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Abstract

We consider II; factors L, (G) arising from 2-cocyles u € H2(G,T) on groups G containing infinite
normal subgroups H C G with the relative property (T) (i.e., G w-rigid). We prove that given any separable
II; factor M, the set of 2-cocycles u|y € H2(H, T) with the property that L, (G) is embeddable into M
is at most countable. We use this result, the relative property (T) of 72 C 7% x I for I' C SL(2,Z) non-
amenable and the fact that every cocycle gy € H2 (ZZ, T) >~ T extends to a cocycle on 72 % SL(2,7),
to show that the one parameter family of II; factors My (I") = L, (Z2 x I'), a € T, are mutually non-
isomorphic, modulo countable sets, and cannot all be embedded into the same separable I factor. Other
examples and applications are discussed.
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction

Ever since Connes’ celebrated “rigidity” paper [6], groups with the property (T) of Kazhdan
have played an important role in operator algebra, being used to obtain a plethora of rigidity
results and interesting examples (see, e.g., [3,4,20,22-25,29]), especially in the theory of II; fac-
tors. More recently, a weaker version of the property (T), merely requiring the existence of
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a “large” subgroup with the relative property (T) of Kazhdan and Margulis [16,18], proved to be
equally important (cf. [23-25]). The prototype of such group is Z2 x SL(2, Z), with Z? its rela-
tive property (T) subgroup (cf. [16,18]). Thus, it is shown in [23] that the II; factors associated
with this arithmetic group, and more generally with the groups Z? x I', for I non-amenable
finitely generated subgroups of SL(2, Z), have trivial fundamental group and are non-isomorphic
if the groups I" have different £%-Betti numbers, eg,'=F,,n=2,3,....(For I CSL(2,7)
non-amenable the inclusion of groups Z> C Z> x I" was shown to have relative property (T)
in [2].) This provided the first examples of factors with trivial fundamental group [19].

More generally, in [23], see also [25], one considers a one parameter family of II; factors
M, (), « € T, associated with Z? x I', for each I C SL(2, Z) non-amenable, and one proves
several rigidity properties and classification results for M, (I"). We continue in this paper the
analysis of this interesting class of II; factors.

The factors M, (I") are defined to be crossed product II; factors of the form My (I") =
Ry %o, I', where @ € T, R, is the finite von Neumann algebra generated by two unitaries
u,v € R, satisfying the relation uv = cvu and trace t(wkvh) =0, V(k, 1) # (0,0), I is an ar-
bitrary non-amenable subgroup of SL(2, Z) and the action o, 1s implemented by the restriction
to I" of the action of SL(2, Z) on Ry given by o, (g)(u*v') = o 2 KI=(akbD)(ck-+dD)) yak-+blyyck-+al
where

(see [1]).

If « 1s a primitive root of unity of order n, then R, is isomorphic to L((nZ)*) @ M, (C) and
My(I') =~ L((nZ)?* x ') ® My, (C) [23, Corollary 5.2.1]. If I" is finitely generated and ' is
another primitive root of 1 of order n’ then by [23] M, (I") >~ M,/ (I") if and only if n = n’. If, in
turn, o = e?7% € T with 6 € [0, 1/2) irrational then R,, is isomorphic to the hyperfinite II; factor,
represented as the irrational rotation von Neumann algebra R, [26]. The factors My (I") are
called irrational (respectively rational) rotation HT factors when a = ¢*™% with 6 € [0, 1/2)\ Q
(respectively 6 € Q). By [23], if I" is non-amenable then an irrational rotation HT factor M, (")
cannot be embedded into a rational rotation HT factor M, (I'').

The problem of classifying the family of factors M, ("), in terms of the embedding I" C
SL(2, Z) and the parameter o € T, is quite natural. In this respect, it has been conjectured in [23]
that for each fixed I" C SL(2, Z) non-amenable (notably for I" = SL(2, Z)), the factors M, (I"),
a € T, irrational, are mutually non-isomorphic. In this paper we will give a partial, positive
answer to this problem, by showing that for each fixed non-amenable group I" C SL(2, Z) the
factors M, (I"), o € T, are mutually non-stably isomorphic, modulo countable sets, i.e., there are
at most countably many «’s in T such that My (I") >~ M, (I"), for a fixed, arbitrary ap € T.

We will alternatively view a factor M, (I") as a cocycle group von Neumann algebra
L,, (Z?> x T') (see [7]) corresponding to a projective left regular representation A, With the
scalar 2-cocycle uq € H2(Z? x I', T) depending on « € T. To explain this, let us first recall
some definitions.

Let G be a discrete group and p € H%(G,T) a 2-cocycle on G, i.e., u: G x G — T satisfies
Mg hilgh k = Mh kMg hk» Y& I,k € G. One associates to u the projective left regular represen-

tation A, :G — U(*(G)), defined by M (@)D e cnén) =D neq Chlbg.nEgn, Where {Ex}nec
is the canonical basis of [>(G). Denote by L, (G) = 1,(G)" the cocycle group von Neumann
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algebra of (G, ). It is well known that one has an isomorphism H?(Z?, T) = T, taking o € T to
o € H2(Z2, T), where

o, D, (K. 1) = a2 D,

If we define R/, to be the cocycle group von Neumann algebra L, (Z?), then R 1, 1S gener-
ated by the unitary elements u = A, (1,0), v = A,, (0, 1), which satisfy the relation uv = avu,
thus being naturally isomorphic to R,. Moreover, u, is invariant to the action o of SL(2, Z)
on 72, thus o implements an action o, of SL(2,7Z) on R,, = R, which coincides with the
action o, defined above.

Since any I" C SL(2, Z) has Haagerup’s compact approximation property [12], by [23, 6.9.1]
it follows that M, (I") has Haagerup’s property relative to R, (as defined in [23, 2.1]). Also, by
[2, Example 2, p. 62] the pair (Z> x I', Z?) has the relative property (T) for any non-amenable
subgroup I C SL(2, Z) and thus, by [23, 6.9.1], the embedding R, C M, (I") is rigid in the sense
of [23, Definition 4.2].

Since the action of SL(2, Z) on Z? is outer, by [23, 3.3.2(ii)] o, are properly outer actions of
SL(2,Z) (thus of I" as well) on R,. Furthermore, since the stabilizer of any non-trivial element
in Z? is a cyclic group, it follows that if I" leaves a finite subset # {(0, 0)} of Z? invariant, then it
is almost cyclic. Thus, by [23, 3.3.2(1)] any non-amenable I" C SL(2, Z) acts ergodically on R,,.
Thus, Ry C M, (I') satisfies R, "M, (I") C Ry . Inparticular, when « is irrational, R, C My (")
are irreducible inclusions of II; factors, and they are HT inclusions in the sense of [23, 6.1].

By [23] the factors My (I") are non-I" and by [21] they are prime, i.e., they cannot be de-
composed into a tensor product of II; factors. It was shown in [25] that two factors My (1) with
I’ torsion free are isomorphic iff o, (I") are cocycle conjugate in Out(R). In particular, isomor-
phism between irrational rotation HT factors M, (I"), with torsion free I", implies isomorphism
of the corresponding groups I". Also, it follows from [23] that if I" is torsion free then M, (I")
has countable fundamental group (see Appendix A for a more general result).

The factors My (") are easily seen to be “approximately embeddable” into the hyperfinite
II; factor R (in the sense of Connes [5]), i.e., M, (I") C R®. Indeed, let my/n; be a sequence
of rational numbers such that oy = exp(2mwimy/n;) — o and ny — oo. Let m; be the projec-
tive representation with 2-cocycle (i, , of the group 72 % SL(2,7Z) on H, = 62((Z/ niZ)% x
SL(2,7/n;7)). Then g — (7,(g))n is an embedding of L (Z?) x SL(2, Z) into IT,B(H,,) C R®.
However, we have:

0.1. Theorem. Let M be a separable 111 factor. For each fixed I' C SL(2, 7)) non-amenable there
exist at most countably many o € T such that My (I") is embeddable into M (not necessarily
unitaly). In particular, the factors {My(I")}qeT are non-stably isomorphic modulo countable
sets.

Note that the above theorem gives an alternative proof to Ozawa’s result on the non-existence
of universal separable II; factors in [20], without using Gromov’s property (T) groups. More
precisely, in the same spirit as the results in [20], the above theorem shows that there exists no
separable finite von Neumann algebra M that can contain an uncountable set of projective unitary
representations {r;} ey of Z? % SL(2,7Z) with distinct scalar 2-cocycles {uy;}j. Theorem 0.1
will follow as a special case of the following theorem.
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0.2. Theorem. Let H C G be an inclusion of discrete groups with the relative property (T).
Let M be a separable finite von Neumann algebra. Let J be the set of scalar 2-cocycles u €
H2(G, T) such that L w(G) can be embedded into M (not necessarily unitaly). Then the set
{ulg | e J} c H2(H, T) is countable.

We prove this result in Section 1, by using a separability argument similar to [6,11,20,22,
23] and a characterization of the relative property (T) in terms of projective representations.
In Section 2 we give examples of pairs of groups H C G with the relative property (T) with
the torus T embedded as a subgroup of 2-cocycles T C H2(G,T), such that T > > u|y €
H?(H,T) is one-to-one. In Section 3 we give an explicit description of the disintegration of
type 1I; von Neumann algebras from the property (T) groups A constructed by Serre, see [13,
p. 40], as central extensions of property (T) groups I, in terms of factors L, (I") associated with
2-cocycles of I'. We also show that the factors in the disintegration of the algebra L(A) of an
arbitrary property (T) group A are mutually non-isomorphic, modulo countable sets, by using a
separability argument similar to Ozawa’s proofs in [20].

There are strong indications from [23] and results in this paper that for each I" C SL(2, Z)
non-amenable the factors {My(I")}qecs, where I = {e¥™ |t € [0,1/2) \ Q}, are all mutually
non-stably isomorphic and have trivial fundamental group, and that if the normalizer of I" in
GL(2,7Z) is equal to I'" then Out(My (1)) is isomorphic to the character group of I". Further-
more, if I, I> C SL(2,Z) non-amenable and o1, @ € I then My, (1) should be isomorphic
to My, (I%) if and only if oy = a2 and I'1, I are conjugate in SL(2, Z), by an automorphism of
SL(2, Z) (thus, by an element in GL(2, Z)). In this respect, note that by [25] the non-isomorphism
of the factors My (I") for a fixed I" amounts to showing that if «; # a> then oy, 0y, are not co-
cycle conjugate. While we cannot prove this fact, we obtain in Section 4 the following result,
whose proof is inspired from an argument in [3].

0.3. Theorem. Let I' C SL(2,7Z) be a subgroup of SL(2,7Z) containing a parabolic element a
and an element b that does not commute with a. If for some a1, ay € I the actions oy, of I" on
Ry, 1 =1, 2, are conjugate, then o) = 5.

1. A cocycle characterization of relative property (T)

Recall that an inclusion of discrete groups H C G has the relative property (T) of Kazhdan—
Margulis if there exist 8o > 0 and a finite subset Fo C G such that if 7 : G — U(H) is a unitary
representation of G on the Hilbert space H with a unit vector & € 'H satisfying |7 (g)€ —&|| < o
for all g € Fy, then there exists a vector &y € 'H such that w(h)&y = & for all 2 € H. Note that in
case H = G this amounts to G itself having Kazhdan’s property (T). It is easy to see that if H is
normal in G then the above condition is equivalent to the following:

(1.0) Ve > O there exist a finite subset F(¢) C G and 6(¢) > O such that if 7:G — U(H)
is a unitary representation of G on the Hilbert space ‘'H with a unit vector & € H satisfying
lr(g)é —&| <6(e), Vg € F(e), then there exists a unit vector & € H such that ||§g — & < ¢
and w(h)éo =&y, Vh € H.

The above condition is in fact equivalent to the relative property (T) even for inclusions that
are not necessarily normal (cf. [15]), but we will only use here the equivalence for normal inclu-
sions.
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We first show that if H C G has the relative property (T) then the projective representa-
tions satisfy a property similar to (1.0). To state the result, recall that a projective (unitary)
representation of the group G on the Hilbert space H is a map 7w :G — U(H) satisfying
w(g)m(h) = g nm(gh), Vg, h € G, for some scalar 2-cocycle  on G, ie., u:G x G — T

satisfies g nihgh k = Mh kMg hk» Y€, I, k € G. It is immediate to see that the equivalence class

of such a 7 only depends on the class of u in H2(G,T) déle (G, T)/Bl(G, T), where Z' (G, T)

denotes the multiplicative group of all scalar valued 2-cocycles and B! (G, T) is the subgroup of
coboundaries, jLg h = AgApAgp, for some A: G — T.

1.1. Lemma. Let H C G be an inclusion of groups satisfying the relative property (T). Fix
1>¢e>0andlet F(e), §(¢) be the constants given by (1.0). Denote F(¢) = F(82/28), o(e) =
8(2/28)/2. Then the following holds true:

If m:G — U(H) is a projective representation with scalar 2-cocycle pu € H%(G,T), and
& € 'H is a unit vector satisfying d(mw(g)é,C&) < 6(¢), Vg € F(e), then &y € H and
A H — T, such that

I —&oll <e,  m(h)& =0 and g = rniyhpy, Vh,h' € H.

In particular, if 51 = %8(%), Fi = F(2—18), then whenever w : G — U(H) is a projective rep-
resentation with scalar 2-cocycle  such that |7 (g)§ — &|| < 61, Vg € F1, for some unit vector
& € H, u|g follows coboundary.

Proof. Note first that if 7 : G — U(H) is a projective representation of the group G on the
Hilbert space H, then 7 ® 7 : G — U(H ® H) is a genuine representation of G on the Hilbert
space H ® H. Identify H ® H with HS, the Hilbert space of Hilbert—Schmidt operators on , and
then note that 7 ® 7 can be extended to all B(H) by the formula (x @ 7)(g)(T) =n(g)Tw(g)*
for all g € G and for all T in B(H).

Fix ¢ > 0 and let F(¢) and 8(¢) be defined as in the second part of the statement. Let £ € H
be a unit vector such that d((g)&, C&) < 5(e), Vg e ﬁ'(é‘). Then for all g € F(82/28)

[T @) E®E) —ERE| =|m()E @7 ()5 —& ®E|,, 5 <5(e7/28).

By the relative property (T) applied to the representation 7 ® 7 on ‘HS, there exists a Hilbert—
Schmidt operator 7 of HS-norm equal to 1 such that (7 ® 7)(h)(T) =T, Vh € H and ||T —
EQENIT —E@E&ns <&?/28,

Thus, w(h)Tn(h)* =T, Vh € H, implying that the operators 7 (k) and 7 on the Hilbert
space H commute, Vi € H. But then T* and TT* also commute with 7 (h), Vh € H. Thus, all
the spectral projections of 7T* are in the commutant of 7 (H) in B(H). Since TT* is a trace
class operator, its spectral projections have finite trace, i.e., they are finite-dimensional.

Since |TT* — & ® &|| < 2¢2/28, it follows that |[(TT*)?> — & ® &|| < 4¢2/28 and ||(TT*)* —
TT*|| < 6¢2/28. Thus, if & < 1, then there exist a non-zero spectral projection P of TT* with
finite rank such that || P — TT*|| < 12¢2/28. This implies that | P — & Q &|| < £2/2.

In particular P has to be a rank one projection, i.e., P is of the form £’ ® & and |(¢’, &)| >
1 — £2/2. Taking o € T such that «(£/, £) > 0 we get that ||af’ — £| < &.
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Let £ = a&’. Then 7 (k)& ® 7 (h) (&) = (7 ® 77)(h) (Eo ® &) = £0 ® &g for all h € H which
implies that 7 (h) (&) = A& with Aj, € T. Since w(h)mw (h')&y = pp. pyw(hh')§) we get Apryy =
Wp iy forallh,h e H. O

1.2. Theorem. Let M be a separable finite von Neumann algebra. Let G be a discrete group
with a subgroup H such that (G, H) has the relative property (T). Let {m;}jcs be projective
representations of G into the unitary group of pjMpj, with scalar 2-cocycles {i;}jes, where

pj € P(M) are non-zero projections in M. Then the image of the set {|Lj|g}jey in H2(H,T) is
at most countable.

Proof. Let Jo C J be such that the cocycles w |y, j € Jo, are distinct in H2(H,T) and
{jlatjes, =1{mjlu}jes. We have to prove that Jy is countable.

Assume it is not. Then there exists ¢ > 0 such that the set J1 ={j € Jo | T(p;) > ¢} is un-
countable. Let F] and §; be as in Lemma 1.1. Let also T be a normal faithful trace state on M and
denote as usual by | x| = t(x*x)!/? for x € M the corresponding Hilbert norm on M. Since M
is separable and J; is uncountable, there exist ji, jo» € Ji such that

Hp]] _pj2||2<51C/47
H”jl (&) —mj,(8) Hz <é81c/4, VgelF.

In particular, the first inequality shows that

Ipjlla = lpjipill2 < | pji (s — Pi) ||, < S1c/4 < /2,

implying that ||pj, pj,ll2 = ¢ —c¢/2=c/2.

For x € M, denote by L(x), R(x) the operators of left, respectively right multiplication by x
on L*(M, 7). Define 7: G — B(plez(M, T)pj,) by m(g)n = L(mj,(8))R(7j,(g)*)n. Then x
is a projective representation of cocycle ;i j, and if we denote § = ||pj, pj, |, ! (PjiPj )A then
& has norm one and we have for all g € F] the estimates:

”J'L'(g)§ —5H — ||pj1pj2||2_] th @)pj, — Piimj(8) Hz

=Npjipply |75 (9) — 71, (@) pj + (Pjy — i),
< (e81/4+c81/Dpjpillyt <(€1/2)pjpplly" <81

From Lemma 1.1 it follows that the cocycle 1, i1 j, is a coboundary in H, which contradicts
:uj]lH#:ujﬂH- U

For the next corollary, recall that given any scalar 2-cocycle u on a discrete group G, one asso-
ciates to it the projective left regular representation A, : G — U (L*(G)), with scalar 2-cocycle L,
defined by A,.(8)(X_;, chén) = D chitg n€gn. We denote L, (G) = A, (G)” the corresponding
von Neumann algebra, as considered by Connes and Jones in [7].

1.3. Corollary. Let H C G be an inclusion of discrete groups with the relative property (T).
Let M be a separable finite von Neumann algebra. Let J be the set of scalar 2-cocycles p €
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H?(G, T) such that L, (G) can be embedded into M (not necessarily unitaly). Then the set
{ilg | e J} c H2(H, T) is countable.

Proof. It is enough to show that for every n the set: {u|g | u € H2(G, T) with L 1 (G) embed-
dable (not necessarily unitaly) in M, (M)} is at most countable. Since for any scalar 2-cocycle
for G the u-twisted left regular representation A, is a projective representation with scalar
2-cocycle p and whose von Neumann algebra is L, (G), the statement follows from the pre-
vious theorem. O

Note that when applied to the case M = M,,,,(C) the proof of Lemma 1.1 gives an estimate
of the number of certain sets of scalar 2-cocycles of H in terms of the constants of rigidity of
H C G. We emphasize this in the next proposition, where we also include an estimate of the
number of projective representations of dimension n of a group with the property (T), generaliz-
ing a result in [14].

We need the following notations. For G a discrete group and n a positive integer, we denote
by PR(G, n) the set of equivalence classes of projective representations of G of dimension #.
Also, we denote by H?(G, n) the set of scalar 2-cocycles pu € H?(G, T) for which there exists a
projective representation 7 € PR(G, n) with cocycle .

1.4. Proposition.

(1) Let G be a discrete group with property (T). There exists a constant ¢ > 1, which depends

only on the constants of rigidity of G, such that PR(G, n) has at most "’ elements, Vn > 1.
(2) Let H C G be an inclusion of discrete groups such that (G, H) has the relative property (T).
There exists a constant d such that the subset {iu|g | © € H*(G, n)} of H*(H, T) has at most

2
d" elements, Vn > 1.

Proof. (1) Let (F1,81) be as in Lemma 1.1, for H = G. By [30] there exists c¢o > 1 such that
one can cover the unit sphere in R2”2 with 06’2 balls of radius §;/2, Vn > 1. Thus one can cover

the sphere of radius /n with 06’2 balls of radius /né;/2.

2
We first show that there are at most ch' " irreducible projective representations of dimen-

sion n. Assume not. Regarding unitaries in M,, (C) as vectors of norm /7 in R2n2, the pigeonhole
principle implies that there exist 1, 7> irreducible such that ||71(g) — m2(g) |2 < 61, Vg € F.
As in the proof of Theorem 1.2, define 7 : G — B(L*(M,,(C), 1)) by

m(g)n=L(m1(8))R(m2(e)*)n, ¥ne€L*(Myxn(C), 1),

where 7 is the normalized trace. Then m is a projective representation of G with cocycle
Wr = W, br, and it satisfies ||71(g)i — i||2 < 81, Vg € F1. Lemma 1.1 implies that there ex-
ist A:G — T and a unit vector &y € M, (C) such that if we define n{(g) = )_»gm(g) then
w1 (8)é0 = &om2(g), Vg, and 7, > have the same cocycle u'. Taking the adjoint and noticing
that 7} ()7 (g™1) = ma(g)ma(8™") =, 11, Vg € G, it follows £57{(g) = m2(8)5. Ve € G.
The two relations imply that £;&o commutes with m2(g), Vg € G, and using the irreducibility
of 5 it follows that 7{, 7> are conjugate.
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Fi|n? . . N .
Thus, for every n there are at most cg 1 Srreducible projective representations of order n.

2
This implies that the number of projective representations of dimension 7 is at most 2" c(|)F1 In , SO

¢ =2¢) " will do.

(2) Let (Fy,481) be the constants from Lemma 1.1 for (G, H), and let ¢ be as before. Let
d = c(|)F'|. Assume that {u|y | # € H3(G,n)} has more than d" elements. By the pigeon-
hole principle if follows that there exist 7, wj, € PR(G, n) with cocycles wj;, 1 j, such that
Wi lg # mjlg and ||j (g) — mj,(g)ll2 < 81, Vg € F1. This leads to a contradiction, as in the
proof of Lemma 1.1. O

1.5. Remark. The same proof as for part (1) of the above proposition shows that the similar
result for groups G with the property (t) of Lubotzky holds true (see [17, 1.3] for the definition
of property (t) and [17, 1.4.3] for related statements).

2. Examples

Recall that the groups SL(n,Z), n > 2, and Sp(2n,7Z), n > 1, have the property (T) of
Kazhdan [16]. Obvious examples of inclusions with relative property (T) are H C H x I'
with H a property (T) group and I" an arbitrary discrete group. It is shown in [16,18,27] that
7% C 7?* x SL(2, Z) has the relative property (T). More generally, by a result of Burger [2], any
inclusion of the form Z2 C Z2 x I', with I' C SL(2, Z) non-amenable, has the relative prop-
erty (T). Recently Valette [28] showed that if I" is an arithmetic lattice in an absolutely simple
Lie group, then there exists an embedding of I" in SL(m, Z) for some m, such that Z™ C Z" x I"
has the relative property (T). Fernos [10] constructed other examples of inclusions of groups
7" C 7" x I' with the relative property (T), for I' C GL(m, Z).

More examples of pairs of groups having the relative property (T) come out from the following
easy observation.

2.1.Lemma. Leto : " — Aut(H) and o' : I' — Aut(H') be actions of a I on H, H' and denote
by 6:I' — Aut(H x H') the diagonal action, 5(g)(x,y) = (c(g)x,0'(g)y), x € H, y € H’,
gel.

(1) If HC H x, I" and H' C H' x4 I" have the relative property (T) then (H x H') C (H x
H') x5 I' has the relative property (T).

(2) Assume H C H x I has the relative property (T). Let 8 € Aut(I"). Denote 6’ = o o B and &
the diagonal action 5(g) =0 (g) x 6'(g) of Gon H x H. Then (H x H) C (H x H) x5 I"
has the relative property (T).

(3) If I' is a subgroup of GL(n,Z) such that 7' C 7" x I' has the relative property (T) then
72" C 72" xg I also has the relative property (T), where for each g € I" 0(g) € SL(2n, 7)

. . 0
is the matrix (g (1Y )

Proof. (1) If 7 is a unitary representation of (H x H') x I on H with an almost invariant unit
vector £ € H then by (1.0) & follows uniformly almost invariant to H x {¢’} and to {e¢} x H'.
Since

H]T(h, h/)g - g H |7T(h’ e/)n'(e, h/)g - T[(ha e/)é ” + ”n(ha e/)%- - E ”

<|
< e, i)E — | + |7 h, hE — |
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forall h € H, h' € H', it follows that & is uniformly almost invariant to H x H'. Thus, if & is
the element of minimal norm in co¥{m(h,h")é: h € H, h' € H'} C H, then & is invariant to
7(H x H") and &) # 0.

(2) Since the inclusions H C H X, " and H C H x4/ I" are isomorphic, and the first inclusion
has the relative property (T), the second one has this property as well. Thus, part (1) applies to
get the conclusion.

B3)Apply @) to (HC HxI)=(Z"CZ"xT)and B(g) = (g~ 1. O

Of all these examples of inclusions of groups H C G with the relative property (T) we are
interested in those for which the set of restrictions of 2-cocycles {u|p: n € H%(G,T)} is “large”
(uncountable), so we can take advantage of Corollary 1.3. There are difficulties in obtaining
such examples. First it is difficult to calculate second cohomology groups. Secondly it is hard to
control the size of this group when restricted to H. We overcome these difficulties by looking at
inclusions of the form (H C G) = (Z** C Z** x I'), and the 2-cocycles on G arise as extensions
to G of I'-invariant 2-cocycles in H. A similar construction has been considered in [4].

Denote with J the matrix (_Oln 16’) € GL(2n, 7). It defines a 2-cocycle v:Z*" x Z** — Z by
the formula v(x, y) = x"Jy. For each @ € T we denote with v, the T-valued 2-cocycle defined
by ve = ¢"/2. Since vy is a coboundary iff & = 1, & > v, is an embedding of T into H2(Z2", T).

The set of invertible matrices that leave v (and also v, ) invariant is the symplectic group
Sp(2n, 7). Thus, given any subgroup I" of Sp(2n,Z), vy can be extended to a 2-cocycle on

72" % I', which we still denote vy, by the formula vy ((x1, 1), (x2, ¥2)) = vy (x1, Y1%2).-

2.2. Notations. For each subgroup I' C Sp(2n, Z) and each o € T let N, and M, (I, n) be the

cocycle von Neumann algebras N, def L,, (Z*" C L,, (Z* x TN def My (I, n). Alternatively,

M, (I",n) can be regarded as the cross product von Neumann algebra N, x,, I', where the
action oy is defined by oy (g)(Ay, (x)) = A, (gx) for all x € Z*" and all g € I'. Note that the
isomorphism class of M (1", n) may in fact depend on the embedding I" C Sp(2n, Z). In other
words it may depend on the way I” acts on Z>", a fact that is not well emphasized by the nota-
tion My (I, n). For instance, the group [F, can be embedded in SL(2, Z) in many ways, giving
different actions of F» on Z? and thus on Ly, (Z3).

If « is a root of unity of order m then N, is homogeneous of type I,,,,,, while if « is not a root
of unity, then N, is isomorphic to the hyperfinite II; factor R. N, N My (", n) = Z(Ny). Also,
if either Z%" has no I'-invariant finite subsets other than {0} or if « is not a root of unity then
M, (I, n) is a II; factor.

In the case when n = 1, Sp(2,7Z) is in fact equal to SL(2,7Z) and if we denote by u and
v the canonical generators of 7Z? we have that A\, = Vo (U, V)Ayy = a2y, and Ayh, =
Vo (U, WAy =~ /2, showing that A, A, = adyAy,. So when n = 1 and o = exp(2716) with @
irrational, L, (Z?) is the hyperfinite IT; factor represented as the irrational rotation algebra R,, of

angle 6. Thus if I" is an arbitrary non-amenable subgroup of SL(2, Z), then My (I") def My (I, 1)

is an irrational rotation HT factor, as considered in [23,25].

Recall that two finite von Neumann algebras M and N are stably isomorphic if M is isomor-
phic to an amplification N’ of N, i.e., if there exist n € N and a projection p € M, (N) such that
M is isomorphic to pM,,(N)p (= N', where t =nt(p)).
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2.3. Corollary. Let M be a separable 11y factor. If I' is a subgroup of Sp(2n, Z) such that Z*"* C
72" x I has the relative property (T), then the set of a € T for which some amplification of
My (I'",n) can be embedded into M is at most countable. Thus, the factors {M,(I",n)}q,eT are
non-stably isomorphic modulo countable sets.

2.4. Corollary.

(1) The irrational rotation HT factors My (I") cannot be all embedded into a separable 11, factor
and are non-stably isomorphic modulo countable sets.

(2) If I is a subgroup of GL(n, Z) such that ' C 7" x I' has the relative property (T) then the
factors My (I',n) =L, (Z* xg I') where 0 is as in 2.1(3) cannot be all embedded into a
separable 11 factor and are non-stably isomorphic modulo countable sets.

3. Disintegration of rigid von Neumann algebras

We now use results from the previous section to derive some properties of the disintegration
of the type II; von Neumann algebras coming from property (T) groups A with large (infinite)
radical, i.e., for which L(A) has diffuse center. Thus, we give an explicit description of the
disintegration of the type II; von Neumann algebras from the property (T) groups A with large
center constructed by Serre (see [13, p. 40]), which arise as central extensions of property (T)
groups. We also use an argument from [20] to show that the factors in the disintegration of
the algebra L(A) of an arbitrary property (T) group A are mutually non-isomorphic, modulo
countable sets.

We first recall some facts about the disintegration theory of a von Neumann algebra (see
[8, Chapter 2] for a detailed treatment). Thus, let (Z, ) be a Borel space with a positive measure
and § — Hg be a measurable field of Hilbert spaces on Z. We denote by H = |, ;Be =z Hgdu the
corresponding direct integral Hilbert space. An operator field § — T¢, Tz € B(He) is called
diagonalizable if it is of the form § — ¢(§) I, where c: Z — C is measurable. An operator T
acting on H is called decomposable if it comes from a measurable operator field § — T, in
which case we write T = |, ;z z Tgdp. An operator T is decomposable if and only if it commutes
with the set of diagonalizable operators.

Now assume that for each £ € Z, A¢ is a von Neumann algebra acting on He. & — Ag is
a measurable field of von Neumann algebras if there exist a sequence {7;};c7 of measurable
operator fields such that for each & € Z, {T;(§)};cz generates A:. The set of decomposable

operators T = |, ;‘Z = Tz dp for which T € Ag is a von Neumann algebra and it is denoted by
&
A= f teZ Az dp.

3.0. Example. Let G be a discrete group with a 2-cocycle v:G x G — A where A is a dis-
crete abelian group. The central extension of G with cocycle v is a group G where G = A x G
as a set and the multiplication is given by (a1, g1)(az, g2) = (a1axv(g1, g2), g182). Notice that
(ay, g])_1 = (al_lv(gl , gl_l)_l, gl_l). By aresult of Serre, if G is a property (T) groupand v # 0
in H2(G, A) then G also has property (T).

For each character o € A let Ly(G) =L, (G), where vy is the T-valued 2-cocycle given by
the formula vy (g1, 82) = a(v(g1, §2)).

Let B = C},(G) and 7 be the natural trace on B defined by 7(a, g) = (SEZAg’)eG). For each

o€ A let 7, be the trace on B defined by 74(a, g) = oz(a)(Sg,G. Let (i, H,) and (7, H,) be the
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GNS representations of B with respect to the states t and t,. Then H, = 02(G), Hy = 12(G),
7 (B)" = L(G) and 774 (B)” =~ Ly (G). The last equality is easy to check since 7, ((a — a(a))(a —
a(a)*)=0somy(a)=ala)l.

For each g € G define the vector field x, to be xg(a) = m)Ha, where for any b € B,
b™M« denotes the class of b in H,. It is clear that for each o € A fixed, the set {xg(a)}geg 18
an orthonormal basis of H, and that for each g1, go € G the function o — (xg, (@), xg, (),
is continuous. Then by [8, II.1.4, Proposition 4], there exists a unique structure of measurable
Hilbert spaces on o — H,, that make the vector fields x, measurable. Moreover, a vector field x
is measurable if and only if o — (x4 (), x(cx))7, is measurable for every g € G.

Let6:H, — f;ae i Ha do be the linear map defined by

/\HO

/\Hot
9(61, g) = ((Cl, g) )aeA = (a(a)g)aeA’

where the last equality is via the identification H, = [*(G).
We show that 6 is an isomorphism of Hilbert spaces and

(0(r(0)§)), =ma(x)0(E), VxeB, & €H.

Note that
(o@en ™ o g ) f (@) . @™,
a ) ) a ) = a ) 9 a 5 o
1,81 282 oy, 1, 81 28) )
acA
_ _ _1\—1 _
= f To(ara; 'v(gr. 85 ' )v(g2. 85 ") g1, ') de,
acA

with the last term being zero whenever (ap, g1) # (a2, g2). Thus

. (@2.82) _ [ oo ——= Mo
(0(ar. 81,00z 82) 54,0 =802} = (@80 - @.82) )

showing that 6 is an injective morphism of Hilbert spaces.
To check surjectivity, let {x(«)}y € f ® ‘H, do be a measurable vector field. Since for every

fixed g € G the function a — (x(a), xg(ax)) belongs to LZ(A), there exist (dq,g)acA,geG Such
that

Zda,ga(a) = (x(a),xg(a)), Ya € A, geq.

acA

Moreover, Za,g |da,g|2 =/ llx () ||? dex is finite. Define v = Za’g da¢(a,g). Then v € H, and
0 (v) = {x(a)}y, which shows that 6 is an isomorphism.

We now check that (8 (7 (x)&))q = 7o (x)0(€)y, Vx € B, £ € H,. This is clear since

e H,

O(r)E)), = (TWE) =D =71 E) " = 7 ()0E)a
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The diagonalizable operator fields on fa@e i H da correspond, via 71, to the elements of the
von Neumann algebra w(A)” C B(Hy). Altogether, using [9, 8.4.1] we have thus obtained:

3.1. Proposition. Let G be a discrete group with a 2-cocycle v:G x G — A, where A is
a discrete abelian group. Let G be the central extension of G defined by the cocycle v.
For each o € A let Ly(G) = L,,(G), where v, is the T-valued 2-cocycle on G defined as
Vo (g1, &2) = a(v(g1, g2)). Then the von Neumann algebra L(G) has the following direct in-
tegral decomposition:

S

L(G) = / L,(G)da.

A~

€A

Note that if we let G = Z*" x I", n > 2, where I” is a non-amenable subgroup of Sp(2n, Z) and
v the Z-valued 2-cocycle on G defined in Section 2, then from Corollary 2.2 and Proposition 3.1
it follows that the factors in the above direct integral decomposition of L(G) are property (T)
and they are non-isomorphic modulo countable sets.

But, in fact, one can obtain a general result along these lines, by using an argument similar to
Ozawa’s proof that there are no “universal” separable II; factors [20]. We include the details of
the argument, for completeness.

3.2. Theorem. Let A be a discrete property (T) group such that the von Neumann algebra L(A)
has diffuse center, and let L(A) = ftf = My d be its direct integral decomposition. Then there
exists a set Zy C Z, u(2o) = 0, such that the factors My, t € Z \ 2, are mutually non-stably
isomorphic modulo countable sets.

Proof. Let B = C; (A), let T be the canonical trace of B and let Z = Z/(\B) The direct integral
decomposition of the GNS representation of (B, ) induces factorial representations 7; : A —
B(H;), t € Z. The factors in the direct integral decomposition of L(A) are M, = m,(A)" C
B(H;), and we may assume H; = LZ(Mt). By [9, 8.4.1 and 8.4.2] there exists a measure zero set
Zp C Z such that the representations m;, t € Z \ Zp, are mutually non-conjugate.

Assume, by contradiction, that M; is isomorphic to an amplification M*®) of the same fac-
tor M, for all t € S, where § C Z \ Zy is uncountable. We may clearly assume ¢ < s(¢) < 1,
Vt, for some ¢ > 0. To simplify notations, we still denote by m; the representations of A into
the unitary group of p;Mp;, induced by the isomorphisms M; >~ p; Mp;, where p; € P(M),
t(py)=s(), tes.

Let (Fp, 8p) be property (T) constants for A as defined in Section 1. By using a separability
argument as in Theorem 1.2 and [11], it follows that there exist #; # 2 € S such that p;, is
close to p;, and such that if w: A — B( p,lLZ(M )D1,) denotes the representation of A given
by the formula 7 (g)n = L (7, (8)) R (71, (g)*)n and £ is the vector & = || py, pi, |~ (py, p1) then
lr(g)é — &2 < & for all g € Fy. Since A has property (T), there exists a non-zero vector
n € py L*(M) D1, such that w(g)n = n, for all g € A. Equivalently, if we regard n as a square
integrable operator, we have m;, (g)n = nm;,(g), for all g € A. By the standard trick, if v € M is
the partial isometry in the polar decomposition of 1 with the property that the right supports of
n and v coincide, then vv* € m;, (A)' N p;y Mp;, = Cpy,, v*v € 7, (A)' N p;, Mp, = Cpy, and
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s, (8)v = vy, (g), for all g € A. This implies that 7;,, 7;, are conjugate representations of A,
which contradicts 11 # . O

4. Conjugacy and isomorphism problems for My (I'")

We have seen that the cocycle von Neumann algebras M, (I") constructed in Section 2 can
be regarded as the crossed product von Neumann algebras R, X, I". Moreover, by [25], when
a € T is irrational the isomorphism class of the algebras My (I") is completely determined by
the cocycle conjugacy class of the actions o, of I" on the hyperfinite II; factor R >~ R,. Thus,
the classification of the factors M, (I") amounts to the classification up to cocycle conjugacy of
the actions (o, I"). In particular, for a fixed I" C SL(2, Z), showing that the factors M (I") are
non-isomorphic for different irrational numbers o amounts to showing that the corresponding
actions o, are non-cocycle conjugate. While we cannot solve this latter problem, we show here
that for a large class of subgroups I" C SL(2, Z) the conjugacy class of the action o, determines
the irrational number «.

4.1. Theorem. Let I' C SL(2, Z) be a subgroup of SL(2, Z) containing a parabolic element a and
an element b that does not commute with a. If a1 and oy are irrationals in the upper-half torus
such that the actions oo, and o, of I' on the hyperfinite 11y factors Ry; = L o (Z*» (j=1,2)

are conjugate then o1 = 3.

Proof. By replacing I" with y I” y_l for a certain y € SL(2, Z), we may assume that a has (1, 0)
as eigenvector. We may also assume that the corresponding eigenvalue is 1, by substituting a
with a? if necessary. Thus a = (é ’1’) e I, for some n € Z non-zero.

For j =1,2 let aj = €27, a}/z = ™ with 1; €[0,1/2) \ Q, and let u; = Ay, (1,0),
and v; = )»Maj (0, 1) be the unitaries generating L o (7% = Ry;. The cocycle relation u jv; =
ojvjuj implies ulj‘.vi. = oc’;lvéulj‘. forall k,l € Z. For g = (£ 1) € I' we have:

1
k1 5 (kI—(pk+ql)(rk+sl))  pk+kl rk+si
ao,j(g)(u v):oe]? u v; S

Assume o, and oy, are conjugate, i.e., there exists an isomorphism 6 : Ry, — Ry, such that
0(04,(8)(x)) =04, ()@ (x)) forall g € I', x € Ry,. We prove o) = az.

Denote u = uy, v=vy, 4’ =0(u2), v/ = 6(v2). To simplify notations, we identify x € Ry,
with its image £ in L?(Ry,). Thus (ukvl)(kJ)eZz is an orthonormal basis of L%(R,,, ) and
Ry, 1s identified with the set of “Fourier expansions” Z(k,l)eZz Ak,lukvl in Lz(Ral, 7), that are
(twisted) left convolvers on LZ(R(XI, 7). Let

u' = Z ck,lukvl, T Z dk,lukvl

(k,1)eZ? (k,l)eZ?

for some ¢ ;, di,; € C such that

2 2
> leral® < oo, D ldial? < oo

(k,l)eZ? (k,l)eZ?
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Since the actions o1, ap are conjugate via 6, we have
L (kI —(pk+ql) (rk-+s0)) k+ql K+ l
0y () (W) (V)) = ()Pt ')

Choosing g =a, k = 1,1 =0, we obtain oy, (a)(u’) = u’. Thus

1. 42
—5nl
Gal(a)( Z Cr,1u v)= Z oy 2wkl = Z cxqutv!

(k,)eZ? (k,)eZ? (k,)eZ?
. . . —1ni?
which implies o > Ck—ni.1 = ck.1, Vk, 1 € Z. Thus, for [ non-zero |cx;| = |ck—n1.1| = [Ck—omi 1] =
- have to be all zero since Z(k Nez? |ck,1|2 < 00. Denote ¢y =cy0. Thenu' =), , ceuk.
Let b = (m} m2), mim4 —mam3 = 1. Then ab # ba is equivalent to m3 # 0. Using the for-

mula for oy, for g =b, k= 1,1 =0, we obtain g, (b) (') = a; 2””’"3( i (y!yms,
This implies
W0 (B (') = ety ™™ ()™ ! ()™ = gy ()
and thus

1 -2
—fmym3 i maj
E ckuk(g cjoy ’ um”vm”)

keZ JEZ
m3 =2mimsi® mjms) K
=, cha] u v chu .
J€EZ keZ

Hence we obtain:

1 -2 .
—5mims3j —m3k j j
E crcjoy (1 -5 a; "3 ])uk+m”vm” =0.

k,jeZ

Since the function (k, j) — (k +m1j, m3j) is injective for m3 # 0, it follows:
CkCj (oz’f“kj — 05313) =0, Vk,jeZ.

Letting k = j we obtain c¢; = 0, for all k except possibly two Values ko, ko. Indeed, since o
is not a root of unity there exists at most one N = m3k? such that ozl = ozz

. . . . . k
Since u’ is not a scalar, we know ko # 0. Taking j = —k¢ and using ozl % # o m3 = a5

we obtain cx,c_g, = 0. Thus only one coefficient of the Fourier expansion of u’ is non zero. So
far we have showed then that

k2
u' =cuf0  and o’ =an.
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Now substituting u” in the relation u’v’ = apv’'u’ we obtain

cuk0< Z dk’[ukvl):Otz( Z dkilukvl>cuk0.

(k,1)eZ? (k,1)eZ?
Thus
Z dkgluko_i_kvl = Z koazal_koluk—i_kOvl
(k,1)eZ? (k,1)eZ?
which yields
di (1 — a2 ™) =0, Vk,leZ

Since a]fol # o unless [ = ko we obtain that dy ; = 0, for all k € Z and [ # k. Denote dy =
di k,- Thus we have u’ = cu*o and v/ = Ok diu*)vko. This implies that for every j > 1 there
exists w; € W*(1,u) such that W) = w; viko, Using the formula for o,, one more time for
g =b, k # 0 arbitrary and [ = 1, we have

L (k—(myk+m2) (m3k-+ms4))

Nk, \mik k
Oy (b)((u ) v ) — az (I/t )ml +m2(v/)m3 +my
1
5 (k—(m1k+mo)(m3k+m
— 0522( (my 2)(m3 4))cm1k+m2uk0(m1k+m2)wm3k+m4 UkO(m3k+m4).

On the other hand,

oy (D) () V') = 04, (b) (Z ckdlukk°+lvk0>
l

Z k %[(kk()—}—l)ko—(ml(kk0+l)+m2k0)(m3(kk0+l)+m4k0)]
= cdia;

l

w "M (kko+D)+moko  m3(kko+1)+mako

Identifying the corresponding coefficients, for every [ we must have either d; = 0 or m3(kko +
1) + maky = ko(msk + my), which implies [ = 0. Thus d; =0, VI 40 and v/ = dv*o for some
d € C. Altogether, u’ = cu*0, v/ = dv*® for some ¢, d € C. Since u’, v’ generate Ry, , this implies
ko=1orky=—1.But al_l # ap because a1, o belong to the upper half torus. Thus kg = 1 and
o] =0op. O
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Appendix A. A general result on fundamental groups

We give here a short proof of a result in [23], showing that the HT factors M, (I"), « € T,
I' C SL(2, Z) non-amenable, have at most countable fundamental group. The result we prove is
in fact much more general, covering all results of this type in [22,23], as particular cases:

A.1. Theorem. Let M be a separable 111 factor. Assume there exists a non-zero projection p € M
such that pM p contains a von Neumann subalgebra B such that B C pMp is a rigid inclusion
and B'N\ pMp C B. Then F(M) is countable.

Proof. Recall from [23, 4.2] that B C M rigid implies there exist F* C M finite and § > 0 such
that if ¢: M — M is a subunital, subtracial completely positive map which satisfies ||¢ (x) —
x|2 <8,Vx € F,then ||¢p(u) —ul» <1/2,YVu e U(B).

Since the fundamental groups of M and pMp coincide, it is clearly sufficient to prove the
statement in the case p = 1. For each r € (0, 1) N F (M) choose a projection p; € P(B) and an
isomorphism 6; : M >~ p; M p;. Since B is diffuse we can make the choice so that, in addition, we
have p; < py whenevert <r'.

Assume F (M) is uncountable. Thus, [c, 1) N F (M) is uncountable for some 0 < ¢ < 1. By
the separability of M, this implies there exist ¢,s € F(M) N [c, 1), t <s, such that ||6s(x) —
O0;(x)||2 <déc,Vx € F.

Thus, if we denote 6 = 6 156, then @ is an isomorphism of M onto ¢ Mg, where g =
95_1(9,(1)) = Ggl(pt), and we have 0(1) <1, t(q) > ¢, t00 <1, ||0(x) —x|2 <45, Vx e F.
Consequently, we have ||6 (1) —ull2 < 1/2,YVu e U(B).

Let k£ denote the unique element of the minimal norm || |2 in K = co¥ {0 (u)u* | u € U(B)}.
Then ||k — 1] < 1/2 and thus k& # 0. Also, since 6(u)Ku* C K and ||6(w)ku™|, = ||k]|2,
Yu € U(B), by the uniqueness of k it follows that 6 (u)ku™ = k, or equivalently 6 (u)k = ku,
for all u € U(B). By a standard trick, if v € M is the (non-zero) partial isometry in the polar
decomposition of k and if we express any element in B as linear combination of unitaries, then
we get 0(b)v =vb,Vb € B,v've BBNM = Z(B),vw* €0(B) NgMqg = Z(O(B)q).

Since, in particular, v*v € B, we can apply the above to b = v*v to get 6 (v*v)v = vv*v. But
this implies 6 (v*v)vv*™ = vv*, so that 6 (v*v) > vv*. This is a contradiction, since 6 shrinks the
trace of any elements by 7(g) < 1, while t(vv*) = t(v*v). O

A.2. Corollary. For each I' C SL(2, 7)) non-amenable and «a € T, the factor My (I"), as defined
in Sections 0 and 2, has countable fundamental group.

Proof. Since Z2 C 72 x I' has the relative property (T) (cf. [2]), the inclusion of von Neu-
mann algebras Ry = Lo (Z?) C Lo(Z? x I') = My (I") has the relative property (T) and
R, "My (I") C Ry. Thus A.1 applies. O
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