3. TRIGONOMETRIC FOURIER SERIES

3.A. Trigonometric Series (Fourier series in L?(a, b))

Let [a,b] be an interval of length 2¢ = b — a and consider the space L?(a,b) of all square-integrable
functions defined on [a, b].
We have already seen that the sequence

1 cosz sinx cosnx sinnz

(1)

forms a complete O.N. set in L?(0,27). For convenience, we transform [a, b] to an interval of length 27
by setting
23

r=—=+a or §:E(x—a)
0 l

so that a <z < b +— 0 < ¢ < 27. Then u(z) belongs to L?(a,b) & a(£) := u(z) = u(%5 + a) belongs
to L?(0,2m). From now on we will discuss functions defined on (0, 27), keeping in mind that this is not
a restriction.

Let us accept the fact that the sequence (1) forms a complete O.N. set in L?(0,2w). Applying our
general theory to this Hilbert space with this O.N. set, we see that every u € L?(0,27) admits a Fourier
expansion

(2) u="> (u,en)en
n=0
where
. 1 cosSnx sin nx 19
= —— €1 = ——, €op = =
0 \/ﬂ7 2n—1 \/7—1_ y €2n \/7—1_ ) ] )
and

27
(u,en) = / u(z)en(x)dz.
0
The standard way of writing the series in (2) is
a o0
3) u(z) ~ 70 + Z [an cosnz + by, sin nx]
n=1

with Fourier coefficients

2w 2
anz—/ u(z) cosnzdr, n=0,1,2,... bnz—/ u(z)sinnzdr, n=1,2,....
T Jo 0

We did not write = in (3) because that might suggest pointwise equality (i.e. that the series converges

at each z to u(z)) which is not true in general. All we know is that the series converges to w in the
L?-sense, i.e.

(5) ‘/021r

and by Parseval

2
m
a
u(x)—;—Z(ancosnm+bnsinm:) dr — 0 asm — o0
n=1

2m ap 2 > .
/ w@)de = lull}s = (52)+ 3 lanl +[bal? < co.
0

n=1

11



12
Over an interval [a, a + 2{], any o € R, the expression (3) has the form
a > nwe nwe
u(z) ~ 70 + ;[an AR + by, sin T]
with
1 a+2¢ 1 a+2¢
an:—/ u(m)cosmdaz n=0,1,2,..., bn:—/ u(m)sin@dm n=12,....
£/, L £/, L

The following complex notation is more convenient sometimes: Use cosnz = 1(e'"® +e~"2), sinnz =
3: ('™ — e7™"7) and combine terms to write (3) as

oo oo
(6) u(z) ~ Z cne™  or Z cnet T

n=—oo n=-—oo
with
1 27 . a+2¢ s
(7 Cn 1= oo u(z)e™dz, n=0,£1,£2 ... or ¢, := 2_8/ ue”" ¢ dx
T Jo a
where we have set ) )
a, — ib, _ _ anp+ib,
Cn= "5 Cn=Cn=——"(b—.

Given u € L%(0,27), one can compute the Fourier coefficients (4) or (7) and write down the series (3)
or (6). We know that this series converges to u in L2(0,2w), i.e. (5) or

2

2w m
/ u(z) — Z cne™| dr =0 asm — oo
0 n=—m
hold and by Parseval
2w [e’s}
| u@Pds =l = Y fenl? < oc.
0 n=-—oo

It may happen that the Fourier series does not converge in the ordinary (pointwise) sense at all, so
pointwise, u(z) and its Fourier series expansion will not be related in that case!

Periodicity

Of course, it may happen that the Fourier series does converge pointwise. Then it defines a periodic
function of period 27 (in general, of period 2¢). So, if we start with a function u(z) defined in [0, 27],
compute its Fourier series and find that this series converges pointwise, then the sum of the series is
a 2m-periodic function. If it happens to converge pointwise to u(z) (see §2.F), then it converges to a
periodic extension of u(z). On the other hand, if we start with a function u(z) defined on all of R, then
its Fourier series cannot possibly converge to it pointwise unless u is periodic with period 27, (or 2£).

As a consequence of the periodicity, the Fourier coefficients of a 27-periodic (or 2¢-periodic) function
remain the same no matter over which interval of length 27 (or 2¢) they are computed. Thus, if u(z) is
2m-periodic then its Fourier coefficients (7) (and similarly (4)) can be written as

1 a+2m

= — u(z)e™dz, n =0,+1,+2,..., YVaeR
2 J,

(8) Cn
Indeed, for a periodic integrand f(z), f(z + 27) = f(z) Vz, we have Va € R

27

a+2m 2 24+ 27 @
[ t@de= [ gaes [ f@ie= [ j@iss [ peremig= [ f@ae.
o [ 2 0 0

™ [¢]
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Expansions of even and odd functions

Consider functions defined on [—m,n]. If u(z) is even, u(z) = u(—z), then the coefficients b, = 0,
n =1,2,..., so the Fourier series of u is a cosine series

oo
a
u(zx) ~ ?0 + Zan cosnz
n=1

2

anp = = /7r u(z) cosnzdr = % [/Wu(—f) cos né&d¢ + /Wu(x) cosnmdm] = /7r u(zx) cosnzdz.
0 0 0

™

-

Similarly, if u(z) is odd, u(—z) = —u(z), then a,, =0, so

(10)

oo 2 T
u(zx) ~ Z bpsinnx with b, = - /0 u(z) sin nxdr.
n=1

Observe that in either case, the coefficients depend only on the values of u on [0,7]. Hence, even
when u is defined only on [0, 7], the series (9) or (10) can be formed. Therefore,

Given u(z) on [0, 7], we can try to expand it into either a cosine or a sine series. If the
resulting series converges pointwise to u(z) in [0, 7] then the cosine series extends u as
an even function into [—7,0] and as an even 27-periodic function for all z € R. The
sine series extends u as an odd function into [—, 0] and as an odd 2w-periodic function
for all z € R.

3.B. Functions of Bounded Variation

A function u(z) defined on [a,b] is said to be a function of bounded variation, u € BV|[a, b], if it
can be written as the difference of two increasing functions on [a, b].
Facts about functions of bounded variations:

1.
2.
3.

o

The sum, difference and product of two functions of BV [a, b] are of BV'.

Monotone bounded functions are of BV'.

A function u € BV[a,b] need not be continuous but the one-sided limits u(z — 0), u(z + 0) V
z € (a,b), and u(a + 0), u(b — 0) exist. Hence u can have at most jump discontinuities.

u € BV][a,b] implies: wu is bounded on [a,b], u is continuous a.e. in [a,b], |u| is integrable on
[a, b].

u € BV]a,b] implies: u can have at most finitely many maxima and minima in [a,b], i.e. u
cannot oscilate infinitely often. Hence its graph has finite length.

Piecewise continuous functions are of BV'.

The indefinite integral of a (Lebesque) integrable function is a function of BV (and continuous).

3.C. Pointwise Convergence of Fourier Series

Theorem 1. If u is continuous and if its Fourier series converges uniformly in [0, 27, then the Fourier
series represents the function pointwise:

u(z) = Z cne™ Yz €[0,27].

n=—oo

Proof. TIf the series converges uniformly then }_ ¢, e® =: f(z) is a continuous function. But also uniform
convergence = convergence in L2, so Y ¢,e™® = f(z) in L?(0,27). On the other hand, u € C[0, 2] =
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u € L*(0,27) and Y cpe™ = u(zx) in L?(0,27). Since L2-limits are unique, u = Y. c,e™™ = f in
L? = u = f a.e. in [0,27], and since u, f are continuous, u(z) = f(x) Vz € [0, 27].

1 27

5= Jo " u(z)e " dx of an L*(0,2m) function u satisfy

Theorem 2. If the Fourier coefficients ¢, =

oo
Z len] < 00 (in addition to Z|cn|2 < 0o due tou € L?)

n=—oo

then the Fourier series Y. c,e'™ converges absolutely and uniformly to a continuous function which
agrees with u(z) a.e. in [0, 27].

Proof. " |en| < 00 = Y |cnet™®| < Y |en| < 00, s0 by Weirstrass M-test Y ¢,,ei™® converges absolutely
and uniformly to a continuous function f(z), therefore also in L2. Also Y ¢,e™™® = u in L2, therefore

u = fin L? - u agrees a.e. in [0,27] with the continuous function f(z) to which the Fourier series
converges uniformly. O

Theorem 3. If u(z) is of BV[0,2r] then its Fourier series converges to [u(z — 0) + u(z + 0)] at each
z € (0,2m) and to 1[u(0+ 0) +u(2w — 0)] at the endpoints 0 and 2.

The proof is hard and long.

3.D. Properties of the Trigonometric Fourier coefficients

The Fourier coefficients a,, b, (or ¢,) exist if u is merely in L'(0, 27) i.e. if f027r |u(z)|dz exists. Note
that [|ull3: = [, |uldz = (u,1) < |lullg2||L]lzz = 9| - [ullL2 = L*(Q) C L'(Q) for Q bounded.

Riemann-Lebesque Lemma. If u € L'(0,27) then its Fourier coefficients tend to zero as n — co. In
fact,

1 27
= % ,
For the particular case u € L?(0,7) C L'(0,27), this is a direct consequence of Bessel’s inequality
Y lenl? < lull32 (= cn — 0 as terms of a convergent series). The general proof is hard. The rate at
which they tend to zero is not known in general (but see below).

A uw(z)e~*dr — 0 as A = oo.

Theorem 1. If u € BV[0,2n] then a, = O(%), b, = O(L) as n — .

Proof. Recall the 2nd Mean Value Theorem: If f(z) is monotone and bounded and g(x) is integrable on
[a, b] then 3¢ € (a,b) such that

b 13 b
dx = d b dzx.
/a f(@)g(@)dz = 1(a) / o(@)dz + F() /‘5 o(e)de

Now, u € BV[0, 2] = u is the difference of two bounded increasing functions, fi — fa, so it is enough
to prove the result for such functions f(z). We have

1 27 1 13 1 27
an = — (z) cosnzdx = —f(O)/ cosnxzdr + — f(2m) / cos nrdz
™ Jo ™ 0 ™ 13
11 . .
= == [f(0) sinn& — g(2n) sinné]
N
= |an|

1 1 1
< - (IFO)] + | f(2m)]) - = const. . Similarly for b,. O

Theorem. If u € C*[0,27], u,u',... ,u® are 2rw-periodic, and u**t1) € BV|[0,2x], then

G, b = O(

W) as n — Q.
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Hence, for k > 0, the Fourier series of u can be differentiated k times term by term and the resulting
series will converge uniformly to u(z),u'(z),... ,u® ().
Proof. Integrating by parts and using the periodicity u(0) = u(27),... ,u®(0) = u(¥) (27) we have
27

1 27
Gn = —/ u(zx) cosnxdr = —— u'(z) sinnzdr = - -
™ Jo N 0

+1  [*" 1
_ (k+1) sin nz
= — o /0 u (z)cosnzdz = O (—n’“”) .

For k > 0, the differentiated series up to order £ have majorant Z < o0 80 by Weirstrass M-test they
all converge uniformly to the respective derivative of u(z). O

3.E. Integration of Trigonometric Fourier Series

We know that uniformly convergent series can be integrated term by term. But the Fourier series of
a discontinuous function cannot converge uniformly. Nevertheless, we have
Theorem 1. The Fourier series of an integrable function can always be integrated term by term and
the resulting series converges pointwise to the integral of the function.

Proof. Let u € L2(0 27r) and let u(z) ~ % + 3> | a, cosnz + by, sinnz be its Fourier expansion.
Set U(z) := [; u(z)dz, 0 < z < 27. Then U(z) is continuous and of BV[0,2n], so the function
U(r) — Lz has a pointwise convergent Fourier series, say

A
U(x)—@x 0+2A cosnz + B, sinnz, 0<z < 27.

Now,
27 ao
TA, = [U(x) — —w] cos nzdz
0 2
27 27
1 . [¢%))
- E/o sinnz [U(:c) - —] dz

2
27 27
a 1
0 / sinnzdr — — / u(zx) sin nxdz
0 n Jo

B, = ! [U(x) 40 $] cosnx " + ! /27r cosnx [u(x) ao] dx
on =y 2 0 n Jo 2
1 1 27 1 27
= ——[F(27) — ao7] — ~% cosnxdx + —/ u(z) cosnzdz
n n 2 Jy n Jo

= 0 by definition of ag — 0+ %an,

so that we have A b,
U(w)—@m 0+Z(——cosmc+—smm:>.

bn
Uz +Z (1 — cosnz)— +—smna:

which is exactly the term by term integration of the series for u(z). O
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3.F. Differentiation of Fourier series

The situation is not simple as for integration. The general results for term by term differentiation of
a series may be used and we have already seen the

Theorem. Ifu € C*[0,27], u,u/, ... ,u*) are 2w-periodic and u*+Y) € BV|0, 2x] then the Fourier series
of u can be differentiated k (> 0) times term by term and the resulting series will converge uniformly to
u(z), v (z),...,u® ().

3.G. Eigenfunctions of Sturm-Liouville problems

Consider the Sturm-Liouville problem

Liv] := =L [p(2) L] + q(z)v = Aw(z)v, a<z<b
ayv(a) + Brv(db) + yv'(a) + 61v' (b)) =0
azv(a) + Bav(b) + y2v'(a) + d2v' (b)) =0

with p,p’, ¢, w € Cla,b], w > 0, p > 0, ¢ > 0 with symmetric boundary conditions:

=b
flg=191e=a =0

for any f, g satisfying the boundary conditions. A A for which a nontrivial v exists is called an eigen-
value, v an eigenfunction.

Basic facts about the regular Sturm-Liouville problem

1. Eigenfunctions corresponding to distinct eigenvalues are orthogonal in L2 (a,b) :

f; wow; =0, i # ]

The eigenvalues are all real and the eigenfunctions may be chosen real.

3. The eigenvalues are simple (of multiplicity one i.e. a single eigenfunction corresponds to each
i)

4. There exists a sequence of eigenvalues: 0 < Ag < A1,--- < Ay <---,and A, = 00 as n — 00 so
the spectrum is discrete, nonnegative, with a limit point at oo.

5. The eigenfunctions form a complete O.N. set (an O.N. basis) {e,(z)} for L2 (a,b), i.e. w.r.t. the

inner product (f, g}y = f: w(z)f(z)g(x)dz. Therefore every u € L2 (a,b) can be expanded into
a Fourier series (eigenfunction expansion)

o

u(z) 2 Zounen(w), thn 1= (1, €1)

Note: The “symmetric boundary conditions” ensure that L is a self-adjoint operator in L? (a,b) (with
domain H?2 (a,b))

(uL[v] = vL*[u]) 2 (o) =0 Vu,v € D(L).

Most of the properties listed above are a consequence of this self-adjointness.
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4. THE FOURIER METHOD - EIGENFUNCTION EXPANSIONS

4.A. Formal solution

We illustrate the method on the following model problem, describing heat conduction in a finite rod,
with Dirichlet boundary conditions.

Up — Upy = 0, O<z<d, t>0
u(z,0) = f(z), 0<z<{
u(0,t) =0, u(l,t)=0, t>0,
which is exactly the problem for which Fourier invented the formal method in the early 1800’s.

Setting u(x,t) = X(z) - T(t), we must have 7' + X\2T = 0, and the eigenvalue (Sturm-biouville)
problem X" + A2X =0, X(0) =0, X(¢) = 0. The eigenvalues are \,, = @, n=1,2,... with

eigenfunctions X, (z) = sin %%, n=1,2,.... Hence, forn =1,2,...

un(z,t) := e=Ant sin(A,x)

is a solution of the PDE and satisfies the BCs. Following Fourier, we seek u in the form wu(z,t) :=
oo baug(,t), with by, to be found so that the IC be satisfied:

u(z,0) = i bn sin()\na:)wgltf(:c).

n=1

Thanks to the orthogonality of the eigenfunctions {sin 272} in L?(0,£), it is easy to find the b,’s:

) £
bn:—/ f(x)sin@dx, n=12,....
l /o y4

Thus, we have found a formal solution
(@,0) = 3 e (7 s (72
u(z,t) = n€ — )
n=1 ¢

in the form of a Fourier sine-series.

In what sense is this a solution of the problem? We need: series to converge in some sense, in fact to
define a continuous function, so need uniform convergence on DT = [0,£] x [0,T]; us, uge to exist and
be obtainable via term-by-term differentiation; u(z,t) to converge to f(z) as t— > 0.

Note that very little is needed for the b,’s to exist: f € L'(0,£) suffices.

4.B. Justification of the Fourier Method
We found the formal solution
u(z,t) = Z bpe—(An)’t sin(A\pz), Ay =—
n=1

where

l
bn = %/ f(.’L‘) sin()\nx)dx, n= ]-727 s
0

are the Fourier coefficients of f(z) on [0, £]. When is this an actual solution?
The very least we need, for the b,,’s to even exist, is f € L1(0,£). For such initial values, the series
can be written down, at least formally. Let’s examine its properties:
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Convergence: If f € L'(0,), then the Riemann-Lebesque Lemma implies b, — 0 as n — oo, so the
sequence {b,} is bounded: |b,| < Q Vn=1,2,.... Hence, > {° bpe Matsin \pz| < Q > e~*t, which

converges (by Ratio test) for ¢ > 0. Therefore, for (z,t) € DI, for any 7 > 0, by the Weirstrass M-test,
the Fourier series converges uniformly, so u € C(DT) and satisfies the BC’s.

Satisfying the Heat Equation: We need to justify term-by-term differentiation for u:, uz,. It will be
valid if the differentiated series converges uniformly: we have

‘— Z bn)\ie*’\ﬁt sin \pz| < @ Z )\ie*’\it < CZ )\fbe*)‘iT on DT, 7>0,

and the last series (of constants) converges (by Ratio-Test), so by Weierstrass M-test the differentiated
series converges uniformly in DI V7 > 0, and since u; = u,,, the Heat equation is satisfied in DI any
7 > 0. Note that we didn’t need to assume anything more about f, just f € L'(0,¢). So, for such f,
u(z, t) satisfies the Heat equation in DT, 7 > 0, and the BCs, thanks to the et term!

Moreover, we observe that the Fourier series differentiated any number of times still converges uni-
formly in D' V7 > 0, so u is C* for ¢ > 0 even though f may be just L!(0,£)! This is the (infinitely)
smoothing action of the heat operator!

Satisfying the IC: As t \ 0, we loose the help from the exponential and for ) b, sin A,z to converge,
the Fourier coefficients themselves must decay to zero fast enough so that > |b,| < oo.
We know that a sufficient condition for this is

fEC[O,g], f(O)Zf(é), fIEBV[(]:E]J

because then b, = O () as n = 00, s0 3 [by| < (const.) > 2 < oo. For such f, by Weierstrass
M-test, since | Y bpe~*ntsin Anz| < 3 |bn] < o0 in DI, we have uniform convergence on D', so u(z, t)
will be continuous even down to ¢t = 0, provided f(0) = f(¢) = 0 and then u(z,0) = _ b, sin A,z will
converge to f(z) uniformly on [0, £], so the IC will be satisfied continuously pointwise.

We have proved the
Theorem. If f € L'(0,0) then the series 3 bpe % sin A,z defines a function in C(DT) Yt > 0 which
satisfies the Heat Equation in DT and the BC’s. Moreover, u € C*°(DY), 7> 0.

If f €C[0,4], f(0) = f(£) =0, and f' € BV[0,/] (say, if f'(z) is piecewise continuous) then the Fourier
series defines a classical solution of the full First Fourier Problem in C(DJ') N C%(D{).



