n € Z>.
We say that a, € O are equivalent if a/3 € O*. Then, here is Theorem 10.11 of [Lan86]:

Theorem 9.5 (Kronecker). Let zp, I', and O be as above, and j(z) be the modular function.
Then, the multiplicity of j(z0) as a root of ®,,,(X, X) is equal to the number of primitive

O-equivalence classes of a € O such that N(a) = m.

Proof of Proposition[9.]. We start with item Since p = 1 (mod 6), we have that 0 is
ordinary. (This is well known. See, for instance, [Fin09].) Then, since in this case the
canonical lifting of the elliptic curve given by jo = 0 is the curve with 5 = 0 = (0,0,...),
we have that 0 = ®,((0,0,...),(07,07,...)) = ®,(0,0) = app. Hence, 0 = j(p), where
p o e?™/3 is a root of (X, X).

Since @, (X, X) = ap0+2a10X + - -, where the omitted terms have degree greater than
one, it suffices to show now that 0 is zero of order at least two.

We will apply Theorem with z9 = p, K = Q[p], and m = p. In this case, we have
O = Og = Z[p], where O is the ring of integers of K. Indeed, we always have that O C O,
and clearly in this case I' = Q. Also, since we are taking m = p prime, any o € O such
that N(«) = p is automatically primitive.

Since, j(p) = 0 is a root of ®,(X, X), there exists & € O such that N(a) = p. Then,
clearly N(@) = p. So, by Theorem [9.5] it suffices to show that a/a ¢ O = Z[p].

Let a = a + bp, with a,b € Z. Then

2 (@217 | b(2a+b
o (@) b2otb)

p p p

Qe

A simple elementary analysis shows then that if a/a € Z[p|, then a,b = 0 (mod p), which
is a contradiction.

We now look at item [2| This is basically a corollary of Theorems and (In fact,
this can be deduced directly from the results of [KZ98].)

First, we have that Kronecker’s congruence relation tells us that a;o,a0; = 0 (mod p)
for i € {0,...,p}. Now, observe that by Theorems and we have that H,(X) has a
zero at X = 0 of order (r + 1). Thus, since (r + 1) < p, we obtain

1
Hy(X) = —®y(X, XP) = 200 L B0y ¢y Bl xmit
p p p p

where all omitted terms have degrees larger than (r + 1). Therefore, we must then have
that a;0 = 0 (mod p?) for i € {0,...,r}, and by the symmetry of ®,, we also have that
ap; =0 (mod p?) for i € {0,...,r}. The second part of this item then follows immediately.
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We now prove item [3] This result was conjectured by the author and the following proof
was then given by A. V. Sutherland. The idea is to work with the third roots of the j-
invariants, as proposed by Atkin, which yields the much simpler polynomial, which we shall
denote by ¥, (X,Y), and satisfies ¥, (j1/3, (j/)1/3) = 0 if the elliptic curves associated to j
and j’ have an isogeny of degree p. (See, for instance, [EIk98|]. The notation used in this
reference for ¥, is <I>1(,3), but we shall avoid it to not cause any confusion with Deﬁnition)

This polynomial also satisfies:
D, (X3, Y3) = U\ (X, V)0, (X, wY)T,(X,w?Y), (9.5)
where w % /3, (This is Eq. (23) of [EIk98].) This clearly implies that
(X7, 0) = (¥, (X, 0))° (96)
and, by Kronecker’s relation,
T,(X,0) = XP™ (mod p) (9.7)

(as ®,(X,0) = XP*! (mod p)). Then, Eq. implies that all coefficients of W, (X,0)
are divisible by p, except for the coefficient of XP*!. Thus, by Eq. , we have that
vp(ajp) > 3 for all i < (p+ 1)/3. This suffices for the proof in the case of p =2 (mod 3).
If p=1 (mod 3), then we have that agg = ag,1 = 0 by item [1, Then, Eq. implies
that the coefficients of degree less than or equal to one of ¥,(X,0) must also be equal to
zero. This implies that the term of degree (p + 2)/3 of ®,(X,0) must also be divisible by
p3, which finishes the proof. O

With Proposition [9.4] we can now prove the main theorem of this section:

Theorem 9.6. Let p > 5 and
Jo(X)=F(X)/G(X), with F,G € Fp[X] and (F,G) =1,

Sp(X) as in Conjecture and suppose that the modular polynomial is given by ®,(X,Y) =
> a; j X'Y7. We have:

(1)

22 ifp=31,
deg F' — deg G = b fp

p*—1, ifp#3L

(2) F (and hence J2) has a zero at 0 of order greater than or equal to sp, where s o
(2(p—1)/6|+1). In particular, if 0 & k°9, then it yields a pseudo-canonical lifting

modulo p® with j-invariant (0,0,0).
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(3) G(X) = Sp(X)?HG (X)), where G1(X) | (X — 1728)°P (with § as in Congjec-
ture[9.5). (Hence G is known if § =0, i.e., if p=1 (mod 4)).
(4)
p* =2+ (2p+ 1) deg Sp(X) +pd, if p =31,
p? — 1+ (2p+ 1)deg Sp(X) +pd, if p# 31.
(Note that deg Sp(X) = [(p—1)/4] — [(p — 1)/6]. See, for instance, [Fin09].)

deg F' <

Proof. All items follow from the proper analysis Eq. (9.1), which we reproduce here for

quicker reference:

—1

Jo(X) = (X7 X

Z bij1 XPHP | (X)) + Z Ciji XPHP | g (X)P

Z’?j i?]

NP+ a2 XPHP 4 (X, XP, Ty (X)P)HP
i,j
To prove item [1], it suffices to show that the order of the pole of Jy at infinity is either
p?—1 or p? —2, which shall be done my checking the order of poles of the terms of Eq. .
We know from Theorem that J1(X) = }_IP(X)/(XI’2 — X). Assume that p # 31, i.e.,
that p doesn’t divide 744. As observed in [dS94], we then have that deg H, = p? +p — 1,
and hence J; has a pole of order p — 1 at infinity in this case.

Also, one can easily deduced from the degrees that appear in ®, that
deg(®p)x (X, XP) < P +p—1 and deg(®p)y (X, XP) < %,
and hence the polynomials
ZbiijlXipsz and ZCMJX”’HPQ
.3 i3
from Eq. have degrees less than or equal to p® + p? — p and p® respectively. In the

same way we see that

c02 1 i3
deg | Y a;jp X P | < pt 4 pt.
i’j
On the other hand, since

O,(X,Y) = XPHL 4 yPHt _ XPYP 4 ... (9.8)

(for instance, use Theorem 5.3 of [Lan86|] together with Kronecker’s congruence relation)

we have that a,,2 = agp11,2 = 0, and hence deg(> ai,nginHpS) <pt+4p3 —pi
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Moreover, Eq. gives us that the coefficient of XP~1Y? in (®,)x is —p = (0,—1)
(mod p?), and thus we have that deg(> bi,j,lXipsz) =p?+p? —p.

Finally, observe that the order of the pole of g(X, X?, JV) is strictly less than the order
of the pole of

(X7 = XP T+ D asu XPHPP = (X7 — XY+ (Hy(X))PTP.
2%

With these observations on the degrees (and order of poles) of the terms of Eq. , one
can see that if p # 31, then the order of the pole of J, is indeed p? — 1.

The case p = 31 follows from the same analysis observing only that the order of the pole
of Ji in this case is p — 2.

For item [2, we look at the order of the zeros of the terms in Eq. at X = 0.

We have, by itemof Proposition that the term ) ci,jle"pﬂpQ in Eq. has zero
of order at least p, Y b; j1X ip+ir? has a zero of order at least 7p, and SaijeX P+iP” has a
zero of order at least (s + 1)p.

We now look at the term g(X, X?, JP). Using the recursion of ¢ (as in Remark[9.2)), we

have

g(X, X, JP) = (Y = Xo)'Y1 + ) aiju X VEP)

2
2 ~ 2 ~ i i
= P51 = XD + 1 (3 @i XPY§?)
p—1
=3 " biny () (JP(XP — XP))'H,(XP)P~
t=1

Clearly, by Theorems and [I.3] the first and last summand have zeros of order at least
rp? and (r + 1)p? respectively. For the second summand, since ago1 = =ar1 =0 (by
item [2| of Proposition [9.4)), we obtain

5 (Tansasd?) = 5 (S| exed, (5 agprndr e

j>1 i>r1

p—1 t p—t
_ x(r+1)p? Z bin,, () XPHP—=1) Z %ﬂXier(j—l)zu2 Z ;01 X ET0P

t=1 j>1 i>r+1

Thus, this term has a zero of order at least (r + 1)p?, and we have that g(X, X?, J) has a
zero of order greater than rp?.

Hence, since Zai7j72Xip+jp2 has a zero of order at least (s + 1)p, and s < (r — 1), by
Eq. we have that Jo has a zero of order at least sp, which finishes the proof of item
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We now prove item [3] By the nature of Jz, we know that Jo is regular at all ordinary
values of jo. Hence, the zeros of G, which correspond to poles of Jo, have to be among the
supersingular values.

Now, by Theorems [1.2] and we can write Ji(X) = F1(X)/Sp(X), with Fy € Fp[X]
and (Fy,Sp) = 1. Using then Eq. (9.1)), we obtain that G(X) | (XP* — X)P . S, (X)PTL,
But since G has only supersingular values as its zeros, we obtain that G | ssh - Sg“ =
XP(X —1728)%P. Sgpﬂ. (Remember that ss, | (X?* — X). See , for instance Theorem V.3.1
of [Sil85].)

To show that Sgpﬂ | G, it suffices to show that if S,(a)) = 0, then « is a pole of order
2p + 1 of Jo. But this follows again from Eq. , as the term Jf“ has a pole of order
p + 1 at such «a, while all other terms inside the brackets have poles of smaller order.

Finally, since by item [2| we have that X t G, the result follows.

Item [] now follows immediately from items [I] and [3] O

Note that the proof of item [2 allows us to reformulate the second item of Conjecture 9.3

in the following way:
Conjecture 9.7. With the notation of Pmposition we have that vy(ast1,0) = 2.

The pattern from this conjecture was observed by the author using the formulas for the
modular polynomials ®,(X,Y") for p < 353 computed by M. Rubinstein, which are available

at
http://www.math.uwaterloo.ca/ mrubinst/modularpolynomials/phi_1.html
Later, A. V. Sutherland, using methods from [BLS10], was able to verify it for p < 2500.

(He also observed that his methods would actually allow him go much further.)
In conclusion, regarding pseudo-canonical liftings, Theorem above gives us:
(1) Jo(X) always has a zero of order at least (2[(p — 1)/6] + 1) at X = 0 (even if
0 ¢ k°) and (0, J1(0), J2(0)) = 0 (mod p3), i.e., 0 always yields pseudo-canonical
liftings modulo p3.

(2) If jo & k°"4 U {0,1728}, then Jo(X) has a pole at X = jg of order 2p + 1.
Also, Conjecturestates that if 1728 ¢ k°™4, then .Jo(X) has a pole of order p at X = 1728,

and hence there would be no pseudo-canonical lifting modulo p? in this case.

10. PSEUDO-CANONICAL LIFTINGS MODULO p*

As seen in the previous section, unlike what happens to .J;, we have that Js has poles
at X = 1728 whenever this value is supersingular, at least for p < 37 (or in general if

Conjecture is true). In the language of [Finl0], this says that a pseudo-canonical can
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possibly exist only for jo = 0. But the failure of jo = 1728 to yield these pseudo-canonical
liftings strengthens any suspicion that jo = 0 (when supersingular) will also eventually fail
to yield pseudo-canonical liftings, i.e., that J,, will have a pole at jo = 0 for some n large
enough.

Although computations modulo p* are mostly beyond our reach at this point (except for
Eq. ), Conjecture seems to indicate jo = 0 will already yield poles for J3. In fact,

we have the following conjecture:
Conjecture 10.1. If 0 & k°, then J3(X) has a pole of order p* at X = 0.

Although we do not have the equivalent formulas as the ones given by Theorems and
it seems it would be likely that we would have an equation analogous to Eq. (9.3)), i.e.,
J§ will be a quotient of a term involving Ji, Jo, > bi7j72Xip2+jp3, > ci,j,QXiPQHPB, etc., and
the crucial term ), ;@i j3X ip3+jp4, divided by (Xp2 - X )pg. More precisely, we expect to

have something like:

V4 P
T3P = | [ Y bije X7 | (X 4+ [ e X®H0 )y (x)7
%, 1,j
p? p?
+ D biga X B(XOP 4+ [ D e X (X
1,3 %,
S 3 g —1
-+ Zai,]}Sle +Ip + - (sz — X)p37 (10.1)

.3
where the omitted terms can get quite complicated. But, if Conjecture holds, then all
explicit terms inside the brackets above, expect for Zl ;@i j3X ip3+jp4, have zeros of order
high enough at X = 0, while the latter does not have a zero. We also believe that the
omitted terms will have zeros of order greater than p?, and hence we would have a pole if,
and only if, ap03 # 0, and in this case, which is predicted by Conjecture we would have
a pole of order p?.

This assumption that the omitted terms above would have zeros of order greater than
p> is indeed quite a leap, but it is reinforced by the fact that when we know jo = 0 is
ordinary (i.e., p =1 (mod 6)), and hence J; is regular at X = 0 for all 4, we have, by item
of Proposition that ago and a1, both to be zero. This is relevant as it tells us that
Zai7j7kXipk+jpk+l, Zbi7j7kXipk+jpkH, Zci7j7kXipk+jpkH will always yield zeros at X = 0,

and hence this seems to be a necessary condition to not have a pole.
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We could confirm that this is indeed the case when p = 5, the only case we were able to

compute Js directly from the modular polynomial. The formula is also available at
http://www.math.utk.edu/ "finotti/can_lifts/.

In any event, we have to admit that we have much less evidence for Conjecture [10.1
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