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Example
(M,,H?(0B,)) is a spherical isometry.
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A= (X TT) -1
Avia = (T TrAT) = A,

Defn
T is an n-isometric operator tuple, if A, = 0.

Facts:
If T is an n-iso =

» Ay =0forallk >n
> Anfl 20/

» but for n > 3 it is possible that Ay # 0 for some
1<k<n-2
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Examples

» (M, D) the Dirichlet shift is a two-isometric operator

> (MZ,H‘%) is a d-isometric tuple, and A, ..., Ay = 0.
Drury-Arveson space

» H(k) € Hol(B;) with reproducing kernel,

j=1,..,d, then (M;,H(k)) isa (d —j + 1)-isometry.
» If T is an n-isometric tuple, M € LatT; Vi,
then T|M is an n-isometric tuple.

n

(Apx,x) = Z(—l)j <7> Z |z|!!HT"‘xH2 =0 Vx

j=1 loc|=j



More Examples of two-isometric tuples

» If d =1, then two-isometric operators on finite dimensional
spaces must be unitary.

Pd:z

10 01
T1:<0 1):1, T2:<0 0>,T§:0

is a two-isometric pair on a finite dimensional space:
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More Examples of two-isometric tuples

» If d =1, then two-isometric operators on finite dimensional
spaces must be unitary.

Pd:z

10 0 1
73:<o1>:' 75:<00>J%:0

is a two-isometric pair on a finite dimensional space:

A =TT+ 3T — 1 =T;T,

Ay = TiAT) + T30 Tr — Ay = T3?T5 =0
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More generally

If o = (&1, ..., 0tg) € OBy, Vi : €™ — €, Y.L, % V; =0, then
S =(S1,...,54),

S — ol Vi
L0 ol

defines a two-isometric d-tuple.

Thm

If T is a two-isometric d-tuple on a finite dimensional space, then
T=U®S,

where U is spherical unitary and S is a direct sum of operator tuples
as above.
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From now onlet T = (T4, ..., T;) be a two-isometric tuple
without nontrivial finite dimensional reducing subspace.
Ay=0, A=Y T'Ti—1>0

/2 _

D =A% = (X%, T:T; — I)'/2 the defect operator

Thus Y7 Tf AT, — A =0 &

d
Y IDTx| = x| vx
i=1

”T induces a spherical isometry w.r.t. ||x||. = ||Dx||”
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Spherical isometries are jointly subnormal (Athavale), hence for
all xg € H thereis u € M, (0B;) with

|Dp(T)xo||* = LB plPdu Vp € Clz]
d

For d = 1 one can often recover ||p(T)xo|| by use of this p.
For d > 1 this is not the case.



d =1 Model theorem, Agler-Stankus version

If T € B(H) is a 2-isometry with D # 0,
if xg € ker(||D|| — D), ||xo|| =1,

if
IDp(T)xo|2 = J pdy
then
2 2 2 dp
Ip(Txoll” = llpllas = | Ip"— + | Dalp)du(e)
oD HMH oD
ull = DI

B If(z) —f(oc)lz@ . .
Dy(f) = LD T e 2 (local Dirichlet integral)



Defn
Let x € 0By, 0 € M (0By), then
o€ Mgy
&

> o(0By) =1,
» o({a}) =0, and

>

(1 _ <Z, (X>)2 o
Ja]Bd P(Z)WUIU(Z) =0 Vp € C[Z]
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» Ifd =1, x € 0D, then

My ={ normalized Lebesgue measure }.

» d > 1 = 3 many measures € M.

Defn
Let « € 0By, 0 € M, then define the local Dirichlet integral
2
z) —p(a
Dalp) = Dalp,o) = [ P =B otz
o, Iz — [gy

For 0 € M, we have

ZD zip, ) = Dul(p, 0) + |p(a)* ¥p € Clzl.



Thus:

Let p € M4 (0By), u # 0, let 0o € My, continuously depending
on « € 0By, then define

Ipl3s = j i j Dea(p) 0o )dpt(c0).
HHH OB,

Let Hss = Has(p, 0«) be the completion of the polys w.r.t.
|- llas.

Then (M, Has) is a 2-isometric d-tuple with
> [Dpliis = faIBd lpPdu vp € Clz

» 1 € ker(||D|| — D), ||1]jas = 1.



Theorem

Let T be a two-isometric d-tuple with

» rank D < oo,

» T has no nontrivial finite dimensional reducing subspace.
Let xg € ker(||D|| — D), ||xo|| = 1. Then

Ip(T)xoll* = lIplAs + (Ep, p)as Vp € Clzl.

Here

> IDp(Txol2 = [ IpPdw = Y wlp(oy)?
>3 0 eMy j=1,..,N
> Has = Has(w, {oj})
» Ec 'B(j‘fAS) with
» Eiss.aa. withI+E >0
» E1=0
> YLi(Ezip, zp) = (Ep,p) Vp € Cl2]



