Lecture 1

Vector Spaces over R

1.1 Definition

Definition 1. A vector space over R is a nonempty set V of objects,
called vectors, on which are defined two operations, called addition + and
multiplication by scalars - , satisfying the following properties:

A1 (Closure of addition)
For all u,v € V,u + v is defined and u +v € V.

A2 (Commutativity for addition)
u+v=v+uforal uveV.

A3 (Associativity for addition)
u+ (v+w) = (u+v)+wfor all u,v,we V.

A4 (Existence of additive identity)
There exists an element 0 such that w4+ 0 =w for all u € V.

A5 (Existence of additive inverse)
For each u € V, there exists an element -denoted by —u- such that
u+ (—u) = 0.

M1 (Closure for scalar multiplication)
For each number r» € R and each v € V| r - u is defined and r - u € V.

M2 (Multiplication by 1)
l-u=uforallueV.
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M3 (Associativity for multiplication)
r-(s-u)=(r-s)-uforr,s e Randall u e V.

D1 (First distributive property)
r-(u+v)=r-u+r-vforalreRandall uveV.

D2 (Second distributive property)
(r+s)-u=r-u+s-uforalr,seRandallueV.

Remark. The zero element 0 is unique, i.e., if O:, 0 € V are such that
u+0§ :u—l—(); =u,Vu eV
then Oz = ()2.
Proof. We have 0; = 07 + 03 = 03 4+ 07 = 0, O
Lemma. Let w € V, then 0 - u = 0.
Proof.
u+0-u = 1-u+0-u
= (140)-u

1-u

Thus O=u+(—u) = (0-u+u)+ (—u)
= 0-u+ (u+(—u))
= 0-u+0
et 0 U D
Lemma.  a) The element —u is unique.
b) —u=(-1)-u.
Proof of part (b).
u+t(—=1)-u =
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1.2 Examples

Before examining the axioms in more detail, let us discuss two examples.

FExample. Let V = R"™ ,considered as column vectors

x
X2
R™ = { ) |z, x9,..., 2, € R} Then for
T
I n
u = : LU= : eR” and reR:
Tn, Un
Define
1+ Y1 rT
u+v= : and r-u=

Note that the zero vector and the additive inverse of u are given by:
0 —I

(=11
I
|
N
I

0 —XT9

Remark. R™ can also be considered as the space of all row vectors.
R™ = {(x1,...,zp) | 1,...,2, € R}
The addition and scalar multiplication is again given coordinate wise
(X1, oy xn) + (Y1, s Yn) = (X1 F Y1y T+ Yn)

re(xy, .., xy) = (rey, .. TTy)

Ezample. If ¥ = (2,1,3),y = (—1,2,—2) and r = —4 find ¥ + ¢ and r - Z.
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Solution.
r+y = (2,1,3)+(-1,2,-2)
= (2-1,1+2,3-2)
= (1,3,1)
r-f=-4-(2,1,3) = (-8,—4,—12).
Remark.

So the additive identity is 0 = (0,...,0).
Note also that

0-(z1,...,2,) = (0xq,...,0x,)
0,...,0)

for all (zy,...,2,) € R™

Ezample. Let A be the interval [0,1) and V' be the space of functions
f:A— R ie,
V={f:[0,1) — R}

Define addition and scalar multiplication by

(f+9)(x) = f(z)+g(x)
(r-filx) = rf(z)

For instance, the function f(z) = z* is an element of V' and so are
g(x) = v + 222, h(x) = cosx, k(x) =e®

We have (f + g)(x) = x + 222 + 2.
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Remark. (a) The zero element is the function 0 which associates to each z

the number 0O:
0(z) =0 for all z € [0,1)

Proof. (f +0)(z) = f(x) +0(z) = f(x) +0 = f(x). O
(b) The additive inverse is the function —f : x — — f(x).
Proof. (f+ (=f))(z) = f(z) — f(x) =0 for all . O

Ezample. Instead of A = [0, 1) we can take any set A # (), and we can replace
R by any vector space V. We set

={f:A—V}
and set addition and scalar multiplication by
(f+a)e) = @)+ ()
(r-f)x) = r-fz)

Remark. (a) The zero element is the function which associates to each x
the vector 0:

O:x2—0
Proof
(f+0)@) = F(@)+0(x)
= fl@)+0=f(z) O
Remark.

(b) Here we prove that + is associative:
Proof. Let f,g,h € VA, Then

[(f +9) +hl(x) = (f+g)(x)+h(z)
= (f(2) +9(z)) + h(x)
= f(x) + (g(z) + A
= f@)+(g+h)(2)
= [f+(g+h)(z)

x)) associativity in V
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1.3 Exercises

Let V = R*. Evaluate the following:

a) (2,-1,3,1) + (3,-1,1,—1).

b) (2,1,5,—1) — (3,1,2,—2).

¢) 10-(2,0,—1,1).

d) (1,-2,3,1)+10-(1,-1,0,1) — 3-(0,2,1, —-2).

e) z1-(1,0,0,0) 4+ 25 - (0,1,0,0) + x5 - (0,0,1,0) + 24 - (0,0,0,1).



