42



Lecture 7

Gram-Schmidt
Orthogonalization

The "best” basis we can have for a vector space is an orthogonal basis. That
is because we can most easily find the coefficients that are needed to express
a vector as a linear combination of the basis vectors vy, ..., v,:

v,V v, Up,
_ | 12)1)1—|—...+( 2> -
[l [on]

But usually we are not given an orthogonal basis. In this section we will
show how to find an orthogonal basis starting from an arbitrary basis.

7.1 Procedure

Let us start with two linear independent vectors v; and vy (i.e. not on the
same line through zero). Let u; = v;. How can we find a vector us which is
perpendicular to u; and that the span of u; and us is the same as the span
of v; and v,? We try to find a number a € R such that:

Us = auy + ve, U L uy
Take the inner product with u; to get:

0= (ug,u;) = alu,ur)~+ (v, u)

= allul® + (2, )
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or
(U27 ul)

o 2
[Jual]

What if we have a third vector v3? Then, after choosing uy, uy as above,
we would look for us of the form:

U3 = AU + G2Us + V3
Take the inner product with u; to find aq:
0= (ug,w) = ay fJus||* + (v3, ua)

or
(U37 ul)

2
la

a; = —
and the inner product with uy to find as:

0= (us, u2) = as H7«62H2 + (v, uz)

or
a9 = _—('U3,U/Z)
[[uz |
Thus:
Uy =
Uy = Uz—wlh
[[ua
Uz = V3 — (’U37u;> U1 — (’U37u§) U2
[Jual] [[ual]

7.2 Examples

Ezample. Let v; = (1,1),v9 = (2,—1). Then, we set u; = (1,1) and

Uy = (2,—1)—<‘1|]2’T|§) .
- @-n-la
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Ezample. Let v; = (2,—1),v9 = (0,1). Then, we set u; = (2, —1) and

Uy = (0,1)—(|T2’1|L‘;)u1
= 01~ =@
= 209

Note We could have also started with vy, = (0, 1), and get first basis vector
to be (0, 1) and second vector to be:

1(0, 1)1

Ezample. Let vy = (0,1,2),v = (1,1,2),v3 = (1,0,1). Then, we set u; =
(0,1,2) and

(2,-1) — (0,1) = (2,0)

(0,1,2) - (1,1,2)

Uy = (1,1,2)— ||(O7172)||2 (0,1,2)
_ (1,1,2)—2(0,1,2)
— (1,0,0)

2
us = (1,0,1) — 2(0,1,2) — (1,0,0
5

1
= —=(0,-2,1
5(’ ’)

Ezxample. Let vy = 1,v; = x,v9 = 2. Then, vy, v1, v, is a basis for the space
of polynomials of degree <. But they are not orthogonal, so we start with

Uug = vg and u; = vy — WUO. So we need to find:
1

1 1

= d = |—= 21 = —

('Ul,UO) A T ax [2'%. ]0 2

1
MW=41M=mkﬂ
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Hence, u; =z — % Then:

We also find that:
! 1
(vo,up) = / v’ de =
0 3

1
— 2(p _ —
(vg,u1) = /o x*(x 2)dx D

1
1 1
ful? = [ @-Pde= 5.
. 2 12
1

Hence, up =2 — 3 — (x —3) =2 —a +

7.3 Theorem

Theorem. (Gram-Schmidt Orthogonalization)Let V' be a vector space with
inner product (.,.). Let vq,...,v; be a linearly independent set in V. Then,
there exists an orthogonal set uy, ..., uy, such that (v;, u;) > 0 and span{v;, ..., v;} =
span{uy,...,u;} foralli =1,... k.

Proof. See the book, p.129 — 131. O]



