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General considerations in the numerical approximation of IVP’s.

As in the case of any area of numerical analysis, the numerical approxi-
mation of solution of initial value problems of ordinary differential equations
entails a study of fundamental issues such as the convergence and. the accu-
racy of the approximations as well as the eﬂic1ency of the scheme involved.

A time-stepping scheme, involves the 1nterp1ay between three thmgs

(i) A numerical method
(ii) A given initial value problem ¢ = f(t,y), a<t<T, y(a) yo,
(iif) A partition P:a=ty<t; <...,ty =T, |
resulting in a sequence {y )}n—O of approximations y( o y( n), n= 0,. , N.
We shall characterize the fineness of the partition P by

h"“olél}zaglivhn, h =tn+1—tn,‘n=0. N—-l

and to simplify the notation we shall henceforth omit the superscript P.

One way of studying the behavior of a particular numerical method:is to
fix the first two items and then to study the behavior of the set of sequences
{yn}i_, generated over a sequence of finer and finer partitions:  Later, we will
be able to make more general statements concernmg the behavmr of a glven
numerical method over a class of IVP’s.

Definition 1 A numerical scheme as described above is convergent if

(i) There exists ho > 0 such that the sequences generated over all partitions
with fineness h < hy are well-defined.

(1) For all partitionswith fineness h < hy.

i 3, o~ ()} =0

At this point, we can also define the order or rate of 'convergence of the
scheme.

Definition 2 We say that a scheme is convergent at the rate m for some
integer ™ > 1 if there exists a constant ¢ such that for h < hy

< ch™.
n%ag%v I?Jn (tn)l <ch
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The restriction of the rate to integer values is typical of this area. Moreover,
if a scheme is convergent with order m > 0, then it is convergent according
to the previous and more general sense.

It turns out that the rate of convergence of a scheme is related to an
important property of the numerical method which we now introduce. At
this stage, it is proper to restrict the definition to the case of a uniform
partition, i.e. one for which h = h,.

Definition 3 Let y;, ., be the approzimation obitained when the scheme is
applied to the exact solution, i.e. using y(t,) instead of y, in the case of a
single-step method and y(t,), . . ., y(tn—r+1) in the case of a multistep method.
Then the Local Truncation Error (LTE) of the scheme is the quantity

1 .
Ely(tnﬂ) —~ Yni1l-

Remark 1 Essentially, the information provided by the LTE is the amount
of error introduced in just one step. Moreover, the reason for having the
factor + +-is. the fact that when a scheme is applied over a total of N '1‘20(})
steps,. the LTE, as defined, turns out to be-a more accurate predictor of the
convergence _rate

Ex. Calculate the LTE of the Euler method.
We have upon applying Taylor’s Theorem and using the equation y/(t) =

ft,y@)):
y:z+1 = y(tn)'*‘hf(tm y(tn)) = y(tn)+h?/’(tn) = y(tn+1)‘%fI’(Cn)‘h27 Cn € v(tn, tn+1)-

From this it follows that +|y%.1 — y(tns1)| = 3hIf"(Ge)| which'is the LTE
of Euler’s method. Since the LTE is O(h), we say that Euler’s method is a
first-order accurate method in the sense that we expect that under certain
conditions-the order or rate of convergence will be one.

Ex. calculate the LTE of the two-step method yy,+1 — %yn + éyn~1_ =3 2hf (tnt1s Yns

Again, an application of Taylor’s Theorem shows that for M e € (tn-1,%n), (2), 3
(tm tn+1),



— -

3¥(tn) = 3U(ta0) + 2 S tns1, )
= S9(t) ~ 39(ta) + k) (tu)
- 3y(tn>— —[ () = () + 306 + 519D
g [1/n) + 1)+ 5h2@/"<c,£,2>)] ,
= Ylta) B tn) + 519 n) — ) + 30%(C0)
= Yltar) — 28 e - 118h3y”'<c(1>>+§h3y"'(c,<3)>.
Hence, the LTE of this method is \Q\m (’p\
<O Y

max v
“ip—1 <t<t'rr.+1

ok
yn+1

1
Flb 1=y (men)] = B2 [2157() — () + Sty ()

which shows that the method is second-order accurate.

Stability \

The preceding discussion centered on what can be described as the accuracy
of the numerical approximations to solutions of IVP’s. There is yet another
concept that is crucial to the study of the behavior of the approximations,
namely that of stability. We all have intuitive notions what a’'stable system
is. For instance, a pencil lying on its side is considered as stable in that small
perturbations do not cause it to “fly apart” whereas the same pencil standing
on its tip, yes this can be done, is considered as unstable. While completely
adhoc, such intuitive ideas are the starting points of some very powerful and
rigorously developed stablhty concepts and results.

The very nature of the time-stepping schemes generates a compounding
effect of the errors with possibly disastrous results. As an illustration of
this compounding effect, let us consider the application of Eulér’s method
to the IVP 3y = —100y, y(0) = 1 with solution y(t) = e1%f We have
Yn+1 = Yn+h(—100)y, = (1—100h)y, with general solution y, = (1— 100h)".
If we use the stepsize h = .1, then y, = (—9)". Besides the absence of any

3



pretense of closeness between y,, and y(t,) = €719 = ¢~10n there is a vast
discrepancy between their qualitative behaviors: One is positive and decaying
while the other is growing and with alternating signs. On the other hand if we
reduce the step size to .001, then we obtain y, = (.9)" and y(t,) = e~!", an
obvious improvement. We would be justified in calling these two occurrences
as manifestations of instability and stability, respectively.

With the aim of developing an understanding of the phenomena underlying
these and other occurrences, we introduce an approach to the issue of stability
that will eventually lead to a body of knowledge known as linear stability
theory. It starts by asking the following question; How does a given numerical
method behave when applied to the very simple but nontrivial initial value
problem
where A is a complex parameter. The solutlon is given by y(t) = . The
thinking here is that if the scheme does not behave “sat1sfactor11y”u_f_or this
simple problem, then could it be expected to handle more general problems?
More specifically, we would like to see the degree to which the behavior of the
numerical approximations matches that of the exact solution and in particular
its decay

lim e® =0 <= ReA < 0.

t—o0
Now y(t,) = ™ — 0asn — oo <= Rel < 0. We argue that if y,
is to be an approximation of y(t n), then we should have lim, 00y = 0.
These considerations are the motivation behind some 1mportant concepts
of linear stabzlzty theory. First and in order to put things on a rigorous
footing, let us a,gree that we have a numerical method which is applied to the
model problem using the uniform partition t, =mh, n=0,... generating a
sequence {y,}, 7 =0,.... Furthermore, it will turn out that it is preferable
to deal with the complex number z = Ah rather than with ) and h separately.

Definition 4 We say that the numerical scheme is absolutely stable for z =
Ah if the resulting sequence satifies lim, o0 Y = 0.

Definition 5 The region of absolute stability of a numerical method is the

collection of complex numbers z for which the numerical scheme is absolutely
stable.



Definition 6 A numerical method is Ag-stable if it region of absolute stability
contains the half-line (—o0,0).

Definition 7 A numerical method is said to be A-stable if its region of ab-
solute stability contains the negative half-plane {¢ € C, Re( < 0}.

As an example, let us apply Euler’s method to the model problem above. We
have

Unt1 = YnthAyn = (14AR)Yn <= yn = (14AR)"yo = (1+MR)", n = 0,..., N.

With z = Ah, we see that lim, ,, y, =0 <= |1+ z| < 1. In other words
the region of absolute stability of Euler’s method is the open disk D in the
complex plane with center at (—1,0) and radius 1. In the light of this we can
offer an explanation for the behavior seen earlier: With A = —100 and h = .1,
z = —10 a value that did not belong to D whereas with A = .001 z = —.1
does. In general, for a given A, the values of h for which the behaviour of the
sequence {y,} generated by Euler’s method will match that of the solution
are precisely those for which A\ belong to D.

Remark 2 The region of absolute stability of Euler’s method is bounded. In-
deed, this is the case of all explicit methods. For large values of X, it is
necessary to restrict the size of h in order to have z € D. This is an example
of conditional stability.

Let us now consider the backward Euler method. In this case, we have

1L, 1

Points z for which the method is absolutely stable are those for which
|1 — 2| > 1. With z = 7+ iy simple calculations show that this is the case iff
(1—z)2+44% > 1. Thus the region of absolute stability of the Backward Euler
method is the complement in the complex plane of the closed disk centered
at (1,0) and radius 1.

Ynt}= Yn + AAYnt1 = Yog1 = n=01,....

Remark 3 Since the region includes the open left-half plane, the Backward
Euler method is A-stable. Furthermore, lim, oy, = 0 as long as Rez < 0,
irrespective of the size of h. This is an instance of unconditional stability.
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Backward Differentiation methods

BDF1l: %pi1—¥n = hf(tat1,Yns1)
BDF2: ynt1 — dun + Sy = 2hf (tnt1yYnt1)
BDF3: ynt1 — 2yn + S¥n-1 — ZVUn—2 = Shf(tnit, Yns1)
BDF4: yni1— 55Un + 22Un—1 — so¥Yn—2 + Yn—3 = Bhf(tnt1, Yn+1)
BDF5: yni1— 30un + 800n 1 — 30Un2+ 195Un-3 — ¥4 = 13 hf (i1, Ynt1)
BDF6 : Yni1 — 299Un + Tootn-1 — 199%n—2 + 20yn_3 — 1VYn-a+ 2x¥Un-5 = Sehf(tni1,Yni1)

BDF methods form a family of implicit linear multistep methods. Note that the first one, BDF1,
is the implicit or Backward Euler method. We only list the first 6 members of the familty since
these are the ones with satsifactory stability properties.

They are derived through Lagrange interpolation as follows. Consider the k-step method. We
interpolate the data (tn_k+1,y(tn_k+1)), e (tn+1,y(tn+1)). Let py denote the interpolant. We

have
n+1

pe®) = > wlt))Le ()

j=n—k+1
where Ly, ;(t) are the canonical basis functions.

The Lagrange interpolation above implies 3/ (tn41) = pj,(tn+1) and consequently f(tni1, y(tnt1)) =

?i;_k +1 y(tj)L;C,j (tn+1). Using this as motivation, the BDFk method is defined by

= Ly, ;(tn+1) ’ 1

! = 7
j=n—k+1 Lk’n‘l'l (tn+1) Lk7n+1 (tn+1

)f(tn+1, Un+1),

where we have also used the scaling factor 'L’kl(itﬂ) in order for the term y,; on the left side to
a1\

appear with coeflicient 1. It is a simple exercise to show that L;c’n 1(tnt1) = % [% + s+ 1].
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It can be shown that the BDFk method has order of accuracy O(h*), k > 1. Indeed, the local
truncation errors are given by

1 n+1
LTE(BDFk) = =Y L j(tn1)y(t5) — y(tns1) |
hLy i (tnt) j:nz—;c—i-l P ’ ’ ‘
1 / !
ALy i1 (tnt1) Ph(tos) (tns2)

Now pi(t) — y(t) vanishes ate the k + 1 points t,_j11,...,tn41. Hence pf(f) — y/(t) vanishes at
the k distinct points {; € (tn—k+j; tn—k+jt1), = 1,..., k. Thus, p}(¢) is the Lagrange interpolant
1



2
of degree k — 1 of y'(t) at the nodes ¢y,...,{. Hence, it follows that for some ¢ € (¢1,¢k) C
(tn—k+j7 tn—l—l)
’ ’ y(k+1)(§)
Y (tnt1) = pr(tnt1) = m(tnﬂ — 1) (tnr — Gx)-
Since the term mll—(tn—m is O(1), it follows that LTE(BDFk) < c|y(k+1)(§)|hk.

The BDF methods have good stability properties for k = 1,...,6. The plots below show the
regions of absolute stability of these methods. They are all Aj stable and the first two are A-stable.
Indeed the region of absolute stability of BDFk contains the sector in the left-half complex plane
{z € C, Rez <0, argz € (7 — b, w + 6)} with the angles 6 given by (in degrees)

kj1]2 3 4 5 6
Ok || 90 | 90 | 86.03 | 73.35 | 51.84 [ 17.84

In fact methods with regions of absolute stability containing such sectors are called A(0)-stable.

BODF3 BDF4



R

P

BDF6



