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D={zeC:|z] <1} disc
T =0D
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H C Hol(Q) a reproducing kernel Hilbert space
f(z) ={f,k;) forallf € H

HoH={h=) figifigic€¥ ) lfilllgll <oo)
i=1 i=1

Illscosc = inf()_ [Ifilllgill : (z) = }_fi(2)gi(z) forall z € Q}.
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HoH={th=) fgifigicH

i=1

Ifllacozc =nf) |fllllgill :h =) figiin Q.
i=1 i=1

Letze QO

Zﬁ 2)gi(z |—Z|W< ) g, k;
!k HZZ 1filll1g:ll

Hence

H © H < Hol(Q) and |h(2)| < [lkz[|*||hllscosc
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Why consider H ® H?

» If H =D, then
M(D)C D

D ={f € Hol(D) : [, |f'[*dA < oo} Dirichlet space
M(D) ={¢ : ¢f € DVf € D} multipliers

> IfH = Hﬁ, then
M(H3) C H3

H? Drury- Arveson space

ka(z) = 1*<Zl,7\>cd

» papers by Coifman-Rochberg-Weiss (1976) and by
Arcozzi-Rochberg-Sawyer-Wick (2010)
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If the polynomials are dense in H{ define the space of symbols
for bounded Hankel forms

X(H)={beH:
3C > 01(pg, b)| < C||p|||lg]| for all polynomials p, g}

be X(H) = Hilp,q9) = (pq,b)
is a bounded bilinear form on H x H

Hankel operator Hy : 5 — 3, ||f |5z = [|fl5¢

(Hyp, @)5c = Hyp, q) = (pq, b) 3¢



CRW:

Metatheorem: There is a connection between

» boundedness of H; : H — H
» (O H)* =X(H)

» Carleson measures for H
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e.g. the Hardy space

Theorem (H? ® H?> = H')

TEAE B

(a) Hy : H> — H? is bounded

(b) b € X(H2) ie. 3C > 01(fg, byl < Clf il
()3 C > 01(h, b)ge| < Clhllp, ie. b€ H

(d) b € BMOA

(e) du = |b'[>(1 — |z|*)dA is a Carleson measure for H?, i.e.

LD [fPdu < C|[f||7 for all f € H
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e.g. the Bergman space

Theorem (L2 ® L2 =L} CRW, Horowitz)
TFAE o

(a) Hy : L2 — L2 is bounded (the little Hankel operator)
(b)b e X(L2)ie. 3C>01{fg, b2l < Clf llr2llg Iz
()3 C >0k, bzl < Cllh|[py, ie. b e L

(d) b € B Bloch

(e) du = |b'[>(1 — |z|*)?dA is a Carleson measure for L2, i.e.
Jp fPdr < C\[f||%gfor allf € L



ARSW, 2010

Theorem

TFAE

(a) Hy : D — D is bounded

(b)b e X(D)ie 3C>0I[{fg b)2l <Clflpliglp
(c)3C > 01|(hb)pl < C|h|pep, ie be (DeD)*
(d) (Stegenga - capacities, ARS - tree condition)

(e) du = |b'|?dA is a Carleson measure for D, i.e.
[p lfPduw < C|If||% forall f € D
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In short:

If Ho =D,
Hy = H?,
Ho = Lg, then forj = 0,1,2 we have

(f}f]' O) }Cj)* = :)C(f}f])

={b: [b']*(1 — |zI*)/dA is a Carleson measure for H;}

H?0H?=H! L2oL2=1L]

Similar results for H?(3B,;) (CRW) and H?(T%) (Ferguson-Lacey,
Lacey-Terwilleger)

Interesting: Rudin, Miles, Rosay showed that for d > 2

Jh € HY(TY) with h # fg Vf,g € H*(T¥)
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But whatisD ©D?
MD)CX(D)CDCDoD

ARSW have some results, but no general intrinsic
characterization:

> [I2"llbep ~ 12" = I2"[lxpy = Vi +1

> If f(z) = Y_,_of(n)2" has a lacunary power series, then
feDoD & feD & feX(D)

» CM(D ® D) = CM(D)
J iy < cllllpep & jw2du<c|w%

» the interpolating sequences for D ® D equal the
interpolating sequences for D
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Theorem (Ri-Su)
If H has reproducing kernel k, then

HOHC HEK)

Ihllgcgey < [1Bllscorc VR € H O H.

If H = H?, then ky(z) = 2(z) = (ljiw )
H' Lo, [l < Wl
- known and due to Harold Shapiro.
If {H=D,thendc >0
n+1 n - N
Z Togn 12" <lBop < lIklh = 3_(n+ Dli(n).

n=0



Open Question:
If h € D ® D, then are there f, g € D such that
h = fg?



Open Question:
If h € D ® D, then are there f, g € D such that
h = fg?

If so, then the zero sequences of D ® D equal the zero sequences
of D.



Open Question:
If h € D ® D, then are there f, g € D such that
h = fg?

If so, then the zero sequences of D ® D equal the zero sequences
of D.

Definition (Dirichlet space of harmonic functions)

D, =D & Dy
If f € D, C L2(T) then

)

f(z) — f(w) |?
z 27t 27

—w

171, = 1+ ||

[e¢]

= Y (Inl+1)f(n)

n=—oo
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D, ® D, C LY(T)

Theorem (Ri-Su)

(a) If h € Dy, ® Dy, is real-valued, then there are real-valued functions
u,v € Dy, u > 0 such that

h(et) = u(e®)o(e") and

Ihllp,ep, = llulp,lvllp,

(b) Ifh = h™ —h— € LY(T) is real-valued, where
ht =max(h,0),h~ = —min(h,0), then

heD,oD, <ht,h~€D,®Dy
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Definition
If EC T, then

cap, (E) = inf{||h||p,op, : h = 1 on E}
cap,(E) = inf{HfH%)h :f > 1onE}
Corollary

cap,(E) = cap,(E)

Remark: The Theorem and Corollary hold for weighted
Dirichlet spaces D(p)
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Theorem (Ri-Su)
If P denotes the Cauchy projection

27T
Ph(z) J nety— L

0 1—ze it 21’

then
P:Dy ® Dy — D ® D is bounded.

Hence for h € H' we have

> |[#lp,ep, ~ IFlpep
>
he DOD < h=uv + iuyv,, Uj, vj € Dy,



Final fact & bad news:

There is an outer function f in D such that

I lbep < 1111l < IIflplfllp



