THE DISCRIMINANT IN UNIVERSAL FORMULAS FOR THE
CANONICAL LIFTING

LUIS R. A. FINOTTI AND DELONG LI

ABSTRACT. In this paper we study formulas for the coordinates of the Weierstrass coeffi-
cients a = (a, A1, A2,...) and b = (b, B1, B2, ...) of the canonical lifting. More precisely
we show that there are formulas for A1 and B; that are given by modular functions, uni-
versal (meaning, single formulas that work in every possible case), and with no factor of
A in their denominators. Two possible constructions are given. Moreover, a sufficient
condition is given for the existence of A2 and Bz with these properties. Finally, we prove
that the Hasse invariant, given as a polynomial on the Weierstrass coefficients of an elliptic

curve of characteristic p > 5, has no repeated factor.

1. INTRODUCTION

Let k be a perfect field of characteristic p > 5 and
E/k : yg = x% + agxo + by

be an ordinary elliptic curve. As first proved by Deuring in [Deu4l] and later generalized

by Serre and Tate in [LST64], there is then a unique (up to isomorphism) elliptic curve
E/W(k) : y* =2+ ax +b,

over the ring of Witt vectors W(k) that reduces to E modulo p and for which we can lift
the Frobenius of E. Therefore, there are functions A;(a,b) and B;(a,b) (where a and b are
variables) such that if the pair (ag, by) are the Weierstrass coefficients of an ordinary elliptic

curve, then the Weierstrass coefficients of the canonical lifting of this curve can be given by

a = (ao, Ai(ao, bo), A2(ao, bo), As(ao, bo), - - .),
b = (bo, Bl(ao, bo), Bg(ao, bo), Bg(ao, bo), .. )

Obviously, since the canonical lifting is only unique up isomorphism, these functions are

not uniquely determined. In [Fin20] the first author gave a description of “nice” properties
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(to be made clear below) that these functions can satisfy, and describe methods to compute

them. Before we can precisely state these properties, we need a few definitions.

Definition 1.1. (1) Let

]kgrd o {(ao,bo) € k? : y% = x% + apzxy + bg is ordinary}.

(2) The functions A;’s and B;’s (as above) are called universal if they are defined for
all (ag, bo) € k2 .
(3) Let a and b be indeterminates in Fp[a, b], and assign them weights 4 and 6 respec-

tively. Then, let
8, {‘; € Fp(a,b) : f,g € Fpyla,b] homog., and wgt(f) — wgt(g) = n} u{0}.
The elements of §,, are then called modular functions of weight n.

Then, [Fin20, Theorem 2.3] states:

Theorem 1.2. There are universal modular functions A; € 84, and B; € 8g,i (and, in
particular, these are rational functions with coefficients in F,), for i € {1,2,3,...}, such

that if (ag,bo) € Ikgrd gives the Weierstrass coefficients of an ordinary elliptic curve, then

((ag, A1(ag, bo), A2(ag, bo), - . .), (bo, Bi(aog, bo), B2(ag, bo), - - .))

gives Weierstrass coefficients of its canonical lifting.

This reference also describes a method to compute examples of these formulas and how to
obtain every other possibility (satisfying the conditions of the theorem) from these. These
computations are based on an algorithm for the computation of the canonical lifting first
introduced by Voloch and Walker (partially described in [VWO00]) and later extended by
the first author. (We review a few ideas of this method in Section [5}) We shall refer to this
construction as the Greenberg transform construction. (The name will also be made clear
in Section [5|)

Since we will deal with formulas, let’s consider the field K = Fj(a, b), where again a and

b are indeterminates, as the field of definition of our elliptic curve
E/K : y2 = a3+ axog +b. (1.1)

Then, let A = 4a®+27b% be the discriminant of this elliptic curve E and h be the coefficient
of 20! of (23 4 axo + b)(pfl)/2

is ordinary if and only if the Hasse invariant is non-zero, we have that A; and B; being

, i.e., b is the Hasse invariant of E. Since an elliptic curve
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universal rational functions is the same as to say that A;, B; € U & Fyla,b,1/(Ab)] and

always yield the Weierstrass coefficients of the canonical lifting.
On the other hand, the explicit computations in fact gave A;, B; € Ua def Fpla,b,1/b],
i.e., the discriminant A never appeared in the denominators.

This led to the following conjecture:

Conjecture 1.3. (1) There are universal modular functions A; € 8y, and B; € 8
giving the Weierstrass coefficients of the canonical lifting with A;, B; € Ua.
(2) The Greenberg transform construction (given in [Fin20]) yields such modular func-

tions.

In [FL20], the authors could prove that the first part of the conjecture is true for p = 11
(mod 12). The idea behind it was to use a different construction for the A; and B;, using
the j-invariant.

Since the canonical lifting is unique up to isomorphism, there are uniquely determined
functions J; for i > 1 such that if jo = 1728 - 4a3/(4a3 + 27b3) is the j-invariant of an

ordinary elliptic curve, then

J = (Jo, J1(Jo), J2(jo), J3(jo), - - -)

is the j-invariant of its canonical lifting.
But then, if j # 0,1728, we have that

275 27j

2
a8 — "V aars =g

_ .3
y—m+4

(1.2)

is a Weierstrass equation for the canonical lifting.
We can then apply this to elliptic curve given by Eq. (1.1)) (i.e., we use j = 1728-4a3/A),
and obtain an Weierstrass equation for its canonical lifting. Although the equation above

does not reduce to y% = x% + axg + b, this can be fixed by setting:

def 4 273
Nt 2 (4 Ay Ay, 1.
. s —g) - @Av Az (13)
bd:ef)\ﬁ.Lj:(bj}}1 Bo,--+) (1.4)
41728 — 5) b ERT)

where

2 &ef <<Z>1/,20,0, . ) . (1.5)

With these a and b, we obtain a Weierstrass equation

E:y’=23+ax+b,



4 LUIS R. A. FINOTTI AND DELONG LI

for the canonical lifting of £ that reduces to the equation of FE.

Since the functions J; were extensively studied by the first author in [Finl0], [Finld], [Finl2],
and [Finl3], the two authors could establish a good amount of information about the de-
nominator of the A;’s and B;’s obtained by this new construction.

We shall refer to this second construction as the j-invariant construction.

In [FL20] we have the following theorem:

Theorem 1.4. Let A; and B; be the coordinate functions obtained by the j-invariant
construction and let Vo Fpla,b,1/(bab)]. Then, we have that A; € 8,, N VA and

B; € 8¢, NV, and thus no A appears in their denominators.

So, the authors could show that we have no A in the denominator in this construction,
but its draw back is that, in general, they are not universal, as they might not be defined
for elliptic curves with either ag or by equal to 0. But, since a,b | b if p =11 (mod 12), i.e.,
no ordinary elliptic curve can have either ag or by equal to zero in this case, this proved the
first part of Conjecture in this case. (The above reference gives further details on the
possible powers of a and b that can appear in the denominators of A; and B;, as we make
explicit in Section [2| below.)

One idea in proving the first part of Conjecture [1.3]in general is to start with the A;’s

and B;’s from this j-invariant construction, and then find X such that

A(a, Ay, Ay, As, .. ) = (a, AY, AL AL L),
AX%(b, By, By, Bs,...) = (b, B}, B}, B, ...)
where A} € 84, NUa and Bj € 8, NUx, since clearly these new Witt vectors still give

Weierstrass coefficients to the canonical lifting.
In Section [3| we find Ay = (1, ;) such that if

Ai(a, A1) = (a,A}) and  X{(b, B1) = (b, BY),

then A} € 84, NUa and Bj € 8¢, N Ua, effectively proving the first part of Conjecture
for i = 1 (and now with no restriction on p).
In Section [d] we are not quite able to extend the previous result to the third coordinate,

but we find a condition to the existence of A2 such that if Ay = (1,0, A2), then letting
A%(av Allv A/2) = (av Allv A/2/)7 and Ag(bv Bi? Bé) = (b7 BL Bg)’

we have that A5 € 84,2 NUa and By € 8g,2 N Ua.
In Section 5] we turn back to the Greenberg transform construction and prove that A; and

By (from this Greenberg transform construction now) indeed are in 84, NUa and 8¢, NUa,
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thus proving the second part (and giving a second proof for the first part) of Conjecture
for i = 1.

Finally, in Section |§|7 we prove that the Hasse invariant h has no repeated factors. (The
authors are unsure if this was a known result. In any event, a new proof is given.) Although
this is of independent interest, it also has an application to the formulas for the A; and B;

coming from the j-invariant construction: let

L -
T qa(0) prs(h)

i.e., b is obtained from b by removing any factor of @ and b. Then, the maximum power of
b that can appear in the denominator (after reduction) of A; and B; is ip*~! + (i — 1)p*~2.
Moreover, this bound is sharp. In fact, in all cases computed, we have that i’ +(i=1p' ™
always appear in the denominators.

We observe that throughout this paper we are always assuming that the characteristic is
p = 5.

2. PREVIOUS RESULTS

Before we prove the main results of this paper, we need to introduce some previous
results from [FL20]. In this reference the denominators of A; and B; from the j-invariant
construction are studied in detail. We know from the construction that denominator has
to be made up of powers of a, b, A, and h. Of those only b is not necessarily irreducible,
and in fact a and b might be factors of . Thus, to study what powers of h can appear
in the denominator independently of other factors of a and b, the authors introduce a new
variable §).

The construction via the j-invariant allows us to track exactly where the factors of b are
introduced in the denominators, so one can simply replace those occurrences of h (before any
simplification) by the associated variable ). This way we obtain A;, B; € Fp[a,b,1/(ab$)]
such that fl,;(a, b,h) = A;(a,b), and Bi(a, b,h) = Bi(a,b).

With this notation, we can state [FL20, Theorem 10.1], which deals with possible powers

of $ in the denominators:

Theorem 2.1. Let vy denote the valuation at ). We have that ve(A;), ve(B;) = —(ip" ' +
(i—1)p'?).

Also, as a corollary, we have [FL20, Corollary 10.2]:

Corollary 2.2. Let h € Fla,b] be an irreducible factor of b with h # a,b and v, be the
valuation at h. Then, for i > 1, we have vp(4;),va(B;) > —vi(h) (ip"™ ' + (i — 1)p*2).
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Also, [FL20, Theorem 11.2] gives bounds for the powers of a and b in the denominators
of Az and Bz
Theorem 2.3. We have:

(1) If p=1 (mod 6), then:
(a) Va(/li) > —2pi forz' > 1

() va(d > (i = Vp — (i~ )pi2) fori > 4
(b I/a(BZ) > 73pi fori=1,2,3, and va(B;) > —(ip* — (i — 1)p"~2) fori >4
(3) For every p > 5 we have:
(a) wy(Ay) > —2ipt, for all i > 1;
(b) vp(By) > —(2i — 1)pt, for all i > 1.

Finally, [FL20, Corollary 12.2] and [FL20, Corollary 12.3] give better results about powers
of a and b in the denominators of A; and B; (and not A; and Bl):

Corollary 2.4. Let v, and v, denote the valuations at a and b respectively. Then, we have

va(Ay) = 1, ifp=1 (mod6), and va(By) = —(p—1), ifp=1 (mod 6),
-1, ifp=5 (mod 6), “(p+1), ifp=5 (mod6),

and
vy(Ay) > -p+1, ifp=1 (mod4), and w(By) > 1, ifp=1 (mod 4),
—(p+1), ifp=3 (mod4), 1, ifp=3 (mod4).

3. UNIVERSALITY OF THE SECOND COORDINATE

Let Ay and B; be the coordinate functions obtained from the j-invariant construction.

As stated in the introduction, the goal here is to find A; such that if
(17 )‘1)4(aa Al) = (CL, All) and (17 >‘1)6(b7 Bl) = (ba Bi),

then A € 84,NUa and B} € 86,NUx, where Us < F,[a, b, 1/6] and S as in Definition
In particular, we want A\; € 8¢, so that A} € 84, and B} € 8¢p. In other words, we want to

prove the following theorem:

Theorem 3.1. There are A} € 84,NUa and B} € 8¢,NUa, such that if (ap, by) € Ikgrd gives
the Weierstrass coefficients of an elliptic curve, then ((ag, A} (ao,bo)), (bo, Bi(ag,bo))) gives

the first two coordinates of its canonical lifting. Therefore, A} and B} are then universal
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modular functions with no A in the denominator. In particular, the first part of Conjec-

ture is true for i = 1.

A quick note on terminology: we shall use the term monomial for a product of unknowns,
and hence we disregard its coefficient. We then use the term monomial term for the mono-
mial with its coefficient. For instance, 2a? 4+ 3ab has monomials a? and ab and monomial

terms 2a2 and 3ab.

Proof of Theorem[3.1. Let Ay and Bj be the modular functions given by the j-invariant
construction, i.e., by Egs. (1.3 and (1.4). (By Theorem note that they are in 84, and
Sep, respectively.) Note that Eqgs. (1.3) and (1.4) give us that By = (bP/a”)A;. Observing
that

0, ifp=1 (mod 6), 0, ifp=1 (mod 4),

va(h) = and 1(h) =

1, ifp=5 (mod 6), 1, ifp=3 (mod4),

by Corollaries [2.2] and we can write

A = Ci+D;

bPh
with C1, D; € Fpla, b], where we can take C to have all monomial terms of the numerator
with valuation at b less than p. Now, since bPh is homogeneous of weight 7p—1 and A; € 84,
we have that C; and D; are homogeneous of weight 11p — 1.

Then, let
def —6C1 — 4D

A= 24aPbPh
(note that A\ € §p) and A def (1,A\1). Then, A* = (1,k\;), and so A*(a, 4;) = (a, 4}),
(b, By) = (b, B}) are such that A} and B} are in 84, and 8¢, and ((ag, A} (ao, bo)), (bo, B (ao, bo)))
give the canonical lifting of the curve given by (ag, bo), if A} and B/ are regular at (ag, bo).
So, it suffices to show that A}, B} € Ua.

(3.1)

But, we have

All = Ay +4a’ | = ?)lb)plb
As seen above, the monomials of D; have valuation at b greater than or equal to p, so
Al € Ua.
Now
g P4 _CitDy
aP abh

Since the monomials in C'; have valuation at b less than p, for its monomials to have weight

11p — 1, we must have that their valuation at a has to be greater than or equal to p. Then,
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as

Gy
2aPh’
we have that B € Ua. O

B} = By +60P)\; = —

4. UNIVERSALITY OF THE THIRD COORDINATE

We now turn our attention to the third coordinate. The situation is considerably more
complicated in this case.
As in the previous section, we have that if A; is as in Eq. (3.1]), and

(1,A1,0,0,...)%(a, A1, As, A3, ...) = (a, A}, A, AL L),
(1,A1,0,0,...)%(b, By, By, Bs,...) = (b, B}, By, B, ...),

then A} € Ua N84y and B] € Ua N 8gp. Therefore, now we want some Ay such that if we
let

(1,0, A2,0,...)4(a, Ay, Ay, AL .. ) = (a, Ay, AYLAY L), (4.1)
(1,0, X2,0,...)%(b, By, By, BS,...) = (b, B}, By, By, ...), (4.2)

then A5 € Ua N8,z and By € Ua N 8gp2.
With the notation from Theorem we write

Ci+D Ci+ D
PO el S W ke
bPh aPh

with C1, Dy € Fpla,b], and where C; contains all the monomial terms with valuation at b

less than p.
By Theorems 2.1] and [2.3] we can also write
_CQ+D2+E2 _02+D2+E2 43
2= g D2 g &9

where Dy contains all the terms with monomials a’¥’ such that i > 2p? and j > 4p?, E»
contains all the terms with monomials a’s’ such that either i < 2p? or j < 3p?, and Cs

contains the remaining terms.
Lemma 4.1. In Cy (as above), we have that every monomial a'b’ satisfies i,7 > 3p>.

Proof. Of course, by definition, we must have that the monomials a’¥’ from Cs must satisfy
i > 2p? and 3p? < j < 4p>. But note that we have wgt(As) = 4p? (and wgt(h) =p — 1), so



THE DISCRIMINANT IN UNIVERSAL FORMULAS FOR THE CANONICAL LIFTING 9

if i < 3p?, we would have
Ap* = 4i+ 65 — (8p° + 24p*> + (2p + 1)(p — 1))
< 12p? +24p® — (320 + (2p + 1) (p — 1))
=4p° = 2p+1(p - 1),
a contradiction. O
Let now Fy, & —(C1/44 D1/6), and so A\; = F;/(aPbPh). Our main goal in this section

is to prove the following result:

Theorem 4.2. With the notation above, if all the monomials a't? of
Ey — 12Fa”’ 5?7y

are such that i > 2p* and j > 3p?, then there is Ao (as in Egs. (4.1) and (4.2))) that yields
Ag e Ua N S4p2 and Bg eUanN S6p2'

Unfortunately we were unable to prove that the above condition holds in general, but it
allowed us, with the help of the computer, to show such A9 exists for p between 5 and 31.

First we need to study how \; affected Az and Ba, i.e., we need to describe A} and Bj.

Lemma 4.3. We can write

Fy + 4B, 4+ 6Fa?" b2’y + By

r_

Az = a2p® pAr? 2+l '

g _ G2t 6B+ 15F2a” b2’ + By
2= a3P® p3p* 2p+1 )

where El, def Ff(Cl + Dl)pap2b2p2h, and each monomial a't’ of either Fy or Go is such that

i > 2p* and j > 3p*. Moreover, Al € 8,2 and Bl € Sg,2.
Proof. We start by observing that
P
(1,M1,0)" = (1,m1, (;) L p’” )Jf) . (4.4)

(Of course, note that (r —rP)/p € Z.) This gives us

4—ap |
Ay = 6+ LN AT+ 4 Y <p @) (e Ak, (45)
k=1
Now, since A1 = (C1 + D1)/(bPh) € 84 and Ay = —(6C1 + 4D1)/(24aPbPh), it is clear that
wgt(A1) = 0, and therefore A5 € 8,,2.
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We now consider each term in Eq. (4.5)) above. First, we have

2p . p272p>
6)\2pap2 _ 6F 7 aP b h
1 a2p? pip? f2p+1 )
Then, if we let

4 — 4P

Py @ — FPa2 p et
we have

4 — 4P \P 2 4

197 = a2p® b4p2b2p+1'

Observe that each monomial a'b’ of F5 1 is such that ¢ > 2p2 and j > 3p2.
Next, letting

By % FP(Cy + Dy)Pa? b2,
we have » » )
4M%p:4FﬁCy+Dﬂ _ AE)

1°1 aP*h2r° h2p a2’ pAr? 2+l

Then, by letting F5 o def Cy + D5, we have

Fy9 + Es

2= a2p? pap? h2p+1 :

Observe that, by the definition of Dy and Lemma each monomial a’b’ of F5 5 is such
that ¢ > 2p? and j > 3p°.
Finally, letting

e 1 _
Fo3h o (p <p>> (4F)PF(Cy + Dl)ka2p253p2 Pt

k
we have
((PY) (angaryprak = — (L(P (4a?F1)P % (C1 + Dy)
p\k 1 1 p\k/) ) aplo—k)pplo—k)pp—k  pkppk
_ Pk
T a2 pri el

Note that, clearly, each monomial a't’ of F 31 is such that ¢ > 2p? and j > 3p2.
Defining then X
—
Y Foq1+Fyo+ Z F>3 1,
k=1
it’s clear that each monomial a’¥/ of F, is such that i > 2p? and j > 3p?, and the formula
for A} in the statement holds.

The proof of the formula for B} is obtained in a similar way. O
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The next lemma has the crucial idea behind the proof of Theorem [4.2

Lemma 4.4. Suppose that all the monomials a't’ of
By — 12F P %’

are such that i > 2p? and j > 3p>. Then, we can write

oy Cat Do+ 4Ey ,  Cy+Dy+6Ey
27 g pPp2ptl 27 el

where:

e cach monomial a't’ of either CY or CY is such that i > 3p* and j > 3p?,
e cach monomial a’t? of either DYy or DY is such that i > 2p? and j > 4p?,
e cach monomial a't? of EY is such that i < 2p* or j < 3p?.

Proof. Remember that, by Lemma [4.3] we have

, Py +AE, + 6FPaP b’ h + By
2= a2r? pap? h2p—|—1 )

Let C51 be the sum of the terms from F» with monomials a't’ such that i > 3p? and
j > 3p?, and let Dy ;1 be the sum of the remaining terms. (Thus, F» = Cy1 + D2 ;.)

Now, by construction, each monomial of a’/ of F, is such that i > 2p? and j > 3p?.
Moreover, since A} € S4p2, we have that Fy € Szgp2_p, 1. So, if a'¥’ is a monomial of F
with i < 3p?, then 65 > 26p> — p — 1 > 24p?, so j > 4p?. Therefore, each monomial a’t’ of
D5 7 is such that 2p? < i < 3p% and j > 4p?.

We now write
/ 2p _p212p2
Ey=Coo+ Dog+ Eaa, F{a? b h=Co3+ Da3+ Ea3,

where, for £ = 2,3, where D j, contains all the terms with monomials a't’ such that i > 2p?
and j > 4p?, Es j; contains all the terms with monomials a'®’ such that either i < 2p? or
j < 3p? and (5 1, contains the remaining terms. Note that, similar to Lemma we have
that the monomials a’’ from (s, are such that 4,j > 3p?.

Now, by assumption, each monomial a't! of By — 12(Cy 3+ D2 3+ E3 3) must have ¢ > 2p?
and j > 3p2. Thus, by construction of Cy3 and Dj 3, we must have that each monomial
a'tl of By — 12F> 3 must have 7 > 2p? and j > 3p?. Therefore, similar to what was done for
F5 above, we can break

FEy —12FE33 = Co 4 + Doy,
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where C 4 is the sum of every term with monomial a't’ such that ¢ > 3p? and 7> 3p?, and
Dy 4 contains the remaining terms. Again, similar to the case of Fy above, we have that
each monomial a’b’ of Ds 4 is such that 2p? < i < 3p% and j > 4p?.

Hence, letting

cy Coq +4C22 +6Co3 + Co g,

Dy Doy + 4Dy + 6Das + Doy,

def 9
EY = By + §E2,3,
gives the desired expression for Al.
Now, since again by Lemma [4.3] we have

Gy + 6E) + 15FPaP’b?P’h + E,

Bé == B} 2 )
a3P° 3P b2p+1

proceeding as above and writing Go = C5, + D5, where (5 is the sum of terms from
G5 with monomials a’b’ such that i > 3p? and j > 3p?, and D§71 is the sum of the
remaining terms (and hence, as before, we have that each monomial a’d’ of Dy, is such
that 2p? < i < 3p? and j > 4p?), we can define

CY Ol ) +6Cap + 1503+ Ca,

DY DYy 46Dy 5+ 15Dg 3 + Doy,

to establish the desired expression for Bj. O
We finally can prove Theorem [4.2

Proof of Theorem [{.3. By Lemma [£.4] we have

o — CY+ D}y +4EY ,  Cy+ Dy +6Ey
27 20 bir?h2p+1 27 32 b3p° h2p+1

Let ) )
/ " 1"
def —3Cy — 5Dy — By
a3p? pip? h2p+1

As (1,0, Mg, ...)" = (1,0, kg, .. .), we have that

A2

(1,0,A2,0,.. ) (a, A}, Ab, ) = (a, A}, Ay + 4Xea? .. )

and
(1,0,X2,0,...)%(b, B}, B, B, ...) = (b, B}, By + 6Xab"", . .).
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Then,
2 4 p%
/Y 2_apD2_éapD2
2 = Ay +4ha” = a3P*bir’ p2p+l (4.6)
and ) 622
Pl — S )
"l 2 2 4 2
By = By + 6AobP = a3p264p2f]2p+1 . (4.7)

Now, the conditions on C%, CY/, D}, and D (as stated in Lemma give that AY, BY € Ua.

Finally, note that since A% € 8,,2 and By € 84,2 (as show in Lemma , the formulas
from Lemma [4.4) give us that C%, C%, Dj, and D all have weight 38p> —p — 1, and therfore
A2 has weight 0. Thus, Egs. and give that Ay € 84,2 and By € 8¢2. O

5. DENOMINATOR OF GREENBERG TRANSFORM CONSTRUCTION

We now turn back to the Greenberg transform construction. The main goal of this section

is to prove the following result:

Theorem 5.1. Let A; and By be the coordinate function obtained by the Greenberg trans-
form construction. Then, Ay € 84p N Ua and By € 8¢, N Ua. Therefore, both parts
of Conjecture are true fori=1.

Before we can prove this, we need to review the Greenberg transform construction. Since
we will only deal with the second coordinate, we will only look at the first two coordinates
of this construction, which is much simpler, but the general construction for any length can
be found in [Fin20].

The construction is based on an algorithm for the computation of the canonical lifting
by Voloch and Walker, which instead of using the modular polynomial (as in [LST64]), uses
the elliptic Teichmdller lift: if o denotes the Frobenius of both k and W(k), ¢ : E — E“
denotes the p-th power Frobenius, and ¢ : E — E° denotes its lift to F, the elliptic
Teichmiiller lift 7 : E(k) — E(W(k)) is a section of the reduction modulo p (and an

injective homomorphism of groups) that makes the following diagram commute:

E(W(K)) — E°(W(K))

In [VWO00, Theorem 4.2], we have:
Theorem 5.2. Let k be a perfect field of characteristic p > 0 and

E/]k : y(2) Z.rg—i-aol'o—i-bo
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be an ordinary elliptic curve with Hasse invariant by = h(ao, bo). Suppose that:

(1) E/Wy(k), where Wa(k) is the ring of Witt vectors of length 2 over k, is an elliptic
curves that reduces to 2 modulo p;

(2) there is a section of the reduction T : E(k)\ {0} — E(W2(k)) \ {O}, where O and
O represent the points at infinity of £ and E respectively;

(3) 7(x0,y0) = ((zo, F1(x0)), (v0,yoHi1(x0))), with F1, Hy € klzg] and deg F1 < (3p —
1)/2 and deg Hy < (4p — 3)/2.

Then 7 is regular at O, E is the canonical lifting of E (modulo p?), and 7 is the elliptic
Teichmaller lift.
Moreover, if T(xo,y0) = ((zo, F1(x0)), (yo, yoH1(x0))) is the elliptic Teichmiiler lift, then

Fl = b (2 + agzo + bo) "2 — 21, (5.1)

(Note that Eq. (5.1]) is not in the statement of [VW0(0, Theorem 4.2], but is proved in its
proof.)
We then use the theorem above to compute the canonical lifting in this construction.

Since we want to obtain general formulas, we will consider again
def
E/K : 32 = f(xo) = o3 + axo + b,

where, as before, K def F,(a,b), with a and b indeterminates. Let’s also denote S def pla, b].
Since b (the coefficient of xf)’_l in f(P=1)/2) is not zero, we can find its canonical lifting. Let
then,
E/Wy(K) : y? =x*+ (a, A1)z + (b, By)

be the first two coordinates of its canonical lifting, where A; and Bj are still unknown. By
replacing « by (xg,x1) and y by (yo0,y1), where xg, yo, 1, and y; are all indeterminates,
we can expand the equation for E above using sums and products of Witt vectors. The
variety over KK obtained by equating the coordinates of the Witt vectors obtained this way
is called the Greenberg transform of E and denoted by G(E). (To be precise, the Greenberg
transform is given by the infinitely many equations we obtain when we use infinite Witt
vectors. But here we will only consider the first two coordinates.) It’s clear then that we
have a natural bijection between E(W3(K)) and G(E)(K), given by ((zo, 1), (Y0,%1)) —

(205 Yo, T1,Y1)-
The second coordinate of the Greenberg transform of E is given by

2ubyr = (f)'x1 + Arah + By + mi(f), (5.2)
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where 71 (f) is defined as follows: consider the polynomial

XPLYP 4 7ZP (X 4+Y + Z)P
(XY, 2) +YP 4+ p( +Y + )_

Then, 1 € Z[X,Y, Z] and we can define n;(f) def m(x3, apzo,bo). (This notation for ny
is the same used in [Finl4], where a more general formula for the Greenberg transform is
given.) Therefore, it is clear that n;(f) € S[zo].

Following Theorem [5.2] we need that 7(xo,z1) = ((x0, F1), (yo,y0H1)), for some polyno-

mials F} and Hj, should give a point in G(E). Therefore, we must have
2y5 " Hy = (f')'FL + Azl + B+ m(f),
or, using yg = f, we have
2f VPO Hy = (fY Fy + v+ By + m(f), (5-3)

where now we have no term in yq left.

Again, by Theorem we know F| = htple=1/2 271 Of course, since we are in
characteristic p > 0, this means we know, by formal integration, all terms of F} except for
terms in arlgp, for & > 0. On the other hand, we also know that deg F; < (3p — 1)/2, and
therefore we can write

F = F1 + clxg + ¢o,

where F} is the formal integral of h=1f(P-1/2 _ :1:8_1, and only ¢; and ¢y are unknown.
(Note that E} € Ualao], where Ua &f Fyla,b,1/8].)
By letting ¢ def m(f) + (f’)pﬁ'l, and thus g € Ua[zo], we can rewrite Eq. 1’ as

2f PV = ()P (erah + o) + Arah + By + g. (5.4)

Thus, the unknowns on the right-hand side are ¢y, ¢1, A1, and B;. Although we do not
know much about the left-hand side, we do know that H; must be a polynomial, and thus
if divide the right-hand side by 2f®*+1/2 we must have that remainder is zero.

Performing this division and setting the remainder equal to zero gives us a linear system
in the four unknowns. By Theorem finding a solution will give us the canonical lifting
(i.e., Ay and By) and F (i.e., ¢p and ¢1), from which we can find H; (as the quotient of the
division).

Now, [Fin20] states that (in this case) if we take ¢; = 0, then the obtained A; and B
are in 84, N U and 8¢, N U, where U o Fyla,b,1/(Ab)]. This is what we call the Greenberg

transform construction (for two coordinates) of A; and Bj.
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Therefore, to prove Theorem [5.1, we need to prove that choosing ¢; = 0 gives A1, By €
Ua.

Proof of Theorem [5.1. We take then ¢; = 0, and hence Eq. (5.4)) becomes
2f(p+1)/2H1 = (f/)pCO + All'g + By + g. (55)

We need to look at the remainder of the division of the right-hand side when divided by
fD/2,

Let

()P = foD2q) oy,
g = f(p+1)/QQ2 + 79,

with degr; < (3p + 1)/2. Note that since f®PT1/2 is monic and g, (f/)? € Uaxo], we have
that ¢;,7; € Ua[zo]. Then,

(f,)pct) + A1$g +B1+g= f(p+1)/2(COQ1 +q2) + (cor1 + 12 + Alxg + B1).

Let then
def p
r = (C(ﬂ”l +7ro + A1£EO + Bl) (56)
So, degr < (3p + 1)/2, and hence r is the remainder in question. We shall now explicitly
find 7.
Let
(3p—3)/2
RS e,
i=0
and define ,
R : (r-1)/2 _ 4
q & Z €Ty and q def 3 S 5 a
=0 Lo
Therefore, we have ¢ € S[zg] and
fr— flet)/24
() = J#DPq = (e +a) =3 ————
323 + 3aPal 4 360 — 3f(PT1)/24
= (3ap 4 ) - S E RSV 23
Lo

fle+D)/2G —pp

D
Lo

= —2a” +3
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(Note that since ¢ € S[zg], clearly the expression above is in S[z¢].) One can clearly see that
the degree of the expression above is equal to (3p+1)/2 with leading coefficient 3e,_; = 3b.
Therefore, the expression above must be r; and ¢; = q.

We then look at the coefficient of xésp /2 4 (given by Eq. ) Since the remainder
must be zero, this coefficient must be zero. On the other hand, this coefficient is clearly

equal to ¢y times the coefficient of x(()?’p /24y r1, which, as we have just seen, is equal to

(3p+1)/2
0

3h, plus the coefficient of x in r9, which must be in Ua, as observed above. Hence,

solving for ¢y, we get that ¢y € Ua.
Now, since then cory,r2 € Ualzo], the equations for the coefficients of xg and the constant

term in r = 0, give us that Ay, B; € Ua. O

6. FACTORS OF THE HASSE INVARIANT

In [FL20], the authors checked (with MAGMA) that for all primes p < 997, the Hasse

invariant has no repeated irreducible factor. We now prove this result in general:

Theorem 6.1. The Hasse invariant polynomial by (for p > 5) has no repeated irreducible
factor, i.e., if h is an irreducible factor of b, then h%1b.

As a consequence, we can improve on [FL20, Corollary 10.2]:

Corollary 6.2. Let h € Fyla, b] be an irreducible factor of b, with h # a,b. Then, fori > 1,
we have vy (A;),vp(B;) > — (ip"™! + (i — 1)pi~2).

Proof. Corollary [2.2] states that

vi(Ai),vn(Bs) = —vp(h) (ip" ' + (i — 1)p'?)

and by Theorem (6.1, we have v,(h) = 1. O

The remaining of this section will be devoted to the proof of Theorem [6.1} The proof is
based on the relation between the Hasse invariant and the supersingular polynomial ss,, as
outlined in [Fin09]. (Although we will not need it here, remember that the supersingular
polynomial is the polynomial given by ss,(X) def II j S'upers-mg_(X - 7))

We shall need some notation and definitions from [Fin09]: let r & (p—1)/2, 1 & [r/3],
and ry & |7/2]. Then, define

F(x)™ i (:) (31_ Z_ T) X, (6.1)

i=r1
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As seen right before [Fin09, Proposition 4.1], we have
br72r1 a3
b = 76117"—37"1 . F <b2> . (62)
We also have:

Lemma 6.3. The polynomial F' has no repeated irreducible factor.

Proof. By [Fin09, Proposition 4.2], we have that F satisfies the following differential equa-

tion:

36
It’s clear from it’s definition that F'(0) # 0. Also, as observed after [Fin09, Lemma 3.1],
we have F'(—27/4) # 0. Therefore, if F(z9) = F'(x¢) = 0, we have that z¢ # 0, —27/4, and
thus F”(xg) = 0. But, taking derivatives of Eq. (6.3)), we’d then have that F*)(zy) = 0 for

all £ > 0, which is a contradiction.

31
X(4X 4 27)F" + (8(ry + 1)X +27(2r1 + 1)) F' + <4r1 + > F=0. (6.3)

Hence, F' has no repeated root, and therefore no repeated irreducible factor. ]

Now, by Eq. (6.2), we have
2 1
— 3i—rypr—2i
h=2 <z> <3i—r>a v
i=r1
Thus, if we let
def b 2 i
. def _ 3(t—r1)p2(re—1
h = B2 Z <z) <32' B r)a (i=r1)p2(r2—i) ¢ Fpla, b], (6.4)
=71
we have that a,b 1 b, and h € 812(ry—r,)- Furthermore, note that since 3ry —r,r—2ry € {0,1},

in order to prove Theorem [6.1] it suffices to show that b has no repeated irreducible factor.

Lemma 6.4. Let I_Fp denote the algebraic closure of F,. Then, every factor of b is in
Fpla3, b?].

Proof. Let h € Fy[a, b] be a irreducible factor of h. Since b is homogeneous (with wgt(a) = 4,
wegt(b) = 6), we have that h must also be homogeneous, say wgt(h) = k. Since, moreover,
h ¢ F, and a,b1 b, we have that

h = clam + Cgbn + abhl,

with ¢q,¢o € I_F; and h; € Fp[a,b]. But then, if @'t/ is a monomial of h, we have 4i + 65 =
k =4m =6n, and so 3 | i and 2 | j. O
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Therefore, if we let

ro .
b Z <:> <3i l_ r> w2 e Fylu, vl (6.5)
1=r1

and assign wgt(u) = wgt(v) = 1, then b; is homogeneous of weight ro — 71, it has no factors
of u or v, hy(a3,b?) = b (by Eq. (6.4)), and the lemma above tells us if h; has no repeated
factors, then neither does fj, which would finish the proof of Theorem But that is indeed

the case:
Lemma 6.5. We have that by has no repeated irreducible factor.

Proof. Suppose then that by (u,v) = P(u,v)2 - Q(u,v), with P irreducible. But note that,
by Egs. and (6.5), we have b1 (X,1) = F(X), and then by Lemma we must have
that P(X,1) € IF‘;. But, since P(u,v) must be homogeneous of positive weight and v { by,
we must have P(u,v) has a monomial of the form ™, and hence P(X, 1) cannot be constant.

Therefore, we have a contradiction, and h; has no repeated factors. O

Note that h does not need to be irreducible. For instance, for p = 11, we have h = 9ab.
Moreover, if p = 29 we have h = a(a® + 2b%)(a® + 22b), so b is not irreducible in general

either.
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