MINIMAL DEGREE LIFTINGS OF HYPERELLIPTIC CURVES
LUIS R. A. FINOTTI

ABSTRACT. The main goal of this paper is to analyze the properties of lifts of hyperelliptic curves
y¢ = f(xo0) over perfect fields of characteristic p > 2 (to hyperelliptic curves over the ring of Witt
vectors) that have lifts of points whose coordinate functions have minimal degrees. It is shown
that, when trying to minimize the degrees of the x-coordinate, the (n+ 1)-th entry, say F,, can be
taken to be a polynomial in z¢ such that (dp” — (d — 2))/2 < deg F,, < (dp™ + (d — 2))/2, where
d = deg f(x0). Besides upper and lower bounds for the degrees, other topics discussed include a
necessary condition to achieve the lower bounds and lifting the Frobenius. Computational aspects
are also considered and the case of elliptic curves is analyzed in more detail. An explicit formula for
derivatives of coordinate functions of the elliptic Teichmiiller lift is proved, namely dF,/dzo = 0,
if p =2, and dF, /dzo = AP ~D/(P—1) ygnfl - Z?;ol Fl-(pniifl) dF;/dxo, if p > 3, where A is the
Hasse invariant of the curve. Finally, we establish a connection between minimal degree liftings

and Mochizuki’s theory of “canonical liftings” in the case of genus 2 curves.

1. INTRODUCTION

Let k be a perfect field of characteristic p > 0. We say that an elliptic curve E/k is ordinary
if the p-torsion subgroup of E' is isomorphic to Z/pZ. Associated to an ordinary elliptic curve E,
there exists a unique (up to isomorphisms) elliptic curve E over the ring W(k) of Witt vectors over

k, called the canonical lift of E, and a map 7 : E(k) — E(W(k)), called the elliptic Teichmailler
lift, characterized by the following properties:

(1) the reduction modulo p of F is E;
(2) if o denotes the Frobenius of both k& and W(k), then the canonical lift of E7 (the elliptic
curve obtained by applying o to the coefficients of the equation that defines E) is E7;

(3) 7 is an injective group homomorphism;
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(4) let ¢ : E — E° denote the p-th power Frobenius; then there exists a map ¢ : E — E°,

such that the diagram

EW(E) 2 B (W)

q T

BE(k) —2— E°(R)

commutes. (In other words, there exists a lift of the Frobenius.)

This concept of canonical lifting of elliptic curves was first introduced by Deuring in [Deu4l]
and then generalized to Abelian varieties by Serre and Tate (see [LST64]). Apart from being of
independent interest, this theory has been used in many applications, such as counting rational
points in ordinary elliptic curves, as in Satoh’s [Sat00], counting torsion points of curves of genus
g > 2, as in Poonen’s [Poo01] and Voloch’s [Vol97], and coding theory, as in Voloch/Walker’s
[VWO00]. This last reference, together with [VW99] (by the same authors) and Mochizuki’s [Moc96],
are the main motivation for this paper.

Before we make it clearer what we are going to pursue here, we need to introduce some more
notation. We can identify E/W(k) with its Greenberg transform G(E)/k, which is an (infinite

dimensional) scheme over k, and we can then view 7 as a morphism of schemes over k. Thus,
T(x07y0) == (:CO7F17F27 o 7y07G17G27 cee )7

where F}, G; € k(zg,y0). One can prove that the F;’s are in fact in k[z¢], and the G;’s, for p # 2,
can be written as G; = yo H;, with H; € k[zg].

The error-correcting codes constructed by Voloch and Walker in [VWO00] (using canonical liftings)
have parameters that depend on the order of poles of the F;’s and G;’s at the point at infinity O
(or equivalently, on the degrees of the F;’s and H;’s). In [Fin02] precise bounds for the orders were

found:

Theorem 1.1. We have
ordp F,, > —(n+2)p™ +np™ Y, ordo Gn > —(n+3)p™ +np™ L.

for all n > 0. For p > 2, those bounds may be written
(n+2)p" —np"! (n+3)p" —np" ' =3
2 ’ 2 '
Moreover, equality does not occur for ordp F,, (or for deg F,,) if, and only if, p divides (n+ 1), and
the equality does not occur for ordp Gy, (or for deg Hy,) if, and only if, p divides (n+ 1)(n +2)/2.

dean < dean <

On the other hand, one can also use other lifts, different from the canonical, to construct codes.
When estimating the paramenter of these codes, lifts with poles of smaller order, or equivalently,
smaller degrees, give better bounds. In the cases dealt with in [VWO00], only the reduction modulo

p? of E/W(k) was considered. In that case, using the canonical lift instead of any other, was the
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best possible choice to keep the degrees small: Proposition 4.2 in [VWO00] tells us that if we have any
lift of points v : (zg, yo) — ((xo, F1), (Y0, G1)) from the affine part of the elliptic curve E/k (possibly
non-ordinary) to the affine part of the elliptic curve E/Wy(k), satistying ordp F; > (—3p + 1) or
ordp G1 > (—4p + 1), then FE is ordinary, E is the canonical lift of £ (modulo p?) and v is the
elliptic Teichmuiller lift.

But one can also use lifts modulo higher powers of p to construct codes. Moreover, only the
affine part of the curve is really relevant. Although one might have expected that the canonical
liftt and elliptic Teichmuiller lift would be again the best choices, it turns out that there are other

lifts which yield even smaller degrees. Section 5 of [Fin02] presents a lift of points

v: (z0,50) — ((zo, F1, F2), (0, G1,Ga))
from the affine part of the elliptic curve

E/Fs : g2 =ad+ xo
to the affine part of its canonical lift
E/W3(Fs) : vy =23+

with deg I = 37 < deg Fy = 45 (and deg Hy = deg Hy = 56), where

7t (0, Y0) — (w0, F1, F2), (yo, G1, G2))

denotes the elliptic Teichmiiller lift. (Observe that, in contrast with 7, the lift v cannot be extended
to the point at infinity.)

We thus see that there are lifts which yield better bounds for the parameters of codes associated
to them, and which therefore possibly give better codes. Since lifts with minimal degrees give us
the best bounds, in this paper we study the properties of such lifts.

Similar ideas to those used in the case of elliptic curves can be applied to obtain lifts of hy-
perelliptic curves, and these curves may also be used in the construction of codes. (See [VW99]).
Moreover, the results obtained here can be used to develop an algorithm to find the liftings of the
curves as well as the lifts of points, and then the associated codes can be effectively constructed.

Throughout this paper, we will restrict ourselves to the case p > 2. The case p = 2 (for which
similar results hold, and more concrete applications to coding theory might exist) requires different
techniques and will be dealt with elsewhere.

Since we will be using hyperelliptic curves, throughout this paper we will use the following
notation: let k be a perfect field of characteristic p > 2 and C be a hyperelliptic curve over k, given
by

Clk: w3 = f(=o), (1.1)
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where f is a monic polynomial of degree d > 3, with (f, f/) = 1. (Here f’ denotes the derivative of
f.) Note that although we write only the affine equation for C', we think of C' as a projective curve,
i.e., the unique smooth compactification of the affine curve given by equation (1.1). We shall refer
to the affine curve as the affine part of C.

Let also
C/W(k): y*=f(x), (1.2)

where f is a monic polynomial that reduces to f modulo p, i.e., C is a lift of C. (Again, C is a

projective curve.) Also, let U denote the affine part of C' and U the affine part of C.
Definition 1.2. Let C and C be as above. A hyperelliptic lift (of points) from C to C is a regular

map v : U(k) — U(W(k)) (so it is a map between the affine parts only) given by

v(zo0,%0) = ((x0, F1, F», ... ), (yo, G1,Go, .. .)), (1.3)

such that G; = yoH; and F;, H; € k[zg] for all . We also write Fj def zg, Go def Yo, Hy defy.

Observe that saying that v is hyperelliptic is equivalent to saying that it commutes with the
hyperelliptic involutions of C' and C.

We will be looking for lifts of points whose coordinate functions have poles of small order at
infinity. For simplicity we shall refer to “degrees” instead of orders of poles, since we will be dealing
with polynomials. But since we have polynomials in xg and yg, to be precise we have to define
deg xg 4 and deg yo def d/2, since y2 = f(x0). (We will deal mostly with polynomials in x.)

It also seems that the best way to obtain these small degrees is to proceed coordinate by coordi-
nate, i.e., to first obtain the minimal degree for the second coordinate, and then, with the second
coordinate fixed, to obtain minimal degree for the third, and so on.

We will consider here only hyperelliptic lifts of points. Although this assumption greatly simpli-
fies our analysis, it might seem to defeat the purpose of obtaining minimal possible degrees. But,
in this spirit of obtaining minimal degrees coordinate by coordinate, Proposition 5.2 will partly
justify why this is not entirely bad. Also, the last few paragraphs of section 6 further clarifies this
choice.

We may consider two different notions of minimal degree: one in which the curves C' and C
are fixed a priori, and another in which we only fix C' and want to find a curve C' which has a
hyperelliptic lift of points having minimal degrees among all other choices of curves that reduce to

C modulo p. We will make these two notions precise in the following two definitions below.

Definition 1.3. Let C' and C' be curves given by equations (1.1) and (1.2) respectively. A minimal
degree lift from C to C/Wo(k) with respect to x (resp., y) is a hyperelliptic lift of points

v(z0,%0) = ((zo0, F1), (¥0, G1)),
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where deg Fy (resp., deg Hy) is minimal. Inductively, a minimal degree lift from C to C/Wy,11(k)
with respect to x (resp., y) is a hyperelliptic lift of points

V($07y0) = (($07F17 cee 7Fn)7 (y07G17 .. Gn))v

whose reduction modulo p™ is a minimal degree lift from C to C/W,,(k), and deg F,, (resp., deg H,,)
is minimal. Also, if we say “minimal degree lift from C' to C/W,1(k)” without specifying with

respect to what coordinate, we will be referring to the minimal degree lift with respect to a.

Definition 1.4. Let C be a hyperelliptic curve given by (1.1). An absolute minimal degree curve
modulo p* over C (with respect to x) is a curve C /Wy (k) (given by (1.2)) which reduces to C
modulo p, and which satisfies the following property. Let

v(zo,y0) = ((zo, F1), (Yo, G1)),

be a minimal degree lift from C to C, and let C/Ws(k) be any curve that reduces to C' modulo p.

Then for any minimal degree lift

7(z0,90) = ((zo, F1), (y0,G1)),

from C to C, we have deg F| > deg F}.
Inductively, an absolute minimal degree curve modulo p™*! over C' (with respect to x) is a curve
C /W, +1(k) whose reduction modulo p™ is an absolute minimal degree curve modulo p™ over C,

satisfying the following property. Let

V(x()vyO) = (($07F17 s 7FTL—17FTL)7 (y(]ale s 7Gn—17Gn))7

be a minimal degree lift from C to C, and let C /W41 (k) be any curve whose reduction modulo

p™ is equal to the reduction modulo p™ of C. Then, for a minimal degree lift

17(95072/0) = ((:CO7F17 cee 7Fn—17Fn)7 (y07G17 .. '7Gn—17Gn))7

from C to C, we have deg F}, > deg F,,. In this case we call the minimal degree lift v from C to C
an absolute minimal degree lift of points (modulo p™*1).

We also have the analogous definitions with respect to y, rather than x.

Remark. Note that in Definitions 1.3 and 1.4, the lift of points v is hyperelliptic, and is therefore
only a lift from the affine part of C to the affine part of C.

2. STATEMENT OF MAIN RESULTS

We will now describe how this paper is organized and state its main results.
In section 3 we introduce the notation and state some results that will be used in the following

sections. In section 4 we deal with liftings of powers of the Frobenius and, as a corollary, we
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establish a formula for the derivatives of the entries of the x-coordinate of the elliptic Teichmiiller

lift. Namely, we prove:

Theorem 2.1. Let E be an ordinary elliptic curve and E be its canonical lift. Let 7 : E(k) —

E(W(k)) be the elliptic Teichmdiiller lift

7(z0,y0) = ((zo, F1,...), (Y0, G1,...)).

Then, forn >1,

dF;,

dzg "
ifp=2, and

n—1

dF n n n n—i_1) dF;
Zn _ A-e"=D/(p-1) P =1 pt=l F.(p D&%
dwo Yo Lo ; A dl‘o

if p> 2, where A is the Hasse invariant of E.

We observe that these derivatives allow us to create an algorithm, similar to the one described
in the last section of [Fin02], to compute the canonical lift and elliptic Teichmiiller lift modulo any
power of p, although a generalization of Theorem 5.3 in [Fin02] (restated here as Theorem 3.3),
would greatly improve such algorithm.

In section 5 we find upper bounds for the lifts (of hyperelliptic curves) with minimal degrees.

We prove the following result:

Proposition 2.2. Let C/k and C/W(k) be curves given by equations (1.1) and (1.2). Then there

erists a unique minimal degree lift

v = ((xo, F1, Fs,...), (Yo, yoH1,y0Ha,...)),

from C' to C with respect to &, and we have

"y (d -2
and
deg H, < (n(d—2)+d)p™ +n(d—2)p"~' —d
n = 2 I
for all m > 0.

We also prove the corresponding result for lifts with respect to y:

Proposition 2.3. Let the hypotheses and notation be as in Proposition 2.2, and suppose in addition

that p does not divide (d — 1). Then, there exists a unique minimal degree lift

v = ((xo, F1, Fy,...), (Yo, yoH1,y0Ha,...)),

from C to C with respect to y, and we have

deg Hy, < (d —1)p" —1
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and
(n(d —2) +2)p" + n(d — 2)p"!
2 M

deg F,, <
for alln > 0.
In section 6 we prove lower bounds for the absolute minimal degree lifts:
Theorem 2.4. Let
v=((xo, F1,...,Fn), (y0,G1,...,Gn)),
where n > 1, be a lift of points (not necessarily hyperelliptic) from the affine part of C, given by
equation (1.1), to the affine part of a lift C, given by equation (1.2), where F; € klxzg] with

dp' — (d - 2)
2 )
fori=0,...,(n—1). Then, deg F,, > (dp™ — (d — 2))/2. If equality holds, then

deg Fz =

an (o _ _ P i_q dF
Zn _ A-e"=1)/(p-1) )" =1/
= /@ Z
=0
where A is the (necessarily non-zero) coefficient of xf)’_ in f(aro)(p_l)/2.
Thus, Theorem 2.4 gives lower bounds for the absolute minimal degree lifts with respect to .

The best one can expect is to have

dp"™ — (d — 2
deg F, = % (2.1)
for all n > 1. It also gives us a necessary condition to achieve these lower bounds: in order for

the lower bound to be attained when n = 1, it is necessary for A_ll)"(aco)(p_l)/2 — :L"‘g_l to be a

derivative. For this to occur, the coeflicient of ;ng_l in !}"(aco)(p_l)/2 must be equal to zero for r # 1,
and the coefficient of a?g_l must be non-zero. Also the formula for the derivative of I, helps us to
explicitly compute this lift when it exists.

In section 7 we analyze minimal degree lifts in the case of elliptic curves, and prove that, modulo
p3, we can achieve the lower bounds above. (Theorem 7.2.) We also relate the minimal degree lift
with the elliptic Teichmdiller lift.

In order to describe the results of section 8, we require the following definition:

Definition 2.5. Let C/k and C /W, (k) be curves such that the reduction modulo p of C is C
and for which we have a lift of points v : U(k) — U(W(k)) between the affine parts. Let also
¢ : C — C° denote the Frobenius map in characteristic p. We say that ¢ : U — U? is a lift of the

Frobenius associated to v if it is a map that makes the diagram

UW,(F) —2— U7 (w,(F)

VT T,,a

Uk) —2- Uk
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comiute.

It is shown in section 4 that, modulo p?, any lift of points has an associated lift of the Frobenius.
The main result of section 8 gives a necessary and sufficient condition for a lift of the Frobenius
modulo p? associated to a lift of points to exist. In order to be more precise, we need to establish

some further notation.

Definition 2.6. Let g(zo,y0) € k[zo,yo] and g(x,y) € Wa(k) be the lift of g defined by applying
the Teichmiiller lift to the coefficients of g, i.e., if A is a coefficient of some monomial of g, then the
corresponding monomial of g has coefficient (A,0). (We shall refer to such lift as the Teichmiiller
lift of the polynomial g.) We define

def def

(P yP) — p
¥(g) = ¥(g) = reduction modulo p of 9"(@"y") — 9@ y) .

p

Remark. One can define ¢(g) without lifting g, with a recursive definition: if g is a monomial,

define ¥ (g) = 0; if not let m(xg,yo) = )\ac%yg be a monomial of g, so that g — m has one term less
than g. If

b(r) dﬁ%(ﬁ), forre{l,... (p—1)

(and hence the b(r)’s are integers) then we can define

def

p—1
W) = (g —m) =D b(r)(g—m) mP".
r=1

The main result of section 8 may be stated as follows:

Proposition 2.7. Let C/k and C/Ws(k) be curves given by equations (1.1) and (1.2), and let

v = ((xo, F1, F2), (Y0, G1,G2))

be a hyperelliptic lift with

dFy - - -1

i AL f (o) P~ /2 — b
where A is the coefficient of xg_l in f(aro)(p_l)/2. Then, there is a lift of the Frobenius associated
to v if, and only if,

F — wé’(’"l) Fy—y(F) — (F)" R

_ =)~ _@p _@p
G2 — vy G1 —¢(Gr) <8x0>F1 <8y0 Gy

are both p-th powers, say P(xo)? and Q(xo,yo)P, respectively. In this case, the lift of the Frobenius

and

s given by

p(z,y) = (&’ + pF1+p’P,y" + pG1 +p°Q),
where F1 and Gy are the Teichmiller lifts of F1 and G4 respectively, and P and Q are lifts of P
and Q to Ws(k)[x] and W3z, y| respectively.



MIN. DEG. LIFTS OF HYPERELL. CURVES 9

We then use this proposition in section 9 to prove that minimal degree lifts satisfying the lower
bounds in section 6, or more precisely, lifts for which equation (2.1) holds for ¢ = 1,2, have a lift
of the Frobenius modulo p®. (Theorem 9.2.)

In section 10 we use this theory of minimal degree lifts to give examples of Mochizuki lifts for
curves of genus 2 in characteristic 3: we observe that if the genus of the curve is greater than 1,
there is no “canonical lift”, i.e., we cannot lift the Frobenius. (See [Ray83].) On the other hand,
Mochizuki has developed a theory of canonical liftings of higher genus curves (in [Moc96]), where
there exists liftings of the Frobenius with certain singularities at finitely many points, which are
referred to as the supersingular points. In this paper, a Mochizuki lift (modulo p?) will satisfy the
condition of the statement of Proposition 4.10 on pg. 1114 of [Moc96], i.e., the height of the lift of
the Frobenius will be less than or equal to one minus the genus of the curve. (We define the height
of the lift of the Frobenius precisely on Definition 10.2.) Note that a Mochizuki lift is not unique.

Mochizuki’s theory does not have many known examples, and the results obtained in this paper
allows us to explicitly find examples for curves of genus 2. More precisely, in sections 10 and 11

we prove:

Theorem 2.8. Let k be a perfect field of characteristic 3 and C a smooth, proper, geometrically

connected curve of genus 2 over k.

(1) Any Mochizuki lift of C to Wa(k) determines an absolute minimal degree curve modulo
9 over the affine curve U obtained by removing the supersingular points associated to the
Mochizuki lift from C'.

(2) Suppose that k is algebraically closed. Then if C' admits a Mochizuki lift over Wy(k), then
C can be given by

Yo = 2§ + aoxy + g + bowo + o,

where ag, by, co € k, and the supersingular points associated to the Mochizuki lift are the
two points at infinity. In particular, if the moduli of C are sufficiently general, then C' may
be written in that form.

(3) Suppose that C' is given by the equation
Yo = x5 + apx{ + 2§ + bowo + o,

where ag, by, co € k. Then one can compute an explicit example of a Mochizuki lift of C
modulo 9 (by computing a minimal degree lift). Moreover, the following three conditions
are equivalent:

(a) this Mochizuki lift is Mochizuki-ordinary;

(b) the Jacobian of the curve C is ordinary;

(c) ap #0.
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3. DEFINITIONS AND PREVIOUS RESULTS

In this section we will introduce notation and results from [Fin02] that will be used in the rest
of the paper.

First we recall that, for p # 2, an elliptic curve given by

E/k : y5 = f(x0),

where f(x) is a monic cubic, is ordinary if, and only if, the coefficient of a:g_l of f=1)/2 i non-zero.
We shall denote this coefficient by A and call it the Hasse invariant of E.

We now review some facts about Witt vectors. Let p be a prime, and and for each non-negative
integer n consider

n—1

def n _
S XP +pXY 4+ p" T IXE L 4" X,

Wh(Xo,..., X)) =
the corresponding Witt polynomial. Then, there exist polynomials S, P,, € Z[Xo, ..., Xn, Y0,..., Ya]
satisfying:

Wi (So,...,Sn) = Wy(Xo,...,Xn) + Wa(Yo,...,Y,) (3.1)
and
Win(Po,y ..., Py) = Wn(Xo, ..., Xn) - Wa(Yo,...,Y,). (3.2)
(See [Ser79].)
If a = (ag,a1,...) and b = (bg, by, ... ) are Witt vectors,
def
a+b= (S()(ao, bo), Sl(ao, ai, by, bl), L. )

and

a- b (Po(ag, bo), Pi(ag,ar,bo,by),...).

Since we will deal with Witt vectors over fields of characteristic p, we may use S,,P, €

F,[Xo,...,Xn,Y0,...,Y,] respectively, defined to be the reductions modulo p of Sy, P,, € Z[ Xy, ..., Xn, Yo, ...

to define the addition and the product of Witt vectors.

Now, let K be a field of characteristic p > 0 and let v : K’ — RU{oco} be a valuation of the field
K. (In the applications below, we will choose K to be the function field of a curve over k and v to
be the order of vanishing at a point.) For e, > 0, define:

U, (e) def rg = (50, 515---) € W(K)* | v(sn) = p"(v(so) —ne), forn <r}.

and
U(e) def {s=(s0,51,...) € W(K)* | v(sy) >p"(v(s0) — ne), Vn >0} .

(So, U(e) = ,»0 Ur(e).)
Lemma 3.1. The sets U(e) and Uy, (e) are subgroups of W(K)*.
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Proof. The proof that U(e) is a group can be found in [Fin02] (Lemma 2.2) and can be easily
adapted to prove that the same is true of U, (e). O

A careful examination of the proof of Lemma 2.2 in [Fin02] also gives us the following lemma:

Lemma 3.2. Let s,t € U,_1(e). Then, the (r + 1)-th coordinate of s -t is given by
tgrsr + sgrtr +...,
where all the omitted terms have valuation greater than or equal to p™(v(sgty) — en).

Proof. The (r + 1)-th coordinate of s -t is given by

P80, vy Spytoy .. yty) = tgrsr + sgrtr +...,

where the omitted terms are monomials in sg, ..., S—1,t0,...,tr—1-

The proof of Lemma 2.2 in [Fin02| bounds each monomial appearing in

PT(S(), e ,Sr,to, v ,tr).

In this case, we don’t have the bounds for the s, and ¢,, but the bounds for sg,...,s,_1 and
to,...,tr,—1 are enough to bound the valuations of the omitted terms.
O

The next theorem gives an important characterization of the canonical lift modulo p3. It is also

helpful in the explicit computation of such lifts.

Theorem 3.3. Suppose that p # 2,3 and that E/Ws(k) is an elliptic curve whose reduction
modulo p is E/k. Suppose also that there exists a lift of points

T(w07y0) = ((:CO7F17F2)7 (y07 G17 GQ)))

between the affine parts of E and E, such that, modulo p?, E and T are the canonical lift and elliptic
Teichmailler lift respectively. Then E and T are also the canonical lift and the elliptic Teichmiiller

lift modulo p3 if, and only if,

3

5p* — 1
deg <x€2F2— —F12p> < P )

2

4

If this inequality holds, then it is in fact an equality.

Proof. This is Theorem 5.3 from [Fin02]. O
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4. LIFTINGS OF THE FROBENIUS

In [VWO00] and [Fin02], the derivatives of F; and Fy (from the elliptic Teichmiiller lift) were
computed. In order to do this, the reduction modulo p of 1/p ¢*(dx/y) and (1/p ¢*)?(dx/y) were
computed, where ¢ denotes the lift of the Frobenius. The main goal of this section is to obtain more
general results that will allow us to deduce the general formula for the derivative of F,, from the

elliptic Teichmiiller lift stated in Theorem 2.1, and to give similar results for hyperelliptic curves.

Theorem 4.1. Let k be a perfect field of characteristic p > 0 and
U/k : g(x0,y0) =0
be an affine curve in A%. Let
U/Wn-i-l(k) : g(a:,y) =0

be an affine curve with reduction U, i.e., g reduces to g modulo p. If we have a lift of points

v:U(k) = UWyi1(k)) given by
v(z0,y0) = ((zo, F1, ..., F), (Y0, G1, - .., Gn)),

with Fy, G; € k[zo, 0], then we have a lift ¢" : U — U of the p"-th power Frobenius ¢" : U —
U°" associated to v (as in Definition 2.5) given by

def n n—1 n n—1
¢"(x,y) = (" +pFy  + -+ p"Fp,y? +pG 4+ p"Gy),

where Fi,G; € Wy 11(k)[x,y], and F; (resp., G;) is a lift of F; € k[zo,y0] (resp., G;).
Proof. We need to prove that the map ¢" above is well defined. It suffices to show that the map
is well defined for the Greenberg transforms G(U) and G(U°"). Writing = (zo,...,,) and
Yy= (y07"'7yn)7
g(m7 y) - (90(1.07 y0)7gl(w07 x1,Y0, Z/l)7 LR 7gn(x07 e Ty Yo,y - 7yn))

So, G(U) is the defined as the common zeros of the equations go,...,g, in A?"*2 (Note that
go = g.) Since v is a (well defined) lift, we have that

Vg1, ..., gn =0 (mod (go)). (4.1)
(Observe that,

v = gi(zo, F1, ... Fiyy0,G1, - ., Gi),

fori=0,...n.)
If v = (vg,...,vy) is a Witt vector of length n + 1, then pivﬂm is the Witt vector whose the
(7 + 1)-th coordinate is vgn and whose other coordinates are zero. So, the map ¢" defined in the

statement is such that

¢" = ((zh ,FP .. FP), (yh ,GY ... ,GP")). (4.2)
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To prove that ¢" is well defined, it suffices to prove that the coordinates of g7 (¢"(x,y)) are
congruent to zero modulo I, where I def (90 ---,9n). But, by equation (4.2),

n n

ggn (¢n(ma y)) = ((V*QO)p PR (V*gn)pn)y

and so, by equation (4.1), ¢" is well defined.
Therefore, for any point (x,y) = ((x0,---,2n), Yo, -, yn)) € UWypi1(k)), ¢"(z,y) = 7" o

; (V*gl)p

@"(x0,Y0), and so the diagram

UWoir(R) ~2— U7 (W (B)

commutes. O

Corollary 4.2. With the same hypotheses as Theorem 4.1, we have that the reduction modulo p

of
1 *
is dF,, + FP_LdF,_y + -+ FP" 7N E + 28" .

Proof. Using the formula for ¢" from the Theorem 4.1, we have

1 * 1 n n—1
<ﬁ¢"> da = ﬁd<wp + pF? +~-+p"Fn> -
—dF, + F' dF,_ + -+ F" "Y4F, + 2" lde,
which reduces to dF,, + Fff:llan_l + 4 anil_ldFl + xgn_ldﬂ:o. O

We now want to apply the previous corollary in the case of canonical liftings of elliptic curves
to prove Theorem 2.1. But, in order to do use the corollary, we need to show that, modulo p”, the
n-th power of the lift of the Frobenius of the canonical lift is equal to the lift defined in Theorem

4.1. We need the following lemma:

Lemma 4.3. Let C be a curve, C be a lift of C and ¢ : U — U? be any lift of the Frobenius
between the affine parts. Then, if we set x = (xg,x1,...) and y = (yo,y1,...), the reductions of
(¢*)"(x) and (¢*)"(y) modulo p"+ depend only on xq and yq.

Proof. We prove the lemma by induction on n.

For any lift of the Frobenius ¢,

¢ (x) = x” + pF(z,y)
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for some polynomial F(x,y) € W(k)[z,y]. Modulo p?, pF(x,y) = (0, F(xq,y0)?), where F €
Kk[zo, o] is the reduction modulo p of F, and x? = (z},0). Thus, the lemma holds for n = 1 and
¢*(x), and the same method may be use to show that it also holds for ¢*(y).

Now assume that the lemma holds for (¢*)"(x) and (¢*)"(y). We have

()" (@) = (¢)"((¢7)(@)) = ((¢")"(®))? +pF((¢")" (), (¢")" ()

n—+2

Since modulo p"*2, both a? and pa depend only on a modulo p"*!, using the induction hypothesis

one easily sees that the lemma holds for (¢*)"T!(z), and in the analogous way, for (¢*)"*!(y). O

Proposition 4.4. Let C be a curve, and suppose that C is a lift of C. Let

v(zo,yo) = ((xo, F1,--.), (%0, G1,--.))

be a lift of points between the affine parts and assume that there exists a lift of the Frobenius between
affine parts associated to v, say ¢ : U — U°. Then, modulo p"t', ¢" is equal to the map defined

i Theorem 4.1, i.e.,
¢"(@,y) = (2" +pFY -+ p Fo oy +pGY o+ p"Gy),
where F;,G; € Wy 11(k)[x,y], and F; (resp., G;) is a lift of F; € k[zo,yo] (resp., G;).

Proof. We again work with the Greenberg transforms. Let 7 : G(C)(k) — C(k) be the reduction

n+1

modulo p (or the projection in the first coordinates). By Lemma 4.3, ¢" (x, y) modulo p"™" depends

n+1)

only on xy and yo, and thus ¢" = ¢" o vor (mod p . Since the diagram

UwE) -2 U (wik)

Uy —“— U (k)
commutes, ¢" ov =17 0¢", and so ¢" =17 o ¢ om (mod p"*t1!), or
¢n ((m(]vFlI)’ . 7Fp) (y07G11)73G$z)) (mOd pn-i-l)'

By looking at the proof of Theorem 4.1 (more precisely, equation (4.2)), one easily sees that the

reduction modulo p"t! of ¢" is this case coincides with the map defined in that theorem. O
Now we can prove Theorem 2.1.
Proof of Theorem 2.1. Assume first that p > 2. The reduction modulo p of
1, [dx
(V)

is a holomorphic differential. Thus, if w denotes the reduction modulo p of

o) (5)-G=) ()
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then w is also holomorphic, and so, there is a A € k such that w = Adxo/yo. Applying the n-th
power of the Cartier operator C to w, we get
—n - —n d
Cn(w) _ Cn()\ dl’O/yO) =)\ A(p Iyotp )%
0
On the other hand, since (1/p ¢)* is the “inverse” of the Cartier operator, C"(w) = dzo/yo. There-
fore, A = A=(®"-D/(=1) and

W = A-"—1)/(p-1) 30
Yo

But Proposition 4.4 tells us that we can use the Corollary 4.2 in this case, and we then get
_ YR F TR

pn
Yo

w

(with Fp def xg). Comparing these two expressions for w we obtain the formula for dF,, /dz.

The case p = 2 is analogous. We just need to use the invariant differential

dx
2y +x

instead of dx/y. Then we obtain

o o

and thus A = 1. So,
. diL'(]

Zo
On the other hand, by Corollary 4.2,

S R,

D
Lo

w =

Comparing the two expressions for w in the case n = 1, gives that dF/dxo = 0. Inductively, one
can deduce then that dF),/dxo = 0 for all n. O

5. MINIMAL DEGREES

We first try to justify why assuming that our lifts of points are all hyperelliptic lifts does not
greatly compromise our goal of finding lifts of points with small order of poles at infinity (i.e., small
degrees).

We will need the following lemmas:

Lemma 5.1. Every monomial of P, (as defined in section 3) has even degree.
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Proof. Lemma 2.1 of [Fin02] states that the monomials [] X" [] ijj of P, are such that

doap =) bip =p"

Since p =1 (mod 2), we have

ZaiEijzl (mod 2),

and hence, the degree of a such monomial, namely > a; + > b;, is even. O

Proposition 5.2. Suppose that we have a lift of points

v = ((xo, F1,...,Fn), ([0,G1,...,Gn)),

where n > 1, from the affine part of the hyperelliptic curve C/k, given by equation (1.1), to the
affine part of some lift C /Wy 11(k), given by equation (1.2). Also, assume that v is hyperelliptic
modulo p" and write Fy, = Fy, 1 +Yyo Fr2 and Gy, = Gp1+Y0 Gn,2, with Fy, 1, Fy, 2,Gn 1, Gn 2 € k[zo].
Then, the map

v=((xo, F1, ..., Fa1, Fn1), (40, G1, -, Gno1, 40 G 2))

defines a hyperelliptic lift whose degrees are not larger than those of v.

Proof. Writing = (xg,x1,...) and y = (yo,¥1, .. ), one can expand (1.2) using the multiplication
and addition of Witt vectors. The equality of the coordinates on both sides of this expansion gives
the equations that determine the Greenberg transform. In particular, comparing the (n + 1)-th

coordinates, we have:
28 Y+ = fl(wo) T+ .

where neither x,, nor y, appear in any of the omitted terms. Since v defines a lift, we have:
28" G4 = fl(20) Fo+.... (5.1)

The omitted terms on the right hand side of (5.1) involve only zg, F1,...,F,—1 € k[zg], and
therefore form a polynomial in k[zo]. The omitted terms on the left hand side of (5.1) come
from P,(yo,G1,...,Gn,¥y0,G1,...,Gr), and by Lemma 5.1, each one has an even number of G;’s.
Replacing each G; by yog H;, we can factor an even power of yg in each monomial, and it will be
multiplying a polynomial in k[zo]. But since y2 = f(x), this factored term is also a polynomial in
k[xo]. Hence, all the omitted terms of (5.1) are polynomials in k[z].

Thus, equation (5.1) implies that
208 (4o Gn2) + -+ = f'(@o)"" Fa + ...
(with the same omitted terms as equation (5.1)) and

2f($0)(pn_1)/2Gn,1 = f/(l'(])pnFnQ-



MIN. DEG. LIFTS OF HYPERELL. CURVES 17

Thus, taking F}, 2 = G,,1 = 0 also gives us a well defined hyperelliptic lift of points, with degrees
not greater than the degrees of Fj, and G,,. g

So, remembering that we want to obtain minimal degrees coordinate by coordinate, this shows
that the last coordinate of the lift of points can always be made hyperelliptic if the previous
coordinates already are, and in particular, modulo p?, we can always have a hyperelliptic lift with
minimal degrees.

Note also that in principle we could have lifts v and 7, say v = ((x¢, F1, F2), (yo, G1,G2)) and
U= (a:o,Fl,Fg), (y(),él,ég)) such that deg Fy < deg F} but deg F, > deg F», and so our minimal
lift (or even absolute minimal lift) might not have the minimal degree among all possible F3’s if we
don’t impose restrictions on the degree of Fy. But in general one expects that if deg Fy < deg F,
then also deg Fy < deg 5.

We now introduce a useful lemma, that will be essential for the proofs of Propositions 2.2 and

2.3:

Lemma 5.3. Let a,b,c € k[xo], with deg(a) = n, deg(b) = m, deg(c) = r. Also, let s o

max{r,n+m—1} and assume (a,b) = 1. Then, there exists a unique pair of polynomials u,v € k[x )

with deg(u) < m — 1 and deg(v) < s —m such that au + bv = c.

Proof. We follow the same idea of Lemma IV.1 in [VW99]. Let L(i) denote the vector space of

polynomials in k[zo] with degrees less than or equal to i. Consider the linear map
Y :L(m—1)® L(s —m) — L(s),

given by ¥(u,v) ' qu + bu. Since (a,b) =1, Y(u,v) = 0 if, and only if, u = bz and v = —az,
for some polynomial z € k[z¢]. But deg(u) < m — 1 < deg(b), which implies u = z = 0. Thus
kert) = {0}. Since dim L(i) = i + 1, comparing dimensions, we have that v is an isomorphism,

and since ¢ € L(s), there exist a unique pair u,v as in the statement. O
We can now prove the main results of this section.

Proof of Proposition 2.2. We will work in U,((d — 2)(p 4+ 1)/p), where the valuation is defined by
v(xo) & -2, v(yo) & —d, v(a) e 0, for o € kX, v(0) & 0o, and extended in the natural way to
k[xo,yo]. (In other words, if d is odd, v is the order of vanishing at the point at infinity, and if d
is even, v is twice the order of vanishing at one of the points at infinity.)

We prove the theorem by constructing the F,’s and H,,’s inductively. The case n = 0 is trivial.
Now suppose we have constructed v up to the n-th coordinate. We construct F,, and H, in the
following way: observe that (zq, F1,...,F,—1) and (yo,yoHi,...,y0H,—1) are both in the group

Un—1((d —2)(p+1)/p), by the induction hypothesis.
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We have in the (n + 1)-th coordinate of the equation of G(C)/k,
—f(z0)P" x, + 2ygn Yn = ...,
and, since v will be a lift, we need
— (@) 42 fao) P2 H, = (5.2)

where no omitted term involves either Fj, or H,. (Here we view F,, and H,, as “unknowns”, rather
than as polynomials.)

By Lemmas 3.1 and 3.2, all the omitted terms in (5.2) have valuations greater than or equal
to —(n(d — 2) + 2d)p™ — n(d — 2)p"~!. Let c denote these omitted terms. By the same argument

as the one used in the proof of Proposition 5.2, ¢ is a polynomial in xg. Let a def —f/(aco)p" and

= f (a:o)(pn+1)/ 2. Then, by Lemma 5.3, there are polynomials u and v, with valuations greater
than or equal to —dp™ — (d — 2) and —(n(d — 2) + d)p" — n(d — 2)p"~! + d respectively, such that
au + bv = ¢. Thus, we can define F, dof u, and H, ety

The fact that deg F}, is minimal comes from the uniqueness in Lemma 5.3. We cannot have a
F), with degree less than the degree of F),, unless we allow deg H, > ((n(d — 2) + d)p" + n(d —

2)p"~! — d)/2. But in this case the degree of the left hand side of the equation
—f (o) By + 2f (20) P T2 H, =

would have degree larger than the upper bound for the degree of the right hand side. Therefore,
there can be no such pair F,, H,,. d

Observe that if we have a supersingular elliptic curve E, by Proposition 4.2 in [VWO00], the
minimal lift from E to any lift E is such that deg F; > (3p+1)/2, i.e., in this case the upper bound
in Proposition 2.2 cannot be improved.

With the same approach, one can prove Proposition 2.3.

Proof of Proposition 2.53. The proof follows the exact same idea as the proof of Proposition 2.2:
again we will work in U((d — 2)(p+ 1)/p) and we just apply Lemma 5.3 with a def 2f ()P +1/2,

b —f'(x)P", and c as before. O

Propositions 2.2 and 2.3 have obvious applications to elliptic curves, by taking d = 3. But by
Theorem 1.1, we can see that taking F ordinary and E its canonical lift, we can have deg F; <
(3p—1)/2, deg Hy < 2p—2, and so have degrees smaller than the upper bounds found in Proposition

2.2. This (together with the results to be obtained in section 6) gives the motivation for the following
proposition, with better bounds for deg H,,:
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Proposition 5.4. Let C'/k and C/W(k) be curves given by equations (1.1) and (1.2), and suppose
that the minimal degree lift of points

v = ((xo, F1, Fy,...), (Yo, yoH1,y0Ha,...)),

is such that

degFy < =422

and
deg H, < (2d —2)p —2(d —-2)— d.

Then, we must have

deg F,, < w
and

deg H,, < (n(d —2) +d)p™ —2 n(d —2)p"~t — al7

for all mn > 0.

Proof. The idea is that the restrictions on F; and H; allow us to work on U,.((d — 2)(p — 1)/p)
instead of U,((d — 2)(p + 1)/p). Inductively, the term ¢ (as in the proof of Proposition 2.2) will
have degree less than or equal to (n(d — 2) + 2d)p™ — n(d — 2)p™~!)/2, and we just apply Lemma
5.3 again. O

6. LOWER BOUNDS

The main goal of this section is to prove Theorem 2.4. F. Voloch proved the particular case of
this theorem where p = 3, d = 6 and n = 1, and it is possible to generalize his proof. The proof

given below is somewhat shorter.

Proof of Theorem 2.4. By Theorem 4.1, we have a lift ¢™ of the p™-th power Frobenius ¢". Let
U denote the affine part of C and U denote the affine part of C' . Then, by Corollary 4.2, the
reduction modulo p of (1/p™ ¢™)*(dx/y) is given by

n

def 1 (pr=i-1) dF;
W= — <ZFZ dzo dxg.

p’l’b
Yo =0

Since dx/y is regular in U, w must be regular on U. In particular, it is regular at the points

with y9 = 0, and since

_ 2 e dE Y\ _dyo
“ 7 Flwg) o <ZFZ‘ dzo | f/(x0)

1=0

we have that

n n—i__ dE n_
S FTT S~ glao) o),
— 20
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for some g(zg) € k[xo]. (Remember that since the curve is non-singular, (f, f') = 1.) Therefore,
deg F,, > (dp™ — (d — 2))/2 and if we have equality, necessarily A, ey g(xo) € B*.
We now need to prove that A, = A=®"~D/(=1) First observe that, whether n =1 or n > 1, we
must have the equality for the degree of Fi, and thus we must have that
dry
dxg
for some A\ € k*. But since the right hand side is a derivative in characteristic p, it cannot have

. —1 _ . . . -1 .
a term in 5", and hence A\; = A™!, where A is the (necessarily non-zero) coefficient of z§ " in

f(xo)(P—l)/2.

Now, to prove that in general )\, = A=@"=D/(r=1)  we proceed by induction: suppose that

= Alf(wo)(p_l)/Q — xg_l.

A1 = A_(pnil_l)/(p_l), i.e., (with a computation analogous to the one above for w in the case
n—1)

n—1 )
1 (Z Fi(p”flﬂ—l) dFi) dzg = A~P" 7' =D/(=1) @_ (6.1)
dwo Yo

Since

1 - ( nfi_l) dE dZC()
= —n F'p d = )\n )
Y (2:% Z dro ) T

applying the Cartier operator to both sides of the second equality of the equation above, we obtain
n—1 )
1 (Z F'(pnflfz_l) dE) dzg = )\i/p Al/p@'

pnfl 2 dx
Y i=0 0 Yo

Comparing with equation (6.1), we obtain the formula for A,,. O

We observe here that the condition that A= f(2¢)P~! — :L"‘g_l is a derivative, which is necessary
to achieve these lower bounds, also seems to be sufficient to obtain deg F'y = (dp — (d — 2))/2, i.e.,
if A= f(zg)P—D/2 - xg_l is a derivative, then there is some lift C' of C' (modulo p?) for which we
can obtain a hyperelliptic lift of points satisfying deg F; = (dp — (d — 2))/2. (In another words,
the absolute minimal degree lift modulo p? of C satisfying the above condition, has deg F; equal
to the lower bound of Theorem 2.4.) Note that if C' is fixed from the beginning, one might not be
able to obtain F; with such small degree.

For the case d = 3 (i.e., elliptic curves), one can always find v and C such that deg F} =
(dp — (d — 2))/2: the condition for this case is equivalent to saying that the elliptic curve is
ordinary, and choosing C' to be the canonical lift of C', we have the elliptic Teichmiiller lift with
deg Fy satisfying the lower bound. Also we have done several computations with hyperelliptic
curves and they always had liftings of points satisfying the lower bound.

The condition also seems to be sufficient to obtain the lower bound for deg Fs as well, but not
as many examples were tried in this case. But again, it is true for elliptic curves, as we will prove

in section 7.
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Also, observe that if we achieve the lower bound for n = 1, we can use Proposition 5.4 to bound
the degrees instead of Proposition 2.2, getting better bounds for deg H,,.

If these lower bounds can be achieved, the assumption that v is hyperelliptic does not affect
the fact that the degrees are minimal, meaning that we cannot have smaller degrees even if we
drop this assumption. Indeed, by induction assume we can obtain a lift with F),, (not necessarily a
polynomial in z) having degree less than or equal to (dp™ — (d — 2))/2, while assuming also that,
fori =0,...,(n—1), F; € k[zg] with deg F; = (dp* — (d — 2))/2 and G; = yo H;, with H; € k[xo).
Let us write F}, = Fy, 1+ yo Fn2 and G,, = Gp.1 + Yo G2, with F, 1, Fj, 2,Gp 1, Gr 2 € klzo]. Asin

the proof of Proposition 5.2, we have in the (n + 1)-th coordinate of the Greenberg transform:
W Y+ = 1 (@0) 0+ ...,
with no x, or y, in the omitted terms, and this implies that
2f (o) " "V2G 1 = f'(20)"" Fp2.

Hence, if F;, 2 # 0, then it is a multiple of f(xo)(pn_l)/2, and thus the term yo F}, 2 has degree
greater than or equal to dp™/2 (remember that we defined degyy = d/2) and then so does Fj,,

what is a contradiction to the initial assumption on the degree of F,.

7. MINIMAL DEGREES FOR ELLIPTIC CURVES

In this section we will study absolute minimal degree lifts and curves modulo p? of ordinary
elliptic curves only and in characteristic p # 2,3. (For p = 2,3, the elliptic Teichmiiller lift is also
the (we have uniqueness) absolute minimal lift modulo p3.)

As observed before, modulo p?, Proposition 4.2 of [VWO00] tells us that the choice of curve that
gives the minimal possible degree for F} is the canonical lift itself, the minimal degree map is the
elliptic Teichmiiller lift and the degree of F} is exactly (3p — 1)/2. Moreover, if E is not ordinary,
then necessarily deg F} = (3p +1)/2.

The next proposition is the key step in obtaining the results modulo p3. It was stated as a
conjecture (and proved, with the help of a computer, for p < 877) in the author’s doctoral thesis
[Fin01] and was later proved in general by J. Tate in [Tat02].

Proposition 7.1 (Tate). Let 7 = ((xo, F1), (y0,G1)) be the elliptic Teichmiiller lift from an ordi-
nary elliptic curve

E/k : v = f(x0)
to its canonical lift. Let q(zo) and r(xo) be the quotient and remainder of the division of F by
ah fxo)PTD/2 e,

op+1
FY = (ah f(20) " D/?)q o) + r(ao), degr(ao) < 25—

Then, in fact degr(zg) < (bp — 1)/2.
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Proof. See [Tat02] for a proof of this proposition. O

In this section, since we are dealing with elliptic curves, we will write

7(z0,y0) = ((xo0, F1, F2), (y0, G1,G2))

for the elliptic Teichmiiller lift and

I/((E(),yo) = ((1‘0, Fy, FQ)? (y07 Gl, 62))

for the minimal lift.

Theorem 7.2. An absolute minimal degree lift
V= (($07 F17 FQ)? (y07 G17 GQ))

of an ordinary elliptic curve E is such that deg Fy = (3p? — 1)/2 and the corresponding absolute

minimal degree curve E is its canonical lift (modulo p). (So, up to isomorphism, the absolute

minimal degree curve in this case is unique and satisfies the lower bound of section 6.) Moreover,
dro dxo’

Proof. We first prove that the minimal degree lift from FE to its canonical lift E is such that

deg Fy = (3p? — 1)/2. We will actually give a way to construct the absolute minimal degree lift

from the elliptic Teichmiiller lift: if

7 = ((z0, F1, F3), (Y0, G1, G2))
is the elliptic Teichmiiller lift, we write, using the division algorithm,
Fy = f(w0)®T/2 g1 (m0) + r1(z0)  (degry < (3p® +1)/2).
Now define 7, % | (z0) and Go Gy — yo(f'(z0)?" q1(x0))/2. Then, we have
22/32@2 — f(xo)" Fy = ngsz — ['(x0)""

and thus, by equation (5.1),
def ~ ~
v = (($07F17F2)7(y07G17G2))

is another lift from E to its canonical lift, and since deg I < (3p? + 1)/2, by Proposition 2.2, it is

the minimal lift.

We now have to prove that deg Fy = (3p> —1)/2. Let d(z0) def l'ngQ —3/4 Ffp. Theorem 3.3

tells us that degd(zg) = (5p? — 1)/2. Also, by Proposition 7.1,

SR = (b fe) P )g(ao) + r(wo), with degr(zo) < (5p — 1)/2. (7.1)
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We can then write
28 By = 28 f(w0) P 2q(w0)P + (r(20)P + d(o))

R ) (7.2)
= a8 Fa0) P72 (£(a0) P 2q(ao)?) + (r(ao)? + d(ao))

with deg (r(z0)? + d(zg)) = (5p® — 1)/2, and thus it is the remainder of the division of :L"‘SZFQ by
a;ng(wo)(p2+1)/2. We see then that acgz divides this remainder and Fy = r1(z0) = (r(20)? + d(z0)) /acgz,
which implies that deg Fy = (3p — 1)/2.

Hence, by Theorem 2.4, this has to be the absolute minimal degree lift, and

dFQ —p—1 2 2_1 1 dFl dF2
22 _ AP (P*-1/2 _ o7l _ pp-1221 272
dl‘o f(l'(]) 70 1 diL'(] diL'(]

(One could also deduce that dFy/dxg = dFy/dxg from equation (7.2), since it implies that

7(z0)? + d(wo)

2

F2 = f($0)(p2+p)/2q($0)p + >
Zo

= f(x0) P+ (o) + By,

and taking derivatives would give us the result.)

Now, we prove that if we can obtain deg Fy = (3p — 1)/2, then E must be the canonical lift
of E. So assume we have a lift of £ to some curve E (not necessarily the canonical lift) with
deg Iy = (3p* — 1)/2. Let

By By + (q(wo) f () PTV/2)P

(with the ¢(z¢) from equation (7.1)) and

def

Gy Gy + %(f/(l‘o)pgf(on)(p_l)/QQ(l‘o)p)-

Then,
7 : (20,0) — ((z0, F1, F), (y0, G, Ga)),
is another lift, since
21/‘5)2&2 - f’($0)p21§2 = 23/52@2 — (o) .
But then, by hypothesis,

2 = 3 2 ~ p 3 2~
zh Fy — ZFlzp =af F» + (:17‘8 q(zo) f(aco)(p+1)/2) - ZF12P =af) Fy —r(zo)?

has degree less than or equal to (5p% — 1)/2. Theorem 3.3 then tells us that E is the canonical lift
modulo p?, 13'2 and ég are Fy and G5 from the elliptic Teichmiiller lift.
O
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Thus, modulo p?, the absolute minimal degree curve over an ordinary elliptic curve is the same
as its canonical lift.

So, we can modify the algorithm described in the section 6 of [Fin02] to compute this absolute
minimal lift and the canonical lift of an elliptic curve over a perfect field of characteristic p > 5.
The function (written for the package Magma) available at

http://www.math.ucsb.edu/"finotti/can_lifts.html

that computes the canonical lift and elliptic Teichmiiller lift, also gives you an option to compute

this absolute minimal degree lift instead of the elliptic Teichmuiiller lift.

8. A NECESSARY AND SUFFICIENT CONDITION TO LIFT THE FROBENIUS

In sections 9 and 10 we will deal with liftings of the Frobenius modulo p?, and so in this section

we prove Proposition 2.7, which will allow us to obtain such liftings.
Lemma 8.1. Let

g(z,y) =Y ai;jz'y’ € Wak)[z,y],
and suppose that ’

g(,y) = (90(z0, Y0), 91 (0, 1, Yo, ¥1)),
Then, if

aij = (ai;0,aij1)

we have

g0 Y dgo Y ' pj
91(zo, 1, Y0,y1) = 71 <8—x0> + Y1 a—yo +¢(90)+;ai,j,1$‘glyg]-

(Here 1) is the function defined in Definition 2.6.)

Sketch of the Proof. First we observe that, with the same notation as section 3,

S1(Xo, X1, Y0, Y1) = X1+ Y1 + (X0 + Y0)

and
Pl(Xo,Xl, Yo, Y1) = X1 Yop + Xg Y;.

Then, one can easily prove that the formula is true for g equal to powers of  and y, then for

monomials, and finally for an arbitrary polynomial, by an induction on the number of terms. [

Lemma 8.2. Let C be a hyperelliptic curve with reduction C' (given by equations (1.2) and (1.1)

respectively) and
VvV = ((.CC(),Fl), (y07y0H1))

a hyperelliptic lift of points. If

dFy - _ -1
pre AL f (o) PTV/2 — gP

)
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then

2fH{+ f Hy — AT (f)P + fo7D2 f = 0.

Proof. By Lemma 8.1, when expanding the equation (1.2) as Witt vectors and comparing the

second coordinates we have
2yoy1 = 21 (f )P+ (f) + ...,

where the omitted terms are p-th powers. Since v is a lift, we have,
2 fPHURHy = By (f'YP + () + ...,
and so this is an equality of polynomials in xy. Taking derivatives, one obtains
D2 g o 2 g — A1 /2 (phyp o ppmlopl

and dividing both terms by the common factor f®~1/2 we obtain the differential equation for H;

from the statement. O
We also need the following simple lemma:

Lemma 8.3. Let P(X,Y) be a polynomial in two variables. Then

P(Xo+pX1,Yy +pY1)

oP oP
= P, Yo) + p (G5 (Ko, Yo)Xs + 50 (X0, Yol¥i ) (mod 52)

Proof. This is an easy application of Taylor’s formula for P(X,Y). (]

We finally prove Proposition 2.7, which can be quite useful when dealing with explicit compu-

tations.

Proof of Proposition 2.7. We first prove that the condition is necessary. Assume we have a lift of

¢ associated to v. By Theorem 4.1, it must have the form
P(x,y) = (@ + pF1 + p*P,y" + pG1 + p*Q),

for some P,Q € W3(k)[x,y].
Let § be the p-derivation associated to ¢ (as in [Bui96]):

def @*u? —uP
p

ou

We then have
oxr = F1 -+ pP
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and, using Lemma 8.3,

(F1+pP)? o¢p— (F1+pP)’

8 =
p
(8.1)
F{(xP)— F} dF,° »
= - Fy + P?(x? (L),
L @) P+ P e ()
But, by Lemma 2.6 of [Bui96], the reduction modulo p of 52z must be equal to Fy — xg(p_l)Fl.

Since the reduction modulo p of P?(xP) is clearly a p-th power, say PP, and F'; is the Teichmiiller
lift of F7,

Fy— "V F = o(F) + (F)? Fy + PP (8.2)
An analogous computation with 8%y, gives
_ oG Y oG Y
Gy — yg(p 1) G1 = 9(Gy) + <8—1> F + <_1> Gy +QP,
T Yo

and hence, the condition is necessary.

We now prove the converse, more precisely, that ¢ is well defined and that the diagram

UWs(k) —2— U7 (Wi (k)

”T TVJ (8.3)
Uk) —2— Uk
commutes, where U and U are the affine parts of C and C respectively. It suffices to prove it for

the Greenberg transform. Defining
def

9=y’ - f(=),
we write
g(z.y) = (90(z0,Y0), 91 (0, 1, Y0, Y1), g2(T0, T1, T2, Yo, Y1, Y2))-
Then, to prove that ¢ is well defined, it suffices to prove that ¢*g? € I, for i = 0,1,2, where

def

I = (90791792)‘
By Theorem 4.1, we have that ¢*¢§, ¢* g7 € I. So we just need to show that ¢*gJ € I.
One has

2(p—1
xP = (0,1, 22)" = (25,0, 2 ® )az@f).

Also, by Lemma 8.1
pFy = (0, FY, (21 (F1)" + ¥ (F))").
Hence,
x’ + pFy + p°P = (af), FT, F} + X3), (8.4)

where,

def

_ p
Xo = (x1 — F1) (:E‘g 1—|-F1/) ;
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and in a similar manner,
Y’ +pGi +p*Q = (y5, G, G + Yh) (8.5)

where
def

Y2 = (21— F1) (wo HY)" + (11 — G1) (yé’_l + H1>p-

Note that
2 2
95 =2y y2 — ((f)7 (@) w2 + ...,
where no omitted term depends on either xo or yo. Hence

¢"g3 = 2 (G + Y2) — f'(20)” (Fy + Xa)? + ... (8.6)
Since
v = ((xo, F1, F2), (z0, G1, G2)),
is a lift,
20 G~ f'(xo)" Ff + =0 (mod (go)),
where the omitted terms are the same as the ones in formula (8.6). Therefore
6798 =208 5 — ['(wo)”" X5 (mod 1),
and it suffices to prove that

2y§232 — f’(wo)p23€2 =0 (modI),
or,
(z1 — F1) (—A_l (f)p fP=D/2 4 g plo41)/2 Hi>p
+ (1 — G129 (/27 + s 02 ) =0 (mod 1),
Factoring f (p*=p)/ 2 it is enough to prove
(21— F) (AN (PP + 20 B + (= G298 (F0 02+ ) =0 (mod 1), (87)
Using Lemma 8.2, equation (8.7) becomes
(14 £5792) (@1~ F)(- £+ (1~ G)2w0)) =0 (amod 1)
But ¢1,v*g1 =0 (mod I), and then

g1(xo, 21, Y0, Y1) — g1 (w0, F1,90,G1) = (1 — F1)(—f') + (y1 — G1)(2yo)? =0 (mod 1),

what finishes the proof that ¢ is well defined.
Finally, equations (8.4) and (8.5) show the diagram (8.3) commutes. O

The proof of the proposition above also gives us the following corollary:



28 LUIS R. A. FINOTTI

Corollary 8.4. Let C'/k and C/Ws(k) be curves given by equations (1.1) and (1.2), and suppose
that we can lift the Frobenius for the affine part of C. Let

v ((zo, F1, F2), (yo,G1,G2))

be the lift of points, and also assume that F; € klxg]. Then,
dFy (AR NN (AN o pe1) pet1) dF
2 (21 oL — ) S
diL'(] (dl‘o > + dl‘o %0 + <$0 1 diL'(]
In particular, if dFy/dxo = )\yg —ah” for some A € kX, then
N )\P-l-l p _ — FP—
dl‘o % $0 1 dl‘o
Proof. By Proposition 2.7, the first coordinate of the lift of the Frobenius has the form
x’ + pFy + p*P

where F'j is a lift of F} to W3(k)[x] and P is some polynomial. Equation (8.2) also holds in this

case. Observing that

dy(F1) dFy _1dFy
= Y ) .
dwo 1‘0 dwo 1 dwo ’ (8 8)
if we take derivatives of equation (8.2) we obtain the formula for dF3/dx( in the statement. i

9. MINIMAL LIFTS AND THE FROBENIUS

By Theorem 4.1, the existence of a lift from C to C/Wy(k) is enough to give a lift of the
Frobenius ¢ on the affine part of C. On the other hand, the existence of a lift from C' to C/W3(k)
merely guarantees a lift of ¢2. Of course, in the case of elliptic curves, the canonical lift always
has a lift of ¢ associated to 7 for any power of p. So, one could ask if there is also a lift of the
Frobenius (between the affine parts) associated to the minimal lift, at least modulo p3.

Theorem 9.2 below gives a precise answer to this question. But we first need the following

lemma:
Lemma 9.1. Let
v=((xo, F1,..., ), (y0,G1,...,Gn)),
be a lift of points from the affine part of C, given by equation (1.1), to the affine part of a lift C,
given by equation (1.2), with

dF; i i—j_ dF
L A— =D/ (1) (p -1/ pr-l
dzo f (o) Z
ori=1,...,n, where enotes the coefficient of « m fP7/2 Then
f here A d he coefficient of " f(p /2, Th

AG; = (AW (=t )y - 3 6 Gy,

Jj=1
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Proof. We fix some i € {1,...,n}, and work modulo p?*!. Then, by Corollary 4.2, the reduction

modulo p of (1/p*¢")*(dz/y) is given by

aof 1[N~ piion) 4F —(pi—1)/(p—1) 40
= E F — A P ‘
“ J dx @ Yo

Yo j=0
On the other hand, since dz/y = 2dy/f’, and by the analogous to Corollary 4.2 for dy, we have
that
i— i—J—1
G+ Y5 GY TG,
(f P

Since dxo/yo = 2dyo/(f’), comparing the two expressions for w we obtain the formula for dG; in

the statement. O
Theorem 9.2. Let
v = ((.fL'(], F17 F2)7 (y07 G17 G2))a

be a hyperelliptic lift of points from C, given by equation (1.1), to a lift C, given by equation (1.2),
where again we write G; = yo H; with H; € k[zo]. If

dE 7 _ 2 dF
d:c():A( -1)/(p— 1)fw0(p 1)/ prjl

fori=1,2, where A denotes the coefficient of xg_l in f®=V/2 then there is a lift of the Frobenius
modulo p®. In particular, if the minimal degree lift of C satisfies the lower bounds in Theorem 2.4,
namely deg Fy = (dp — (d — 2))/2 and deg Fy = (dp? — (d — 2))/2, there is a lift of the Frobenius

modulo p®.

Proof. We use Proposition 2.7. So, it suffices to prove that

d 1
i (P = etV B = w(R) — (F)' F) =0 (9.1)
and
_ 0G1 Y oG
d (Gz - yé’(p VG —y(Gr) - (gé) Fy - <8y01> Gl) = (9.2)

By using equation (8.8), the equality in (9.1) is easily verified.
The proof of equation (9.2) is also a straightforward calculation, but requires a little more work.

First we observe that

p p
dip(Gy) = <@> az‘g_ldxo + <8—C;01> y‘g_ldyo — Gﬁ’_ldGl.
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So, the left-hand-side of equation (9.2) becomes

p p
dGy — fP M dG, — <%> 2 Vg + <%> 2L dyo

Oz o
_ oG \? _ oG \*
_qprt (=t —le(p-1)/2 _ p—1 (=t
d A d dG.
Gy dGy (8350) (A™f zy )dzo <8y0> Gy
Using Lemma 9.1, dzg = (2yo/f’) dyo and G1 = yo H1, one sees that the expression above is equal
to
=1/ ¢n\p (p—=1)/2 ¢1 / / r A7l
(AP =102 5 = =2 HY)
which, by Lemma 8.2, is equal to zero. U

With the help of this theorem, we can prove the following proposition that deals with the case

of minimal degree lifts of elliptic curves.
Proposition 9.3. Let
v(zo,40) = (w0, F1, F2,y0, G1,Ga)

be the minimal lift from E (ordinary) to E/W3(k), such that, modulo p?, E is the canonical lift
and v gives us the Teichmiiller lift. We have a lift of the Frobenius associated to v if, and only if,
deg Fy = (3p% —1)/2 (and then v is the absolute minimal degree lift and E is the canonical lift also
modulo p*).

Proof. Assume that we have a lift of ¢ associated to v. So
- :vé’(’"l) F—y(R) - (F)" R

is a p-th power by Proposition 2.7, and thus cannot have a term of degree (3p% + 1)/2. Since all
terms in the above equation, except possibly Fy, have degrees less than or equal to (3p? — 1)/2,
deg Fy < (3p% —1)/2, and hence v is the absolute minimal degree lift.

The converse is a trivial consequence of the Theorem 9.2.

10. MOCHIZUKI LIFTS

As mentioned in section 2, curves of genus g > 1 do not have lifts of the Frobenius (see [Ray83]),
but Mochizuki showed in [Moc96] that a Mochizuki-ordinary (defined in section 11) curve of genus
g admits a lift of the Frobenius with certain singularities. Although the theory is completely
developed (over almost two hundred pages), few examples are known of Mochizuki lifts. In this
section we give an example of a minimal degree lift that is also a Mochizuki lift. (Observe that

Mochizuki lifts are supposed to have a lift of points with “small” degrees.)



MIN. DEG. LIFTS OF HYPERELL. CURVES 31

We first observe that the number of singularities of Mochizuki lifts has to be equal to (¢g—1)(p—1):
indeed, Corollary 4.9, Proposition 4.10 and Definition 4.11 of [Moc96] on pg. 1116 and 1117, tell
us that for the lifting of the Frobenius ¢,

ht(¢) = —p(g — 1) +deg(C —U) = (1 - g)

where ht(¢) denotes the height of ¢ (which we will discuss in more detail below) and U is the
open set on which we can lift the Frobenius. (Note that we have no marked points!) Thus,
deg(C' = U) = (p—1)(g - 1).

Finding an explicit example of a Mochizuki lift was Voloch’s motivation for proving Theorem 2.4
for p=3,d = 6 and n = 1: genus 2 curves are necessarily hyperelliptic, and if the two supersingular
points form a set that is invariant under the hyperelliptic involution, we can assume that those
points are at infinity. But Mochizuki’s theory is indeed invariant with respect to the hyperelliptic
involution. Roughly, this is true because the hyperelliptic involution can be deformed along with
an arbitrary deformation of the curve. Hence, in the genus 2 case, the supersingular points can
always be put at infinity.

Note that the genus 2 case is the only one for which we can try to relate Mochizuki’s theory
and minimal degree lifts, since for the former we have (p —1)(g — 1) singularities and for the latter
either 1 (if d is odd) or 2 (if d is even).

We will now establish the connection with Mochizuki’s theory, as outlined to the author by the

referee of this paper. We will consider a genus 2 curve

C/k :yi = f(o),

where k is a perfect field of characteristic 3 and deg f = 6, and assume it admits a Mochizuki lift
C/Wa(k): y* = f(=),

with supersingular points at infinity. As in [Bui96], the lift of the Frobenius defines a lift of points
(between the affine parts) v(zo,y0) = ((zo, F1), (Y0, G1)). (The lift of the Frobenius is then a lift

of the Frobenius associated to v.)

Definition 10.1. Let £p be a local Frobenius defined in a neighborhood of the point in P € C
with reduction P. Let t be a local parameter at P and let dp be the reduction modulo p of the

rational function
L€t~ ¢ @)
Then, the local height of ¢ at P, denoted by ht p(¢), is zero if dp is regular at P, and equal to the
order of the pole of ép at P otherwise. (As in [Moc96], pg. 1116.)
By Definition 4.7 and Proposition 4.8 in [Moc96], pg. 1116, we can define:
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Definition 10.2. The height of the lift of the Frobenius, denoted by ht(¢), is given by

nt(p) & <Z[k(P) : K] htp<¢>> —plg—1), (10.1)

pPeC
where htp(¢) is the local height at P and k(P) is the minimal field of definition of P over k.
We now compute the local heights. Since ¢ is regular on the affine part of C, the non-zero local

heights can only occur at the points at infinity, say P; and P». So, for i = 1,2, we have that

t = 1/x is a local parameter at P;, the points at infinity of C. Hence

* o 1
En(t ):t3+3----:$+3-...,

where the omitted terms are regular at P;. On the other hand,

e 1
¢ (t )_¢*(m) X34 3F+9-..

where F'1 is a lift of F;. So,

1 Fi+3-...
(&% (%) — d*(t°)) =
where the omitted terms after the plus sign are regular at P;. So
F;
6P1 = _é + )
Zo

where the omitted terms are regular at P;, and hence
htp, (¢) = deg F} — 6.
Thus, equation (10.1), in this case (p = 3 and g = 2), gives us
ht(¢) = 2deg F; — 15.

Remember that for us a Mochizuki lift has height less than or equal to (1 — g) = —1, and in
this case this implies that deg I} < 7. Hence by Theorem 2.4, it determines an absolute minimal
degree lifting, which proves item 1 of Theorem 2.8.

Theorem 2.4 also tells us that if deg F; = 7 then the coefficient of {L‘g in f(zg), say A, is non-zero.
If we assume that k is algebraically closed (or work on some finite extension of k) we may assume

that A =1, and so we will consider f given by equations of the form
f(20) = x5 + oz + Boxd + T3 + Yox0 + do-
But, with the linear change of variables

(w0,%0) — (20 + €0, Y0),
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with ¢g satisfying 268—1—@0 eo+ 0o = 0 (again, using the fact the k is algebraically closed, or extending

k), allows us to consider f given by
f(CC()) = 558 + aoxé + ZC% + boxo + Co,

which proves all but the last sentence of item 2 of 2.8. The last sentence follows from Corollary
3.8 on pg. 1048 of [Moc96], which implies that curves whose moduli are sufficiently general admit
Mochizuki lifts.

Now, let C' be given by an equation of the form
yg = f(:EO) = 1‘(6) + Goxé + l’g + boxg + cp.

We want to compute a Mochizuki lift of such curve. But as remarked above, this has to have
deg F} = 7 and hence is an absolute minimal degree lift, and thus Theorem 2.4 gives the a formula
for the derivative of Fj. Using an algorithm similar to the one described in section 6 of [Fin02], we

obtain an absolute minimal degree curve
C/Wy(k) : y* =25 +az* +z* + bz + ¢,
and an absolute minimal degree lift v(zo, yo) = ((xo, F1), (Y0, yoH1)). If ag # 0 (the case when the

curve is not Mochizuki-ordinary, as we shall see in the next section), we obtain

bo
F=xl+ = x0+2a0x0+
ag

a%cg+2aé+2a%bg+2agco+2a%bgco+2agcg+a%+b3x3
a2 0
4 3 2
5
o

—I-Qbol‘%—l—C(]l‘o—l-

Hy = (2a3 + ap) 23+ 2agbo x5 + (2a% + 1) 2 + (2a2 by + bo) zo + 2ad co + b3
a1 = 2a§ g+ 2af + ag b + ag co + ag b3 co + ai c§ + 2ad + ad co +2ag by + ag + 265 + co

b1 = (2ad b3 c§ + 2ad b + al b + ad b co + af bo c§ + af b co + af b ¢
—|—2a0b0—|—a0boco—|—a0b0+2a0b0+2a0boco+a(2)b0—|—b0)a >

o = alcd +2ad b3 2 +2ad b + ad bg co + 2 a3 by + 2 b3
- 5
o

For ag = 0 we have:
Fy = xb 4+ 2boad + (204 + 203 co + 28 + 1) 2 + 2by 2 + ¢ 20
Hy = x3 + by o + b
al —2bo+c0
by = by + b co + b 2 +2b3 + by co
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ey =203k
Since we could obtain deg Fy = 7, Proposition 4.10 on pg. 1117 of [Moc96] tells us that we indeed
computed a Mochizuki lift. (Note that Theorem 4.1 allows us to explicitly compute the lift of the
Frobenius.) Hence we proved all but the last sentence of item 3 of Theorem 2.8, which we prove
in the next section.

One can now proceed to compute a minimal degree lifting modulo 27. (Note we do not have an
analogue to Proposition 4.10 on pg. 1117 of [Moc96] modulo p3.) We again can achieve the lower
bound given by Theorem 2.4, namely deg Fy = 25. So, Theorem 9.2 tells us that there exists a
lift of the Frobenius also modulo 27. The formulas for Fy, He, P and Q (the latter two as in the
statement of Proposition 2.7) are too long to be given here, but can be easily computed with the
help of a computer using the analogue to the modified algorithm for elliptic curves described in
the end of section 6 of [Fin02] and Proposition 2.7.

11. ORDINARINESS
We finally prove the last sentence of item 3 in Theorem 2.8, namely that given a curve
C/k : y2 = a5+ agxf + x3 + bozo + co, (11.1)

where k is a perfect field of characteristic 3, then its Mochizuki lift being Mochizuki-ordinary
(or hyperbolic-ordinary, as Mochizuki refers to it in [Moc96]), and its Jacobian being an ordinary
Abelian variety, are both equivalent to ag being non-zero. Usually, when one simply says that C
is ordinary, we understand that its Jacobian is ordinary. (Mochizuki refers to this usual notion
of ordinariness as parabolic-ordinariness.) It is not true in general that these two notions are the
same, as happens in this particular case.

We first show that ag # 0 if, and only if, then the Jacobian of C' is an ordinary Abelian variety.
We recall that the Jacobian of C' is ordinary if, and only if, the restriction of the Cartier operator

to global differentials on the curve
Clrc.ae  T(C, Q) — T(C, Qe

. . . def def
is surjective. Let wq = dxo/yo and wq = 2o wo. One has

Clwy) = a(l)/3w1 + b(l)/3w0,
C(wo) = wo,

and so, C‘F(C7QC/1€) is surjective if, and only if, ag # 0.
We now briefly recall what it means to say that a Mochizuki lift of C' is Mochizuki-ordinary. Let
T¢o 1, and Tgyy, denote the relative tangent bundles of C7/k and C/k respectively, and let

He : ¢"(Too k) — Toyk
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be the square Hasse invariant of an indigenous bundle (£,V¢) ([Moc96], Proposition 2.6(1), pg.
1032).
Dualizing H¢ yields

HY : Qop — " Qoo pp) = Q.

Tensoring with Q¢ gives a map
id@HY : QF), — Qo @ 6" (Qeor),s
and now pushing forward by ¢ yields
$x([d@HY) : .(Q57,) — 6<(Qon) ® Qoo i (11.2)
Next we recall that there is a Cartier isomorphism (see [Kat70])
C: Hl((ﬁ*QE‘/k) - QC"/ka

related to the Cartier operator C as follows: if we also denote by C the map between ¢+(Q¢y) and
Qco 1, (having the exact differentials as its kernel) that induces C:H Ho.02, /k) — Qco y, then for
all w € T'(C, ¢+(Q¢y1)) one has C(w) = C(w)?. The Cartier isomorphism induces a map

é®kk¢49ww@qukﬁ§@%k (11.3)
The composition of the maps given by equations (11.2) and (11.3) induces a map on global sections

ViT(C,08,) = T(C7,082 ),

called the Verschiebung. (This is the analogue of the map ®¢ on pg. 1037 of [Moc96].) Now, by
Definition 3.1 on pg. 1044 and Proposition 2.12 on pg. 1037 of [Moc96], the curve the Mochizuki
lift of C'/k is Mochizuki-ordinary if V is surjective.

We now prove that if C'/k is given by (11.1), then V is surjective if, and only if, ag # 0. This
proof was also outlined by the referee (and was further clarified to the author by S. Mochizuki).

To understand V, we first look at the square Hasse invariant Hg. This map (and its dual) is
determined by the “multiplication” by a quadratic differential 6y on C'/k. By Proposition 2.6 on
pg. 1032 of [Moc96], the divisor of zeros of such a quadratic differential is the double supersingular
locus of C/k, i.e., its support is the set of points where the lift of the Frobenius is not defined. In
our case, these points are the points at infinity, and hence 6y has to be a non-zero constant multiple

of w2, and we can assume that 6y = w3. Hence,
Hg(()\lxo + Xo)wo) = (A1xo + Ao)wg =~ (A1zo + )\o)wg, (11.4)

where “~” is the identification via the isomorphism between ¢*(Qc0 /1) and Q%?k
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Let 64 def zo 0o and 69 def x% 0o. Then, equation (11.4) implies that the map induced by (11.2)

on global sections is given by
A2 + A161 + Aobo — (Aazd + Mz + No)wo ® Wi

Hence
V(X2 + M1 + Xoblo) = C((Aazd + Mzo + Xo)wo) @ w§-
Therefore,
V(o) = 0,
V(61) = apb] + bobg,
V(02) = 605 + cobg,

which clearly is surjective if, and only if, ag # 0.
This shows that the two notions of ordinariness are the same in the present situation and finishes
the proof of Theorem 2.8.
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