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D={ze€C:|z| <1}, ((z)=2=zTforall zeD
H C Hol(D) - Hilbert space

Assumptions:

1. VA €D the map f — f()\) is continuous on H.
2. The analytic polynomials are dense in H.

3. If feH, then Sf=M:f=(f eH.

4. 1f f € M, then Lf = =10 ¢ 3,

5. 0(S) =0o(L) =D.



Examples: f(z) = X524 f(n)z"

H? Hardy space,
feH? = ||flI5: =220 1f(n)]? < o0

L2 Bergman space,
1 ~
feLl; ||f||%g = Y0 gl f ()| < oo

D Dirichlet space,
fe€D<=||fII3 =3p(n+ 1)|f(n)]? < oo

H,, weighted shift space,
w = {wn}p>0, Wn > O,%% 1 asn— oo

n

J € Hy <~ ||f||120 — Z%O:own|f(n)|2 < o0

MelLat T
<— M is a closed subspace of ‘H with T"’M C M.



Example 1: If H = H?2, then L = S*.
Thus Beurling’s theorem implies:
M e Lat L,M # H? <= ML = pH?, ¢ inner.

Thm (Moeller, 62) If M € Lat L, M % H?, then

c(LIM)ND = Z(p)* = Z(M)*.

In fact,
o(LIM) = Z(p)* = Z(M1)* = (supportp)*.

Here

A*={X: e A}

Z(f) ={rxeD: f(A) =0}
Z(f)=Z(f)u{ze€dD:limy_,.|f(A)| = 0}.

ZMH = N Z(f)
feML

zZMYH = (N 2
feM-L



Thm (Douglas, Shapiro, Shields, 70) f € HZ.
Then

IM € Lat L, M % H? with f € M

< f has a meromorphic pseudocontinuation
f e N(De) in the exterior disc De.

N (De) = Nevanlinna class = quotients of bounded
analytic functions

Defn If f € Hol(D) and if f is a meromorphic
function in De, then they are pseudocontinuations
of one another, if

ntl- lim A) =ntl- lim Ff(\
)\—>z,)\€]Df( ) )\—>z,)\€]Def( )

for a.e. z € OD.

Connection:

If + € C\ o(L|M), then

| AENO) |y <1
(I=ALIM)T1f(z) =

Zf(Zi:i\\f(A) Al > 1



H # H? = L # S*

Suppose ‘H and H’' are Cauchy duals of one an-
other, e.q. Lg and D or more generally 'Hy and
H1jwr then

(f, Gy =D, F(M)G(n),f e H,GeH’
n>0

and

L =S" where L =(L,H),5 = (M, H')
Thus

M e Lat(L,H) < M+ e Lat(s,H)

Thm (R) If M ¢ Lat(L,H), M #= (0),H, then
c(LIM)ND = Z(M+) & ind M- =1

c(LIM) =D < ind M+ > 1

Thus, o(L|M) ND is either discrete or all of D.

If N € Lat(s’,H’), then
ind N =dimN & SN =dimN/S'N



Fact: (easy, but mild extra hypothesis on H)

If M € Lat(L,H) such that o(L|M) omits an arc
I C 0D, then every f € M has an analytic contin-
uation f across I that extends to be meromorphic
in De and whenever % e C\ o(L|M), then

Zf(?)g:if@\) |>\| <1

(*) (I =ALIM)Lf(2) = i
Zf(ZZ:i\\f(A) Al > 1

Thm (RS, 94) H=L2,H' =D
If M € Lat (L,L2), M # L2, then

(@) o(LIM)ND = Z(M™)* is discrete.

(b)  o(LIM) = Z(MI)*.

(c) Furthermore, if f € M, then f € N(D) and
f has a meromorphic pseudocontinuation f €
N(De) which satisfies (*).

(ARR, 98) extend (a) and (c) to all radially weighted
Bergman spaces.



Thm/Cor H = D,H' = L2 Everything fails.
Then

(a) (ABFP) there exists M € Lat(L, D) such that
o(LIM) =D, (i.e. M+ € Lat(M,L2) with

ind M+ > 1).

(ARR/ARS) In fact, one can even get such M
where every f € M has a meromorphic pseudo-
continuation in D¢ .

(b) there exists M € Lat(L,D), f € M, but f has
no pseudocontinuation in De.

(c) there exists M € Lat(L, D), f € M such that
o(L|IM) ND is discrete, f has a pseudocontinua-
tion f in De, but for % € C\ o(L|M) we have

_ Zf(i:if@) A <1
(T = ALIM)~1f(2)

where F # f.



Thm (ARR) Suppose H satisfies 1.-5. and M €
Lat L, M % (0),H. Then

o(L|IM) ND is discrete

(&5 9)
(2529

= f(\) = IA| > 1 is indep. of g € M~

(g 7 0)

If o(LIM)ND is discrete g € M+, g £ 0, and if
L e\ a(L|M), then

| SENO) |y <1
(I =ALIM)TIf(z) =

Zf(z)z—_ﬁ\fg(A) |>\| > 1.

Note: If ||[M|| < 1, then M, has a unitary dilation
U with spectral measure F, hence for |A| > 1 we
have

o R R
(9 = (U= = [

is a Cauchy transform in N(De).

d{E(z)f,g)



Hence

If |[M,|| <1, then for all f € M, g€ ML, g#0
we have

—

q
J c N(D).
,9)

M
>

Fg(A) =

S
m
>/

Question: Under what extra hypothesis is fg a
pseudocontinuation of f 7

If IV € Lat(M¢,'H), M € Lat (L,’H) such that
N CM#*“H, thenVge ML, feN, A\ >1

<C<——f>\’g> = 0, hence f; = 0.

Thm (Esterle) If w = {wn}, wn > wpp1 — 0 s
given, then Jv = {vn}, vn > vp41 — 0 and wy >
vn SO that |[(M¢, Hy)|| < 1 and H? C Hy C Hu
and the above happens in ‘H, and in fact

o(L|IM) =D



Thm 1. If 'H satisfies 1.-5.,
such that
C—A

Hl—XC
then whenever M € LatL, M #* 'H, then every
f € M has a pseudocontinuation f € N(De) and

Thus, o(L|IM) ND is discrete.

M¢|| <1, and3c >0

fllzelfll Vf e, AeD,

Thm 2. If H satisfies 1.-5., ||[M¢|| <1, and 3A =
{rn} /' 1 such that forr € A

(o) =G+ (s '>1/7“
with for all f € ' H
1
l=1lr < vllflle and [ILF1ly e < 11l
then whenever M € LatL, M # 'H, then

M C N(D)

and every f € M has a pseudocontinuation f €
N(De) and

Thus, o(L|IM) ND is discrete.



Example: If du(z) = w(r)drdt, then the decom-
position

2 2 2
d _/ d +/ d
/le| H rID|f| H D\rml‘ﬂ H
will satisfy the hypothesis of Thm 2.

If w = {wn},>0, wn > O,w;‘)—l'l — 1 asn — oo, then

[((M¢, Hp)|| <1 <= Tntl 21 vn

Wn
Define
Oé_l_ == Wn—x)o n(l — wn—l—l)
Wn
a_ = limp—oo n(1 — wn—l—l)
Wn

Ex.: If wp = (n+1)7F, then ay =a_ =7

If()<a_|_:a_=oz<oo,then 1—wZ)—j;1:g+O(%)

n



Thm 3. If

ap <oo and ay —a- <1,

then H,, satisfies the hypothesis and conclusion
of Theorem 1.

Thm 4. (a) If wfu—;':l 1, then H, satisfies the
hypothesis and conclusion of Theorem 2.

(b) If0 <a_ <ay <oo and

ay (IOg X+ (1-— a__)> et < 1,
o Oé_l_

then H,, satisfies the conclusion of Theorem 2

(equivalent norm).

(c) If 1 — w&tl = % 4 o0o(+), 0 < v <1, then
then H,, satisfies the conclusion of Theorem 2
(equivalent norm).

_ __a ,1-v
In this case wy, ~ bpe 1—7



