IMPROVED BOUNDS FOR DENOMINATORS IN THE FORMULAS OF
THE CANONICAL LIFTING

LUIS R. A. FINOTTI AND DELONG LI

ABSTRACT. An ordinary elliptic curve y3 = x5 + azo + b has a canonical lifting y? =
x® + ax + b, where a = (a, A1, Az,...),b = (b, B1,Ba,...) and the A,’s and B,’s are
rational functions on a and b. Two constructions have been given for these functions,
and some of their properties have been studied in some of the authors’ previous work.
In this paper, we further study those properties, showing that the Greenberg transform
construction gives A1 and B of the form C/h, where § is the Hasse invariant, and giving
better bounds for the powers of a and b in the denominators of Az and Bz given by the

j-invariant construction.

1. INTRODUCTION

Let p > 5 be a prime, and a and b be indeterminates. Let E be the elliptic curve
E/Fy(a,b) : yi = xj + azo + b,

and

E/W(F,(a,b): y> =23+ azx+b
be the canonical lifting of E, where a = (a, Aj,...),b = (b, B1,...). Note that A4,, and
B,, are then functions on a and b, but since the canonical lifting is unique only up to

isomorphism, these coordinate functions are not uniquely defined.

The first author asked about the nature of these A,, and B,,. In [Fin20] he showed that these
functions can be, depending on choices under isomorphisms, universal modular functions,
and then asked whether these could also be chosen so that the discriminant A does not
appear in their denominators. In other words, he asked whether the universal modular
functions can be taken in ring Fpla,b,1/b], where b is the Hasse invariant of E. Two
approaches were suggested to solve this problem.
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The first approach is to find the canonical lifting by the Greenberg transform construction,
as described in [FL21] and reviewed below, and show that A, and B, satisfy all the re-
quirements. Computations with MAGMA showed that this is the case for small primes p
and short lengths, and the first author conjectured it would be true in general. In [FL21]
the authors showed that indeed this construction gives Ay, By € Fp[a,b, 1/b], and therefore,

the conjecture is true for n = 1.

The second approach is to find the canonical lifting by the j-invariant construction, again
introduced in [FL21] and reviewed below, and then create isomorphic canonical liftings that
satisfy the requirements, as these might not always be universal. More precisely, in [FL20]
it was shown that the j-invariant construction yields A,’s and B,’s of the form C/(a“b’h?),
where C' is homogeneous, and hence are not defined for curves with j-invariant equal to
either 0 or 1728. On the other hand, one can try to create isomorphic liftings by choosing
some X such that @’ = Aa and b = A% give coordinate functions satisfying all the
requirements (i.e., universal modular functions, with no A in the denominator). It was
shown in [FL21] this can be done for n = 1, and under some extra assumption, also for

n = 2 (after a second change of coordinates).

Also of interest for computations would be to determine the power of each factor in the
denominators of A, and B, for each construction. That is, for the Greenberg transform
construction, A, and B,, have the form C/(h*A#), and we would like to find upper bounds
for o and . For the j-invariant construction, A, and B, have the form C/(a®b’h?), and

we would like to find upper bounds for «, 3, and ~.

Besides having its own intrinsic value, this problem can also help solving the problem of
finding universal modular functions in Fy[a, b, 1/h] giving the coefficients of the canonical
lifting. For example, the authors studied these bounds for the j-invariant construction
in [FL20], and were then able to use them in [FL21] to find the isomorphic liftings with no

discriminant in the denominator mentioned above.

In the present paper, we will show that the Greenberg transform construction yields A; and
By of the form C/b, i.e., the maximal power of the b in their denominators is 1, and give
better bounds for the powers of a and b in the denominators of the As and By obtained
by the j-invariant construction. (Note that the bounds given for Ay and B; in [FL20] were

already improved over the general bound.)
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2. PREVIOUS RESULTS

We shall assume throughout that p is a prime greater than or equal to 5. Then, let a and
b be indeterminates and E be the elliptic curve given by the Weierstrass coefficients (a, b),
i.e.,

E/F,(a,b): y2 = a3 + axo +b.

Since E is ordinary, it has a canonical lifting
E/W(F,(a,b)) : y* = 2° + ax + b,

over the ring of Witt vectors W(F,(a,b)) (see [Fin20]). By definition, this means that E

reduces to E modulo p, i.e., a = (a,...) and b= (b,...), and has a lifting of the Frobenius.

Let then

a = (a,Ai(a,b), As(a,b),...),
b = (b, B1(a,b), Ba(a,b),...).

These coordinates A, and B,, are then functions on a and b, but since the canonical lifting
is only unique up to isomorphism, they are not uniquely determined. In [Fin20] it is shown
that A, and B, can be chosen as to have some “nice” properties. For instance, they can
be modular functions of weights 4p™ and 6p™, respectively. To be clear, if we assign weights
wgt(a) = 4 and wgt(b) = 6, and let

8n=1{f/9: f,g € Fpla,b] homog., wgt(f) — wgt(g) = n} U {0},

then the elements of 8,, are modular functions of weight n.

Moreover, it was shown that these A, and B, can also be taken to be universal, meaning
that they are defined for every a = agp and b = by such that (ag,by) gives Weierstrass
coefficients of an ordinary elliptic curve. In other words, one can find (modular) functions
A, and B, in the ring Fpla,b,1/(Ab)], where A and b are the discriminant and Hasse

invariant of F, respectively.

The proofs of the properties above allow the discriminant A to appear in the denominators,
but concrete examples seem to indicate that there are such universal modular functions
A, and B, for which it does not, i.e., for which we have A, B,, € Fy[a,b,1/b] instead of
Fyla,b,1/(Ab)], raising the question if this is indeed always the case, and if so, how to find

such functions.
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In [Fin20], two methods to construct the canonical lifting are introduced. The first method
uses the elliptic Teichmiiller lift, which is a section of the reduction modulo p (from E
to E) that commutes with the Frobenius maps, and we call this the Greenberg transform
construction. But by [Fin20, Theorem 2.3], the A,, and B, given by this construction are
in 84p» NFpla, b, 1/(Ab)] and 8g,n NFpla, b, 1/(Ab)], respectively, while [FL21, Theorem 5.1]
shows that Ay, By € Fy[a,b,1/h]. In Section [3| we show that the denominators of A; and

B have no powers of § higher than one.

The second method to compute A,, and B,, introduced in [Fin20] is the j-invariant con-
struction: if j is the j-invariant of the canonical lifting E, which was extensively studied
in [Finl0], [Fin12], and [Finl3], then

274
a 4(1728—]) (CL, 1,412, ),
275
b=X—"  _ — (b,By,Bo,...
4(1728—]) ( y D1, D2, )7

where A = (1/b/a,0,0,...). By [FL20, Theorems 6.3, 10.2, 11.1, 12.2], we have that this

construction gives A,, € 84pn, B;, € Sgpn of the form

4 = C
" e (=2 g (= 1)pn = (n—1)p" =2 p2np !
B D

frp™ =+ (n=1)p" =2 gnp" —(n—1)p" =2 p(2n—1)p™’

where C, D € Fyla,b]. Moreover, [FL20, Corollaries 13.2, 13.3] give better bounds for the
powers of a and b in the denominators for n = 1. More precisely, if v, is the valuation at ¢,
then:

1, ifp=1 (mod 6), —p+1, ifp=1 (mod 6),
I/a(Al) = Va(Bl) =

-1, ifp=5 (mod 6), —p—1, ifp=5 (mod 6),

—p+1, ifp=1 (mod4), 1, ifp=1 (mod4),
vp(Ar) > vy(B1) >

—p—1, ifp=3 (mod 4), -1, ifp=3 (mod 4).

Similar improvements for the bounds in the case of n = 2 will be given here in Section [4]

Before we proceed, we state some of the results we will use below.

Theorem 2.1. There are rational functions J; € Fp(X), for i > 1 such that if j is the j-

invariant of an ordinary elliptic curve, then the j-invariant of its canonical lifting is given
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Proof. This is [Fin12, Theorem 1.1]. O

Let ss), be the supersingular polynomial (i.e., the monic polynomial having as simple roots

exactly the j-invariants of supersingular curves) and

def ssp(X)

X) = 2.1
where
5 0, ifp=1 (mod 6), 0, ifp=1 (mod 4),
= € =
1, ifp=5 (mod 6), 1, ifp=3 (mod 4).
and hence
Sp(X) € Fp[X],  5p(0),5p(1728) # 0.
Then, we have:
Theorem 2.2. Let Jy be defined as in Theorem [2.1. Then, we have that
J2(X) = F5(X)/G2(X) € Fp(X),
where:
(1) FQ,GQ S FP[X], with (FQ,GQ) =1;
(2) F3 has a zero at 0 of order (2|(p—1)/6] + 1)p;
(3) Ga(X) = (X — 1728)% S, (X)L
Proof. This is [Finl2, Theorem 7.2]. O
We also have:
Theorem 2.3. We have
) 2p+1, ifp=1 (mod 6), _ 2, if 17287 = 1728 (mod p?),
va(J1(7)) = vp(J1(7)) =
2p—1, ifp=5 (mod 6), 0, otherwise,

and if 1728 — j = (ug, u1), then

p+1, ifp=1 (mod4),
vp(ur) >
p—1, ifp=3 (mod4).

Proof. This is [FL20, Theorem 13.1]. O
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Finally, we briefly review some basic results about Witt vectors. (More details can be
found in [Ser79], [Jac84], or [Rabl4].) Let Sy = Xo + Yo, Po = XoYp, and define S, and P,

inductively as follows

1 1 3 n 7
Sn:Xn+Yn+5(Xﬁ_l+Y7f_l—S§_1)+---+E(Xg +Yy - S5,
1

P, = ﬁ[(Xgn 4. _|_p"Xn)(YOpn +- +p"Y,) — (Pgn + e +Pn71P£—1)}'

Then it is known that S,, and P, have coefficients in Z, and if A is a ring of characteristic
p, then addition and multiplication of @ = (ag,a1,...) and b = (bg,by,...) in the ring of
Witt vectors W(A) are given by

a -+ b= (So(a(), bo), 51(@0, ai, b(), bl), .. .), ab = (Po(a(), bo), Pl(a(), ai, b(), bl), .. .),
where S,, and P, are the reductions modulo p of Sy, P,, respectively.
Moreover, one has —(ag, a1, ...) = (—ag, —a1,...) for p # 2, and

(/\,0,0, .. .)(ao,al,ag, .. ) = ()\Q(),)\pal,)\pzag, ‘e )

We will also need:

Lemma 2.4. The monomials [[[_y X7 [I7—, thj occurring in P, satisfies
n . n .
D osipt =t =p"
i=0 5=0
Proof. This is [Fin02, Lemma 2.1]. O

3. THE POWER OF HASSE INVARIANT IN THE GREENBERG TRANSFORM CONSTRUCTION

Let A; and B; be the second coordinates of the Weierstrass coefficients of the canonical
lifting given by the Greenberg transform construction. In this section we show that the

power of Hasse invariant b in the denominators of A; and By is less than or equal to 1.

We start by giving a sufficient condition for the result. Let

(3p—3)/2

oS e,

i=0
where f = 23 + axg + b. (Thus, we have that e; € F,[a,b] and e,_1 is the Hasse invariant

b.)
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Lemma 3.1. Assume that b = e,—1 and e,—2 have no non-trivial common divisor. Then
Ay = C1/h, By = D1/ for some C1, Dy € Fpla,b).

The proof is similar to [FL21l Section 5].

Proof. From [FL21], Egs. (5.4), (5.5)], we have
2fWV2H, = (f')eo + Avag + By m(f) + (f) i,

where Fy is the formal integral of =1 f(P=1)/2 — :Eg*l, m(f) € Fpla, b, xo], Hi € Fp(a,b)[zo],
and ¢y € Fp(a,b). Then n1(f) + (f)PF1 = g1/b for some g; € Fp[a, b, x]. Therefore

ofPH/2p = (f"Yeo+ Arxh + By + g1/b. (3.1)
Let
()P =2f®T02q 40y,
g1 = 2fPTD 2gy 4y,

where degr; < (3p+1)/2 (where deg refers to degrees as polynomials in xg). Since 2f®+1)/2
has leading coefficient 2 and (f')*, g1 € Fpla, b, zo], we have g;,r; € Fpla, b, z¢]. So
(f))'co+ Arah + Br + g1/ = 2f PT/2(coqr + qo/b) + (cor1 +12/b + A1zl + By).
Let
r déf cori1 + 7"2/[] + Alxg + Bj. (3.2)
So, degr < (3p+ 1)/2, and hence r = 0 by Eq. (3.1)). We now determine r;.

Remember
Gp=3)/2
=S e,
i=0
and let

p-l (r-1)/2 _ 4
. def ; def , [P —q
q = E Ci.fCB, q = 3 24P

i=0 0
Then g € Fpla, b, zo] and

fPtD/25 — pp

p

(f1P —2f@tD/2g = —2qP 43
Lo

The above expression has degree (3p + 1)/2 and leading coefficient 3 (as h = e,—1). Since

it is in Fp[a, b, z¢], it must be equal to remainder ry above.
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Comparing the coefficients of xé?’p /2 4 Eq. (3.2), we have

0 = 3bcy + t/h,
for some t € Fp[a,b]. So
co = —/(35?).
Comparing the coefficients of 25 and 1 in Eq. (3.2), we have
—ts/(30%) +u/bh + A1 = 0, (3.3)
~tv/(3h) +w/h + By = 0, (3.4)

for some s,u,v, w € Fpla, b].

Now, we also have that 71’s second highest term is 361,_233831’ —1/2

x(()3p_1)/2 in Eq. (3.2), we have

. Comparing the terms of

0 =3ep_2c0 + z/h,

for some z € Fpla,b]. So cg = —z/(3ep—2bh) = —t/(3h?). Hence zh = te,_o. But since h and
ep—2 have no non-trivial common divisor by assumption, we must have b | ¢ in Fp[a,b]. So

t = t1h for some t; € Fpla, b].

Thus, Egs. (3.3) and (3.4) then give us A; = C1/h, By = D;/h for some C1, Dy € Fyla,b].
O

Now, we want to show (h,e,—2) = 1, where e,_» is the coefficient of mg_Z in fP-1/2 We

start with the following lemma:

Lemma 3.2. The variables a and b are not common divisors of b and ep_».

Proof. According to [Fin09, Lemma 2.2}, we have

o= () 20 ()

=81
2 /r 7
— Z ' . a3z—r—1br+1—21’
. ) Jt—r—1
i=81

where r % (p—1)/2, s1 & [(r+1)/3], s2 & [(r+1)/2].
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So v4(ep—2) =3s1 —r —1, v(ep—2) = 7+ 1 — 2s5. Considering the four possible residues of

p modulo 12, we get

2, ifp=1 (mod 6), 1, ifp=1 (mod4),
Va(ep-2) = vp(ep—2) =
0, ifp=5 (mod 6), 0, ifp=3 (mod4).

On the other hand, by [Li20, Lemma 5.17], we have

0, ifp=1 (mod 6), 0, ifp=1 (mod4),
va(h) = vp(h) =
1, ifp=5 (mod 6), 1, ifp=3 (mod 4).
So, neither a nor b are common divisors of h and e,_». O

It is easier to show that two polynomials in one variable are coprime than to show it for

polynomials in two variables. So, we introduce

F(x) % i: C) (&, Z_ T) X, (3.5)

i () ot

1=81

where r; & [r/3], 72 & |7/2], and remembering that s; = [(r +1)/3], s2 = [(r +1)/2].
(Note that F' is defined in the same way as in [Fin09].) Then, we show it suffices to prove
that (F, F1) =1 to get the desired result.

Lemma 3.3. If (F, Fy) =1, then e,—2 and b have no non-trivial common factors.

Proof. Assume d € F,a,b] \ F), divides both e,_» and h. Then e,_o = dg and h = dh for
some g, h € Fyla,b]. Define h and b; as in [FL21], i.e.,

9 .
p def " L 3(i—r1) p2(r2—1)
) E <z> (31, - T>a b € Fyla,b],

=71

9 .
= <Z> (31' . r> u T € Fplu, o).
=71
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Similarly, define

a331 —r—1 br+17252

52 r 7 3(i .
(i—s1) p2(s2—1)
(z) <3i—7‘—1)a b € Fpla, b],

1=81

89 .
_ def Z r ? i —
o= (Z) (32’ —r— 1>uz St € Fplu, ],

1=81

Then e is homogeneous (with wgt(a) = 4 and wgt(b) = 6) and a,b { €. Since a, b { d, we have
€ =dgi, and h = dhy, where g1 = g/(a®1 777167 17252) and hy = h /(a3 7"V 272) € Fpla, b].

We now show that d, g1, h1 € Fy[a®,b?]. We have € is homogeneous, so is d. Since a,b { d
and d ¢ [F,,, we have d = c1a" + c2b" + abd; for some ¢, ¢z € Fy and d; € F,la, b], and with
4m = 6n. Let a’b’ be a monomial of d. Then 4i + 65 = 4m = 6n, hence 3 | i and 2 | 5. So
d € Fy[a?,b?]. Similarly, g1, h1 € Fpa3, b?).

2]

od = da(a®b?), g1 = ga(a3,b?), hy = ha(a3,b?) for some ds, g2, ha € Fp[u,v]. Then
1 = daga, b1 = doho, and hence

]

Fl(X) = él(Xv 1) = dQ(Xv 1)92(X7 1)7
F(X)=01(X,1) = da(X,1)ha(X, 1).

Therefore, since (F, F1) = 1, we have that da(X,1) € F;. On the other hand, since d ¢ I,
and d = do(a®,b?), defining wgt(u) = wgt(v) = 1, we have that ds is homogeneous of
positive weight. Also v { b1, so v { d2, and thus do has a monomial of the form u™ for some

m > 0. Therefore, do(X,1) cannot be constant, which is a contradiction. O

Hence, now we must show that (F,F;) = 1. Let us first study Fj. Our goal is to find a
differential equation satisfied by Fj, but, following the ideas from [Fin09], we first find a

differential equation for the related polynomial

A xnm -3 (), L)

1=81

Lemma 3.4. We have:

AX2(4X +2T)F + 16 X2F] + (15 — X)F| = 0.

One can easily verify that this equation holds simply by showing that the coefficient for

every degree is zero.
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From this simpler differential equation, we can obtain the one for Fy:
Lemma 3.5. We have:

29
X(4X +27)F' + (4(2s1 + 1) X + 54s1)F] + <4.s1 - 36> F; =0.

Proof. Since Fy(X) = X*1 Fy(X), taking derivatives both sides, we get equations for F] and
F?'. Plugging these into the differential equation above, dividing both sides by 4X 511 we
get the desired differential equation. Here we used the fact that s;(sy —1) = —5/36 in F),

which can be shown by considering four cases where p =1,5,7,11 (mod 12). O

Let p = 12m + 49 4 6e + 1, with ¢, € {0,1}. Thus, with our previous notation, we have
that s; =71 + (1 — 0) and s9 = ry + e. We then have:

Lemma 3.6. The polynomials F' and Fy satisfy

SF +3XF = (r—2r +26 — )X 0F —2X27°F]. (3.7)

Proof. First note that for n,k € Z with n > k > 1, we have

(Z)k:<k:i1> (n—k+1) (3.8)

By Eq. (3.5) and since r = 3r; — 4, we have

SF +3XF = 22: (:) <3Z, Z_ r) (3i — r) X1, (3.9)

=71

and by Eq. (3.6),

ro+e€ .
(r—2r +26—1) X" 0F —2X?9F = Z <T>( ! >(r—2i+1)Xi"”1. (3.10)

, 1) \3t—r—1
i=r1+(1-9)
Now, by Eq. (3:3),
) )
3i— ) = 241
(3¢—r>(7’ ) <3i—r—1)(r i+ 1),
fori=r4+(1-9),...,rgsince i > 3i—r > 1, 3ry —r =4, and r — 2r9 = . Moreover, if

0 =0, and hence 3r; = r, we have the term with i = 1 in Eq. (3.9) is

() (5)o-e
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and if e = 1, and hence r = 2ry 4+ 1, the term with ¢ = r9 + € in Eq. (3.10) is

T ro+1
0=0.
(rg—i—l) <3r2—r+2>

These last three equations prove that the left sides of Eqs. (3.9) and (3.10) are equal,
concluding the proof. O

Note that by [FL21, Lemma 6.3], we know F' has no repeated roots. Moreover, we have that
F(0), F(—27/4) # 0 by the definition of F' and the comment following [Fin09, Lemma 3.1].
Finally, remember that by [Fin09, Proposition 4.2], we have that F' satisfies the differential

equation

31
X(AX +27)F" 4+ (8(r1 + 1) X +27(2r1 + 1)) F' + <4r1 + 36> F=0.

Now, we can finally show that (F, F}) = 1.

Theorem 3.7. We have (F, Fy) = 1. Therefore, we have Ay = C1/h, By = D1/Y for some
Ci,D; € ]Fp[a, b]

Proof. If p =17, then F} = F = 3, so (F, F1) = 1. We then assume p # 7. It suffices to show
that F' and F} have no common roots, and hence suppose zg € IF‘p is a common root. Then

xg # 0,—27/4, and using the differential equations for F' and Fj, we have
(4(2s1 + 1)z + 54s1) F{ (x0)

F! = — 3.11
o7 (o) Az + 27 ’ (38:11)
8(ry + 1)zo + 27(2r1 + 1)) F'(20)
F” = —( . 3.12
zoF" (20) Ao + 27 ( )
Observing that
1 .
—=, if§d=0,
r = 6
i ifo=1,
we see that when § = 0, Eq. (3.7) becomes
7
3XF' = —sXFi - 2X2F], (3.13)

and when § = 1, it becomes

1
F+3XF = Fi —2XF]. (3.14)
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Let us first look at the case when 6 = 0. Dividing Eq. (3.13|) by X and taking derivatives,
we obtain
! 19 / /!

Therefore, evaluating these equations at X = xz, we have

3F' (zg) = —2z0F](20), (3.15)
3F”(.’L‘0) = —(19/6)F1/(1'0) — 2.%'0F1”({L'0). (3.16)
Then, using Eqgs. (3.11)) and (3.12)), and noting that s; = r; + (1 —6) =1 + 1, Eq. (3.16))
gives
_3((87“1 + 8)1’0 + 54r1 + 27)F’(x0) _ —BF{((L'()) 49 ((87"1 + 12)$0 + 54rq + 54)F1'(x0) '

xo(4zo + 27) 6 dxg + 27
Using Eq. (3.15]) we then get (7/6)F](z9) = 0. Since p # 7, we have that Fj(z) = 0, and

hence F'(z) = 0. This is a contradiction, since F' has no repeated roots.
Now, for the case when § = 1, taking derivatives on Eq. (3.14), we get
11
3XF" +4F" = —FF{ —2XF/.
Evaluating the two equations above at X = zg, we have
3
F{(aco) = —§F/<(L'0), (317)

33:0F”(930) + (5/4)F/(CEO) = —2&70F{,($0). (318)

By Egs. (3.11)) and (3.12) and the fact s; = r1 in this case, Eq. (3.18) gives

((8’F1 + 8):E() + (547“1 + 27))F’(ZL‘0) 5 , ((87“1 + 4)$0 + 54T1)F{(:C0)
-3 + - F'(xzg) =2 .
4xg + 27 4 dxg + 27
Using Eq. (3.17), we can simplify it, obtaining (7/4)F’(xo) = 0. Again, since p # 7, we
must have that F](zo) = 0, which, as before, yields a contradiction. O

4. THE IMPROVED BOUNDS FOR THE POWERS OF a,b IN THE j-INVARIANT
CONSTRUCTION

Let A5 and Bs be the third coordinates of the Weierstrass coefficients of the canonical lifting
from the j-invariant construction. The goal of this section is to give improved bounds for
the valuations v,(Asg), v (B2), vp(A2), and v(Bs).
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p=5 p="7
Actual Bound Actual Bound
va(A2) —35 —61 -35 —98
Va(B2) —60 —86 —84 —147
v (A2) —40 —100 —112 —211
vs(Ba) ~15 —75 —63 ~162

TABLE 4.1. Actual valuations versus bounds.

By [FL20, Theorem 12.3], we have

(42) —2p?, ifp=1 (mod 6),
Va\A2) Z

—2p?> —2p—1, ifp=5 (mod 6),

(By) —3p?, ifp=1 (mod 6),
Va\D2) =

—3p> —2p—1, ifp=5 (mod 6),

(42) —4p?, ifp=1 (mod4),
W \Az2) =

—4p? —2p—1, ifp=3 (mod 4),

—3p?, ifp=1 (mod 4),
vp(B2) >

—3p>—2p—1, ifp=3 (mod 4).

Table 12.1 of [FL20] gives the comparison of the bounds with the actual values for p = 5, 7.
Table records the relevant values, showing that the given bounds are still far from the

actual valuations. Our goal in this section is to improve these bounds.

The improvement follows a similar method as the one from [FL20], but also using Theo-

rem (which is again simply [Finl2, Theorem 7.2}).

We start with valuations at a, for which we can determine the exact values at A, and Bs.

Theorem 4.1. We have
—p*+2p, ifp=1 (mod 6),

va(As) = 3p(2l(p—1)/6] + 1) — 2p* = .
—p?> —2p, ifp=5 (mod 6),

—2p? 4+2p, ifp=1 (mod 6),

va(Ba) = 3p(2[(p — 1) /6] + 1) — 3p* = ‘
—2p?> —2p, ifp=5 (mod 6).
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Proof. Remember in the j-invariant construction we have that

279
_ A4
“ 41728 — §)
b= \a,
where A = (1/b/a,0,0,...).
Let then:
1728 = (o, a1, 2), (4.1)
27/4 = (507 Blv /82)7 (42)
1728 — j = (uo, u1, u2), (4.3)
1
R 4.4
27
— 4.
279
— 4.
4(1728__]) (20721722)? ( 6)

and R be the localization of Fp[a,b] at the prime ideal (a).

Since v4(j) = 3,
. 2p+1, ifp=1 (mod 6)
Va(Jl(])) =
2p—1, ifp=5 (mod 6),
by [FL20, Theorem 13.1], and by Theorem we have v,(J2(j)) = 3p(2[(p — 1)/6] + 1),
we obtain that j € W3(R), and hence 1728 — j € W3(R). It is also clear that v4(ug) = 0.

Y

Since then uy is a unit of R, we have that 1/(1728—35) € W3(R) and v4(vp) = 0. Similarly, we
have that 27/(4(1728 — 7)) € W3(R), which implies that v,(w1), ve(w2) > 0, and v,(wp) =
Va(Bo) + va(vo) = 0.

Now, by Lemma we have that 23 equals w}) Jg( /) plus terms of the form j@.J; (§) wl®w] w]?,
where a + 8p = p?, and hence 3 < p. Then, we have Va(wO J2(j)) = 3p2[(p —1)/6] + 1),
and by Theorem

va(j* NG wiwi'wy?) = 3+ (2p — 1)8 = 3p” — (p+ 1) > p(2p — 1).

Since
3p2[(p—1)/6] +1) <p((p—1)+3) =pp+2) <p(2p—1)
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for p > 5, we have v,(22) = v4(J2(5)). So, va(A2) = vo(J2(5)) — 2p* = 3p(2[(p — 1)/6] +
1) — 2p?, and v, (Bs) = va(J2(j)) — 3p% = 3p(2[(p — 1)/6] + 1) — 3p>.

The last equality of each equation can be shown by considering cases p = 6k +1,6k+5. [

We now turn to the valuations at b, for which we only get lower bounds, although better

ones than previously known.

Theorem 4.2. We have:

—2p?, ifp=1 (mod 4),
vp(A2) >
—2p? —2p, ifp=3 (mod 4),
2 e
-p, pr =1 (Il’lOd 4)5
vy(B2) >

—p? —2p, ifp=3 (mod 4).

Proof. We start with the case of p =3 (mod 4). Since in this case we have, by Theorem

that
Fy(X)

Jo(X) = ,

2(X) (X — 1728)P8,(X)% !
and S,(1728) # 0, we get v(J2(j)) = —2p. We will keep the notation from Egs. (4.1)
to (8).

Clearly vp(ap) = 0 and vp(aq), vp(a2) > 0. Also, clearly we have v,(j) = 0 and vy(ug) = 2,
and by Theorem we also have that v,(J1(7)) > 0 and vp(u1) > p — 1.

Moreover, ug equals —J3(j) plus terms of the form j¢J;(j )6ag°oz¥1a72 Since vp(—J2(j)) =
—2p, and v, (54J1(j )Bagooflhozg ) > 0, we have vp(uz) = —2p.

We now turn to (1728 — j)~'. We clearly have that v(vg) = —2 and v; = —ul/ugp, and

2 2
hence v(v1) > —3p — 1. Also, vy equals u,” times the sum of upvf and terms of the form

vg‘v’fugu‘f, where a + fp = v + dp = p?. Hence 3,5 < p. We have Vb(UQng) = —2p — 2p?,

and
ub(vovlﬁuoul) > 2a+(-3p—1)B+2y+(p—1)0
=20+ (—p—1)B+2p"+ (—p—1)5
—2p — 2p2.

So, vy(v2) > —2p — 4p”.
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Turning to 27/(4(1728 — 7)), we note that clearly v4(8o) = 0, vp(51), vp(B2) > 0, vp(wo) =
vp(Bo) + vp(vo) = =2, wy = vgﬁl + Bgvl, and hence vp(wy1) > —3p — 1.

Also, ws equals Bg2v2 + ,821)82 plus terms of the form vg‘vlﬁ By ﬁf where a + fp = p?. From
our work above we have I/b(ﬁg2’l)2) > —2p — 4p?, Vb(62v82) > —2p?, and
v (vg ”1 18)) = =20+ (—=3p—1)8
= —2p° +(—p—1)8

> —3p° —p.

So, vy(wz) > —2p — 4p*.

Finally, we turn to 275/(4(1728 — j)). We have that zy equals wag?° + wg2J2(j) plus
terms of the form wg“wfj”Jl(j)‘s, where a + fp = p®. We have Vb(ijPQ) > —2p — 4p?,
I/b(wSQJg(j)) = —2p — 2p?, and since v (J1(j)) > 0,

w(ww) 571 (5)") > =20+ (=3p— 1)5 > =3p° —p.
So, vp(22) > —2p — 4p?. Hence, vp(As) = vp(22) + 2p* > —2p — 2p%, and v4(Bs) = vp(22) +

3p* > —2p — p*.

We now look at the case when p =1 (mod 4). Again, by Theorem in this case we have

Fy(X)
Sp(X)Zerl ’

and since Sp,(1728) # 0, we have v (J2(j)) > 0.

Jo(X) =

As before, we have vp(ag) = 0, vp(aq), vp(ag) > 0, vp(up) = 2. But now, by Theorem
vp(u1) > p+ 1. Also, vp(uz) > 0, since the valuations of 1728 and j are all non-negative.

We then clearly have that v,(vg) = —2 and vy (v1) = Vb(—ul/ugp) > —3p+1. Also, v9 equals

R 2 2
ug?” times the sum of ugv’ and terms of the form vgv) udus. We have vy(ugt? ) > —2p?,

and
(Vv ugud) > =20 + (=3p+ 1)B + 2y + (p+ 1)d
=20 + (—p+ 1) +2p* + (—p+1)d
—2p? + 2p.

So, vy(ve) > —4p?.
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We also have v,(8) = 0, v(B1), vs(B2) > 0, vp(wy) = —2, and since wy = v} 1 + Bhv1, we
have vp(wy) > —3p + 1.

D’ »° o, BnY R0 p° )
Also, wo equals 3 va+ fov; plus terms of the form viv) By 87. We have v,(55 v2) > —4p”,
I/b(ﬂgvgz) > —2p?, and

vy Vg0l BIBY) > —2a+ (=3p + 1)
==+ (-p+1)B
> —3p* +p.

So, vy(wz) = —dp®.

Next, z equals wa P’ + wg2J2(j) plus terms of the form wf}w?j’le (5)°. Since vy (woj?”) >
—4p?, vy(wf Jo(j)) = ~2p?, and

vp(w§wy j701(5)°) > —20+ (=3p + 1)8 > —3p* +p,

we have vy(22) > —4p?. Hence, vp(Az) > —2p?, and vy(By) > —p?. O

Computations show that the bounds from the theorem are sharp for p = 7,11, the cases
when p = 3 (mod 4). On the other hand, the bounds are not sharp for p = 5,13,17, the
cases when p = 1 (mod 4). That is due to the lack of information about v4(us2) in this case.
The computations for these concrete examples in this case actually give that vy(us) = 2p,

while in our proof we are only able to state that v(uz) > 0.

On the other hand, we were able to show that v(u2) = —2p for the cases when p = 3
(mod 4), thus obtaining better bounds.

Acknowledgments. The computations mentioned were done with MAGMA or Sage.
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