DEGREES OF THE ELLIPTIC TEICHMULLER LIFT

LUIS R. A. FINOTTI

ABSTRACT. The purpose of this paper is to find upper bounds for the degrees, or equivalently, for
the order of the poles at O, of the coordinate functions of the elliptic Teichmiiller lift of an ordinary
elliptic curve over a perfect field of characteristic p. We prove the following bounds:

ordo(zn) > —(n +2)p™ +np" ™", ordo(yn) > —(n+3)p™ +np" "

Also, we prove that the bound for z, is not the exact order if, and only if, p divides (n + 1), and
the bound for y, is not the exact order if, and only if, p divides (n + 1)(n + 2)/2. Finally, we give

an algorithm to compute the reduction modulo p? of the canonical lift for p # 2, 3.

1. INTRODUCTION

Voloch and Walker in [5] applied the theory of canonical lifts of elliptic curves to construct
error-correcting codes. In that paper, the degrees of some polynomials, that we shall make precise
later, have some importance in estimating exponential sums. We here try to analyze those degrees,
giving upper bounds and finding when the degrees are strictly less than those bounds. Also, we
describe an algorithm to compute the reduction modulo p? of canonical lifts explicitly for p # 2, 3.

We will consider an ordinary elliptic curve over a perfect field k of characteristic p > 0. The

curve can be given by a Weierstrass equation:
E/k: yg + apxoyo + boyo = :cg + cox% + doxg + eg.
Such an elliptic curve has a canonical lifting to an elliptic curve over the ring of Witt vectors W (k),
E/W(k): y*+azxy+by=a®+cx’+dxte,

with @ = (ag,a1,...),b = (bg,b1,...),...,e = (ep,e1,...) € W(k), for which we can lift the p'"
power Frobenius map. (See [2].)
We have an injective group homomorphism (given by a section of the reduction map) 7 : E(k) —

E(W(k)), called the elliptic Teichmiiller lift of E:

(w07y0) o ($7y) = ((1‘0,1‘1,1‘2, e ')7 (y07y17y27- .. ))
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We notice that we can identify E /W (k) with its Greenberg transform G(E)/k, for which 7 becomes
simply
(20,90) = (T0,T1, T2, -+ -, Y0, Y1, Y25+ -+ )-

By theorem 4.1 of [5], with G = O (the origin of E), the functions x,, and y,, are regular except
at O (the origin of E), so are of the form R(z¢) + yoS(zo) for some polynomials R, S € k[zg]. For
p# 2, —(yo,y1,---) = (—Y0,—¥Y1,-.. ), and using 7(—P) = —7(P), one can deduce that z,, € k[zg]
and y, = yo - Fr(xo), with F,, € k[xg]. For p = 2, a similar argument also gives us that z,, € k[x],
but y,, does not have to be of the form g - F,.

Our first goal is to get good bounds for the degrees of these polynomials, or equivalently, for the

order of poles of z, and y, at O. We prove

Theorem 1.1. Let v & ordp, i.e., v is the valuation on the function field K of E given by

the order of vanishing of functions at O. Then, v(z,) > —((n + 2)p™ — np" ) and v(y,) >
—((n 4 3)p"™ —np"™1), for all n > 0.
The case n = 1 was proved by Voloch and Walker in [5]. We will get the theorem 1.1 as a special

case of the theorem 3.1 below.

2. WITT VECTORS AND VALUATIONS

Let p be a prime, and for any non-negative integer n consider

def

n n—1
Wo(Xo,..., Xy) = X5 +pXP +- +p" 1XP | +p" X,

the corresponding Witt polynomial. Then, there exist polynomials S,,, P, € Z[Xy, ..., Xn, Yo, ..., Y]

satisfying:

Wi (So, .., Sn) = Wi(Xo, ..., Xpn) + W, (Yo,...,Yn) (2.1)
and

Win(Po,y ..., Py) = Wn(Xo, ..., Xn) Wa(Yo,...,Y,). (2.2)
(See [4].)

Thus, if s = (s, s1,...) and t = (tg,t1,...) are Witt vectors, we have by definition
def
s+t = (S()(S(),t()),Sl(SQ,Sl,tQ,tl),...)
and
def
s-t é (Po(So,t(]),Pl(SO,Sl,t(],tl),...).

We may write, to simplify the notation,

def
Sn(s,t) = Sr (805 vy Snytoy.-vstn)

and

def
Pn(s,t) é Pn(SO,. .. ,Sn,to,. .. ,tn).
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Now, let K be a field of characteristic p > 0, and let us consider W (K). (Note that although
soon we will consider K as the function field of F, as in the theorem 1.1, for now K is any field
of characteristic p.) Since the entries of our Witt vectors are in characteristic p, we can use the
polynomials Sy, P, € F,[Xo,...,Xn,Yy,...,Y,], that are the reductions of S, P, modulo p, to
give us the sum and product of Witt vectors.

We now introduce three useful technical lemmas..

Lemma 2.1. The monomials [] X" Hijj (disregarding the coefficient) occurring in P, satisfy

Zaipi = ijpj =p" and Ziaipi—l—Zjbjpj <np"
Moreover,
n . .
P, = ZX;”" Y+ Qn,
i=0
where Qy, € Fp[Xo, ..., Xn—1,Y0, ..., Yn_1] and has its monomials (as above) satisfying > ia;p' +
Sibjpt <np.

Proof. We prove it by induction. The case n = 0 is trivial, since Py = XoYy. Now assume the
lemma true for all t < n — 1. We have:

1 n n

Po= o (X8 4 4" Xa)OF 4 45 -

(P P )]
n n—1 n
=Xy Yo+ X7 Y7 4+ XY

1 "
+ ];(Xg i+ o+ X Y5) (2.3)

1 n n 1 n 1
YY)~ R - 2P

n—1 n—2
+p<X{’ Y, + X3 (Yf_1+pYn)+...>.

First we observe that the above polynomial has its coefficients in Z. Also, the part that is a multiple
of p doesn’t contribute to P,, and so we can disregard that last line of the equation above.

Fort =0,...,n — 1, write P, = P; + pR;, where we collected all the monomials of P, that have
coefficients divisible by p in pR;. By the induction hypothesis, P, also satisfy the lemma. So, now
we look at the contribution of #Ptp " to P,: that is given by the monomials of PP nit, which

have the form

anft anft b
_, a; _ in
HXi r=1 ®ir Hyj r=1 ir
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where the HX;”T II ijj" are monomials of P; for r = 1,...,p" . So,

n—t n—t n—t

p p p
7 r=1 r=1 7 r=1
(and the analogous for the b;, also holds) and
pnft pnft
ST an [P Y| D b |
i r=1 J r=1

n—t

-
= Z Zz’a“pi + Zjbjrpj <tp" < np".
r=1 i J

Observing that the last line of the equation (2.3) won’t contribute to P,, all the remaining terms
are of the form X? nﬂYf . Excluding the ones of the form X7 nﬂYfii, the remaining are such
that i + 7 < n, and the lemma follows.

O

Now, let v: K — R U {oco} be a valuation of field K. (In the applications below, we will choose

K to be the function field of E/k and v to be the order of vanishing at a point P € E(k).) For
e > 0, define:

U(e) dof {s=(s0,51,...) e W(K)* | v(sp)>p"(v(s0) — ne), Vn > 0}.

(Note that W(K)* = {s = (so,51,...) € W(K) | so #0}.)
Lemma 2.2. The set U(e) is a subgroup of W(K)*.

Proof. Let s,t € U(e). The (n + 1)-th coordinate of st is given by P,(s,t). By lemma 2.1, for

each monomial of P,(s,t) we have:

v (H s H t§j> = Z a;v(s;) + Z bjv(t;)
> Z a;p'(v(so) — ie) + Z bip’ (v(to) — je) (2.4)

> p™(v(sg) + v(tg) — ne).

Therefore, v(P,(s,t)) > p™(v(soto) — ne) for all n, i.e., st € U(e). (Note that since all elements of
[F)* are roots of unity, v is zero on all its elements, and we don’t have to worry about the coefficients
of the monomials in P,.)

We prove that ¢ Yetley (e) by induction on the coordinate: assume that for all i < n we
have v(t;) > p'(v(to) — ie). We observe that:

pn(s,t):tnsgn—i—:()
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where no omitted term involves t,. So, v(t, 8‘8”) is equal to the valuation of the omitted terms.

But for those, we can use (2.4), and so
v(ty, s‘gn) > p"(v(so) + v(tg) — ne),

and this gives us v(t,) > p™(v(to) — ne).

Lemma 2.3. Ifv(sg) =1 and v(s,) > 1 for alln, then s € U((p — 1)/p).

Proof. Just note that v(s,) > 1> p*[1 —n(p—1)/p] = np"~ ! — (n — 1)p". O

3. UPPER BOUNDS

Now let K denote the function field of E/k and K be the function field of E over the field

of fractions k of W (k). An element g € K can be written as a quotient g,/g,, where g;,g, €
W (k)[z,y]. Let R be ring of functions g = g,/g, € K (as above), such that g, #Z 0 (mod p).
(Then R is the valuation ring of K with respect to the valuation associated to p). We can identify
R with a subring of W (K) (via 7*). We can then write for every g € R, g = (g0, 91,-.-) € W(K),

and if g is regular at 7(P), for P € E(k), then g; is regular at P for every ¢ > 0 and g(7(P)) =

(go(P),g1(P),...).
Define, for P € E(k),

UP) Y {ge R*| ord,(py(g) = ordp(g0) } ,

and
def
Uo(P) = {g € U(P) | ordp(go) = 0}.
Observe that clearly U (P) is a subgroup of R* and U (P) is a subgroup of U(P).

Theorem 3.1. Let g = (90,91,...) € U(P). Then
ordp(gy) > p"(ordp(go) — n) + np™ ™, for all n > 0.

Proof. Let w € U(P) be such that ord,py(m) = 1. (Note we can choose 7 as either (z —x(7(P))),
y or x/y.) By lemma 2.3, w € U((p — 1)/p), now with v ' ordp. In the same way, wl-vo0)g ¢

U((p—1)/p). Since U((p —1)/p) is a group, g € U((p — 1)/p).
O

Theorem 1.1 then follows, applying the previous theorem with P = O and g = x, y.
We observe that if ord,(p) (g) <0, then theorem 3.1 gives us upper bounds for the order of the
poles of the g,’s, for all n > 0. If ord(py(g) > 0, the theorem still gives us some information: it

gives lower bounds for the order of the zeros for n < p(ordp(go))/(p — 1).
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4. LEADING COEFFICIENTS

Our main goal in this section is to verify when we don’t have the equality in the upper bounds
of theorem 1.1. But since the same techniques give stronger results, we will obtain these results
first, and then get our main goal as a corollary.

As observed in the proof of the theorem 3.1, we can always take a uniformizer 7y at P that is a
reduction of a uniformizer 7 at 7(P). Let mo be such a uniformizer at P and let g € U(P). Also,

let the expansion of g, in terms of 7y be

n—1

(g)ﬁg"(OYdP(QO)—”)-an T (4.1)

Gn = by,

where the omitted terms have higher powers of 7y (by theorem 3.1). We call b,(g) € k the n-th
leading coefficient of g at P, relative to m.

Finally, define

o0

def i,
O(g) =D balg) T
n=0
Theorem 4.1. The function ® : U(P) — (k[[T]])* is a group homomorphism.

Proof. Let g,h € U(P). We must prove that ®(gh) = ®(g)®(h), i.e.,

%

bu(gh) =Y bi(g)"" bui(h)".
=0

This is another application of lemma 2.1: taking valuations v def ordp on the terms of P,(g,h)

(the (n + 1)-th coordinate of gh), the part with valuation p™(v(go ho) — n) + np™ ! comes from

n . .
n—1u pl
E : gf hn—i’
i=0

and thus, the n-th leading coefficient of gh is obtained by multiplying the leading coefficients of
the terms in the sum.
0

Theorem 4.2. For g € Uy(P), ®(g) = go(P).
Proof. Just observe that p"(ordp(gg) — n) +np"~! < 0 for n > 1, and it is zero for n = 0. O

Theorem 4.3. If A is the Hasse invariant of E relative to the invariant differential A such that
(dmo/N)(P) =1, then

O(m)=(1+A7 T).
Proof. Since ord,(p)(m) = ordp(my) = 1, then p"(ordp(mo) — n) + np™ ' is equal to 1 for n = 0,1,
and it is negative for n > 1. So

O(m) =1+ o? T,
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where m = amg + .... Hence we need to prove that
d
Tlpy=at, (4.2)
dmg

So, let w € U(P) such that w dm is an invariant differential (i.e., holomorphic) on E, with ug(P) =
1. Thus, A = ug dm.

Now, let ¢ be the lift of the Frobenius to E. Then, ¢*(u? dw?)/p, where v?, for v € R, is
obtained by applying the Frobenius o for Witt vectors on the coefficients of v, is a well defined
homomorphic differential on E, and its reduction modulo p, say w, depends only on wugdmy. (See
[3].) Thus,

w = cugdmy = c\, (4.3)
for some ¢ € k.
If we apply the Cartier operator, we get
C(w) =C (cA) = /P AVP ), (4.4)
On the other hand, by [1], we know that, for v € R, the p-derivation
def v7 0 — VP

o2 2P 45
. (4.5)

is such that the reduction modulo p of 6%v is equal to v; + B;, where B; is a polynomial in vy, . .. v,_1

that we can compute explicitly. (We observe that this polynomial is zero for i = 1.) Therefore,
%(b*(u” dn?) = (pdu + uP) (d(om) + =P~ dm)
and, reducing modulo p, we deduce that
w = up(dm + Wg_ldﬂ'o) (4.6)

Applying the Cartier operator in this new expression for w we get C'(w) = ugdmg = A, and
comparing with (4.4), we get ¢ = AL, So, comparing equations (4.3) and (4.6), we obtain (4.2).
g

Corollary 4.4. If g = exw?, with ¢ € Uy(P), then

(With A as in the statement of the theorem 4.3.)

Proof. We have

Hence
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Corollary 4.5. The inequality in theorem 3.1 is an equality unless (Ordi (go)) = 0 (mod p), in

which case it is a strict inequality.

Proof. This a simple consequence of the previous corollary (and the definition of b,,(g)). Note that

A # 0 since our elliptic curve is ordinary. O

Corollary 4.6. Let v ©F ordo. Then, v(zy) > —((n + 2)p"™ — np™~1) if, and only if, p divides

(n+1), and v(y,) > —((n+ 3)p™ —np™~1), if, and only if, p divides (n + 1)(n + 2)/2.

Proof. The valuation of x,, (resp. y,) is larger than —((n—+2)p™ —np"~!) (resp. —((n+3)p" —np" 1))
if, and only if, b, (x) = 0 (resp. b,(y) = 0), relative to the uniformizer w = x/y.

We observe that
-2 -3
T T
w:<—> +... and y:<—> +...,
Yy Yy

and hence, by corollary 4.4,

bnl) = <;2)A‘"p“ = () DAT"
and
= (2 gD

what gives the result.
O

Remark. Theorem 1.1 tells us that the degree of z,, as a polynomial in zg is less than or equal to

r [(n+2)p™ — np"~1] /2. Since

) -3
Yo Yo

n—1

bp(x) = (—1)"(n+1)A™"

one can see that

is also the coefficient of z(; in x,. Also, if p # 2 and we write y,, = yoFy,, where F), is a
polynomial in zg, then the degree of Fj, as a polynomial in zg is less than or equal to s def
[(n+3)p™ — np"~! — 3] /2, and its coefficient of z is

bn(y) = (—1)HW‘A—7LP"1

(again, using (4.7)).



DEGREES OF THE ELLIPTIC TEICHMULLER LIFT 9
5. REDUCTION MODULO p?

In the next section we will describe an algorithm to compute the reduction modulo p? of the
canonical lift and the elliptic Teichmiiller map explicitly for p # 2,3. To make sure that our
computation gives us the right answer, we introduce the following sufficient condition (true for all

primes):

Proposition 5.1. Let k be a perfect field of characteristic p > 0. If E/W,1(k) is an elliptic
curve with reduction E, and if we have a section 7 over E\{O} of the reduction from G(E) to E

in the category of k-schemes, given by

(ZC(), yO) = (a:, y) = ((‘T()? cee 7$n)7 (y07 cee 7yn))7

where x/y is reqular at O with x/y(O) = 0, then E is the canonical lift of E and T is the elliptic
Teichmdller lift.

Proof. The proof is just the last paragraph of the proof of proposition 4.2 in [5]. O

Note that in the general case, in contrast to what happens for the second coordinate (see propo-
sition 4.2 in [5]), it is not enough that deg(z;) < (n+2)p" —np"~! and deg(y;) < (n+3)p™ —np™ 1
instead of &/y(0O) = 0: e.g., in characteristic 5, considering just the first three coordinates, the

elliptic curve

=2+

has reduction y3 = x3 + zo, and the map

v(xo,Y0) dof ((wo, 4al + a3, 4x] + 3283 + 228° + 2207 + 20 + 4233+
3a3” + af’ + 4zt + 323 + 2237,
(yo, yo (x4 225 + 223 + 23 + 3),
Yo (@3 + 223t + 23 + 323° + 3z + 2257 + 200 + 223 + 230 + 223 + 323 + 4a

+ 230 + 3234 + 20 + 2 + 20 + 4ad 4 32§ + 323 + 4))),
is a section of the reduction, but this map is not such that

vi(e/y) = (wov)/(yov)
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is regular at O, and therefore, this is not the elliptic Teichmiiller lift. Using the techniques intro-

duced later, we can compute the correct map:

def
7(z0,90) = ((z0, 4l + 23,42 + 328> + 4’ + 228" + 2’ + 42 + 237 + 42 +
3233 + a3+ 223 + 2230,
(vo, yo (6 + 22 + 21 + 2 + 3),
yo(4230 + 3251 + 423 + 328 + 320t 4 2007 + 20° + 2238 + 223 + 4230 + 4230 4 422!
+ 3232 + 4ot + 42l + 20 + a8 4 42 4 228 + 422 1+ 4))).
We now try to find properties that will allow us to compute explicitly coordinates of the coeffi-
cients of the canonical lift and the elliptic Teichmiiller. We first observe that a method to compute
the second coordinates can be derived from results in [5]. So, we try to obtain the analogues of

those results to deduce a way to compute the third coordinates.

From the proof of proposition 4.2 in [5], one can deduce:

dxq 1 p-1 ~1

for p # 2, where A is the Hasse invariant of the curve associated to the invariant differential dz/yo
(from this point on, A will always denote this particular Hasse invariant). Following the same idea:
Proposition 5.2. For p # 2, we have

dl‘Q _ _ _
— A (p+1)g L

26 (5)

Proof. We consider the differential
where ¢ is the lift of the Frobenius. Its reduction modulo p, say w, is of the form cdxzg/yo, for

1 dm
dl‘o'

some c € k.

If we apply the Cartier operator, we get

Cw)=0C (C@> = (/P Al/p %. (5.2)
Yo Yo

1* l* d_w _1 * d(ém)+a:p_1dm>
pqS <p¢ <y>>_p¢ ( poy + yP

d(6%x) + (0z)P~Ld(dx) + (péx + xP)P~L(d(6x) + =P~ Ldx)
p(p 6%y + (0y)?) + (poy + y»)? '

On the other hand,
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(p-1)

Since the universal polynomial Bs(xg,x1) = —mg x1, the reduction of the differential above

modulo p, that is again w, is
d(xg — xp(p_l)xl) + a:lf_ldﬂvl + xg(p_l)(dxl + :L"‘g_ldxo)

2
D
Yo

-1 21
_dxg + 2 day + af, dag
- 2
P
Yo

and computing the Cartier operator using this form of w and using (5.1), we get

Y

1 _ dx
C(w) = S5 (dzy + a8 tdwg) = AT =2, (5.3)
Yo Yo
Comparing equations (5.2) and (5.3), we get that ¢ = A~®*+Y_and comparing the two forms for
w, we have
dxo _ 21 2 1 1, 41 p—1 -1
T = AT e ATy ),

Remark. We note that for characteristic 2, similar computations would give

dry _ dry
dwo _dwo

Hence, the proposition above allows us to find zo, except for finitely many terms of the form

=0.

dnzy’. (We can find the number of missing terms from the bounds for the degree.)

Now, we take a closer look at the quotient &/y up to the third coordinate. In this case we have:

p 2p p?
d o L WNiTy HYy  F2  ToY o Fo Y2
- D 2p ? 2p2 2 3p2 2p?
Yy Yo Yo Yo 0 Yo Yo o

Y
2 P
R U (S W VL
2 2 p 2 '
P\ W Yoo '
(We have here a small notation problem, since we cannot divide by p. But notice that the polyno-

mial
1
(X7 =Y (X = YY)

has integer coefficients, and we can substitute

p

x X

X = _]137 Y = y12p0
Yo Yo

in this polynomial to obtain what we write as

2 D
1(ah wyag (= g
2 2 D 2
P\yy oy Yoo v
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in characteristic p. This abuse of notation will appear again below, but we hope that no confusion
will arise from it.)

Looking at the orders in the third coordinate, we see that

2 V4
L= _yizy (= yixg
2 2 D 2
pA\yy oy Yo v

has already positive order at O, and that, for p # 2,3, all the summands in

2 2
D, P P, 2p D
STy, T2 T To Y2 (5.4)
2p? p? 3p? 2p? ’
Yo Yo Yo Yo

have the same order, namely —p?+2p. (Note that the orders of 9 and ys are precisely —4p?+2p and
—5p? 4+ 2p, as we may see from our analysis of the leading coefficients.) But since 7*(z/y)(O) = 0,
those terms have to add up to have positive order.

So now we restrict ourselves to p # 2,3, and then we may assume that E is given by an equation

of the form
E/k: yi =3+ apxo + bo, (5.5)

and that the canonical lift is given by
E/W(k): y?=2°+ax+b, (5.6)

Looking at the third coordinates of the expression of (5.6), we see

p2

2
D
y2p2 = 2y3p2 (2yg y2)
0 0
2
D
Z 2p? 2 2 2
= (Bwop x9 + 3x() xlp—ylp—i-...),
Yo

2 2
where the terms not shown have order greater than —7p?, and so when multiplied by zy / Zygp ,
they give terms of positive order.
So, the part of (5.4) that has to add up to have positive order is
2

D P P
Ty T2 Ty Y z 2p? 2 2 2
191 0 Y1 0 P p*, 2p 7Y
- 2 2 2 T 32 (31'0 T2 + 375 T — Y}
2y,

2 2 2
D, D —19,.p°, 2p —19,..3p —19,.2p% 2p
At To 27 3xmy g _ 273z w2 _ 27 3xy 3
2p2 p2 3p2 3p2 3p2
Yo Yo Yo Yo Yo

Looking at the second coordinate of (5.6), we get

27132572y + ...
Yo

Y1 =

Y
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where all the terms on the numerator omitted are of order greater than —6p. Then, the part of
2
2yt / ygp that has negative order is

—19,.20%, 2p

273z 3
3p2 9
Yo

2 2
and the part of 2713z} y%p / yg’p that has negative order is
2
8_127m8p :E%p
5p2
yop

So, the part of (5.4) that has to add up to have positive order is

—1q,.2P% 2p —19=,.5p%, 2p —14q,.3p —1q,.2P* 2p
273z, ] T 8 27xy x) 273y xo 27 3xy @

3p? p? 5p? 3p? 3p?

Yo Yo Yo 0 0
_sp? |3 2p? 9p op? ap? | 27 5p2 9p 3 32 2p? 3 op2 op op?
=Y [—5330 1Yy +x2y, + g% ry — 5&:0 T2 Yy — 5950 1" Yo .

Using (5.5) and noticing that the part of the above expression that has to add up to have positive
order is the part inside the brackets that has order at most —15p?, we get that

—5p? |3 5p?_2p op? | 27 5p2 op 3 ep? 3 5p2_2p
Yo —sTy x] + T2 <y Ty — 5Ty T2— Xy I
2 8 2 2

5p
— % §:1:2p — 2
8p2 ] 1 9 0

has to add up to have positive order, i.e., the parts of order smaller or equal to —5p? inside
the brackets above have to cancel out. Since those terms are polynomials in g, we get that the
coefficient of z}” in x5 is 3/4 times the pt" power of the coefficient of 2 ¥ in x7, for all n > (3p+1)/2.
(Note that by proposition 5.2, we knew that all the terms of degree, as a polynomial in z, higher
than (3p —1)/2 in x5 have to come from terms of the form d,x(".) Therefore, in the computation
of the elliptic Teichmiiller, some of the missing coefficients of o can be obtained from coefficients
of z1.

Thus, this analysis, along with proposition 5.1, allows us to deduce the following theorem:

Theorem 5.3. If p # 2,3 and E/W3(k) is an elliptic curve with reduction E, and if we have a
section T over E\{O} of the reduction from G(E) to E, in the category of k-schemes, given by

(z0,y0) = (x,9) = (20, 21, 22), (Y0, Y1,92)),

such that E and T are the canonical lift and the elliptic Teichmiiller modulo p?, then the same is
true modulo p3 if, and only if, the degree of the polynomial (in ) [xgzxg —3/4 l’%p] is less than or

equal to (5p? — 1)/2. In fact, if this inequality holds, we must have the equality.
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Proof. The only part not discussed before is the last statement. For it, it just suffices to observe
2_
that proposition 5.2 implies that the coefficient of a:é?’p D240 xg is not zero (it is —2A_(p+1)) and

that :z:%p just has powers of xg multiples of p. O

6. THE ALGORITHM

So now we see how to compute the canonical lifting and the elliptic Teichmiiller explicitly, up
to the third coordinate. In this whole section, we assume p # 2,3, and that F and E are given by
equations (5.5) and (5.6).

First we compute x; by integrating formally the formula (5.1), and we leave the constant term,
say ¢, and the coefficient of the term in x}), say c1, as indeterminates. (Note that in this case, the
Hasse invariant A is the coefficient of x‘g_l of (@3 4 agzo + bo)P~1/2))

The second coordinate of the equation of E/Ws(k), namely
(90,91)2 = ($07$1)3 + (a07a1)($07x1) + (b07 b1)7
is given by:

2yby; = 3x(2)pa:1 + abxy + a12f + by

1 3p D, P 3 (6'1)
+ Z_? <:170 + agxy + bg — (x5 + apxo + bo)p> .

Since y; is yo times a polynomial in z(, equation (6.1) (keeping a; and by as indeterminates)
tells us that the division of polynomials (in zg)

3x(2)px1 + abxy + a1af + by + % (xgp + abah + by — (x3 + apwo + bo)P>

2(z3 + agzo + b)P+1)/2

must be exact. So we compute its remainder, which is a polynomial that has coefficients that
depend on aj, b1, ¢y and c¢;. Forcing that remainder to be zero gives us a linear system on those
indeterminates. Solving that system gives us the canonical lift (i.e., a; and by) and z; (i.e., ¢o and
c1). And y; is just yo times the quotient of that exact division above.

We observe that the converse of the proposition 4.2 in [5] guarantees that the elliptic curve and
map found are the right ones. Also, note that the solution of the system above does not have to
be unique, since the canonical lift is only unique up to isomorphism.

The way to compute the third coordinate is analogous: we integrate formally the formula in
proposition 5.2, and add the terms of degree in z greater than 3p? from 1‘% as explained in the end
of the previous section, and consider the coefficients in z(”, say d,, for n from 0 to [(3p? —1)/2p),
as indeterminates.

Then, we just look at the third coordinate of the expression of the elliptic curve, use the fact
that ys is also yg times a polynomial in xg, and force the corresponding remainder of the analogous

division of polynomials to be zero. We get another system, that we solve to get the desired values
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for the indeterminates, i.e., ao, by and the d;’s. Theorem 5.3 then guarantees that this gives the
canonical lift and the elliptic Teichmiiller. We used this method to compute the canonical lift (the

first three coordinates) of

2 3
Yo = Tp+ X0

in characteristic p = 5 shown in section 5. In fact, we were able to compute, using that algorithm,

the canonical lift for a generic ordinary elliptic curve in characteristic 5: if

Ya = a3 + agzo + bo
is such curve (ag # 0, since the curve is ordinary), then its canonical lift has
b4
a; = adby + 2,
ag
ag = 2a%° + aZ?b3 + ad?by + 3a’b§ + 2a°68 + albg? + 4agby’
3by® N 4b5° N abg? - 4bg!
a2 o> a8 Qi
0 0 0 0
by = 4afbo + aiby + b,

by = by + 4ab + 3a3T6] + 4a3Lb41 + 4al b0 + a2bl7 + 3SR + b

(The polynomials for the the elliptic Teichmiiller map are too long to be put in here.) We also
were able to compute the generic cases for p = 7,11,13. A not too long particular case for p =7
would be:

v = o+ 1,

for which we have

and

x1 = bxg + 214 + 4a’,

To = 4xg + 33 + bl + 42’ + 628 + 6280 + 2022 + 3235 + 238+
223" + 5af" + 63y + 226 + 250 + 2357 + 625° + 4’ + 2z +
225 4+ 3257 + 3270 + 6273 + 5at,

y1 = yo(2x3 + 328 + 4a) + 624?),

Y2 = yo(2 + 6zf + 32§ + 635 + 3% + x8° + 228 + 5t + 23t + 3230+
zd? +625° + g + bt + 52" + 620 + 42’ + 32§” + 620"+

65" + 4xg" + 5xg + 617 + 200 + 30" + 2" + 25 + 3xp").
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We first had implemented the algorithm using the software Mathematica and then, for conve-

nience and speed, we switched to Magma, and the files are available at
http://www.ma.utexas.edu/users/finotti/can_lifts.html

where we also put the generic formulas for characteristic 2, 3, 5, 7, 11 and 13 and some more
examples.

We also observe that the algorithm described also seems to “work” if you don’t introduce the
terms of 9 from 2, i.e., you use for x5 just the formal integral of the derivative in proposition 5.2,
and the terms of the form dixép for i < (3p? —1)/2p. The algorithm will give you back a1, as, =1,
x9, y1 and yo, where v = ((xg, 1, x2), (Y0, y1,y2)) is a section of the reduction. But since v*(x/y)
is not regular at O, the curve obtained is in principle not necessarily the canonical lift, and the
map is certainly not the elliptic Teichmiiller. (This was how we obtained the “wrong lifting” v in
section 5.) But it seems that this lift may be used for some applications in coding theory, and it

would be nicer than the canonical lift itself, since it has smaller degrees.
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