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Overview

Nontangential limits and some spaces of analytic functions

The index of invariant subspaces, single variable
(joint work with Alexandru Aleman and Carl Sundberg)

The multivariable situation



D={zeC:|z] <1} disc
T =0D
If ECT, then

|E| = Lebesgue measure of E.



D={zeC:|z] <1} disc
T =0D
If ECT, then

|E| = Lebesgue measure of E.

By={zcC%: |zl <1} ball
DI ={zeC:|z|<1Vi} polydisc

Q =BgorQ=D?



A nontangential approach region I'(z) C D, z € T.




A nontangential approach region I'(z) C D, z € T.

fe Hol(D), nt- lim f(A) = A

A—Z



Plessner’s Theorem

Let f € Hol(ID).
Then there is a measurable set F C T such that

1. fora.e.ze F
ntl- lim f(A) = f(z) exists.
A—2z

2. fora.e. ze T\ F we have

the nontangential cluster set of f(A) at z equals C.

F Fatouset, P=T\F Plessner set



Plessner’s Theorem

Let f € Hol(ID).
Then there is a measurable set F C T such that

1. fora.e.ze F
ntl- lim f(A) = f(z) exists.
A—2z

2. fora.e. ze T\ F we have

the nontangential cluster set of f(A) at z equals C.

F Fatouset, P=T\F Plessner set

It may happen that |F| = 0.



A reason for considering nontangential
limits

Theorem (Luzin-Privalov)
Letf € Hol(ID) and let E C T, |E| > 0, such that

ntl- lim f(z) =0 forallz € E,

A—Z
then f = 0.
This is false for radial limits:

3 f#0 but lim f(rz)=0 a.e.z€E, |[E| >0.

r—1-



Nikolai Luzin
1883-1950

Ivan Privalov

1891-1941 Abraham Plessner

1900-1961



The Hardy space

={f(z Z anz": HfHH2 = Z lan|? < oo}
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almost every et € T.



The Hardy space

H? = {f(z Z anz": |[f|% = Z lanf® < oo}

Facts:

» forevery f € H? the nontangential limit f(e) exists at
almost every et € T.

» f(e) e L2(T) and

27T
i o dt
2 ity2
I = |, e



The Bergman space

2
L2 ={f(2) = X2 0anz": |If|2, = X, 72 < oo}




The Bergman space

2
L2 ={f(2) = X2 0anz": |If|2, = X, 72 < oo}
- R = {1(2) = S5 g an2": ]2 = 5 anP < oo}
Thus

H* ¢ L2



The Bergman space

L2 =1{f(2) = X 2ganz": |, = ¥, 25 < oo)
> H2 ={f(z) = ¥ g anz": ||f||H2 =Y planf < oo}
Thus
H? ¢ L2

Theorem (Khinchin-Kolmogorov)
I3 >0 lan|® = oo, then for almost every choice of e, € {—1,1}

the function
Z enanz”

does not have nontangential limits a.e. on any A C T, |A] > 0.



The Bergman space

s L2 ={f(2) = Zoanz": |3 = X, 205 < oo}
> H2 ={f(2) = Y2 ganz": ||f|2 = X ,lanl? < oo}
Thus
H? ¢ L2

Theorem (Khinchin-Kolmogorov)
I3 >0 lan|® = oo, then for almost every choice of e, € {—1,1}

the function
Z enanz”

does not have nontangential limits a.e. on any A C T, |A] > 0.
Fact:

dA
1712, =J f(z)p 22
a D T



Multiplication operators

» If H C Hol(ID) let (M, H) denote

(M;f)(z) = zf(z), ze D.



Multiplication operators

» If H C Hol(ID) let (M, H) denote

(M;f)(z) = zf(z), ze D.

» (M, H?) unilateral shift
» (M, L2) Bergman shift



Invariant subspaces

Let H = H? or 3 = L2.

M e Lat(M, H) iff M C H is a closed subspace and if
MM C M



Mo zM = Mn (zM)+ is called the wandering subspace for M
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Mo zM = Mn (zM)+ is called the wandering subspace for M
» Cyclic invariant subspaces: Let f € H,f# 0
[fl = span {f, zf, z?f, 23f, .} =
the cyclic subspace generated by f.
» Zero-set based invariant subspaces: Let (A} en € D,
M= I{An}) ={f e M : f(Ap) =0 for all n}.
Then
» dim[f] & z[f] = 1.
» [f] = [g] iff they have the same wandering subspace.
» If I{An}) # (0) is zero-set based, then dm M & zM = 1.



Beurling’s Theorem, 1948

Theorem
Let (0) # M € Lat(M,, H?), then

» dmMoezM =1,
» ifo e Mo zM, ||| =1, then
M =[] = oH?,

» @ €e Mo zM, ||¢|| =1 is an inner function,
i.e. lp(z)]=1fora.e. |zl =1 and
| @f|lge = ||f|| e for all f € H2.



CODEBREAKERS

ARHE BEURLING AND
THE SWEDISH CRYPTO PROGRAM
DURING WORLD WAR 11

Arne Beurling (1905-1986)



Bergman space invariant subspaces

Theorem (Apostol, Bercovici, Foias, Pearcy, 1987)
If n € N U{ooc}, then there is M € Lat(M,, L2) such that

dmM e zM = n.



Bergman space invariant subspaces

Theorem (Apostol, Bercovici, Foias, Pearcy, 1987)
If n € N U{ooc}, then there is M € Lat(M,, L2) such that

dmM e zM = n.

Corollary (Sandwich Theorem, ABFP)
If for all M, N € Lat(M, L2), M C N, dimN o M > 1, there is
X € Lat(M,,L2),

MSKSGN,
then every operator on a Hilbert space of dim > 1 has a
nontrivial invariant subspace.



Bergman space invariant subspaces

Theorem (Apostol, Bercovici, Foias, Pearcy, 1987)
If n € N U{ooc}, then there is M € Lat(M,, L2) such that

dmM e zM = n.

Corollary (Sandwich Theorem, ABFP)

If for all M, N € Lat(M;, Lg), MCN,dmNecM > 1, there is
X € Lat(M,,L2),
MGKEN,

then every operator on a Hilbert space of dim > 1 has a
nontrivial invariant subspace.
Such a theorem was known to hold for the infinite multiplicity

unilateral shift

S® = (M, H>) & (M, H*) & ...
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The index of invariant subspaces
ind M= dimM e zM = dim Mn (zM)+ = dimM/zM
indM =0« M = (0)
f#0= indlf] =1

If M, N € Lat(M,, H), then

ind(MNN) + ind(MVN) < indM + indN.
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The index of invariant subspaces
ind M= dimM e zM = dim Mn (zM)+ = dimM/zM
indM =0« M = (0)
f#0= indlf] =1

If M, N € Lat(M,, H), then

ind(MNN) + ind(MVN) < indM + indN.

Hence, if indM = indN =1 and if M NN # (0), then
indM VN =1

If dist(M+,N1) > 0,then M+ N =MV N and
indM VN = 2.



» Question 1: For which f, g do we have ind[f] VV [g] = 27

» Question 2: If indM = indN = 1, what is indM V N?
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Question 1: For which f, g do we have ind[f] VV [g] = 27
Question 2: If indM = indN = 1, what is indM \V N?

Note that if [f] = H, then for all g € H one has
ind[f] VV [g] = indH = 1.

Question 3: Under what conditions on M, indM =1, is
there an N O M with indN > 1?
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Reproducing kernels

3 Ky € K - the reproducing kernel for H
If f € H, A € D, then

F(A) = (f. kn)ac

If H = H?, then ky(z) = —
If H = L2, then kx(z) = —L
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Reproducing kernels

3 Ky € K - the reproducing kernel for H
If f € H, A € D, then

f(N) = (f, Kn)ac
If 3 = H?, then ka(2) = -

Az”
If 7 = L2, then kx(z) = UJW

k, satisfies Hk}\Hz = <k)\, k)\> = Kkx(A) and

Ikn |l = sup{lf(A)] : f € I, ||f]| = 1}, equality for f = ”%H.



The majorization function

Pk
forlA) =T

_ sup{lg(A)l: g € M, [lgll = 1}
sup{lf(A)] : f € I, ||f]| =1}




The majorization function

1Pkl
o) = T

_ sup{lg(A)l: g € M, [lgll = 1}
sup{lf(A)] : f € I, ||f]| =1}

» 0 < ky(A) <1
> If Ag € Z(M), i.e. f(Ag) = 0 Vf € M, then Kky((Ag) = 0.
» If A, —» z €T, kyi(An) — 0, that should mean that

"Mhasazeroatze T



The majorization function in H?

> If M = @H?, ¢ inner, then kyt(A) = @ (A)].

(v = SUPlgVI g € oF |lgl| = 1}
sup{lf(A)] : f € H2,||[f|| =1}
_ sup{le(Nf(A)[: f e H?, ||l = 1)
sup{/f(A)| : f € H2,||f|]| =1}
= [@(A)]

> ntl-limy_,; K (A) = ntl-limy_, [@(A)| = 1
fora.e. z e T.



The majorization function in L2,

If z € T and if f € L2 extends to be continuous at z with
f(z) # 0, then
lim kye(A) =1 VM D [fl.

A—Z



The majorization function in L2.

If z € T and if f € L2 extends to be continuous at z with
f(z) # 0, then
lim kye(A) =1 VM D [fl.

A—>Z
»feM=>g= % EM, k= (1_%2)2 = Bergman kernel
_ kN kPN
> 9N = AT = e



The majorization function in L2,

If z € T and if f € L2 extends to be continuous at z with
f(z) # 0, then

lim kye(A) =1 WM D [fl.

A—Z

»feM=g= "AfleM k=1

TRnT] 7z = Bergman kernel
kn(ANA) [[Kal2F(A
> g(A) = Pl = T
»
IPxvkall® _ lg(V)
1> ky(V)2 = >
Ikal2 ||k>\||2
_ 1 klffVP
[kallZ [[kaf][2
AP
N

BN



The majorization function in L2,

If z € T and if f € L2 extends to be continuous at z with
f(z) # 0, then

lim kye(A) =1 WM D [fl.

A—Z

»feM=g= "AfleM k=1

TRl 7z = Bergman kernel
kn(ANA) [[Kal2F(A
> g(A) = Pl = T
»
IPxvkall® _ lg(V)
1> k(A2 = >
Ikal2 ||k>\||2
_ 1 klffVP
[kallZ [[kaf][2
AP
N
INEB

> lima—z [F(A)P = 1f(2)P # 0



T Ky |2
To show: limy_., 'hkg l\L — |f(2)P

Approximate identity:

Loyl :J f(2)[Pdux(z) where
ka2 Jp
11ka(2)PdA(z) (1 —IAPR)2 dA(2)
d = — = —
e N AN TR e

and u) — 8, (wk*) as A — z and the result follows since f is
continuous at z.



The majorization function in L2.

Theorem (ARS, 2002)
M e Lat(Mg, L2), indM =1, ¢ € M S zM, ||| = 1.

Then 3 F C T such that
1. fora.e.zc F

» ntl-limy_, kae(A) =1 and
» ntl-limy_,, (A) = @(z) exists with |p(z)| > 1.

2. fora.e. z ¢ T\ F we have

» ntl-liminfa_; kae(A) = 0,
» the nontangential cluster set of ¢ () at z equals C.

Def.: The Fatou set for M = F = the Fatou set for ¢
(as in Plessner’s Theorem).



Theorem (ARS)
M € Lat(M,, L2), indM = 1.
TFAE

1. INDM indN > 1,

2. fora.e. zcT ntl-liminfy_;ky(A) <1,
i.e. the Fatou set for M has measure 0

3. MiML e A,

M;IM* € A < MgV || = (gl V g € H.



Theorem (ARS)
M € Lat(M,, L2), indM = 1.
TFAE

1. INDM indN > 1,

2. fora.e. ze T ntl-liminfy_,;ky(A) <1,
i.e. the Fatou set for M has measure 0

3. M:ML € A.
MzIME € A < [IMZIME]| = |lgllee V g € H™.

The Theorem holds for many other spaces H C Hol(ID)
including H?:

H=%H(k),
IM.]| <1, ind3 =1, [ 2221 >c|f| VfeH AeD

1—Az




Theorem (opposite equivalences)
M e Lat(M,, L2), indM = 1.
TFAE
1. VNDOM jindN =1,
2. 3FCT,|FI >0 ntl-limy_,ky(A) =1fora.e.ze F.
i.e. the Fatou set for M has positive measure.
Fatou set of M = Fatou setof o € M & zM, ¢ # 0.
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i.e. the Fatou set for M has positive measure.
Fatou set of M = Fatou setof o € M & zM, ¢ # 0.

» If the Fatou set for every nonzero function in M has
measure zero, then the Fatou set for M has measure zero.



Theorem (opposite equivalences)
M e Lat(M,, L2), indM = 1.
TFAE
1. VNDOM jindN =1,
2. 3FCT,|FI >0 ntl-limy_,ky(A) =1fora.e.ze F.
i.e. the Fatou set for M has positive measure.
Fatou set of M = Fatou setof o € M & zM, ¢ # 0.

» If the Fatou set for every nonzero function in M has
measure zero, then the Fatou set for M has measure zero.
Example: If {A,} is dominating for T, and if
M = I({An}) # (0), then |F| = 0.



Local Example in L2

Let f La2 NH>®(VND),
then the Fatou set of [f] contains T N V.

Hence any M containing f has index 1.
In fact: If f € M = ky(A) — 1 a.e. nontangentially on VN T.

Proof:
A refinement of the argument given earlier.



Q =By or DY

H = H?(Q)

or H =L2(Q)

or H = HZ
reproducing kernels:
Ha

H?(Bg)

LZ(By)

d>1

Hardy space
Bergman space
Drury-Arveson space

kn(z) = 1—(12,7\>

1
k)\(Z) = A—(z,A))?
k)\(Z) = (1—(2,1)\))‘1"'1

(Mz, H) = (Mg, ..., Mz,), H)



Koszul complex

KMy, H):0 = A (H) = ... 5AT(H) - AY(H) =0

Ty HY — K



Koszul complex

KMy, H):0 = A (H) = ... 5AT(H) - AY(H) =0
Ty HY — K

For all H as above T, (H) is closed and
dim 3/ Ta(H) =dimH © Ty (HY) = 1.

and the K(M;_,, ) is exact at all other stages.
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Me Lat(Mz, H) & M;MC Mforalli=1,..,d



Invariant subspaces and index

Me Lat(Mz, H) & M;MC Mforalli=1,..,d
Then TH(M9) C M.
Question: Is Ty (M9) always closed?

More generally: If (z1 —A1)H + ... + (zg — Ag)H is closed in K,
under what hypothesis on the invariant subspace M is

TA(MY) = (21 = MIM + ... + (Zg — Ag)M

closed in M?
True ind = 1.



Invariant subspaces and index

Me Lat(Mz, H) & M;MC Mforalli=1,..,d
Then TH(M9) C M.
Question: Is Ty (M9) always closed?

More generally: If (z1 —A1)H + ... + (zg — Ag)H is closed in K,
under what hypothesis on the invariant subspace M is

TA(MY) = (21 = MIM + ... + (Zg — Ag)M

closed in M?
True ind = 1.

Definition: indaM = dimM/ T (M9) = M & Ty(M9)



Conjecture: If (0) # M € Lat(M;, H?>(Q)), then

indyM = 1 for all A in some large subset of Q.
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Conjecture: If (0) # M € Lat(M;, H?>(Q)), then

indyM = 1 for all A in some large subset of Q.

» Trueford =1 forall A € D.

> H2(By): If kye(A) = Ll then

ntl- lim ky¢(A) = 1 fora.e. z € 0By
A—2Z

— distinguished boundary for H2(ID9) —



» True for cyclic invariant subspaces (trivially)
If f € 3, then

ind)[fl =1forallA € Q.



» True for cyclic invariant subspaces (trivially)
If f € 3, then

ind)[fl =1forallA € Q.

» True for My = {f € H3(Q) : f(0) = O}
indxMo=1 forallA € Q\ {0},

i.e. outside the common zero set of Mj.



Fact:

T:H*(D?) — L2,
(THA) = f(AA)

is onto and a partial isometry.

By use of this one can see that there are M € Lat(M,, H?>(ID?))
with Z(M) = () and

ind(y M = oo forall A € D.

These examples satisfy ind(, )M =1 forall A # p.

Similar examples exist in H?(By).



If f, g, h e K, if
h e [fIn[g],

then
indA[f] V [g] =1

forallA € Q\ Z(h).



If f, g, h e K, if
h e [fIn[g],

then
indA[f] V [g] =1

forallA € Q\ Z(h).
» If f,g € H*(Q), then fg € [fIN [g] € H?(Q), hence

indx[flV [gl =1 forall A, f(A) # 0, g(A) # 0.



If f, g, h e K, if
h e [fIn[g],

then
indA[f] V [g] =1

forallA € Q\ Z(h).
» If f,g € H*(Q), then fg € [fIN [g] € H?(Q), hence

indx[flV [gl =1 forall A, f(A) # 0, g(A) # 0.

» It M € Lat(M,, H?(Q)),
if @ € MNH>®(Q), then

ind\M =1 VAeQ\Z(op).



If f, g, h e K, if
h e [fIn[g],

then
indA[f] V [g] =1

forallA € Q\ Z(h).
» If f,g € H*(Q), then fg € [fIN [g] € H?(Q), hence

indx[flV [gl =1 forall A, f(A) # 0, g(A) # 0.

» It M € Lat(M,, H?(Q)),
if @ € MNH>®(Q), then

ind\M =1 VAeQ\Z(op).

> It M € Lat(M,, H2), then
Ny M =1 VA€ Q\ZM).

("global results”)



A local result

f, g € H?>(ID?)
Let V be an open disc in C centered at a boundary point of ID in
the z;-variable, and suppose that

AC>0 YAe (DnV)xD: [f(A)llgA)|<C.

Then
indA[f] V [g] =1

for all
Ae (DNV)xDD,A¢Z(fluZ(g).

v @






In L2(Q), there are M with ind\M = oo for at least a dense set
of A € Q.

(Bercovici for L2(Q) (1987), or newer A;-type results of
Eschmeier (2001), Ambrozie-Mueller (2009))
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