10.

11.

12.

Sample Final

. Suppose you are given the following data points (z, f(z)) for some function f(z):

(.750492, .932515), (.785398, 1), (820305, 1.07237).
Calculate approximations to f' and f” at = = .785398 using appropriate centered formulas.

. If you enter a number into a hand-held calculator and repeatedly press the cosine button,

what number will eventually appear? Provide a proof.

. Devise a2 Newton algorithm for computing the fifth root of any positive real number. Discuss

choice of the starting value and convergence.

. Consider the function f(x) = cosnz on the interval [0,1]. With the nodes zo = 0, z; =

1/2, z2 =1, construct the following

(1) The Lagrange polynomial interpolant,
(ii) The Hermite polynomial interpolant,
(iii The piecewise cubic Hermite interpolant,
(iv) The cubic spline interpolant with clamped B.C.

In each case, give an appropriate bound for the error.

. Calculate the cubic Hermite interpolant of f(z) = tanz on [0, @ /4).

Set up the system of equations for the natural cubic spline interpolant with 3 subintervals of
f{z) =tanz on [0, n/4].

Let f be a cubic polynomial on some interval [a,b]. Show that the clamped cubic spline
interpolant of f on any partition of [a, b] must coincide with f. Show, by a counterexample,
that this need not be true for the natural cubic spline interpolant.

. Use the composite Simpson’s rule with n = 4 to approximate the integral f 287 /1 + cos? zdz.

You should pay particular attention to exploit special features of the integrand!

- Use Simpson’s rule to approximate the improper integral [ 7/2 =113 cos wdx as seen in class.

Take the first 3 nonzero terms of the Taylor series.

Approximate the integral fa 7%= du using the 2-point Gauss-Legendre quadrature. Com-
pare your result to the exact value.

Determine the values for A, B, C that make the formula

2
/o zf(x)dz =~ Af(0)+ Bf(1) + Cf(2)

exact for all polynomials of degree as high as possible. You need to take f =1,z,2%,....
Calculate the quadratic least-squares fit for the data

zi 0. 25 5 .75 L0
| 1. 1.2840 1.6487 2.1170 2.7183

and calculate the error.



13.

14.

15.

16.

Calculate the exponential least-squares fit of type y = be® of the data in the preceding

problem and calculate the error.

Given the linear multistep method

8 4 8 .
Yn+l = Yn-3 + §hf(tm yn) - “§hf(tn~h yn-»l) + §hf(tn-2y yn-»2)s n=3,...

Find the local truncation error and determine the order of the method.

Consider the Runge-Kutta method given by the array

000 |0
1 00| %
02 0 | 2
103
Apply one step of the method with A = 0.25 to the IVP
y'=%~%§~, 1<t<2, y(l)=1.

Apply two steps of Euler's method with h = 0.25 to the IVP

¥ =t -2 0<t<1, y(0)=0.
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