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Abstract

Let L be a finite group with subgroups F, G such that L = F'G is an
exact factorization of L. This factorization gives maps <1 : GX F — G and
> : G X F — F such that (F,G,<,>>) is a matched pair of groups. We
introduce bismash product commuting squares having in one corner the
bismash product Hopf algebra CE#C[F] constructed from (F,G, <, >),
and in the opposite corner its dual CF#C[G].

The defect of a commuting square was introduced in [4] as an upper
bound for the number of linearly independent sequential deformations of
the commuting square, in the space of commuting squares. We compute
defects of bismash product commuting squares in the cases of exact fac-
torizations arising from direct products L = F' x G, semidirect products
L = F x G with G abelian, and a more exotic Zappa-Szép product which
is not a semidirect product.

1 Introduction

Let L be a finite group with proper subgroups F, G such that L = F'G is an exact
factorization of L. This factorization gives group actions <1 : G x F — G and
> : G x F — F making (F,G, <,>) a matched pair of groups. It follows that
we can construct from (F,G, <,>) a bismash product Hopf algebra CE#C[F].
In Sections 2 and 3 we recall the definition of an exact factorization and of the
bismash product, and we give several examples.

The algebra CE#C[F] and its dual CF#C|[G] have canonical embeddings in
M,,(C), for n = |L|. We can thus consider the square of inclusions

CF#C[G] € My(C)
CéG#C[F] = U @]
Cl, C CC#C[F)

In Section 4 we prove that this is a commuting square. Note that this requires
a proof, since the corners of Céc sC[F) Are embedded in a different way than the
Hopf algebra commuting squares considered in [6]. We also use Section 4 to give
some concrete examples of such commuting squares.

In Section 5 we present computations of defects for bismash product com-
muting squares Cé@ 4C[F)" The (undephased) defect of a commuting square was
introduced in [4] as an upper bound for the number of linearly independent



directions in which one can sequentially deform the commuting square in the
space of commuting squares.

We compute the defect of CéG £C[F) when L = F x (G is a direct product of
groups. Next we compute the defect when L = F x G is a semidirect product
of groups with G abelian. We then consider a more exotic example of a Zappa-
Szép product which is not a semidirect product. In all our computations the
defect of the bismash product commuting square CCLG £C[F] is the same as the
defect of the group L.

The framework of our computations hints to quasi-canonical bases for the
tangent space at the corresponding commuting square, in the manifold of com-
muting squares. In the case of group commuting squares, such bases can be
exponentiated to construct analytic deformations in the manifold of commuting
squares ([5]). In particular, for group commuting squares the defect is not just
an upper bound but an exact formula for the number of linearly independent
directions of sequential (or analytic) deformations by commuting squares. Our
computations for smash product commuting squares hint to the existence of
similar deformations, which we plan to explore in a future paper. By iterating
Jones’ basic construction ([3]), such deformations would yield d(L) families of
(possibly non-isomorphic) subfactors.



2 Exact Factorizations of Finite Groups

Definition 1. An exact factorization of a group L is a pair of proper subgroups
F,G such that L = FG and FNG = {e}. We say that F and G factor L exactly.

Note that if F' and G are proper subgroups of a group L, then F' and G factor
L exactly if and only if |L| = |F| - |G| and F NG = {e}. Furthermore, L = FG
is an exact factorization of L if and only if each [ € L can be uniquely expressed
as | = fg for some unique f € F and g € G. This is equivalent to saying that
L is the internal Zappa-Szép product of F,G.

Example 1. Let L = As be the alternating group with 60 elements. Embed
F = Ay (the alternating group with 12 elements) in L, by defining F as the
set of all permutations in L that leave 5 invariant. Consider also the subgroup
G = Zs generated by the 5-cycle ((12345)). We have Ay NZs = {(1)} and
|Ayg| - 1Z5| = 12 -5 = 60 = |As|. It follows that A4Zs is an exact factorization
of As. Note that since A,, is a simple group for n > 5, neither Ay nor Zs
are normal subgroups of As. In particular, this factorization is not a direct or
semidirect product.

Let L = FG be an exact factorization. For every g € G and f € F, define
the maps <: G X F — G and > : G x F' — F by the following relation:

9f = (9> f)(g < f).
We recall some basic facts about >, <1, which we will use in our computations.

Proposition 1. For an ezact factorization L = FG, the maps <: G X F — G
and > : G X F — F defined via (g f)(g< f) = gf € L for every g € G and
f € F are group actions. Furthermore, we have that for every a,b € F and
r,y € G,

1. 2> (ab) = (z>a)((z <a)>b)
2. (zy) Qda=(z<(y>a))(y<a)
Proof. Let x € G and a,b € F. We have that
z(ab) = (x > ab)(x < ab)
and

(za)b = ((z>a)(z<a))b=(x>a)((z<a)b)
=@ra)((z<a)>d)(zr<ta<dd) = (z>a)((z<a)>b)(z<ab)

from which it follows that
(x> ab) = (z>a)((z <a) > D).

A similar calculation proves the second claim. O



Definition 2. Let F', G be two finite groups. Consider maps <: G X F — G
and > : G X F' — F satisfying the conditions 1,2 from Proposition 1. We call
(F,G,1>, <) a matched pair of groups.

Example 2. For each odd n € N, we have that A, = A,_1Z, is an exact
factorization of the alternating group A,, where Z, = ((12---n)). It follows
that (Ap—1,Zn,>, <) is a matched pair of groups.

The following lemma will be used several times throughout the paper.

Lemma 1. Let (F,G, >, <) be a matched pair of groups coming from the exact
factorization L = FG. For g € G and f € F, we have that (g > f)~! =
(g f)>fand(gaf)"t =g <(g> f).

Proof. Since for any g € G and f € F we have gf = (g> f)(g < f), it follows
that

g Nt=gaNf !
(9N fHgaf)<fHy™
=((g<f)efg<e)g™
=(gafe

A similar calculation shows (¢ < f)" ! =gt < (9> f). O

Remark 1. In the latter sections of this paper we will identify L with the set
F x G, and the subgroups F and G with F x {11} and {11} x G respectively.
The group structure on F' x G is given by:

(f7 g)(f/’gl) = (f7 1G)(1F7g)(f/’ 10)(11779/)
= (f7 1G)<g > flv 1G)(1Fag < f/)(lF’g/)
=(flg> 1), (g2 f)d)

forall f,f' € F and g,¢' € G.

Note that if L is the direct product of F' and G then the actions <1,> are
trivial and thus the group structure defined above on F' x G is just the group
structure of the direct product of groups F' x G. It is easy to check that the group
structures also agree when L is a semidirect product (L = FxG or L =FxG),
and when L is a Zappa-Szép product L = F <1 G (see [1]).



3 The Bismash Product Hopf Algebra

In this section we recall the definition of bismash product Hopf algebras, from
which we will construct commuting squares. We begin by recalling the definition
of a Hopf algebra.

Definition 3. A Hopf Algebra is a K-vector space H equipped with five (bi)linear
maps
V:H®H — H, A:H—->HQ®H

n:K— H, e:H— K, S:H—H

such that (H,A,V,n,e) forms a bialgebra and such that the following diagram
commautes.

S®1d

VAR
N

H®H*>H®H

The linear maps V,n, A, e, S are called the product, unit, co-product, co-unit,
and antipode, respectively.

For h € H, we write
h) =Y h ®hs

where by standard notation the index of the summation is suppressed.

3.1 Definition of the Bismash Product Hopf Algebra

Let L be a finite group and let (F,G,>, <) be a matched pair of groups arising
from an exact factorization L = F'G. Let {p,| g € G} be the canonical basis for
CY. Abusing notation for simplicity, let {p¢| f € F'} be the canonical basis for
CF. We have that CF" is a left C[G]-module via the action defined by

g pf = Pg>f
and C% is a left C[F]-module via the action defined by
fpgi=pgas—
forallge G, f e F



Definition 4. Let L = FG be an ezact factorization and let (F,G,>,<1) be its
matched pair of groups. The bismash product Hopf algebra CE#C[F)] associ-
ated to (L, F,G) is the Hopf algebra having underlying vector space C¢ @ C[F],
multiplication given by

(ptta) (py#b) = 699 p#ab

and unit given by
u(a) = de@pg#aa
for all x,y € G and a,b € F, where § is the Kronecker delta function.

The algebra structure of (CE#C[F])* = CI'#C[G] then dualizes to give the
comultiplication and counit of CE#C[F].

Remark 2. The formula for multiplication in CE4C[F] follows from:

(pr#0) (py#b) = pa(a - py)#ab = prpyaq—Fkab =625 p,fab.

The dual algebra C¥#C[G] has multiplication defined via

(patte)(p#y) = pa(x - po)F#ay = 657" pattry
forall x,y € G and a,b € F.

Remark 3. The Hopf algebra structure of the bishmash product depends not
only on the subgroups F,G, but also on their embeddings in L = FG. For
example, consider L = Zg = Z3 X Zo. In this case the matched pair of groups
(Zs,Z2) has trivial actions > and <. Consider also L' = Ds, the dihedral
group with 6 elements, yielding the matched pair (Zs,Zs2) with actions >' and
<. Since Zs is normal in L', the action < is still trivial (but >’ is not). It
follows that the bismash product CZ24C|Zs3] has identical multiplications for
both matched pairs of groups corresponding to L, L'. However, the dual algebras
are not isomorphic and thus induce different comultiplications on C*2#C|Zs].



4 Bismash product commuting squares

In this section we associate to any bismash product Hopf algebra a bismash
product commuting square.

Definition 5. Let (F,G,<,1>) be a matched pair of groups arising from the
exact factorization L = FG, where L is a group with n elements containing
F,G as subgroups. Let

CF#C[G] € My(C)
CéG#C[F] = U @]
Cl, C CC#C[F)

The embedding of CE#C[F] in M, (C) is realized by using the left-regular repre-
sentation. That is to say, we identify the basis element py#f € CE#C[F] with
the unitary w5y = Up, 4 = (z(z’a)’(y’b))z’zeg € M,(C), given by

a,be

. [ L i) (o #h) = (psa)
(@,0),(y:b) 0, otherwise.

Let us identify M, (C) = M5 (C) ® M p|(C), by fixring some order on the
elements of G, F respectively. Consider the matriz units ey ry, o',y = €g,9' @
e of My (C), with f,f' € F and g,¢9' € G. Note that the pair (g, f) can be
identified with the unique element gf € L, since the factorization L = GF is
also exact. With these notations, we have:

u(g, f) =up, 5 = Z €(g.fz),(g<f @)
xEF

The algebra CY#C[G] is embedded in M, (C) by identifying each element
ps#g of its canonical basis with the unitary matriz v(f, g) given by:

0(f,9) = Vg = Z Clyy1>£), (g7 y,y~ 1> f)
yeG

We call Céc #C[F] the bismash product commuting square associated to the
exact factorization L = FG.

Remark 4. It is easy to check that the formula from Definition 5 gives an
embedding of CF#C[G] in M, (C). Indeed, let g,¢' € G and f,f' € F and
consider the matrices

v(f.g) = Z Clyy=1> 1), (g7 yy 1> f)
yeG

and

v(flvg,) = Z C(z,x=1>F"),(¢'"Lz,x—1>f")
zelG



as in Definition 5. We show that
u(f,9)v(f'g") = v(f.99")

if f=go f, and v(f,g)v(f'g") =0 otherwise.

First note that v(f,99') = Z Clyy= o) (9 tg iy f)-
yeG
It follows that

o(f.g)v(f'.g) = Z Clyy= 1> f). (g7 gy~ > ) (x> ), (g~ ta,z 1> )
z,yeG

This product is 0 except when
g ly=zandy > f=a1p f.

Note that in this case, we have that

1

ylef=a'of =Wl > =y > (9> f),

which implies that f = g > f'. Therefore, we have that

U(f, g)v(f',g’) = Z Clyy=1>f),(¢'" g~ ty,y~lf) = U(f, gg/)'
yeG

Example 3. Consider again the exact factorization L = As = FG, where
F:A4 andG:Z5.

Figure 1 shows the form of a typical element in the algebra CZs#C[A4].
Figure 2 shows the form of a typical element in the dual algebra CA4#C[Zs)].

Similar shadings represent identical matriz entries. The white shading rep-
resents the zero entries.



Figure 1: A typical element in the bismash product C?#C[A4] associated to
the group As. Identical entries are represented by the same color.
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Figure 2: A typical element in the bismash product C4+#C|[Zs], as the dual
of C%5#C[A4]. Identical entries are represented by the same color.

We now check that the square of inclusions from Definition 5 is indeed a
commuting square. Note that this requires a proof, since the corners of Céc £C[F]
are embedded in a different way than the traditional Hopf algebra commuting
squares considered in [6].

Theorem 1. Let (F,G,<,1>) be a matched pair of groups arising from the exact
factorization L = FG, where L is a group with n elements containing F,G as
subgroups. Then the square of inclusions

CM#C[G] C  M,(C)
CéG#(C[F]: U @]
Cl, C CCC[F]

18 a commuting square.



Proof. We recall the commuting square condition:
(CE#C[F]) e CI, L (CF#C[Q)]) eClI,

where the orthogonality and orthogonal complements are considered with re-
spect to the inner product induced by the normalized trace of M, (C). Equiv-
alently, we must show that 7(uv) = 7(u)7(v) for all u € CE#C[F] and v €
CF#C[G).

Consider general basis elements u(g, f) = up,zr, v(f',9") = vy, g of
CE#C[F], CF#C|G] respectively. We show 7(u,, #IVp g ) = T(upg#f)r(v;f,#g,).
Indeed, we have:

7(ulg. N)o(f'9)") Z Z €(g.f2),(9<f.2)€(g'Lysy = > f") (v y 1> f7)

zeF yeG
=T (e(g’fz)’(%TlDf/)) withy =¢'(g< f) and z =y~ ' > f.
It follows that

m(ulg, Nv(f'9")*) = 7 (eg.f2).wy51)
1 59, 5fw
|F||G| 9'(gaf)"e
_ 1 g f
= FG i

Note that
1 f
T(ulg, f)) =7 Z €(g.fz),(g<f,m) |F| 6g<1f51F
xEF

and

(0(f,9)) =7 | D etw-rvu-to . wu-es) e .

yeG

If f # 1p then we have
(u(g, Ho(f'g")") = 0=7(ulg, /))r(v(f',9)").

= 03¢ and 07_, = 1.

If f = 1, then we have g < f = g and so 6%, . = 3,

Therefore, we obtain
IoINkY 1INk 1 g f 1G f

This shows that the commuting square condition holds.
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5 The Undephased Defect of a Bismash Com-
muting Square

In this section we give computations of the undephased defect (in the sense of
[4]) of some classes of bismash product commuting squares.
Let

A = spang {u(g,f) =D egsangata)  FEFgE G} )

acF

A” = spanc {U(ﬁg) =D Cea e eatnn  fEFGE G}
zeG

be the representations of CY#C[F], C¥#C|G] respectively in M, (C).
Let

[A, A*] = spanc{[u,v] = ww—vu : u = u(g, f),v =v(f",9'), 9.9 € G, [, f € F}.
It follows that

{[A4, A"] =spanc{e(g, r((gan)-151).('~1 (9. (9 /)~ 15F7) )
— €(g'gg-1g' 1> f") (g - (g g -1 1)) 1 T f'eF.g,4 €G}

The defect of the associated bismash product commuting square is given by
d(A) := dimc[A, A*]*.

This is the same as the dimension over C of the vector space

€Mu(C): > Zgp)ig s Mg V(rgn] =0
9,9’ €G
f.f'er

V= (z(g,f)y(gﬁf’))g,g’e
f.f'e

T Q

Note that the condition

> gt [t v gn] =0

is equivalent to

Z 2(9,0),(9" f) (g, F(g<f) =1 £)),(g' M (g<f),(g<f) ~ 1> f1)
9,9’ €G
f.f'er

= Z Z(g,):(g f) (g 9.9~ g’ > ), (g<f, f g™ g~ 1> F))
9.9'€G
f.f'er

11



5.1 Computing d(C(CG#(C[F) when L =F x G

We show that when the exact factorization is a direct product, the defect of the
commuting square d(Ckq 4C[F ]) is just the defect of the group L (in the sense
of [4]). Note that an exact factorization L = FG yields L ~ F x G if and
only if both F,G are normal in GG. This is because the elements of two normal
subgroups with trivial intersection must commute with each other.

Theorem 2. Let L = F'G be an exact factorization of a finite group L, where
F and G are normal subgroups of L. We have

d(CCLG#(C[F]) =d(L).

Proof. Since F, G are normal subgroups, we have that both < and > are trivial,
ie. g>f=fandg<f =g forall f € F and g € G. Using these specific
actions, the defect is given by the dimension of the vector space of matrices
Xg.0),(9'.5) € Mi)ir|(C) satistying:
Z Z(g,£).(a" f) (g F F) (g Vg, f") — Z 2(g,£),(a' ) E(g arf ), (g, f 1) = 0

9.9'€G 9.9'€G

f.fer f.fer

Using the change of variables z = g,a = ff’,y = ¢’ g, and b = f’ for the
first sum, and * = ¢'g,a = f',y = g, and b = f~'f’ for the second sum, we
have:

A(z,ab=1),(zy=1,b) = A(y,ab=1),(zy~1t,a)

Using another change of variables ¢ = z,f = ab™', ¢ = zy~ ! and f/ = b it
follows that
2(g,0):(9" ") = #9219, )9 F )"

Iterating this relationship, we see that, for all n € Zsq

2(9,0),(g", ") = (g~ mg,0),(g' f £7)

The smallest n that gives g = ¢'""g and ' = f™f" is n = lem(|g'|,|f]) for each
g € Gand f’ € F. Therefore, the dimension of the space of solutions z(y, r) (4, /)
is equal to
CIF
< Tem(Jg']. 1)
f'eF

In the above we denoted by lem(a,b) the least common multiple of a, b.

Foreachl € L, 1 = fg' = ¢'f, the order of [ is |I| = lem(|¢’|, | f]). Using the
formula for the defect of a group L, we obtain

(EHAD = 2 T 1D gm

fEF

12



5.2 Computing d(Clo ) When L=F x G

We now look at semidirect products L = F x G, with G abelian. We show
that it is again true that the defect of the bismash product commuting square
is equal to the defect of the group L.

Theorem 3. Let L = F'G be an exact factorization of a finite group L, where
F is a normal subgroup of L and G is an abelian subgroup of L. We have

d(CEo yorry) = d(L)-

Proof. Since L = F x G, we have g> f = gfg tand g< f =g forall f € F
and g € G. The defect of the bismash product commuting square is given by
the dimension of the matrix vectors space V of solutions z to the equation

> gt virgn] = 0.
9.9'€G
f.f'er

Equivalently,
Z 2(9,£).(g" f) (g, F (g™ F9): (9" 19,97 f1g) = Z 2(9,£),(g" f) (99,97 9"~ 9 9),(g,f " (g~ g’ '’ 9))
9.9'€G 9.9'€G
ffer ffer
By changing the variable g to ¢'"!g in the second sum, we obtain the equiv-

alent equation

Z 2(9,£),(g" f) (g, F (g™ F9): (9" V9,97 f1g) = Z 2(g'=1g,£), (g f) (g9~ '9), (9" Vg, f " (g™ f19))"
9,9'€qG 9,9'€G
f.f'er I.f'er
After replacing f’ with gf’¢~' in both sums, we have
Z 2(9:1):(g" 95 9 ) (g, FF)(g' g, f") = Z Z(g'=1g,),(9" .9 99, f) (9" Vg, f 1)
9,9'€G 9,9'€G
f.f'er I f'eFr

We will use the change of variables x = g, a = ff’, y = ¢ 'g,and b= f’ in
the first sum, and 2 = g, a = f', y = ¢’ 'g, and b = f~!f’ in the second sum.
This gives

§ : A(a,ab= 1), (xy= L abe— 1) €(z,a),(y,b) = E : Z(y,ab=1),(zy~ L waz—1)€(z,a),(y,b)
z,yeG z,yeG
a,beF a,beF

The above is equivalent to

Z(z,ab=1),(ey~ "t wbe—1) = Z(y,ab=1),(ey~ ! zaz—)

for all x,y € G and a,b € F.

13



Using the change of variables g =z, f = ab™!, ¢’ = xy~!, and f' = zbx ™!
yields
2(9,0):(9" ") = *(g'=19,0):(9" (9f9~ 1) f")

forall g,g € Gand f, f' € F.
Iterating this relationship gives

2(g.0)(9" ") = Fg'=mg,8).(g" (g~ (Vg fg=lg'm=1)(gfg= 1) f)

for all n positive integers.

Note that (¢'~""Vgfg~'g"")---(9fg7") = ¢ (¢'9fg~")". Since we
are under the assumption that G is abelian, we have

(d9fg )" =(99'fg ) =glg'f)"g"

Thus we obtain

2(g,0):(9" ") = 29~ 9,£):(9",9'~™g(g' F) g~ 1 )
for all n positive integers.
It follows that for given g, f, ¢’, f there are exactly lem(|g’|,|g’ f|) entries of
z that must be equal to z(4 fy, (o, /). All these entries have the same f, g’ indices.
Thus for every f, ¢’ fixed we have % linearly independent vectors in
the space V of matrices z which are solutions to our system. We obtain

i |L|
d(CEHC[F)) = dim(V) = I
fegg:/ec lem(lg'], 19" f1)

Note however that when L = F'G is an exact factorization with F' normal in
L, it is true that |a| divides |ab| for any a € G and b € F. Indeed, let k = |ab]. We
have (ab)® = e, which implies (aba=')(a?ba=2)--- (a*ba=*) = (ab)¥a=* = a=F.
Since the left side of the equality is in F, it follows that a=* € F. However, a
is in G and F NG = {e}. It follows that a=* = e and thus |a| divides k.

Applying this to the formula above for a = ¢’ and b = f, we actually have
lem(|d'|, g f]) = |9’ f|- Tt follows that

d(COHCIF)) = > L] :Zﬁl:d(L).

!
fEF,g'€G |g f| leL

O

We now give a concrete example of an exact factorization arising from a
semidirect product L = F x GG, with G abelian and F' not abelian. The compu-
tations follow from the previous result together with the group defect formula,
or they can easily be verified using Mathematica.

14



Example 4. Let L = S be the group of permutations of 4 elements. Consider
its subgroups F = Ay (the alternating group with 12 elements), and G ~ Zs
generated by the transposition (12). Note that L = F x G, with G abelian and F
non-abelian. The dimension of the space of solutions zq. 1) g,y (for g,9" € Zo
and f, f' € Ay) of the equation

> et virgn) = 0.
9.9' €%y
il €A

8
d(Ctas 4cpp)) = 232 = d(S4).

Remark 5. While we could not find a closed formula for d(CéG#C[F]) in the
case of exact factorizations arising from general semidirect products L = F X G
(without the assumption that G is abelian), such a formula is also possible when
F is abelian. Indeed, let L = F x G be an exact factorization of L with F
abelian and normal. In this case the bismash product Hopf algebra CF'#C[G]
is co-commutative and thus it is a group Hopf algebra (see for instance Remark
5.3 of [2]). It follows that the defect of the commuting square is equal to the
defect of the corresponding group.

5.3 Further defect computations

We end with an example of an internal Zappa-Szép product which is not a
semidirect product.

Example 5. Let L = As be the alternating group with 60 elements. Embed
F = Ay (the alternating group with 12 elements) in L, by defining F as the
set of all permutations in L that leave 5 invariant. Consider also the subgroup
G = Zs generated by the 5-cycle {((12345)). Note that L = F'G is not a semidirect
product, since As is simple. By employing Mathematica to find the dimension of
the space of solutions z(g 5y, (g.5) (for 9,9" € Zs and f, f' € Ay) of the equation

> et virgn) = 0.
9.9'€Zs
ffleAs

we get that
d(Cfoyepp)) = 1168.

Note that this agrees with d(L) = d(As) = 1168.
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