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Abstract

Let G be a finite group and denote by €5 the commuting square associated to G.
The defect of the group G, given by the formula d(G) =) e %, was introduced
in [NiWh] as an upper bound for the number of linearly independent directions in which
€g can be continuously deformed in the class of commuting squares. In this paper we
show that this bound is actually attained, by constructing d(G) analytic families of
commuting squares containing €g.

In the case G = Z,, the defect d(Z,) can be interpreted as the dimension of the
enveloping tangent space of the real algebraic manifold of n x n complex Hadamard
matrices, at the Fourier matrix F,, (in the sense of [TaZyl], [Bal]). The dimension of
the enveloping tangent space gives a natural upper bound on the number of continuous
deformations of F;, by complex Hadamard matrices, of linearly independent directions
of convergence. Our result shows that this bound is reached, which is rather surpris-
ing. In particular our construction yields new analytic families of complex Hadamard
matrices stemming from Fj,.

In the last section of the paper we use a compactness argument to prove non-
equivalence (i.e. non-isomorphism as commuting squares) for dephased versions of the
families of Hadamard matrices constructed throughout the paper.

1 Introduction

Commuting squares were introduced in [Po2], as invariants and construction data in Jones’
theory of subfactors ([Jo], [JS]). They encode the generalized symmetries of the subfactor,
in a lot of situations being complete invariants ([Pol],[Po2]). In particular, any finite group
G can be encoded in a group commuting square:



D c M,y(C)
Co = U U
CI, c C[G]

where D ~ [*((@) is the algebra of n x n diagonal matrices, and C[G] denotes the group
algebra of G. It can be shown that two group commuting squares are isomorphic if and only
if the corresponding groups are isomorphic. The subfactor associated to € by iterating
Jones’ basic construction is a cross product subfactor, hence of depth 2. Moreover, if G
is abelian then €4 is a spin model commuting square, and the associated subfactor is a
Hadamard subfactor in the sense of [Ni2].

In [Nil], the first author initiated a study of the deformations of a commuting square, in
the class of commuting squares. It was shown that if a commuting square satisfies a certain
span condition, then it is isolated among all non-isomorphic commuting squares. In the case
of €, the span condition is V' = M, (C), where V is the subspace of M, (C) given by:

V =span{du —ud : d € D,u € C|G|} + C[G] + C[G] + D

When the span condition fails, the dimension d'(G) of V+ = M, (C)&V can be interpreted
as an upper bound for the number of independent directions in which €4 can be deformed
by non-isomorphic commuting squares. In [NiWh] we computed this dimension, which we
called the dephased defect of the group G. We also studied the related quantity d(G) =
dime([D, C[G]]*), called the undephased defect of G (or just the defect of G), which can
be interpreted as an upper bound for the number of independent directions in which €q
can be deformed by (not necessarily non-isomorphic) commuting squares. The terminologies
'dephased defect’ and 'undephased defect’ are based on previous work of [Kal, [TaZyl] and
[Bal], which we explain below.

The concept of defect for unitary matrices can be traced back to [Ka]. The terminology
"defect’ was first explicitly introduced in [TaZy1]. The (dephased) defect of the Fourier matrix

F, = \/Lﬁ(ei%TM)lgk,lgn was computed, and it was proved that it gives an upper bound on the

number of parameters in an analytic family of complex (non-equivalent) n x n Hadamard
matrices stemming from F,. In the language of commuting squares, the matrix F, gives rise
to a spin model commuting square (in the sense of [JS]), associated to G = Z,,. Indeed, it is
easy to check that C[Z,] = F,,DF.

In [Bal], Banica extended the computation of the defect to generalized Fourier matrices
Fo=F, ®...®F,,, which correspond to abelian groups G = Z,, & ... ® Z,, (see also [Ka]
for an earlier version of this result). The same formula was also recently rediscovered in [Ta).
Notice that C[G] = FgDF(, so in our language the matrix Fi; yields the spin model, group-
type commuting square €;. Banica introduced the notions of dephased and undephased
defects for matrices Fg, and showed that they give upper bounds for the tangent spaces
at Fg to the real algebraic manifold of dephased complex Hadamard matrices, respectively
to the the real algebraic manifold of all complex Hadamard matrices. Our notion of defect
agrees with Banica’s in the case of abelian groups, and thus generalizes it.



Our main motivation for studying the defect of group commuting squares is to better
understand the structure of the moduli space of non-isomorphic commuting squares around
some of its ’easier’ points. Even in the case of commuting squares arising from Fourier
matrices (cyclic groups), this is an unsolved problem with far-reaching consequences. For
example, the structure of the moduli space of non-equivalent 6 x 6 Hadamard matrices in a
neighborhood of Fg has applications in quantum information theory (see [Wel, [TaZy2]).

From our previous work in [NiWh] it follows that the defect d(G) is an upper bound
for the number of one-parameter continuous deformations of €(G), of linearly independent
directions of convergence. In this paper we show that this bound is reached. More precisely,
we construct a basis B of [D, C[G]]*, such that for each a € 9B there exists an analytic
family (€;)tcr of commuting squares

D < M,(C)
Q:t: U U
CI, ¢ UC|IGU;

where U; are unitaries with Uy # I for t #0, U, — Uy =1 as t — 0, and a = lim;_,g ﬁ
We refer to a as the direction of convergence of the family (&;);cg.

Thus we obtain d(G) analytic deformation of €, of linearly independent directions of
convergence. Note that the choice of the basis B is crucial to the proof; it is not true in
general that every (hermitian of unit length) a € [D, C[G]]* is a direction of convergence of
some continuous deformation of €.

When G = Z,, we obtain d(Z,) analytic deformations of the standard spin model com-
muting square €z . Each of these deformations is of the form (&;);cg, where:

D cC M, (C) D < M,(C)
&=| U U — €z, =1 U U
CI, ¢ UF,DF:U; Cl, ¢ F,DFE*

Equivalently, this gives an analytic family of complex Hadamard matrices Ui F,, — F,, (for
details see for instance [Nil]). Hence we obtain d(Z,) analytic families of complex Hadamard
matrices, of linearly independent directions of convergence.

Let C(n) = M,(T) N /nU(n) denote the real algebraic manifold of n x n complex
Hadamard matrices, where U(n) C M,(T) denotes the set of unitary matrices. The de-
fect d(Z,) can be interpreted as the dimension of the enveloping tangent space of C(n) at
the matrix F),:

Tr,C(n) = T, M,(T) N Tp,v/nU(n)
(see [TaZyl], [Bal], [Ba2]). Thus the defect can be regarded as an upper bound for the
dimension of the tangent space to C(n), at the point F,,. Our main result shows that this
bound is reached, which is rather surprising. Note that, for general n, the manifold C(n) is
not smooth or connected.

In the last section we use a compactness argument to prove a non-equivalence result for
the dephased parametric families of complex Hadamard matrices that we construct in this
paper. This sheds some light on the structure of the moduli space £(n) of equivalence classes
of complex Hadamard matrices, around the point F,.



2 Preliminaries

Let G be a finite group with n elements. In the following, we will use the indexes g, ¢/,
h, h' to represent group elements, while 4, 7 will be reserved for natural numbers.

Fix an order on . For each g € G, let e, € C" denote the column vector with a 1 in
position g and 0 otherwise. Then the group algebra of G is C|[G| = span{u, : g € G} where
uy € M, (C) satisfies ug(es) = egp, for all h € G. In other words, ug = >, €ng-1h, Where
eg are the matrix units of M, (C).

One associates to G the following group-type commuting square:

D c M,(C)
Co = U U
CIr, ¢ C[G]

where D ~ [*(G) denotes the algebra of diagonal n X n matrices.

In [Nil], the first author introduced a sufficient condition for a commuting square to
be isolated in the class of all non-isomorphic commuting squares, which he called the span
condition. In the case of €¢, the span condition reads

[D,C[G]] + C[G] + C[G) + D = M,(C)

where C[G] = {a € M,,(C) : auy = u,a for all g € G} and [D, C[G]] = span{du —ud : d €
D.u € C|[G]}

More generally, from work in [Nil] and [Ni3] it follows that if the commuting square €4
is not isolated then we have:

e All possible directions of convergence of sequences (in the sense of [Ni3]) of commuting
squares converging to € are contained in the vector space

M, (C) © [D, C[G]]

e All possible directions of convergence of sequences of non-isomorphic commuting squares
converging to €g are contained in the vector space

M, (C) & ([D, C[G]] + C[G] + C[G] + D)

We refer the reader to [Ni3] for the definition of a direction of convergence of a sequence
of commuting squares. The orthogonal complements above are considered with respect to
the inner product on M, (C) given by < z,y >= 7(xy*), where 7 is the normalized trace on
M, (C).

In [NiWh] we defined the undephased and dephased defect of a group G, as the dimensions
of the two vector spaces above. The name defect comes from the terminology used for
Hadamard matrices, developed in [TaZyl] (see also [TaZy2]).



Definition 2.1. The undephased defect of a finite group G s
d(G) = n? — dime([D, C[G])
The dephased defect of G is
d'(G) = n* — dime([D, C[G]] + C[G] + C[G] + D)

Remark 2.2. In [NiWh] we showed that

and

d(G) = d(G) — 3n+ 1+ cl(G)

where ord(g) denotes the order of the element g, and cl(G) denotes the class number of the
group G.

Remark 2.3. The span condition is equivalent to d'(G) = 0. Thus the main result in
[Nil] can be interpreted as follows: if d'(G) = 0 then &g is isolated in the class of all
non-isomorphic commuting squares.

Remark 2.4. If G is abelian, G = Zp, ® ... B Zy,,, then g is a spin model commuting
square (i.e. given by a Hadamard matriz). Indeed, this is because C|G| = FgDF{. where
Fo = F,, ® ... ® F,,_ is the (generalized) Fourier matriz associated to G. In this case
cl(G) = n and the dephased defect is d'(G) = n? — dime([D, C[G]]) + 2n — 1, which can be
computed to be the same as the defect of the Hadamard matriz Fg, as introduced in [TaZyl].
Also, d(G) equals the undephased defect of F, as defined in [Bal].

If G is abelian, the defect d(G) has a very nice interpretation as the number of entries
equal to 1 of the matrix F (see [Ka]). For general G finite we give the following interpretation
of the defect:

Proposition 2.5. d(G) equals the number of times (counted with geometric multiplicity)
that 1 shows up as an eigenvalue in the matrices {u, : g € G}.

Proof. 1is an eigenvalue for u, if there exists a non-zero vector v.= 3", - cyuy, (with ¢;, € C)
satisfying u,v = v. Equivalently ZheG ChlUgh = ZheG cpup. This means cg-1;, = ¢, for all
h € G. It follows c; = cgup, for all 0 < k < ord(g) — 1. Thus the dimension of the eigenspace
|G
ord(g)”

W _ [e]
[NiWh]: d(G) = >_icc e u

of 1 for u, is The conclusion follows from the formula for the defect established in




3 Analytic families of commuting squares

In this section we construct parametric families of commuting squares of the form

D < M,(C)
€t: U U
CI, c UC[GU;

where t € R, (Uy)ier is a family of unitaries analytic in ¢, U; # I for t # 0, and Uy — Uy = 1
as t — 0. (where I denotes the n x n identity matrix). We show that there exist d(G)
such families which are independent in the following sense: their directions of convergence
a = limy_,q ﬁ (for each family) exist and are linearly independent (in fact they form a
basis of M, (C) & [D, C[G]]).

The vector space M, (C)&[D, C[G]] can be thought of as the space of all possible directions
of convergence of sequences of commuting squares converging to € (see [Nil]). Recall that
its dimension is the undephased defect d(G). One consequence of our construction is that
the defect is not just an upper bound for the number of directions of convergence, but it is
in fact attained.

We start by introducing (canonical) bases for M, (C) & [D, C[G]].

Theorem 3.1. For every g,h € G let a™ € M, (C) be the matriz having the entry on
position (p,q) given by

0 otherwise

hg _ {1 if p=h*g and g = h**g for some k € N

for all p,q € G. For each h € G, let g, ...gZ(h) be a choice of representatives of the right
cosets of G/ < h >, where n(h) = |G|/ord(h) is the number of elements of G/ < h >. Then
the matrices {a"9% : h € G,1 <k < n(h)} form a basis for M,(C) & [D, C[G]].

Proof. We first show that the matrices {a™% : h € G,1 < k < n(h)} are linearly inde-
pendent. This follows from the stronger fact that no two of them have non-zero entries on
the same position. To check this, observe that if az;g = a;‘:;lg' for some h,g,h', ¢ € G, then
p = h*g = (K)lg and q = hktlg = (B')!*1g for some k, [ positive integers. It follows that
h = qp~' = K. This together with h*g = (1')'¢g’ implies that ¢’ €< h > g. Since this is not
the case for any pair of distinct matrices in the set {a™% : h € G,1 < k < n(h)}, we obtain
that no two of them have non-zero entries on the same position, hence they are linearly
independent.

We now show that {a"% : h € G,1 < k < n(h)} span M,(C) & [D,C[G]]. Ann xn
matrix a is in M, (C) & [D, C[G]] if and only if it 7(a[d,, up]) = 0 for all g,h € G (we used
here that [D, C[G]] is *-closed). Thus 7(a(e,n-15 — €ngq)) = 0, or equivalently aj-1,, = agng
for all g, h € G.

By replacing g by h¥g for k = 1,2, ...,ord(h), it follows that:

Ughg = Angh2g = - - = Aporam-1,4 , for all h,g € G
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Conversely, any matrix a satisfying the relation above must satisfy aj-1,, = a4, for all

h,g € G. Thus any such a can be written as a span of matrices of the form a9

_ § ’ . qlvar
a= Al hgh ~ @

heG,1<k<n(h)
[ |

The following lemma establishes a formula that we will need, for the powers of a = a9
and a* = ah 9.

Lemma 3.2. Fiz g, h € G and let a = a™9. Then for m € N, a™ is the matriz with entries
(@™ prgpiamg = 1 for k= 1,...,|h| and 0 otherwise. Furthermore, a is a partial isometry,
and for all m,n € N, we have

S am™ " ifm>n
a*m=mifn >m

where we define a° to be the projection matriz with entries (a°)prg ey =1 for k=1,...,]h]
and 0 otherwise.

Proof. We induct on m for the first part of the claim. The result is trivial when m = 1.
Assume for some m € N, @™ is as claimed. Let S, = (h)g (which is a subset of G). Fix
g, n e g Clearly if ¢ ¢ Sy, we have (a™*'),,,, = 0. For ¢’ € Sy, we have (a™), j = §ngl
(for all h € G). Hence, for ¢ € Sy, 0 # (a™*),, 10 = D ieq ay G < h' = hmtlg.

The second part of the claim follows from the fact that aa* = a*a = a°, which can be
easily checked.
[ |

We are now ready to prove the main result of this paper. We construct continuous
deformations of the commuting square €4, through parametric families of unitaries given as
exponentials of hermitians constructed from the matrices a9,

Theorem 3.3. Fiz k.l € G and let a = a"*. Fort € R, let U, = *@+2") qpd V, = eit(kia )
Then the following are commuting squares:

D C M,(C) D c M(C)
CG=| U U ,C=1 U U
CI, c UC[GU; CI, c VC[GIVy

Proof. Since a and a* commute, we have:

U=1+Y" (i% qu; (2) a?(a*)P~

p>1



and

q

Vi=1+Y r ; <p> (—1)P~9a%(a" )P,

To show that €} is a commuting square, we need to show that for each elements of the
bases d, € D and uy, € C[G] (g,h € G) we have:

T(dyup) = 7(d,UpupUY)
Since 7(dyup) = 7(dyupUUY), it is sufficient to show that
7(dyup U UY) = 7(d,UpupUY)

By using the formula for U;, V; and the previous lemma, it follows that U;, V; are in the
linear span of I, a” (n > 0), (a*)" (n > 1). Recall that a° # I, according to our convention
for a in lemma 3.2. Thus we must show that for each g, h € G, we have

T(dgupxy) = 7(dgzupy)

for any x and y which are powers of a or a*, or are equal to I.
Fix p,g € N, g, h € G, and let S; = (I)k (as a subset of G). We first check the result for
y = I. We have:

d U,ha,p E h 1g, h’Ih,

h'eS;
= 0,22 15N {g}|
=0, |Sz N{g}|

and

d apuh E agh,fh 1/ g
h'eS;

=8\ (S, N {hg}|
=6, |9 N {hg}|.

Observe that for h = [P we have |S;N{g}| # 0 if and only if hg € S;. This shows that
T(dgupa?) = 7(dgaPuy). A similar argument shows that 7(d,upa™®) = 7(dya*Puy,).

Next, we check the result when z = a? and y = a9. Indeed:



P9 — p q
T(dyupaPal?) = E Ty gy iy g
Wes;

_ 190 _p
= § : Oy Ap—11aps pr

h'es;

E 19n' sI=Ph/
== 59 5h_1lqh'

h'eS;

=&, " 1SN {9}

and similarly

Py qd) — P4
7(dyaPupal) = g Ty 1@y
h'€S;

= 3 oy
h'es;
=515 N {g}

Thus 7(dyupaPa?) = 7(dyaPupa?). A similar argument establishes that
T(dgupa®a*®) = 617 1S, N {g}| = T(dya*Pupa™?)

We now check 7(d,upaPa*?) = 7(d,aPupa*?).

PA*q) — p *q
T(dgupaPa™) = E Wy g 1Ot g

h'esS;

_ I=n' p
- Z 55] Ap—1-aps pr

h'eS;
_ § 1=9h' cI=Ph'
- 69 5h*1174h’
hes,

p—a
0 [StN{g}|

and similarly

p *q\ p *q
7(dgaPuna™) = E Qg Q= 1p
Wes;

_ I7Ph' _xq
- Z O Ap=—1ps 1—ppy

h'esS;
§ PR’ l9~PhH/
— 6g 6h_1h/
h'€eS;

=0, "[Sin{g}l.



An almost identical argument shows that
7(dyuna®a?) = 6 " |S N {g}| = T(d,aPuna?)
[ |

Remark 3.4. If a = a9 then a* = a" 9. It follows that a = a* if and only if ord(h) < 2.
We construct a basis of hermitians for M, (C) © [D, C[G]] as follows: Start with a basis from
theorem 8.1. For each a = a9 in this basis, keep a if ord(h) < 2. If ord(h) > 2 then
remove a and a* from the basis and replace them by the self-adjoint elements a + a* and
=2 Since a = $(a+ a*) + 1 (5%), these new elements still span M,(C) © [D, C[G]].
Linear independence also follows from span{a,a*} = span{a + a*, @} Thus, Theorem
3.3 shows that there exist d(G) analytic deformations of the commuting square €g, whose
directions are the d(G) hermitians forming a basis for M,(C) & [D, C[G]].

Remark 3.5. If G = Z,, we have C|G]| = F,DE}, where F,, is the Fourier matriz of size n.
In this case the commuting square € is a spin model, and the analytic deformations from
Theorem 3.3 give analytic 1-parameter families of Hadamard matrices: UgF,, and Vi F,.

Remark 3.6. Theorem 3.3 shows that d(G) is the best possible bound for the number of inde-
pendent directions of convergence, in the following sense: there exists a basis for [D, C[G]]*,
such that for every a in the basis there is an analytic family of commuting squares containing
Cq and of direction a. However, it is not true in general that every (hermitian of unit length)
a € My(C)s [D,C[G]] is a direction of convergence. This is shown by the following example.

Example 3.7. Let G = 7o & Zs. If

0 -1 0 1
U s S A
0 -1 0 1
1 0 1 0

then a is a hermitian in [D,C[G]]*, but there do not exist unitary matrices Uy — I,U; # 1

such that
D < M,(C)
U U
Cl, < UC|G|U;

are commuting squares for all t and

U -1

o i|[U, 1]

Proof. By [Ni3], if a is a direction of convergence then there must exist a matrix b such that
7(b[dy, un)) = T(dyuna®) — T(d,aupa) for all g,h € G

This gives a linear system whose variables are the entries of b. We checked that this system
has no solutions for the given matrix a, by using Mathematica. [ |
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4 Dephased analytic families of commuting squares

The families constructed in Theorem 3.3 may contain mutually isomorphic commuting
squares. Indeed, from results in [Nil] it follows that there exist at most

d'(G) = dim(M,(C) & (|D, C[G]] + C[G] + C[G] + D))

families of mutually non-isomorphic commuting squares containing €, whose directions of
convergence are linearly independent. Observe that the dephased defect d'(G) is significantly
smaller than the defect d(G). The bound d'(G) follows from the fact that any family is
isomorphic to a family whose direction of convergence is dephased, i.e. it is orthogonal to
[D,C[G]] + C[G] + C|G] + D (for a proof see Lemma 1.8 in [Nil]).

Thus in order to be able to argue non-isomorphism for some of the families that we
constructed, we will first refine our construction to just d’(G) dephased families. The non-
isomorphism question will be addressed in the next section.

In this section we prove that when G is abelian there exist d'(G) analytic families of
commuting squares whose directions of convergence form a basis for

M, (C) & ([D, C[G]] + C[G] + C[G] + D)

Let B = {a"% : h € G,1 < k < n(h)} be a basis for M,(C) & [D,C[G]] as defined in
Theorem 3.1. For each a™9 € B with h, g # e, denote a9 = a¢ — a™9. Let B’ be the set of
all such a™9. Clearly B’ C M, (C) & [D, C[G]]. Then next lemma shows that the elements of
B’ are orthogonal to C[G].

Lemma 4.1. Let h, g, 92 € G. Then a™9 — a9 is orthogonal to C[G].

Proof. Note that for a matrix a € M, (C) we have:

T(aug) = Z anp (Ug)p ),

h,h!

= E ah,gh.
h

Now let k, | € G, a = a"* and S; = ()k. Tt follows that 7(auy) = 3, angh = D _hes, Ahgh
is non-zero if and only if gh = lh. Thus 7(a"*u,) = 0 if | # g and 7(a"*u,) = ord(g)/n if
l = g. It follows that 7((a™9 — a™92)u,) = 0.

Proposition 4.2. If G is abelian then B' is a basis for the vector space M, (C) & (|D, C[G]] +
C[G] + C[G) + D).

Proof. Since G is abelian, we have C[G] C C|G]. Using dim(C[G]) = dim(C[G]) = n it
follows that C[G] = C[G]'. Thus

M, (C) © ([D,C[G]] + C[G] + C[G]' + D) = M,(C) & (D, C[G]] + C[G] + D)

11



It is easy to see that [D, C[G]] is orthogonal to C[G]+ D, and that C[G]ND = C (see [NiWh]
for these computations). Thus the dimension d'(G) of M,(C) & (|D,C[G]] + C[G] + D) is
equal to d(G) — 2n + 1.

Observe that B’ has exactly d(G) —2n+ 1 elements, since B has cardinality d(G) and we
ask that h, g # e for each a/*9 € B’. Thus to show that B is a basis it is sufficient to show
that its elements are linearly independent, and that they are contained in the vector space
M,(C) e (|D, C[G]] + C[G] + D).

We first show that B' C M,(C) & (|D, C[G]] + C|[G] + D). Indeed, from the previous
lemma we know that B’ 1. C[G]. Also B L D, since each matrix ™9 has 0 on the diagonal
if h #e.

Finally, the elements of B’ are linearly independent. This is because the nonzero entries
of a9 are zero entries for a**, whenever h # [ or h =1 and k ¢ (h)g, as proven in Theorem
3.3.

Lemma 4.3. Let h € G and g ¢ (h). Then a™¢a™9 = 0 = a™9a™° and a™¢(a™9)* = 0 =
(ah,g)*ah,e‘

Proof. We check a¢a™9 = 0. The other equalities follow in a similar fashion. We have
(a™a™9) £ 0 < g € (h), hg' € (h)g and ' = h?g’. But hg' € (h)g implies ¢’ € (h)g. In
this case we can’t have ¢’ €< h > since g €< h >.

[ |

Corollary 4.4. Let h € G and g ¢ (h). For m € N, we have

(@h9)™ = (@) 4+ (1) (@)

Theorem 4.5. Let h, g € G such that g & (h) and h,g # e. Let /9 = a™*—a"9. Fort € R,

L ahe_(ohiey*
let U, = @ 5+@"5)) 4 Vi = =" Then the following are commuting squares:
D < M,(C) D < M,
¢et=| u U = U U
CI1, c UC|GIU; CI, c V.C[G|Vy

Proof. We check that €} is a commuting square for all £ € R. The computations for €} follow
similarly. From Lemma 4.3 we see that a9(a9)* = (a9)*a/9. By using this together with
the previous corollary, it follows that U; can be expanded as

U, =1+ Z (it?p Z (p) ((ah,e>q(ah,e)*(p—q) + (_1)n(ah,g)q(ah,g)*(p—q)) ‘

p>1 p: q=0 q

Thus, to show that €} is a commuting square, it is sufficient to check that

T(dg/uh/a:y) = T(dg/xuh/y)

12



for any ¢’, ' € G and any x,y which are powers of a™¢, (a™¢)*, a™9 or (a™9)*, or are equal
to the identity. By Theorem 3.3 we already know that this statement is true when x,y are
powers of a™¢, (a"¢)* respectively when x,y are powers of a™9 or (a™9)* | or the identity.
So it suffices to check that 7(dyzuyy) = 0 whenever z is a power of @™ or (a°)* and y is a
power of a™ or (a"9)* and vice-versa (as Lemma 4.3 shows that 7(dyupzy) = 0). To that

end, let I,m € N. Fix b/, ¢’ € G. We show 7 (dg/ (ah’e)l Upy (ah’g)m> = 0. Indeed,

(dy (@Y (@) = 37 (@) (@) v

k
=0

The last equality follows from the fact that we can not simultaneously have ¢’ € (h) and
g € (h)yg.
The fact that the other mixed powers have trace 0 follows similarly.
[

Remark 4.6. We can construct bases of hermitians for M,(C) © ([D,C[G]] + D + C[G])
as follows: Start with the basis B’ obtained from B. For each o = a9 in this basis, keep
a if a = o, If not, then remove a and o* from the basis and replace them by the self-
adjoint elements o + o and o"io‘* Since span{a,a*} = span{a + o, a’ia*}, it follows
that the new elements form a basis B”. Thus Theorem 4.5 gives d'(G) analytic families
of commuting squares through €g, and whose directions of convergence form a basis for

M,(C) & (|D, C|[G]] + D + C[G])

5 A non-equivalence result for continuous families of
complex Hadamard matrices

In this section we use the results from the previous section to construct new (dephased)
families of complex Hadamard matrices, and we prove a non-equivalence result for many of
the matrices in these families.

For the rest of the section we will assume that G = Z,,. In this case € is the so-called
standard spin model commuting square:

D < M,y
Cz, = | U U
CI, ¢ F,DFE!

where F), is the Fourier matrix of size n. Moreover, if

D cC M, (C)
Q:t: U U
CI, ¢ UF,DF:U;
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is a parametric family of (spin model) commuting squares, where U; — [ are unitaries,
then U;F,, — F,, are complex Hadamard matrices (see for instance [Nil]). In particular,
the constructions from Theorem 3.3 and Theorem 4.5 yield analytic families of complex
Hadamard matrices:

Corollary 5.1. Let g, h € Z,, and let a = a™9 be defined as in Theorem 3.1. Fort € R, let

U, = ') and v, = eit(a_ia )
Then Uy F,, and V. F,, are complex Hadamard matrices for all t € R.

Corollary 5.2. Let h, g € Z,, such that g & (h) and h,g # 0. Let a9 = a"® — a9, where
a9 are defined as in Theorem 3.1. Fort € R, let

h,g_( h,g\*
< h, h,g)* e (%)
Ut _ €lt(a 4+ (a™8)*) and % — elt ;

Then Uy F,, and V,F,, are complex Hadamard matrices for all t € R.

Consider now two sequences of complex Hadamard matrices (UfF),)p>1 and (USF,)g>1,
where UF # I and Uy # I (k > 1) are unitaries which converge to I as k — co. We encode
these sequences in two sequences of commuting squares (€} )x>1 and (€3)x>1, where

' D C M, (C)
(] U U
CI, c UFFE,DF:(UF)*

fori=1,2and k> 1.

Our goal is to show that there exists a neighborhood of F;, in which many of the complex
Hadamard matrices constructed in Corollary 5.2 are not isomorphic (see Theorem 5.5 for the
precise statement). To prove this, we will assume by contradiction that there exist infinitely
many pairs of such equivalent matrices UFF,, UYF,,, with UF — I and UF # I (i = 1,2). In
other words, there must exist d¥, d§ unitary diagonals and p¥, p¥ permutation matrices such
that

Uy = pidiUf Fapydy F;

The idea of the proof is to take a directional derivative of the relation Uy = p¥dfUF F,pkds F*
as k — oo, and thus obtain a new relation which leads to a contradiction.

We start with a couple of lemmas. The first lemma gives a normalization for the direc-
tion of convergence of a sequence of unitaries. The second lemma analyses the limit of (a
subsequence of) the equalities Uy = pidfUFF, pSds F:.

Lemma 5.3. Let x, 1, x9, v3, ... € My(C) be unitaries satisfying ry, — x as k — oo. Assume
that there exists X € M, (C) such that ==~ — X. Then, after replacing (x)g>1 by one

il |z, —2|
of its subsequences, there exists a sequence of complex numbers {\,}g>1 such that: |\g| =1,

ATy — T and —|’\"‘x"‘_” — X with T()zx*) = 0.

|| Az —||
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Proof. Since {A € C : |A\| = 1} is compact, it follows that for each k there exists Ay such
that

uas =l = inf {IlAz = all).

Note that ||Apxr — x|]2 < ||z — z||2 = 0. Therefore, A\yzy — .

It is easy to check that for u unitary we have ||[u—1I||3 = 2—2R7(u) (where Rz denotes the
real part of the complex number z). Thus, the previous relation implies that R7(\gzpz*) >
R7(Azga*) for all |\| = 1. Hence,

R — Dagz®) <0

for all t € R. Now we divide by ¢ for ¢ > 0 and take the limit as ¢ approaches 0, to obtain
R7(1IAexkx*) < 0; doing the same for ¢ < 0, we obtain R7(i\x,x*) > 0. Thus,

R (iMexix™) = 0.
Equivalently, R7(i(Acaex® — 1)) = 0. Let X = limy_,o =22 =L after passing to a

[ Awxgex* =[] 2

subsequence if needed. Dividing the previous equality by |[Aszy2z™ — I|| and taking the limit,

we obtain R7(i(iX)) = 0. Since X is hermitian, we have 7(X) = R7(X) = 0.
|

Lemma 5.4. Let 01,0, be permutations of Z, and let py,ps € M,(C) be the permutation
matrices associated to 1,09 € S,,. Let dy,ds € M,(C) be diagonal matrices. Assume that:

prdy Frdopo Fy, = 1.
Then there ezists b € {0,1,...,n — 1} such that (b,n) =1 and

o1(k) = 01(0) — bk, 05 (k) = 031 (0) = b~k
for all k € Z,,. Furthermore,

-1
iy = 102" and dy -1 4y = dpoe” FO

for all k € Z,, where ¢ = e and d; denotes the k'™ diagonal entry of the matriz d;

(i=1,2).
Proof. Let ¢ = e*+". The relation prdi Fdapo FY = I is equivalent to:

1 -1
ekl — o1 (K)o (l)dlygl(k)dzafl(l)'

Let x5, = 6kl_01(k)051(l).
have:

For simplicity let’s denote dy, = dy o k) and dj = d, ,—1(). We

U
dkzdl = Tki-
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It easily follows that for all k, k', 1,I' € Z,, we must have

Lkl Ly

Ty L'y '

Note that this set of conditions on (zy;) is also sufficient for the existence of (dy), (d))

satisfying dpd; = xy;. Indeed, choose dyd) = oy and set dj, = d()% and d; = dg%. Then

Lro 4 Lol TroLol LE1T00
! !
dpd) = dy—=d)) == = = = Tpy.

ZToo  Loo Z0o0 L0

From % = % it follows that oy and o, must satisfy

kl — o1(k)oy (1) = 01(0)o5 1(0) — 01(0)oy 1 (1) — o1 (k)oy (1) for 0 < kil <n—1
or equivalently
kl = (61(0) — o1(k)) (057(0) — 05 (1)) for 0 < k,l <n—1.

Recall that these equalities are all modulo n, since work with elements of Z,,. Choose a
such that 1 = 0, '(0) — ;' (a). Then, we have ka = 01(0) — o1 (k) for all k. It follows that
(a,n) = 1. Similarly, we get that o, *(0) — o5 (k) = bk with (b,n) = 1. Since kl = abkl for
all k,1, we must have b = a~!. Thus, there exists b with (b,n) = 1 and

O'1<k) = O'1<O) — bk

and

oy (k) = 05 5(0) — bk
[

We are now ready to prove the main result of this section, which shows non-equivalence
for many of the complex Hadamard matrices constructed in Corollary 5.2.

Theorem 5.5. For any g, h € Z, let o/9 = a"° —a™9, where a™9 are defined as in Theorem
3.1. Let gy, g, h1, ho € Zy, such that g1 & (h1), ga ¢ (ha) and |hy| # |ha|. Then there exists
5 > 0 such that for every t,s € (—6,8)\ {0} the complex Hadamard matrices e +@" 1))
and e5@" >IN e ot equivalent.

Proof. Assume by contradiction that the statement does not hold. Then there exist two
sequences (Sg)k>1, (tg)k>1 of real non-zero numbers, converging to 0, such that the complex
Hadamard matrices U} and U? are equivalent for all k = 1,2,3, ..., where:

Ul:ql — eitk(ahlvg-i-(ahpg)*) al’ld U[g _ eisk(ahQ,g+(ah2,g)*)
It follows that there exists permutation matrices pf and unitary diagonal matrices d¥ (for
i = 1,2) satisfying
PrdiUS Fplds F* = Uy
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for all k. By passing to subsequences and using that the set of n x n permutations matrices
is finite, we may assume that there exist matrices d; and p; (i = 1, 3) such that d? — d; and
p¥ = p;. Note that d; are diagonal unitaries and p; are permutation matrices, for i = 1,2.
Taking the limit of the relation p¥dtUF Fpkds F* = U} as k — oo, we obtain:

plledgng* =1.
Applying Lemma 5.4, we have there exists b with (b,n) = 1 such that

Ul(l) = 01(0) + bl?
oy ' (1) = 031 (0) + 0711,
and

dioy (1) = dl,oebl"gl(o) for all (.

d¥ —d,

|df —dill

D; is a diagonal matrix for i = 1,2. By replacing d} with \yd¥ and d§ with \yds as in

Lemma 5.3, we may assume that 7(D;d}) = 0. Note that this does not change the relation
Let

By passing to subsequences if needed, we may assume that lilgn = D,;, where

r = max{|[d} — di[],[|dy — dol|, [|UF = I1],1|U; = I][}.

By passing again to subsequences if necessary, we may assume that there exist complex

Uk -1 dF — d;
constants d; and «; for ¢+ = 1,2 with «; = lim M and §; = lim M fori=1,2.
k Tk k TL
It follows: P -
; — d; . US = o .
lim —* = 9;D; and hin L = q;a"9% for i =1, 2.
n Tk n

Furthermore, 0 < aq, 9,601,902 < 1 and at least one of oy, ag, 41, and do are nonzero.
Indeed, if all four constants would equal zero, then for large n we have

Uk — 1 1 dr — d, 1
k- 1l

—forie=1,2
Tk Tk 2

which is a contradiction as at least one of these quantities is 1 for each n.
Since p1di Fdops F* = I, we have

Uy — 1 =py(d¥ — d)UFFdipy F* 4 pidy(UF — I FdSpo F* + pydy F(dy — dy)po F*.

Dividing by r; and taking the limit, we have

(6%)) (Oéh2’g2 + (O[h2’92>*) =p1 (51D1)Fd2p2F* —|—p1d1a1 (Oéhl’gl + (Oéhl’gl)*) ngng* + plle(éng)ng*
= 01p1 Drdip; + caprdy (@9 + (o"19)) dip} + 0o Fpyds Dopa ™.
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Note that py D1dip} and p3d5Dspy are both diagonal matrices.
We have that di ) = doe ™2 'O for any p. Therefore,

-1
(prcha " dipy) g = 7% O (@ (o))

For any g € G, ("9 + (a"9)")o,10).000) # 0 if and only if o1 (k) = hip + g and oy(1) =
hi(p £ 1) + g for some 1 < p < |hy]|, which is equivalent to k = b= hyp +b~1(g — 1(0)) and
b(l — k) = +hy for some 1 < p < |hy| . Note that since (b,n) = 1, [b~'hy| = |h;|. Letting

a = gt th1b7e1(0) _ b7 HhabTH9=01(0)) e then have that

*

p1ds (ah1,g1 + (ah1,g1)*) d’{pf = 5*h1a1(0)a 4 (thlal(o)a) .

By Remark 4.1, it follows that pid; (a9 + (a"91)*)dipt is orthogonal to D and FDF*.
Hence, we must have as (/292 + (a292)*) — aypid; (a9 + (@91)*) dip; = 0 which can
only happen if a3 = ag = 0 since |hy| # |h2|. We conclude that

0= (51p1D1dTp>{ + 52Fp;d§D2p2F*

with both 0; and d2 non-zero. This implies that D; = f;d; (i = 1,2) for some complex
dy —d
numbers 31 and (35 (since for a diagonal d, F'dF* is circulant). It follows that lim 1 L

w lldi =i
prdy with 0 = 7(f1d1d}) and hence, 5y = 0. This contradicts ||S1d;]| = 1.
|

Remark 5.6. Under the same hypothesis, a similar proof gives non-equivalence for pairs of
matrices of the form @17+ gpd es(@"20=("29") and also for pairs of matrices of
the form e!@"?=(" ") gng es@"29=@"29) “yith t s small and non-zero. This covers all
the types of matrices constructed in Corollary 5.2.
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