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Abstract. Given an ordinary elliptic curve

E/k : y2
0 = x3

0 + a0x0 + b0

over a field of characteristic p ≥ 5, there are functions Ai(a0, b0) and Bi(a0, b0) such that

the curve

E/W(k) : y2 = x3 + ax + b,

where a = (a0, A1(a0, b0), A2(a0, b0), . . .) and b = (b0, B1(a0, b0), B2(a0, b0), . . .) is the

canonical lifting of E. Although these functions are not uniquely determined, we prove

that they can be taken to be in Fp(a0, b0), defined for all ordinary elliptic curves of the

given characteristic, and modular, with wgt(Ai) = 4pi and wgt(Bi) = 6pi.

1. Introduction

Let k be a perfect field of characteristic p > 0. Associated to an ordinary elliptic curve E

over k, there exists a unique (up to isomorphisms) elliptic curve E over W(k), the ring of

Witt vectors over k, called the canonical lifting of E, and a map τ : E(k̄)→ E(W(k̄)), i.e.,

a lift of points, called the elliptic Teichmüller lift, characterized by the following properties:

(1) the reduction modulo p of E is E;

(2) if σ denotes the Frobenius of both k and W(k), then the canonical lifting of Eσ

(the elliptic curve obtained by applying σ to the coefficients of the equation that

defines E) is Eσ;

(3) τ is an injective group homomorphism and a section of the reduction modulo p,

which we denote by π;

(4) if φ : E → Eσ denotes the p-th power Frobenius, then there exists a map φ : E →
Eσ, such that the diagram

E(W(k))
φ
//

π

��

Eσ(W(k))

π

��
E(k)

φ
//

τ

TT

Eσ(k)

τσ

TT
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commutes. (In other words, there exists a lifting of the Frobenius.)

This concept of canonical lifting of elliptic curves was first introduced by Deuring in [Deu41]

and then generalized to Abelian varieties by Serre and Tate in [LST64]. Apart from being

of independent interest, this theory has been used in many interesting applications, such as

counting rational points in ordinary elliptic curves, as in Satoh’s [Sat00], coding theory, as

in Voloch and Walker’s [VW00], and counting torsion points of curves of genus g ≥ 2, as in

Poonen’s [Poo01] or Voloch’s [Vol97].

In [Fin13] we’ve studied the j-invariant of the canonical lifting E. More precisely, there

are functions Ji, for i ∈ {1, 2, . . .}, such that if j0 is the j-invariant of an ordinary elliptic

curve, then

j = (j0, J1(j0), J2(j0), . . .),

is the j-invariant of its canonical lifting (as a Witt vector). We describe in the reference

above many of the properties of these functions Ji.

Here we will answer a similar question, but with respect to the Weierstrass coefficients of

the canonical lifting. Before we make this more precise, let us introduce some terminology

to simplify the exposition.

Definition 1.1. If k is a field of characteristic different from 2 and 3, we refer to the elliptic

curve given by the Weierstrass equation

E/k : y2 = x3 + ax+ b, (1.1)

simply as the curve given by (a, b). We shall implicitly assume that ∆
def
= 4a3 + 27b2 6= 0,

i.e., that the curve is non-singular.

We also need the following definition:

Definition 1.2. Let k be a field with char(k) = p ≥ 5. We define

k
2
ord

def
= {(a0, b0) ∈ k2 : 4a3

0 + 27b20 6= 0 and the curve given by (a0, b0) is ordinary}.

So, let’s fix some field k with char(k) = p ≥ 5 and (a0, b0) ∈ k2
ord. Then, the ordinary

elliptic curve

E/k : y2
0 = x3

0 + a0x0 + b0 (1.2)

has a canonical lifting, say E, given by some pair (a, b) ∈W(k)2, i.e., by

E/W(k) : y2 = x3 + ax+ b, (1.3)

where a = (a0, a1, . . .) and b = (b0, b1, . . .). Note that we are requiring that the reduction

modulo p of a and b are a0 and b0 respectively, and therefore E reduces to E. Unlike with
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the j-invariant, the pair of Weierstrass coefficients (a0, b0) of E does not uniquely determine

(a, b), as the canonical lifting is unique only up to isomorphism. But certainly there are

(non-unique) functions

Ai : k2
ord → k, Bi : k2

ord → k, for i ∈ {1, 2, 3, . . .}

such that, if (a0, b0) ∈ k2
ord, then the curve given by (a, b) ∈W(k)2, where

a = (a0, A1(a0, b0), A2(a0, b0), . . .)

b = (b0, B1(a0, b0), B2(a0, b0), . . .),

is the canonical lifting of the (ordinary) curve given by (a0, b0). Our goal here, similarly to

what was done for the j-invariants in [Fin13], is to describe these Witt vector components

Ai and Bi of the Weierstrass coefficients of the canonical lifting as functions on a0, b0.

2. Choices of Ai and Bi

Clearly, since the functions Ai’s and Bi’s are not unique, our goal of describing them is

not very precise. So, let’s start with some observations about the possible choices that can

be made.

First, suppose that we’ve obtained the canonical liftings with a = (a0, a1) and b = (b0, b1),

with a1 = A1(a0, b0) and b1 = B1(a0, b0) for some choice of A1 and B1. Then, for any

λ ∈ W2(k), we have that the elliptic curve given by (λ4 · a,λ6 · b) is also the canonical

lifting. To make sure the canonical lifting reduces to the original curve modulo p, we might

take λ = (1, λ1) for some λ1 ∈ k (or in some extension of k). In this case:

(1, λ1)4 · (a0, a1) = (a0, a1 + 4λ1a
p
0)

(1, λ1)6 · (b0, b1) = (b0, b1 + 6λ1b
p
0)

Hence, if a0 6= 0 (i.e., j0 6= 0), then we can make A1(a0, b0) be any function, making then

the choice of B1(a0, b0) uniquely determined. Or, similarly, if b0 6= 0 (i.e., j0 6= 1728), then

we can choose B1(a0, b0) to be any function.

Here are some examples: let p = 5. Then, since an elliptic curve in characteristic 5 is

supersingular if and only if j0 = 0 (i.e., a0 = 0), we must have a0 6= 0. As observed above,

this allows us to choose A1(a0, b0) at will. The rows of Table 2.1 show the more or less

arbitrary choices of A1 = 0 and A1 = a0 with their corresponding functions B1. (We will

later described a method that allows us to compute these functions.)

On the other hand, when p = 13 we cannot guarantee that either a0 or b0 is different

from zero, as j0 = 5 6= 0, 1728 is the only supersingular value, and hence a0 = 0 and b0 = 0
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Table 2.1. Some possible functions A1 and B1 for p = 5.

A1 B1

0 (4a12
0 b0 + a9

0b
3
0 + a6

0b
5
0 + a3

0b
7
0 + b90)/a6

0

a0 (4a12
0 b0 + a9

0b
3
0 + a6

0b
5
0 + a3

0b
7
0 + 4a2

0b
5
0 + b90)/a6

0

Table 2.2. Some possible functions A1 and B1 for p = 13.

A1 B1

(4a33
0 b0 + 5a30

0 b30 + 11a27
0 b50 + 4a24

0 b70+

0 4a21
0 b90 + 12a18

0 b110 + 4a15
0 b130 + 5a12

0 b150 +

5a9
0b

17
0 + 7a6

0b
19
0 + 7a3

0b
21
0 + 5b230 )/(a15

0 + 4a12
0 b20)

(6a34
0 + a31

0 b20 + 10a28
0 b40 + 6a25

0 b60+

6a22
0 b80 + 5a19

0 b100 + 6a16
0 b120 + a13

0 b140 + 0

a10
0 b160 + 4a7

0b
18
0 + 4a4

0b
20
0 + a0b

22
0 )/(a3

0b
12
0 + 4b140 )

both give ordinary elliptic curves. One could still “force”, using the algorithm we describe

later on, that either A1 = 0 or B1 = 0 (or any other choice). The rows of Table 2.2 give the

corresponding A1 and B1 for these particular choices.

But, this brings up a problem: the formula for B1 in the first row of Table 2.2 (with

A1 = 0) does not work for the ordinary elliptic curve given by (a0, b0) = (0, 1), while the

formula for A1 in the second row (with B1 = 0) does now work for the ordinary elliptic

curve given by (a0, b0) = (1, 0). So, these formulas work in particular cases, but are not

universal, i.e., they don’t work (individually) for all (a0, b0) ∈ k2
ord.

This lead us to the following definition:

Definition 2.1. The functions Ai’s and Bi’s are called universal if they are defined for all

(a0, b0) ∈ k2
ord.

Since we can compute the canonical liftings via the j-invariants (see [Fin13], for instance),

another approach would be to use the fact that if j is the j-invariant of the canonical lifting,

then, if j 6= 0, 1728, we have that

y2 = x3 +
27j

4(1728− j)
x+

27j

4(1728− j)
(2.1)

is an equation for the canonical lifting. On the other hand, this equation does not reduce

to y2
0 = x3

0 + a0x0 + b0, and also has restrictions on the possible values of j. The former
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problem can be easily resolved by setting:

a
def
= λ4 · 27j

4(1728− j)
= (a0, · · · )

b
def
= λ6 · 27j

4(1728− j)
= (b0, · · · ),

where

λ
def
=

((
b0
a0

)1/2

, 0, 0, . . .

)
.

In the case of p = 5, this method gives

A1 = (2a12
0 + 3a9

0b
2
0 + 3a6

0b
4
0 + 3a3

0b
6
0 + 3b80)/(a0b

4
0),

B1 = (2a12
0 b0 + 3a9

0b
3
0 + 3a6

0b
5
0 + 3a3

0b
7
0 + 3b90)/a6

0.

But again, in this case A1 is not defined for the ordinary elliptic curve given by (1, 0). So

this method fails to provide universally defined formulas for A1 and B1. (Not surprisingly,

due to the restrictions that j 6= 0, 1728 in Eq. (2.1).)

On the other hand, observe that all the expressions we’ve obtained for A1 and B1, with

exception of B1 in the second row of Table 2.1, are modular functions of weight 4p and 6p

respectively! (This particular B1 fails because it comes from our choice to take A1 = a0,

which has weight 4 and not 4p.) To be more precise on our usage of the term modular

functions in this context, we introduce the following defintion:

Definition 2.2. Let a0 and b0 be indeterminates in Fp[a0, b0], and assign them weights 4

and 6 respectively. Then, let

Sn =

{
f

g
∈ Fp(a0, b0) : f, g ∈ Fp[a0, b0] homogeneous, and wgt(f)− wgt(g) = n

}
∪ {0}.

The elements of Sn are then modular functions of weight n.

Note that the given weights make Fp[a0, b0] into a graded ring. Then, the sums of

quotients (in Fp(a0, b0)) of homogeneous polynomials in Fp[a0, b0] also form a graded ring

S. The set Sn is simply the homogeneous component of weight n of this graded ring.

The fact that our examples above give Ai ∈ S4pi and Bi ∈ S6pi has an interesting

implication: given λ0 6= 0, the elliptic curves over k given by (a0, b0) and (λ4
0a0, λ

6
0b0) are

isomorphic and therefore the elliptic curves over W(k) given by

((a0, A1(a0, b0), A2(a0, b0), . . .), (b0, B1(a0, b0), B2(a0, b0), . . .))
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and

((λ4
0a0, A1(λ4

0a0, λ
6
0b0), A2(λ4

0a0, λ
6
0b0), . . .), (λ6

0b0, B1(λ4
0a0, λ

6
0b0), B2(λ4

0a0, λ
6
0b0), . . .))

are isomorphic (by the uniqueness of the canonical lifting), so there must be some λ such

that:

(λ4
0a0, A1(λ4

0a0, λ
6
0b0), A2(λ4

0a0, λ
6
0b0), . . .) = λ4(a0, A1(a0, b0), A2(a0, b0), . . .), (2.2)

(λ6
0b0, B1(λ4

0a0, λ
6
0b0), B2(λ4

0a0, λ
6
0b0), . . .) = λ6(b0, B1(a0, b0), B2(a0, b0), . . .). (2.3)

If Ai and Bi are modular function of weights 4pi and 6pi respectively, then we have that

λ = (λ0, 0, 0, . . .), the simplest possible λ. (Clearly, the converse also holds, i.e., if λ =

(λ0, 0, 0, . . .) works in Eqs. (2.2) and (2.3), then Ai ∈ S4pi and Bi ∈ S6pi .)

Also, observe that all Ai’s and Bi’s we found here are in Fp(a0, b0), so are rational

functions with coefficient in Fp.
So, ideally, we would be in search of Ai’s and Bi’s (giving the coordinates of the Weier-

strass coefficients of the canonical lifting) that are both universal and in S4pi and S6pi respec-

tively. Of course, at this point one must wonder if this is even possible. But, in fact, com-

putations seem to indicate that it is indeed. The author has posted some computations of

these functions at https://github.com/lrfinotti/cl_examples, and the MAGMA rou-

tines used in these computations can be found at https://github.com/lrfinotti/witt.

Here are a few examples. For p = 5, we have:

A1 = (a3
0b

2
0 + b40)/a0,

B1 = 4a6
0b0 + a3

0b
3
0 + b50,

and

A2 = (2a36
0 + a33

0 b
2
0 + a30

0 b
4
0 + 3a27

0 b
6
0 + 2a24

0 b
8
0 + a18

0 b
12
0

+ 4a12
0 b

16
0 + 3a9

0b
18
0 + 4a6

0b
20
0 + 4a3

0b
22
0 + 4b24

0 )/a11
0 ,

B2 = a36
0 b0 + 4a33

0 b
3
0 + 3a27

0 b
7
0 + 4a21

0 b
11
0 + 4a15

0 b
15
0 + a12

0 b
17
0 + 3a6

0b
21
0 + b25

0 .

For p = 7, one has:

A1 = 5a7
0 + 4a4

0b
2
0 + 4a0b

4
0,

B1 = (3a12
0 + a9

0b
2
0 + 3a6

0b
4
0 + 5a3

0b
6
0 + 4b80)/b0,

https://github.com/lrfinotti/cl_examples
https://github.com/lrfinotti/witt
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and

A2 = (6a61
0 + 5a58

0 b
2
0 + 6a55

0 b
4
0 + 4a52

0 b
6
0 + 3a43

0 b
12
0 + 6a40

0 b
14
0 + a37

0 b
16
0

+ a34
0 b

18
0 + 4a31

0 b
20
0 + 2a28

0 b
22
0 + 3a25

0 b
24
0 + 6a19

0 b
28
0 + a16

0 b
30
0

+ 3a13
0 b

32
0 + 6a10

0 b
34
0 + 2a4

0b
38
0 + 2a0b

40
0 )/b80,

B2 = (5a96
0 + 4a93

0 b
2
0 + 5a90

0 b
4
0 + 6a87

0 b
6
0 + 4a84

0 b
8
0 + 3a81

0 b
10
0 + 6a72

0 b
16
0

+ 5a69
0 b

18
0 + 5a66

0 b
20
0 + 2a60

0 b
24
0 + 3a57

0 b
26
0 + a54

0 b
28
0 + 2a51

0 b
30
0 + 6a48

0 b
32
0

+ 2a45
0 b

34
0 + 6a42

0 b
36
0 + 2a39

0 b
38
0 + a33

0 b
42
0 + 4a30

0 b
44
0 + 5a27

0 b
46
0 + 4a24

0 b
48
0

+ a21
0 b

50
0 + 3a18

0 b
52
0 + 5a15

0 b
54
0 + 5a12

0 b
56
0 + 5a9

0b
58
0 + 6a6

0b
60
0 + 6a3

0b
62
0 )/b15

0 .

These computations, as well as others for p = 11, 13 (and others not posted in the site

above), seem to indicate that indeed, Ai and Bi can be universal modular functions in S4pi

and S6pi respectively.

Notice that we do have denominators in those formulas. In particular, Ai and Bi, for

i = 1, 2, are not determined for (0, b0) (i.e., j0 = 0) when p = 5, and for (a0, 0) (i.e.,

j0 = 1728) when p = 7. But this is not really a problem, as these curves are supersingular

(i.e., those pairs are not in k2
ord) and hence do not have canonical liftings. In fact, these are

the only supersingular curves for their corresponding characteristic!

This is similar to the fact that the functions Ji that give the coordinates of the j-invariant

of the canonical lifting, as mentioned above, have poles for supersingular j-invariants. (See

Theorem 1.1 in [Fin13].)

Thus, our main goal here is to prove:

Theorem 2.3. There are universal modular functions Ai ∈ S4pi and Bi ∈ S6pi (and, in

particular, are rational functions with coefficients in Fp), for i ∈ {1, 2, 3, . . .}, such that if

(a0, b0) ∈ k2
ord gives an ordinary elliptic curve, then

((a0, A1(a0, b0), A2(a0, b0), . . .), (b0, B1(a0, b0), B2(a0, b0), . . .))

gives its canonical lifting.

Moreover, we shall also describe in Section 8 how all functions with the “good” properties

above, i.e., universal and modular, can be obtained.

The proof of Theorem 2.3 requires only linear algebra and an algorithm developed by

Voloch and Walker (and later extended by the author), to compute canonical liftings. (This

algorithm is described in Section 5, and it was shown to the author by Voloch. It can

be derived after Proposition 4.2 from [VW00], but it does not explicitly appear in this or
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any other reference besides some of the author’s previous papers.) On the other hand, the

author believes that the proof itself, although simple, is far from trivial.

The universality part of Theorem 2.3 is proved in Section 7, while the modularity part

is proved in Section 8.

It should be mentioned that the question about the nature of these functions was first

raised by a reviewer for one of the author’s proposals to the NSA. In particular, the reviewer

seemed, as far as the author could tell, to assume that these Ai’s and Bi’s would be modular

functions, perhaps due to some previously posted computations, and then asked about their

weights.

3. Witt Vectors and the Greenberg Transform

In this section we will briefly review some of the basic facts about Witt vectors. More de-

tails, including motivation and proofs, can be found in many sources such as Hazewinkel’s [Haz09]

and Borger’s [Bor11]. A more friendly introduction can be found in Rabinoff’s notes [Rab14].

Let p be a prime and for each non-negative integer n consider

W (n)(X0, . . . , Xn)
def
= Xpn

0 + pXpn−1

1 + · · ·+ pn−1Xp
n−1 + pnXn,

the corresponding Witt polynomial. Then, there exist polynomials Si, Pi ∈ Z[X0, . . . , Xi, Y0, . . . , Yi]

satisfying:

W (n)(S0, . . . , Sn) = W (n)(X0, . . . , Xn) +W (n)(Y0, . . . , Yn)

and

W (n)(P0, . . . , Pn) = W (n)(X0, . . . , Xn) ·W (n)(Y0, . . . , Yn).

More explicitly, we have the following recursive formulas:

Sn = (Xn + Yn) +
1

p
(Xp

n−1 + Y p
n−1 − S

p
n−1) + · · ·+ 1

pn
(Xpn

0 + Y pn

0 − Sp
n

0 ) (3.1)
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and

Pn =
1

pn

[
(Xpn

0 + · · ·+ pnXn)(Y pn

0 + · · ·+ pnYn)−(
P p

n

0 + · · ·+ pn−1P pn−1

)]
= (Xpn

0 Yn +Xpn−1

1 Y p
n−1 + · · ·+XnY

pn

0 )

+
1

p
(Xpn

0 Y p
n−1 + · · ·+Xp

n−1Y
pn

0 )

...

+
1

pn
(Xpn

0 Y pn

0 )− 1

pn
P p

n

0 − · · · −
1

p
P pn−1

+ p
(
Xpn−1

1 Yn +Xpn−2

2 (Y p
n−1 + pYn) + . . .

)
.

(3.2)

Note that despite the denominators in the formulas, cancellations yield polynomials with

coefficients in Z.

We can then define sums and products of infinite vectors in AZ≥0 , where A is a commu-

tative ring (with 1), say a = (a0, a1, . . .) and b = (b0, b1, . . .), by

a+ b
def
= (S0(a0, b0), S1(a0, a1, b0, b1), . . . )

and

a · b def
= (P0(a0, b0), P1(a0, a1, b0, b1), . . . ).

These operations make AZ≥0 into a commutative ring (with 1) called the ring of Witt vectors

over A and denoted by W(A).

Since we will deal with Witt vectors over fields of characteristic p, we may use S̄n, P̄n ∈
Fp[X0, . . . , Xn, Y0, . . . , Yn], defined to be the reductions modulo p of Sn, Pn respectively, to

define the addition and the product of Witt vectors.

First, observe that, if we introduce a grading on Z[X0, . . . , Xn, Y0, . . . , Yn] by defining

wgt(Xi) = wgt(Yi) = pi, then both Sn and Pn are homogeneous of weights pn and 2pn

respectively in this graded ring. This gives the following trivial lemma:

Lemma 3.1. Let πi : W(k) → k denote the map that gives the i-th coordinate of a Witt

vector. Then, if πi(f) ∈ Srpi and πi(g) ∈ Sspi, then πi(f · g) ∈ S(r+s)pi. If further r = s,

then πi(f + g) ∈ Srpi.

We now briefly review the definition of the Greenberg transform for polynomials in two

variables. For our mainly computational purposes, the definition is quite simple. For more

details, refer to [Lan52] and [Gre61], or, for a more advanced reference using the scheme

language, [Bui96] and [LS03] give a good introduction.
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Let R = k[x0, y0, x1, y1, . . .] and x0 = (x0, x1, . . .),y0 = (y0, y1, . . .) ∈ W(R). Now if

f(x,y) ∈W(k)[x,y] ⊆W(R)[x,y], where x and y are the variables of the polynomial ring,

then f(x0,y0) ∈W(R). (We are basically replacing the variables x and y by Witt vectors

of variables x0 = (x0, x1, . . .) and y0 = (y0, y1, . . .).) Hence, we have that f(x0,y0) =

(f0, f1, . . .), where fi ∈ R, or more precisely, where fi ∈ k[x0, . . . , xi, y0, . . . , yi].

Definition 3.2. For f ∈W(k)[x,y], we refer to f(x0,y0) ∈W(R) as above as the Green-

berg transform of f , and denote it by G(f).

Moreover, if

C/W(k) : f(x,y) = 0,

we define the Greenberg transform G(C) of C to be the (infinite dimensional) variety over

k defined by the zeros of the coordinates fn of G(f), i.e., if G(f) = (f0, f1, . . .) as above,

then

G(C)/k : f0(x0, y0) = 0

f1(x0, x1, y0, y1) = 0

f2(x0, x1, x2, y0, y1, y2) = 0

...

Note that in practice we often deal with Witt vectors of finite length, in which case we

can truncate the Greenberg transform and then have a finite dimensional variety over k.

Also observe that we clearly have

G(x+ y) = (S̄0, S̄1, . . .) and G(x · y) = (P̄0, P̄1, . . .).

Moreover, it should be clear from the definition that there is a bijection between rational

points C(W(k)) and G(C)(k), as f(a, b) = 0, with a = (a0, a1, . . .) and b = (b0, b1, . . .), if

and only if fn(a0, . . . , an, b0, . . . , bn) = 0 for all n.

4. Properties of the Elliptic Teichmüller Lift

The most usual way to compute the canonical lifting is using the modular polynomial,

as the lifting of the Frobenius gives an isogeny of degree p. So, if j0 is the j-invariant of an

ordinary elliptic curve and j = (j0, j1, . . .) is the j-invariant of its canonical lifting, then

Φp((j0, j1, . . .), (j
p
0 , j

p
1 , . . .)) = 0,

where Φp(X,Y ) is the modular polynomial. This allows us to successively find j1, j2, etc.

(See, for instance, Theorem 3 of [LST64].)
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On the other hand, Voloch and Walker developed an algorithm, later extended by the

author, which computes the canonical lifting via its Weierstrass coefficients, and hence is a

better approach to our problem.

The author is not aware of the complexity calculations of either algorithm, but computa-

tions in practice make it clear that, if one uses known formulas for the modular polynomial

Φp, the former method is considerably more efficient. Also, it is clear that the former method

requires considerably less memory, as for the Voloch-Walker algorithm we have to work with

Witt vectors over rings of polynomials in several variables, which yield polynomials with a

huge number of terms.

On the other hand, the Voloch-Walker algorithm not only computes the canonical lifting

(via its Weierstrass coefficients, instead of j-invariant), but also the elliptic Teichmüller lift

(described in Section 1), which also gives us the lifting of the Frobenius. (To see how the

computation of the lifting of the Frobenius and the elliptic Teichmüller lift are related, refer

to [Bui96] or [VW00].)

Since this algorithm yields the Weierstrass coefficients, even though is less efficient in

practice, it suits us better for the task at hand.

Remember that if

E/k : y2
0 = f(x0)

def
= x3

0 + a0x0 + b0,

then the Hasse invariant H of E for the formula above is simply the coefficient of xp−1
0 from

f (p−1)/2, and the curve is ordinary if and only if H 6= 0. Hence, if we see a0 and b0 as the

unknowns of the polynomial ring Fp[a0, b0], with wgt(a0) = 4 and wgt(b0) = 6 as before,

then H is a homogeneous polynomial of weight (p− 1).

Before we can describe the Voloch-Walker algorithm, we need the following results:

Theorem 4.1. Let k be a field of characteristic p ≥ 5, E/k be an ordinary elliptic curve

given by Eq. (1.2), E/W(k) be its canonical lifting (given by a short Weierstrass equation

as in Eq. (1.3)) and τ : E(k) → E(W(k)) be the elliptic Teichmüller lift. Then, there are

Fi, Hi ∈ k[x0] such that

τ(x0, y0) = ((x0, F1, F2, . . .), (y0, y0H1, y0H2, . . .))

with

degFi ≤ ((i+ 2)pi − ipi−1)/2,

degHi ≤ ((i+ 3)pi − ipi−1 − 3)/2,
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where deg denotes the degree of polynomials in k[x0], and

F ′i = H−(pi−1)/(p−1)(x3
0 + a0x0 + b0)(pi−1)/2 − xp

i−1
0 −

i−1∑
j=1

F p
i−j−1

j F ′j ,

where F ′k denotes the derivative of Fk.

The bounds for the degrees are given by Theorem 1.1 from [Fin02] and the formula for

the derivative is Theorem 2.1 from [Fin04].

Before we proceed to describe the algorithm, it is worth noting that when dealing with

Witt vectors, we usually assume that the base field k is perfect, so that W(k) is a strict

p-ring (as defined in Chapter II of [Ser79]). Moreover, in [LST64] the canonical lifting is

defined for ordinary curves over perfect fields of positive characteristic. So, in principle, the

coordinates of the Weierstrass coefficients of the canonical lifting, as well as the coefficients

of elliptic Teichüller lift τ , might not be in Fp(a0, b0), but in its perfect closure. On the

other hand, as observed in [Fin12], the algorithm we are about to describe proves that these

can actually be taken in Fp(a0, b0) itself. We will also observe this fact in our description

of the algorithm below.

5. Voloch and Walker’s Algorithm for Computing the Canonical Lifting

5.1. The Setup. In order to obtain general formulas, we consider in this section K =

Fp(a, b) where a and b are indeterminates and p ≥ 5. (So, clearly K is not perfect.)

Then the elliptic curve given by (a, b) (i.e., given by Eq. (1.2) with a0 = a and b0 = b) is

ordinary. Suppose its canonical lifting E is given by (a, b), i.e., given by Eq. (1.3), with

a = (a, a1, a2, . . .) and b = (b, b1, b2, . . .). Also, suppose that the elliptic Teichmüller (with

the notation of Theorem 4.1) is given by

τ = ((x0, F1, F2, . . .), (y0, y0H1, y0H2, . . .)),

where Fi and Hi are polynomials in x0. (So, in principle, ai, bi, and the coefficients of Fi

and Hi, all belong to the perfect closure of K.)

We will derive an algorithm to compute, one coordinate at a time, the ai’s, bi’s, Fi’s and

Hi’s, and show that ai, bi ∈ K and Fi, Hi ∈ K[x0], i.e., we do not need the perfect closure

of K.

We shall proceed by induction: so assume that we have computed the first n coordinates,

i.e., ai, bi, Fi, and Hi for i < n, and that ai, bi ∈ K and Fi, Hi ∈ K[x0] for all i < n. We

then want to compute the (n + 1)-st coordinates, i.e., an, bn, Fn and Hn, and show that

also an, bn ∈ K and Fn, Hn ∈ K[x0].
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Summarizing:

• We know (induction hypothesis): ai, bi, Fi, andHi for i < n, and that ai, bi ∈ K
and Fi, Hi ∈ K[x0] for all i < n.

• We need: to find an, bn, Fn and Hn with an, bn ∈ K and Fn, Hn ∈ K[x0].

As it will become clear from the procedure below, we observe that we can later apply the

same formulas obtained form K = Fp(a, b) for the canonical lifting and elliptic Teichmüller

lift with a = a0 and b = b0, where (a0, b0) ∈ k2
ord, for any (not necessarily perfect) field k

of characteristic p, as long as (a0, b0) yields no poles for the formulas obtained.

5.2. The Affine Part. Since τ(x0, y0) is a point of E, it must satisfy the equation given

by the (n+ 1)-st coordinate of the Greenberg transform. For simplicity, let again f denote

the cubic from the Weierstrass equation of E, i.e., let f
def
= x3

0 + ax0 + b. Thus, with our

induction hypothesis, the (n+ 1)-st coordinate of the Greenberg transform gives us:

2yp
n+1

0 Hn ≡ (f ′)p
n
Fn + anx

pn

0 + bn (mod K[x0, y0]), (5.1)

where we use the congruence notation in the usual way for abelian groups, i.e., a ≡ b

(mod H) if (a− b) ∈ H. Observe that the terms in K[x0, y0] in this (n+ 1)-st coordinate of

the Greenberg transform correspond to terms we have previously computed, and therefore

are all known, while the terms an, bn, Fn and Hn are the terms we need compute in this

step. (Note that we use the prime, as in f ′, to denote derivatives with respect to x0.) This

congruence can be seen directly from the formulas for sums and products of Witt vectors in

Section 3 or from the formula for the Greenberg transform given in Theorem 6.4 of [Fin14].

Clearly, by the induction hypothesis, we have that omitted terms on the right hand side of

Eq. (5.1) form a polynomial in K[x0]. Also, observing that y2
0 = f(x0) and using Lemma 5.1

from [Fin04], we have that Eq. (5.1) becomes

2f (pn+1)/2Hn ≡ (f ′)p
n
Fn + anx

pn

0 + bn (mod K[x0]). (5.2)

(The cited lemma guarantees that the powers of y0 appearing on the coordinates of (y0, y0H1, y0H2, . . .)
2

are all even, and thus can be replaced by polynomials in x0.)

Now, finding the polynomials Fn, Hn means finding their coefficients. Since we know F ′n

(from Theorem 4.1), we know some of the coefficients of Fn. Hence, if we let F̂n be the

formal integral of F ′n, with no term having a zero derivative added, and

M
def
=

((n+ 2)pn−1 − npn−2)/2, if n ≥ 2,

1, if n = 1,
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then

Fn = F̂n +
M∑
i=0

cix
ip
0 ,

where the ci’s are unknown (but F̂n is known). Note, moreover, that by Theorem 4.1 and

our induction hypothesis, we have that F̂n ∈ K[x0].

Also, we shall let N
def
= ((n+ 3)pn − npn−1 − 3)/2 and

Hn =
N∑
i=0

dix
i
0,

where the di’s are also unknown. (Note that, by Theorem 4.1, we have that degFn ≤ pM ,

if n > 1, and degHn ≤ N .)

So, now we will replace Fn and Hn in Eq. (5.2) by their expressions given above (in terms

of their coefficients). This way we introduce the ci’s and di’s are unknowns, and our goal

becomes to compute an, bn, the ci’s and di’s, and prove that they are all in K = Fp(a, b).
Then, this gives us

2f (pn+1)/2

(
N∑
i=0

dix
i
0

)
≡ (f ′)p

n

(
M∑
i=0

cix
ip
0

)
+ anx

pn

0 + bn (mod K[x0]), (5.3)

or

2f (pn+1)/2

(
N∑
i=0

dix
i
0

)
= (f ′)p

n

(
M∑
i=0

cix
ip
0

)
+ anx

pn

0 + bn + g (5.4)

for some g ∈ K[x0] which has all of its terms known by the induction hypothesis (i.e., the

computations of the previous coordinates).

Now, comparing the coefficients of same degree (in x0) in the equation above gives a

linear system (with coefficients in K) in the unknowns an, bn, ci’s and di’s. Note that we

know that this system has a solution, namely, the one given by the canonical lifting and

the elliptic Teichmüller lift.

On the other hand, it is not true that any solution will give you the canonical lifting and

the elliptic Teichmüller lift. A solution would guarantee only that we have some lifting of

the elliptic curve with some lift of points for the affine parts, but nothing else. (Basically,

we are still missing regularity at infinity.)

To narrow the solution to the one we seek, we need one extra condition: we need that

τ∗(x/y)(O) = 0, where O is the origin of E. (See the proof of Proposition 4.2 of [VW00].)

5.3. Regularity at Infinity. The fact that τ∗(x/y)(O) = 0 will allow us to compute a

few of the ci’s and di’s, while at the same time guarantee that any solution after that will

give precisely the canonical lifting and elliptic Teichmüller lift.
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We shall denote by mO the elements h of the function field of function field of E such

that ordO(h) ≥ 1, i.e., the maximal ideal of the ring of regular functions at O, and so we

have the all coordinates of τ∗(x/y) must be in mO.

We need the following lemma:

Lemma 5.1. Let x = (x0, x1, . . .),y = (y0, y1, . . .) ∈ Fp(x0, y0, x1, y1, . . .). Then, the (n +

1)-st coordinate of x/y as a Witt vector is of the form z/y
(n+1)pn

0 , where z ∈ Fp[x0, . . . , xn, y0, . . . , yn].

We will need the following result:

Lemma 5.2. The monomials
∏
Xai
i

∏
Y
bj
j occurring on P̄n satisfies∑

aip
i =

∑
bjp

j = pn and
∑

iaip
i +
∑

jbjp
j ≤ npn.

Moreover,

P̄n =

n∑
i=0

Xpn−i

i Y pi

n−i + Q̄n,

where Q̄n ∈ Fp[X0, . . . , Xn−1, Y0, . . . , Yn−1] and has its monomials (as above) satisfying∑
iaip

i +
∑
jbjp

j ≤ (n− 1)pn.

Proof. The lemma is Lemma 2.1 from [Fin02]. Although the lemma states∑
iaip

i +
∑

jbjp
j < npn

for the second part, its proof actually shows the result stated above. �

Proof of Lemma 5.1. Firstly, observe that the group of unitsW(R)× ofW(R), for some ring

R, is simply the vectors with first entry in R×, and it is easy to check that the denominators

of the coordinates of y−1 are powers of y0.

By the formula for products of Witt vectors, i.e., Eq. (3.2), it suffices to show that the

denominator for the (n+ 1)-st coordinate of y−1 is y
(n+1)pn

0 . Clearly, the first coordinate is

1/y0, and so we inductively assume that this is true up to the n-th coordinate. Write then:

y−1 =

(
α0

y0
,
α1

y2p
0

,
α2

y3p2

0

, . . . ,
αn−1

ynp
n−1

0

, βn, . . .

)
,

where αi ∈ Fp[y0, . . . , yi]. Since

y · y−1 = 1 = (1, 0, 0, . . .),

comparing the (n+ 1)-st coordinates we get

βny
pn

0 +
n∑
i=1

αp
i

n−i

y
(n−i+1)pn

0

yp
n−i

i + Q̄n(y0, . . . , yn−1, α0/y0, . . . , αn−1/y
npn−1

0 ) = 0.
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By Lemma 5.2, a term from Q̄n coming from a monomial
∏
Xai
i

∏
Y
bj
j has the power of y0

in its denominator given by∑
bj(j + 1)pj =

∑
bjp

j +
∑

jbjp
j ≤ pn + (n− 1)pn = npn.

Then, solving for βn in the above equation gives that its denominator is y
(n+1)pn

0 . �

So, still assuming that we have ai, bi, Fi and Hi for i = 1, . . . , (n− 1) giving us the first

n coordinates of the canonical lifting and elliptic Teichmüller lift, we look at the (n+ 1)-st

coordinate of τ∗(x/y), which we shall denote by τn. By Lemma 5.1 above, we have that

τn =
Fn

yp
n

0

− y0Hn · xp
n

0

y2pn

0

+
ε1

y
(n+1)pn

0

,

for some ε1 ∈ K[x0, y0]. Replacing Hn in the equation above by the expression for it given

by Eq. (5.1), we get

τn =

(
1

yp
n

0

− xp
n

0

2y3pn

0

(f ′)p
n

)
Fn −

anx
2pn

0

2y3pn

0

− bn

2y3pn

0

+
ε2

y
(n+1)pn

0

, (5.5)

for some ε2 ∈ K[x0, y0].

Remember that we are imposing the condition that τ∗(x/y)(O) = 0, and hence we must

have that τn ∈ mO. What we need to do now is study how the choice of an, bn and (the

unknown coefficients of) Fn could make this happen. But, since the terms with an and bn

already in mO, this new condition won’t give us any information about them directly.

Also, if we split Fn = Fn,1 +Fn,2, where Fn,1 has all the terms of Fn with degrees greater

than or equal to (3pn+1)/2 and Fn,2 has all the terms of Fn with degrees less than or equal

to (3pn − 1)/2, then the terms (
1

yp
n

0

− xp
n

0

2y3pn

0

(f ′)p
n

)
Fn,2

are also in mO. Note that if n = 1, then Fn,1 = 0, and we have that Eq. (5.5) is already in

mO (i.e., we have that τ1 ∈ mO). This is simple computation that can be done directly or

one can refer to proof of Proposition 4.2 in [VW00]. Hence we shall assume in what follows

that n ≥ 2.

Remembering that

Fn = F̂n +
M∑
i=0

cix
ip
0 ,
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where deg F̂n = (3pn − 1)/2, we have that

Fn,1 =
M∑

i=M ′+1

cix
ip
0 ,

Fn,2 = F̂n +
M ′∑
i=0

cix
ip
0 ,

where M ′
def
= (3pn−1−1)/2, and hence one can see that the only values that are determined

by the extra condition (that τn ∈ mO) are the ci’s for i ≥M ′.
So, using again that y2

0 = f(x0), and remembering that we need τn ∈ mO, Eq. (5.5) gives

us

τn ≡
1

y
(n+1)pn

0

[
y

(n−2)pn

0

(
fp

n − xp
n

0

2
(f ′)p

n

)
Fn,1 + F + y0G

]
≡ 0 (mod mO), (5.6)

where F ,G ∈ K[x0] are such that ε2 = F + y0G. (Note that the terms of ε2 are all known,

i.e., have been computed with previous coordinates.) This congruence then imposes that the

terms inside the brackets must have a pole of order less than
∣∣∣ordO

(
y

(n+1)pn

0

)∣∣∣ = 3(n+1)pn.

If n is even, let

H def
= f (n−2)pn/2

(
fp

n − xp
n

0

2
(f ′)p

n

)
∈ K[x0],

and then Eq. (5.6) becomes

τn ≡
1

y
(n+1)pn

0

[HFn,1 + F + y0G] ≡ 0 (mod mO).

Since only y0G involves y0, its terms cannot cancel with any other terms inside the brackets,

and hence we must have that ordO (y0G) , ordO (HFn,1 + F) > −3(n + 1)pn, in particular

the degree of HFn,1 + F , as a polynomial in x0, must be less than 3(n + 1)pn/2. Since

degH = 3npn/2, this restriction on the degree HFn,1 + F determines ci for i ∈ {(3pn−1 +

1)/2, (3pn−1 + 3)/2, . . . ,M}. Therefore, in this case when n is even, the imposition that the

solution must yield the canonical lifting and elliptic Teichmüller lift uniquely determines

these coefficients, all of which can be found from the known previous coordinates, which

appear in F , and the restriction deg(HFn,1 + F) < 3(n+ 1)pn/2.

The case when n is odd is similar: let now

H def
= f ((n−2)pn−1)/2

(
fp

n − xp
n

0

2
(f ′)p

n

)
.
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Then, Eq. (5.6) becomes

τn ≡
1

y
(n+1)pn

0

[y0HFn,1 + F + y0G] ≡ 0 (mod mO).

A similar analysis as the one above gives again ci for i ∈ {(3pn−1+1)/2, (3pn−1+3)/2, . . . ,M}
from the fact we need deg(HFn,1 + G) < (3(n+ 1)pn − 3)/2.

Therefore, the first step of the algorithm should be to determine these ci’s, which by our

induction hypothesis will be in K = Fp(a, b). Then, the system given by Eq. (5.4) has these

terms determined, which then would also determine the di’s for i ∈ {(4pn− p− 1)/2, (4pn−
p+ 1)/2, . . . , N}.

So, with M ′ = (3pn−1 − 1)/2 (as above) and N ′
def
= (4pn − p − 3)/2, the terms ci for

i = M + 1, . . . ,M ′ and di for i = N + 1, . . . , N ′ are now known, and hence we can collect

these with the other already known terms, simplifying Eq. (5.4) to

2f (pn+1)/2

(
N ′∑
i=0

dix
i
0

)
= (f ′)p

n

(
M ′∑
i=0

cix
ip
0

)
+ anx

pn

0 + bn + g2, (5.7)

with g2 ∈ K[x0] having all its terms known. Again this gives us a linear systems on the still

unknown an, bn, c0, . . . , cM ′ , d0, . . . , dN ′ with coefficients in K.

Rather than solving this system directly, it seems computationally more efficient to im-

pose that 2f (pn+1)/2 divides the right hand side: performing the long division gives a re-

mainder in terms of the an, bn, c0, . . . , cM ′ , and imposing that this remainder is zero gives

a linear system on these unknowns, and thus does not involve the di’s. The system does

not have a unique solution (as, again, the Weierstrass coefficients are not unique), but any

solution indeed gives us Weierstrass coefficients of the canonical lifting. (And, of course, it

also gives us the elliptic Teichmüller.)

On the other hand, for our theoretical purposes here, we will not take this approach and

simply look at the system directly given by Eq. (5.7), to which we will often refer below.

Note that we know that the system has a solution, and since, by the induction hypothesis,

the coefficients of the linear system are in K = Fp(a, b), we have that there is a solution

also in Fp(a, b).

6. Solutions of the System

In this section we study the solutions of the system given by Eq. (5.7), under the same

assumptions as in the previous section, which we review below:

• K = Fp(a, b), with p ≥ 5 prime, and a, b indeterminates;
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• we have already computed a1, . . . , an−1, b1, . . . , bn−1 ∈ K such that (a, a1, . . . , an−1)

and (b, b1, . . . , bn−1) give the first n-coordinates of the Weierstrass coefficients of the

canonical lifting (of the curve given by (a, b));

• we have already computed F1, . . . , Fn−1, H1, . . . ,Hn−1 ∈ K[x0] such that the first

n-coordinates of the elliptic Teichmüller lift is given by

τ(x0, y0) = ((x0, F1, . . . , Fn−1), (y0, y0H1, . . . , y0Hn−1));

• we have

Fn =

M ′∑
i=0

cix
ip
0 + · · · and Hn =

N ′∑
i=0

dix
i
0 + · · ·

where M ′ = (3pn−1 − 1)/2 and N ′ = (4pn − p− 3)/2 and the omitted terms where

computed as described in the previous section, and only c0, . . . , cM ′ , d0, . . . , dN ′ are

still unknown (from Fn and Hn).

As observed in the previous section, any solution of the linear system (on an, bn, c0, . . . , cM ′ ,

d0, . . . , dN ′) given by Eq. (5.7) gives the (n+1)-st coordinates of the Weierstrass coefficients

of the canonical lifting and its associate elliptic Teichmüller lift.

In this section we prove the following result:

Proposition 6.1. With the notation and terminology above, the solution of the linear

system on an, bn, c0, . . . , cM ′, d0, . . . , dN ′ given by Eq. (5.7) has the following properties:

(1) it has exactly one free parameter;

(2) this free parameter can be assigned to the value of either an, bn, or cn, and hence

we can choose any value for one of these three variables;

(3) the values for ci for i 6= pn−1 do not depend on the free parameter.

The rest of this section is dedicated to the proof of this proposition.

Suppose then that we have two solutions to this system, say

(an, bn, c0, . . . , cM ′ , d0, . . . , dN ′) and (a′n, b
′
n, c
′
0, . . . , c

′
M ′ , d

′
0, . . . , d

′
N ′).

Then, since both solutions give the canonical lifting, there is λ ∈ Wn+1(K̄), where Wk

denote the ring of Witt vectors of length k, such that:

(a, . . . , an−1, a
′
n) = λ4(a, . . . , an−1, an),

(b, . . . , bn−1, b
′
n) = λ6(b, . . . , bn−1, bn).
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Since

λ4 ≡ λ6 ≡ 1 (mod pn),

we have that λ ≡ ±1 (mod pn). We can assume that λ ≡ 1 (mod pn), i.e.,

λ = (1, 0, . . . , 0, λ)

for some λ in K (or in some extension of K). Hence, this gives us that

a′n = an + 4λap
n
,

b′n = bn + 6λbp
n
.

If we subtract Eq. (5.7) from the same equation for the second solution (i.e., (a′n, b
′
n, . . .)),

we get

2f (pn+1)/2

(
N ′∑
i=0

(d′i − di)xi0

)
=

(3x2
0 + a)p

n

(
M ′∑
i=0

(c′i − ci)x
ip
0

)
+ 4λap

n
xp

n

0 + 6λbp
n
. (6.1)

Since the elliptic Teichmüller is uniquely determined by the Weierstrass coefficients, there

is a unique solution for c′i’s and d′i’s for any fixed choice of the ci’s, di’s and λ.

By taking:

c′i =

ci, if i 6= pn−1,

2λ+ ci, if i = pn−1,

Eq. (6.1) becomes

2f (pn+1)/2

(
N ′∑
i=0

(d′i − di)xi0

)
= 6λfp

n
.

Hence, if we define d′i via:

N ′∑
i=0

d′ix
i
0 =

(
N ′∑
i=0

dix
i
0

)
+ 3λf (pn−1)/2

we find the these choices for the c′i’s and d′i’s satisfy Eq. (6.1), and so, by uniqueness, these

give the elliptic Teichmüller lifts for the curve given by a′n = an+4λap
n

and b′n = bn+6λbp
n
.

This shows that the nullspace of the coefficient matrix of the system given by Eq (5.7)

has dimension 1 (and thus proves item 1 of Proposition 6.1), generated by

(4ap
n
, 6bp

n
, 0, . . . , 0, 2, 0, . . . , 0, 3b(p

n−1)/2, . . . , 3, 0, . . . , 0),
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where 2 appears in the coordinate corresponding to cpn−1 and 3b(p
n−1)/2 appears in the

coordinate corresponding to d0. In particular, all ci’s, for i 6= pn−1, are the same for every

choice an and bn that gives the canonical lifting, proving item 3 of Proposition 6.1.

The observation above also show that we can choose the value for either cpn−1 , an or bn,

proving item 2 of Proposition 6.1.

It is worth noting that one can choose the value of an or bn since a, b 6= 0 in K = Fp(a, b).
When solving this system for a given pair (a0, b0) in some field, we might not be able to

choose the value of an (resp., bn) if a0 = 0 (resp., b0 = 0). But, we can always choose the

value of cpn−1!

7. Universality

In Section 5 we showed that Eq. (5.7) gives a linear system whose solutions (known

to exist) give the canonical lifting and elliptic Teichmüller lift. We were working on K =

Fp(a, b), with a and b as indeterminates, and hence these give formulas (for ai, bi, Fi and Hi)

work for any (a0, b0) ∈ k2
ord, where k is a field of characteristic p, as long as these formulas

do not have poles when evaluated at a = a0 and b = b0. What we will do in this section

is to show that one can find solutions that will be defined for every pair (a0, b0) ∈ k2
ord as

above, i.e., we can get formulas that yield no poles in k2
ord.

More precisely, we shall prove the following:

Proposition 7.1. Let K = Fp(a, b), with a and b indeterminates, ∆ = 4a3 + 27b2 be

the discriminant of the elliptic curve given by (a, b), H be its Hasse invariant, and L def
=

Fp[a, b, 1/(∆H)]. Then, there are ai, bi ∈ L and Fi, Hi ∈ L[x0], for i = 1, 2, . . . such that the

canonical lifting of the elliptic curve given by (a, b) is given by ((a, a1, . . .), (b, b1, . . .)) and

the associate Teichmüller lift is given by

τ(x0, y0) = ((x0, F1, . . .), (y0, y0H1, . . .)).

This proposition gives the following corollary, which is the universal part (as defined in

Definition 2.1) of Theorem 2.3:

Corollary 7.2. There are universal rational functions Ai and Bi over Fp for i ∈ {1, 2, 3, . . .},
such that if (a0, b0) ∈ k2

ord, with char(k) = p, then

((a0, A1(a0, b0), A2(a0, b0), . . .), (b0, B1(a0, b0), B2(a0, b0), . . .))

gives its canonical lifting of the curve given by (a0, b0).

Proof of Corollary 7.2. Simply take Ai = ai and Bi = bi, with ai and bi from Proposi-

tion 7.1, as these are clearly universal. �
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The rest of this section is dedicated to the proof of Proposition 7.1.

We will, again, proceed by induction. We assume then that we have computed the

canonical lifting and elliptic Teichmüller lift of

E/K : y2
0 = x3

0 + ax0 + b

up to the n-th coordinate, with ai, bi ∈ L and Fi, Hi ∈ L[x0], and we will use, again,

the linear system given by Eq. (5.7) to find an, bn, Fn and Hn, with an, bn ∈ L, and

Fn, Hn ∈ L[x0].

First, observe that all the omitted terms of Eq. (5.7) are in L. For most of them this

follows from the induction hypothesis. But also the terms in F̂n are in L by the induction

hypothesis and the formula for F ′n (in Theorem 4.1). Moreover, the ci’s, for i ∈ {M ′ +
1, . . . ,M} are in L, by the induction hypothesis and the algorithm described in Section 5, as

they are chosen so that deg(HFn+F) < 3(n+1)pn/2 (for some polynomials in F ,H ∈ L[x0])

when n is even, or deg(HFn +G) < (3(n+ 1)pn− 3)/2 (for some polynomials G,H ∈ L[x0])

if n is odd, and in both cases the leading coefficient of H is in Fp. Finally, the di’s for

i ∈ {N ′ + 1, . . . , N} are also in L by Eq. (5.3). (Note that the only new denominator

introduced is in fact a power of H in F̂n. No power of ∆ is directly introduced in the

denominator.)

Now, by item 3 of Proposition 6.1, we know that all ci’s, for i ≤ M ′, except for cpn−1 ,

are universal, since they are independent of any choices. Thus, they are all must be in L.

(Here is where the denominator ∆ could conceivably appear, although they do not appear

in examples explicitly computed.) Also, by item 2 of the same proposition, we may choose

the value of cpn−1 , and we will now choose it to be zero, and hence also in L. Since the

general solution to the system had only one free parameter (item 1 of the proposition), with

this choice the solution is unique.

Now, by comparing the terms of degrees (in x0) from (7pn− p)/2 down to (3pn + 3)/2 in

Eq. (5.7), we get a system of the form:



dN ′ dN ′−1 dN ′−2 · · · d0 cM ′ · · · c0 an bn

3 0 0 · · · 0 ∗ · · · ∗ 0 0

∗ 3 0 · · · 0 ∗ · · · ∗ 0 0

∗ ∗ 3 · · · 0 ∗ · · · ∗ 0 0
...

...
...

. . .
...

...
. . .

...
...

...

∗ ∗ ∗ · · · 3 ∗ · · · ∗ 0 0


=



∗
∗
∗
...

∗


where all “∗” entries are in L. So, also di ∈ L for all i.
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Finally, now looking at terms of degrees pn and 0 in Eq. (5.7), we can see that also

an, bn ∈ L, which finishes the proof of Proposition 7.1.

8. Modularity

In this section we prove the following proposition:

Proposition 8.1. With the choice of cpn−1 = 0, the rational functions Ai and Bi from

Corollary 7.2 (obtained from ai and bi from Proposition 7.1) are in fact in S4pi and S6pi

respectively.

Thus, this proves the modularity part of Theorem 2.3, and so, together with Corollary 7.2,

finishes the proof of the theorem.

Proof. For the sake of consistency of notation with the previous sections, we will use ai and

bi (as in Proposition 7.1) instead of Ai and Bi.

To simplify the exposition, we shall extended the definition of Sn. First, let wgt(x0)
def
= 2

and wgt(y0)
def
= 3, while still assuming that wgt(a) = 4 and wgt(b) = 6, so that y2

0 and

x3
0 + ax0 + b are both homogeneous of weight 6. Then, define:

Ŝn =

{
f

g
∈ Fp(a, b, x0, y0) : f, g ∈ Fp[a, b, x0, y0] homog. and wgt(f)− wgt(g) = n

}
∪{0}.

So, again, we are dealing with a graded ring and we have Sn = Ŝn ∩ Fp(a, b).
We again use induction to prove the proposition. So, we assume that, for i < n, we have

that Fi ∈ Ŝ2pi , y0Hi ∈ Ŝ3pi , ai ∈ Ŝ4pi and bi ∈ Ŝ6pi and shall to prove that the method

described in the previous sessions (with the choice of cpn−1 = 0) gives that an ∈ Ŝ4pn ,

bn ∈ Ŝ6pn , Fn ∈ Ŝ2pn and Hn ∈ Ŝ3pn . Of course, since an, bn ∈ Fp(a, b), this means that

an ∈ S4pn and bn ∈ S6pn , which is what we want in this proposition.

By Lemma 3.1, we have that the omitted terms in Eq. (5.1) (or Eq. (5.2)) are all in Ŝ6pn .

It’s also easy to check that F̂n = Fn −
∑M

i=0 cix
ip
0 (i.e., the formal integral for the formula

of the derivative of Fn) is in Ŝ2pn , by Theorem 4.1. Thus, all omitted terms of Eq. (5.3) are

also in Ŝ6pn .

Also, again by Lemma 3.1, we have that all the terms in the n-th coordinate of τ∗(x/y),

except for those involving Fn, are in Ŝ−pn , and hence the terms F+y0G inside the brackets in

Eq. (5.6) are in Ŝ(3n+2)pn . This implies that Fn,1 =
∑M

i=M ′+1 cix
ip
0 ∈ Ŝ2pn . Then, Eq. (5.3),

by equating degrees, gives us that
∑N

i=N ′+1 dix
i
0 ∈ Ŝ3pn−3. So, all of the omitted terms of

Eq. (5.7) are in Ŝ6pn .

Remember we are choosing cpn−1 = 0, and hence the solution for the system given by

Eq (5.7) is unique. Moreover, by Proposition 7.1, the denominators of ci’s, di’s, an and
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bn that give the solution can be taken to be powers of ∆ · H, and hence are homogeneous

polynomials on a, b, since ∆ and H are homogeneous with wgt(∆) = 12 and wgt(H) = p−1.

So, we can split the terms of the solution, by splitting the numerator in its homogeneous

terms, as:

an = an,0 + an,1

bn = bn,0 + bn,1

ci = ci,0 + ci,1

di = di,0 + di,1

where

an,0 ∈ Ŝ4pn , and no term on an,1 is in Ŝ4pn ,

bn,0 ∈ Ŝ6pn , and no term on bn,1 is in Ŝ6pn ,

ci,0 ∈ Ŝ2pn−2ip, and no term on ci,1 is in Ŝ2pn−2ip,

di,0 ∈ Ŝ3pn−2i−3, and no term on di,1 is in Ŝ3pn−2i−3.

This way, since only terms of same weight can cancel each other out, we have, by Eq. (5.7),

that

2f (pn+1)/2

(
N ′∑
i=0

di,0x
i
0

)
= (f ′)p

n

(
M ′∑
i=0

ci,0x
ip
0

)
+ an,0x

pn

0 + bn,0 + · · · , (8.1)

with the same omitted terms as in Eq. (5.7) (i.e., all the known terms), and that

2f (pn+1)/2

(
N ′∑
i=0

di,1x
i
0

)
= (f ′)p

n

(
M ′∑
i=0

ci,1x
ip
0

)
+ an,1x

pn

0 + bn,1. (8.2)

Thus, the an,0, bn,0, ci,0’s and di,0’s give a solution of Eq. (5.7), but since the solution is

unique (since we are taking cpn−1 = 0), we must have that an = an,0, bn = bn.0, ci = ci,0

and di = di,0. Hence, Fn ∈ Ŝ2pn , y0Hn ∈ Ŝ3pn , An = an ∈ Ŝ4pn and Bn = bn ∈ Ŝ6pn , which

is what we needed to prove. �

Finally, recall from Section 6 that any other solution is given by

A′n = An + 4λap
n
, (8.3)

B′n = Bn + 6λbp
n
. (8.4)

Thus, if we want to preserve the weights, we must choose λ ∈ S0. If we want to keep it

universal, we must choose λ ∈ L, and hence all possible An’s and Bn’s satisfying Theorem 2.3

come from choosing λ ∈ L ∩ S0 in Eqs. (8.3) and (8.4) (with An and Bn the ones obtained
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with cpn−1 = 0), or, equivalently, from choosing cpn−1 ∈ L ∩ S0 when solving the system

given by Eq. (5.7).

9. Final Observations

First, we prove the following proposition about the possible weights of modular functions

Ai and Bi:

Proposition 9.1. Suppose that, with the same notation as above, we have functions Ai

and Bi giving the coordinates of the Weierstrass coefficients of the canonical lifting, with

Ai ∈ Sri and Bi ∈ Ssi. Then we must have ri = 4pi and si = 6pi. In other words, if Ai and

Bi are modular functions, their weights must be 4pi and 6pi respectively.

Proof. If 4ap
n

0 Bn 6= 6bp
n

0 An, where An and Bn are the modular functions obtained when

cpn−1 is chosen to be zero as above, then one can use Eqs. (8.3) and (8.4) to prove that

every other pair of modular functions A′n and B′n (also giving the canonical lifting) would

have weights 4pn and 6pn respectively. But, this restriction (that 4ap
n

0 Bn 6= 6bp
n

0 An) is not

necessary, as we shall see below.

Before we proceed, though, observe that if the functions A1, . . . , An and B1, . . . , Bn

are chosen (giving the canonical lifting), then given λ0 ∈ k, there must be some λ =

(λ0, λ1, . . . , λn) ∈Wn+1(k) such that:

(λ4
0a0, A1(λ4

0a0, λ
6
0b0), . . . , An(λ4

0a0, λ
6
0b0)) = λ4(a0, A1(a0, b0), . . . , An(a0, b0)) (9.1)

(λ6
0b0, B1(λ4

0a0, λ
6
0b0), . . . , Bn(λ4

0a0, λ
6
0b0)) = λ6(b0, B1(a0, b0), . . . , Bn(a0, b0)), (9.2)

since the canonical liftings of isomorphic elliptic curves are isomorphic. Clearly, λ1, . . . , λn

are functions of λ0. We shall prove, at the same time, that if the Ai’s and Bi’s are modular,

then their weights are 4pi and 6pi, respectively, and in this case we also must have λi = 0

for i > 0, and hence λ = (λ0, 0, 0, . . .).

Once more, we proceed by induction. So, assume that for i < n we have Ai ∈ S4pi ,

Bi ∈ S6pi and λ1 = · · · = λn−1 = 0, and suppose that An and Bn are modular. Say,

An ∈ Srn , for some rn.

We have, from Eq. (9.1), with λ1 = · · · = λn−1 = 0, that

λrn0 An(a0, b0) = An(λ4
0a0, λ

6
0b0) = λ4pn

0 An(a0, b0) + 4λ3pn

0 λna
pn

0 ,

and so

4λ3pn

0 λna
pn

0 = (λrn0 − λ
4pn

0 )An(a0, b0).
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Since the left hand side is in S4pn and the right hand side is in Srn , we must have rn = 4pn,

unless either side is zero. In any case, the right hand side must be zero and so λn = 0,

which also gives that either rn = 4pn or An = 0, and so An ∈ S4pn .

Also, since now we have λn = 0, Eq. (9.2) gives us

Bn(λ4
0a0, λ

6
0b0) = λ6pn

0 Bn(a0, b0),

and hence Bn ∈ S6pn . �

It is also worth mentioning that, although we stated that the universal functions Ai’s

and Bi’s, obtained by setting cpn−1 = 0, as done above, might have powers of factors of

the discriminant ∆ in their denominator, this has not happened for any concrete example

computed so far. The formula for F ′n clearly shows where powers of the Hasse invariant are

introduced as a denominator, but we never explicitly introduce a denominator of ∆. On the

other hand, when solving the system given by Eq. (5.7), the determinant of the coefficient

matrix can introduce new denominators. Since the data is limited, as the computations

involved are quite demanding, it is hard to know for sure. Although I have not been able

to see an easy proof that only H appears in the denominator, that would be my guess, but

I would be reluctant to call it a conjecture at this point. In any event, it would be nice to

find bounds for the powers of H that appear in the denominator.

We make a final observation in regard to pseudo-canonical liftings: as observed in Sec-

tion 1, there are unique functions J1, J2, . . ., for p ≥ 5, such that if j0 is the j-invariant of

an ordinary elliptic curve, then the Witt vector (j0, J1(j0), J2(j0), . . .) is the j-invariant of

its canonical lifting.

Now, suppose that j = j0 is the j-invariant of a supersingular elliptic curve, but assume

that J1, J2, . . . , Jn are all defined at j0. Then, the elliptic curve over Wn+1(k) with j-

invariant (j0, J1(j0), . . . , Jn(j0)) is, of course, not the canonical lifting, as these do not exist

for supersingular elliptic curves. On the other hand, it is given by the same formulas that

give the canonical lifting (for ordinary j-invariants). We then call this elliptic curve given

by (j0, J1(j0), . . . , Jn(j0)) a pseudo-canonical lifting (modulo pn) of the curve given by j0.

We’ve studied these pseudo-canonical liftings (along with the functions Ji’s) in [Fin10],

[Fin11], and [Fin12]. We first summarize the main results (Theorems 1.2 and 1.3 from

[Fin12]) below:

Theorem 9.2. (1) We have that the functions Ji are rational functions over Fp.
(2) If j0 gives a supersingular elliptic curve and j0 6= 0, 1728, then Jn has a pole of

order npn−1 + (n− 1)pn−2 at j0.
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(3) J1 never has poles at j0 = 0, 1728, even if those values of j0 give supersingular

elliptic curves.

(4) J2 never has poles at j0 = 0, even if it gives a supersingular elliptic curve, but does

have a pole at j0 = 1728, if it gives a supersingular elliptic curve.

(5) J3 has a pole at j0 = 0 if it gives a supersingular elliptic curve.

This means that j0 = 0 gives a pseudo-canonical lifting modulo p3 (for primes p for which

j0 = 0 is supersingular, i.e., p ≡ 5 (mod 6)) and j0 = 1728 gives a pseudo-canonical lifting

modulo p2 (for primes p for which j0 = 1728 is supersingular, i.e., p ≡ 3 (mod 4)).

One could ask then if this notion of pseudo-canonical liftings would translate to the Weier-

strass coefficients also: is there (a0, b0) giving a supersingular elliptic curve, and universal

modular functions A1, . . . , An and B1, . . . , Bn, as in Theorem 2.3, such that the Ai’s and

Bi’s are all defined at (a0, b0)? One might think that the case for the Ji’s might indicated

that when j0 = 0, i.e., a0 = 0, gives supersingular elliptic curve, we might be able to get

A1, A2 and B1, B2 which are defined at (0, b0), since J1 and J2 are defined at j0 = 0. (And

we could make the analogous guess for when j0 = 1728, i.e., b0 = 0.) But that is not the

case, as we see below.

For example, the formula for the j-invariant of the canonical lifting in characteristic 5,

in which case j0 = 0 is supersingular, is

j =
(
j0, 3j

3
0 + j4

0 , . . .
)
.

The algorithm we describe above give the following universal modular functions in this case:

A1 = (a3
0b

2
0 + b40)/a0

B1 = 4a6
0b0 + a3

0b
3
0 + b50.

So, clearly not defined for a0 = 0. Moreover, as observed at the end of Section 8, any

other A1 and B1 which are both universal and modular functions would have to be given

by Eqs. (8.3) and (8.4), and these imply that if we remove the pole at a0 = 0 from A1, we

introduce it to the new corresponding B1. Therefore, there are no A1 and B1 (universal

and modular) which are defined at a0.
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