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ABSTRACT.

The process of phototransduction, whereby light is converted into an electrical response, in rod and cone
photoreceptors in the retina, involves as a key step, the diffusion of the cytoplasmic signaling molecules cGMP
(cyclic guanosime monophosphate) and Ca?* (Calcium ions), termed second messengers. The rod outer segment
of vertebrates is a right circular cylinder housing about 1000 parallel, coaxial, equispaced, thin cylinders termed
lipidic discs. The second messengers cGMP and Ca?* diffuse in the cytoplasm (the fluid surrounding the discs). The
complex geometry of the rod creates computational difficulties. We present spatio—temporal computational models for
interactions and diffusion of cGMP and Ca2t in the cytoplasm of vertebrate rod photoreceptors, as well as numerical
simulations of the response to light of dark—adapted Salamander rods.

AMS (MOS) Subject Classification. 92C45, 35K60, 65Y05.

1. INTRODUCTION

1.1. Basic Mechanism of Phototransduction. The rod outer segment of vertebrates comprises
a stack of equispaced disc membranes of thickness about 14 nm and at mutual distance of about
14 nm (for Salamander). Each disc is made up of two functionally independent layers of lipidic
membrane where proteins are embedded, such as rhodopsin (Rh), the light receptor, G protein
(G), also called transducin, and cGMP phosphodiesterase (PDE), the effector. These membrane
associated proteins can diffuse on the face of the disc where they are located, but cannot abandon
the disc. The lateral membrane of the rod contains cGMP-gated channels of small radius. In
absence of light, these channels are open and allow a positive influx of sodium and calcium (Ca?*)
ions. The space within the rod, and not occupied by the discs, is filled with fluid cytosol, in which
cyclic-guanosine monophosphate (cGMP) and Ca?* diffuse.

When a photon is absorbed by a molecule of rhodopsin, located on one of the discs, the
rhodopsin becomes activated and in turn activates any G protein it interacts with. Each of the
activated G proteins is capable of activating one and only one catalytic subunit of PDE on the
activated disc, by binding to it upon contact. The bound pair so generated is denoted by PDE*.
This cascade takes place only on the activated disc. The next cascade, involving cGMP and Ca2*,
takes place in the cytosol. Active PDE* hydrolyzes cGMP in the cytoplasm, thereby lowering its
concentration. The decrease of cGMP concentration causes closure of some of the cGMP—gated
channels of the plasma membrane, resulting in a lowering of the influx of positive ions, and thus a
lowering of the local current J across the outer membrane. Because the Nat/K*/Ca?* exchanger
continues to remove Ca?t from the cytoplasm, there is a decrease in the calcium concentration,
which in turn results in an increase in cGMP production by stimulation of Ca?*—inhibited guanylyl
cyclase, and thus a consequent reopening of the channels. The same decrease of calcium closes the
cycle by causing deactivation of rhodopsin through stimulation of rhodopsin kinase, which ceases
activating new G protein. Thus PDE* decays to basal, ending depletion of cGMP (Pugh & Lamb,
2000).
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1.2. Basic Issues. A dark adaptated rod is at a state of equilibrium in darkness. All fluxes of cGMP
and Ca2t are zero, their concentration is constant and there is a steady dark current Jgar across
the plasma membrane of the rod outer segment. Physiologists are interested in the cellular response
(defined as Jgark — J, with J the total circulating current) after the rod is exposed to light. The
main computational difficulty of the problem is the intricate geometry of the cytosol. The issue of
determining a consistent set of parameters for predictive modeling is also paramount.

1.3. Overview. Phototransduction has been studied extensively in recent years. The basic mech-
anism is now understood at a molecular level, but its formal mathematical description is less devel-
oped. Classically the basic signaling processes are investigated in terms of bulk averaged quantities
(Pugh & Lamb, 2000), and ordinary differential equations provide solutions which average con-
centrations within the volume of the cell. However, it is becoming increasingly clear from recent
investigations that several signaling molecules reside at specific sites within cells or their membranes
and depend on their localization effects in a significant manner (Leskov et al., 2000). Therefore to
analyse the regulation process quantitatively, one should take into account the local concentrations
and time-dependent diffusion of second messengers and protein cascades.

We present theoretical and computational spatio—temporal models of the diffusive transport
of cGMP and Ca2+ in the cytosol, their interaction with the disc bound effector PDE*, and the
electrical current in response to photons. The models incorporate the main mechanisms presently
known to operate in phototransduction, and reduce to simpler models proposed by physiologists.
Namely they reduce to the longitudinal (one-dimensional) model of Gray-Keller et al. (1990) by
assuming radially uniform concentrations, and to the lumped model (Nikonov et al., 1998; Nikonov
et al., 2000; Pugh & Lamb, 2000) under the assumption of uniform (bulk) concentrations. The
numerical simulations trace the space-time evolution of cGMP and Ca2*, in terms of which the
current through the plasma membrane can be computed. Thus, the simulation also provides the
distribution of current as a space—time function defined on the lateral boundary of the rod outer
segment. It exhibits localization of the response about the activation site and enables us to quantify
the longitudinal spread at any particular time.

2. MATHEMATICAL MODELS

2.1. Geometry. The outer segment of a photoreceptor rod in vertebrates can be considered as a
right circular cylinder Q of height H and radius R+o¢, (where R, o, €, and H are positive numbers),
housing a vertical stack of V equispaced parallel discs C;, j =1,2,--- N, each of radius R, thickness
€0, and mutually separated by a distance ve, (Fig.1). Each of the discs Cj, carrying the rhodopsin,
is assumed to be a thin cylinder of radius R and height ¢,, coaxial with the rod Q). The domain of
cytosol Q2 where diffusion of second messengers takes place is a region in the rod not occupied by the
discs, i.e., 0 = Q — Ujvzl C;. We denote by FjjE the upper/lower disc faces, and by 9,0 the lateral
outer boundary (plasma membrane). The indicated geometry implies that, Ne, = H/(1 + v). We

define 6, := vol (Ujv:l Cj) Jvol (Q) = 1/(1 + v).
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FIGURE 1. Schematic drawing of the rod outer segment
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2.2. Basic Equations of the Model. Let u and w denote dimensionless concentrations of the
second messengers cGMP and Ca?*t respectively. We rescale lengths and time so that various
parameters, H, R, €,, . . . , and independent variables r, z, ¢, are all dimensionless. Employing
cylindrical coordinates, the mathematical model for the diffusion of second messengers u and w in
cytosol is expressed, in dimensionless form, as follows (Andreucci et al. 2003a; Khanal, 2003). Given
u(r, z,6,0) = u,, w(r, z,0,0) = w, with u, > 0, w, > 0, the initial uniform steady-state for the dark
adapted system, find u(r, z,0,t), w(r, 2,0,t) for 0 <t < 7, such that
Ou ow

in , for t > 0, where D,, and D,, are the respective (dimensionless) diffusion coefficients.

Consider a beam of photons hitting a disc C;, on one of its faces, say for example the lower
one, F; , at coordinate z, along the axis of the rod. Generation and removal of free cGMP in the
cytoplasm occurs through binding phenomena on the lower and upper faces Fji of each disc Cj.
Calcium enters or leaves the cytosol only through 9,2, the plasma membrane (via the cGMP-gated
channels and the electrogenic exchanger). Thus the two parabolic partial differential equations in
(1) are coupled weakly via the following nonlinear boundary conditions:

1
(2&) —Dug—z = iiyeo{(cmin + Ch fl(w)) — (s u} +6jo CoPu on Fji, t>0,
0
(2b) _Dwa_:] = gi(w) — Cratio 92(u) on 9,9, t >0,

where Cratio, Cmin, C1, C2 and Cy are positive constants expressing various interaction rates (such
as rates of synthesis or hydrolysis of cGMP, etc, see Andreucci et al. 2003a; Khanal et al. 2003). The
quantity P represents the strength of PDE* - cGMP interaction, and thus the effect of activation by
light. d;, = 1 only when C}, is an activated disc, and zero otherwise. The fluxes on the remaining
parts of the boundary of €2 are zero. The functions fi1, g1 and g2 are given by

McG
3) fi(w) : v v

ST e AW = el =T

where 7 is a constant related to the channel opening and the cyclace rate, and mc,, meg are Hill
constants (6.5 < v < 16, mca & 2, Meg = 2).
The quantities of primary interest to physiologists are the cG-gated, J.qg, and exchanger, Jey,

circulating currents, described by the following Hill and Michaelis-Menten type relations (Nikonov
et al. 2000; Pugh & Lamb, 2000)

)

(4) Jeg = .7'(1;1(?)(92(“) and Jox = jgitgl (w)a

where j%%* is the maximal cG-gated current, j52* is the saturation exchanger current. The local

current J at a point of the plasma membrane (with local concentrations u, w at that point) is the
sum J.q + Jex-

2.3. Activation Mechanism. Light activation is embodied in the term d;, Co Pu in (2b). A
satisfactory full modeling of the function P(x,t), for z ranging over a face F; hit by a photon, is a
major open problem and one of the future goals of our investigation. The literature contains various
attempts to describe such a quantity (see Koutalos et al. 1995; Pugh & Lamb, 2000; Nikonov et al.
2000; Hamer, 2000; Andreucci et al. 2003a; Khanal et al. 2003).

Here we consider a simple activation mechanism with a lumped model, by taking the surface
density of activated PDE molecules as the total PDE* in the rod divided by the area of activated
disc(s), namely,

(5) P(t) = PDE*(t)/ (Nactive - 7R?) ,

where PDE*(t) is the number of activated PDE molecules in the entire rod and Nactive is the number
of activated discs. Following Nikonov et al. (1998), Pugh & Lamb (2000), the quantity PDE*(¢t)
in (5) is approximated in terms of two first-order rate constants kgr, kg, representing R* decay and
concurrent G* - PDE* decay, as

(6) PDE*(t) = @ - (k VREk ) (e*’“E(t*tRG@ - e*’“R(t*tRGw) , t> tran,
R — ME
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where @ is the number of photoisomerisations per rod per flash, vgrg is the effective rate with which
a single R* triggers activation of PDE*, and trgr is the sum of delay time constants, tg + tg + t&
(Nikonov et al. 1998).

We refer to (1)-(6) as the “full” model to distinguish it from the following “homogenized” one.

2.4. Homogenized Limit Problem. The geometry of the rod outer segment exhibits two thin
compartments, available to diffusion: the interdiscal spaces and the outer shell surrounding the
stack of discs. The diffusion within the interdiscal spaces appears to be prevalent in the transversal
directions and it cannot be neglected in view of the reaction terms acting on the faces of the discs.
The longitudinal diffusion along the outer shell cannot be neglected because it regulates the opening
and closing of the ionic channels. The numerical values of €,, R and H (see §4) indicate that
€o << R ~ H. This suggests that €, can be regarded as a homogenization parameter to be let
go to zero. In doing so the discs C; within the rod become thinner. We visualize such a process to
be carried out in such a way that as €, — 0 the number of discs increases so as the ratio between
the volume occupied by the discs and the volume of the rod remains a fixed fraction of 1. On the
other hand, the outer shell width is comparable to the mutual distance of adjacent discs. Thus, as
€, — 0 the thickness of the outer shell also vanishes and, roughly speaking, the outer shell tends to a
cylindrical surface. A suitable device to preserve information on diffusion in the increasingly thinner
outer shell is to “concentrate the capacities”. For this, the coefficients in the diffusion equation
should be changed to compensate the geometrical alteration of the domain, so that the total mass
contained in the outer shell stays fixed in the limit.

Andreucci et al. (2003a, 2003b) have developed the homogenized / concentrated capacity
limit of the full model by taking €, — 0, N — oo while the volume ratio 8, remains fixed. The
homogenized limit problem consists of three pairs of unknowns defined on three different regions:
{u,w} defined in Q, (cylinder of radius R, height H), called the interior limit; {@,w} defined on Dg
(the surface of activated disc(s) at z = zg), called the special level(s) zo; {4, @} defined on S (the
lateral surface at r = R), called the limit on the outer shell. The homogenized limit problem in its
weak, dimensionless, form can be expressed as (Andreucci et al. 2003a, 2003b; Khanal, 2003)

// { ¢1 + D, (VEU'Vz’ébl) +(C2U_Cmin -C f1(w)) ’(h} dQ, dt
z2#20

+UEO//{%T/11 +Du(Vsa-Vs¢1)} ds dt

r=R

+V€O//D { 1+ Dy (Vzt - Vathy) + (Ca s — Crin — C1 f1(W)) 91

(7a) } dDpdt =0,
z=z0,r# R
1— { '(ﬁ +D (ijvi’tﬁ )} dQOdt
// 2 ? 2F#20
+ og, // { o + Dy, (Vs - Vgiha) + (91 (@) — Cratio 92(1)) ¢2} ds dt
o r=R
7b + ve, { 4 Dy (Vo - Vs } dDp dt =0,
(7b) oo [ [ { Gt Do (Ven- V) _Pud

where 1, 15 are test functions and 7 > 0.

Note that the geometry of the homogenized problem is much simpler, involving only the cylinder
Q,, activated disc(s) z,, and the surface of .

Well-posedness of the full model has been established in Khanal (2003) using upper and lower
solutions and their associated monotone iterations. Andreucci et al. (2003b) have established
existence and uniqueness for the homogenized problem.

To assess the effectiveness of the homogenized model we have performed numerical simulations
with the full model and the homogenized model, as briefly described below. They are compared in
Fig.3. Further details and simulations will appear elsewhere.
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FIGURE 2. Speedup and CPU time (on colt) for 100, 200 and 400 discs.
3. COMPUTATIONAL MODELS

Computational models of the mathematical problems have been developed based on Finite Vol-
ume discretization, and implemented in Fortran. We employ explicit-implicit time-stepping, with
time-steps sufficiently small to ensure numerical stability of the scheme. Due to the intricate geom-
etry of the cytosol, the problem involves very intensive computations demanding high performance
computing.

3.1. Full Model. For the sake of computational efficiency in the full model, we assume axial sym-
metry to reduce the problem to two space dimensions in (r, z) coordinates. We partition the rod
into N small cylinders (disc-units) each of height %I/EO +é&, + %I/EO, containing one disc placed in
the middle. Each disc-unit is discretized into (I3 + Iz) x (2.J1 + Jz) control volumes by assigning
I nodes in [0, R], I nodes in [R, R + 0¢,] along the disc radius; J; nodes below the disc, J> nodes
along the height of each disc, and J; nodes above the disc.

Parallelization: We parallelized the scheme for distributed memory clusters of processors or
heterogeneous networked computers. Since there is no functional parallelism in solving the partial
differential equations, the natural data parallelization via domain decomposition has been used.
The idea is to decompose the spatial domain into sections and assign a section to each processor.
Here a section consists of a group of disc units. The parallel implementation employs the MPI
(Message Passing Interface) library, following the master/slaves paradigm generated in SIMD (Single
Instruction Multiple Data) mode, where one processor acts as a master and the rest as slaves. The
master loads I/0, distributes tasks to the slaves, controls and synchronizes the slaves whereas the
slaves all solve the same problem but on their own segment of the mesh, exchange boundary values
with their neighbors, and send their output to the master.

Runtime Tests: A serial version of the code tested (for the two dimensional (r, z) axisym-
metric case) took 5hr:25min on colt ! for 1 sec simulation on a coarse grid (6+4 x 4+4 = 80 nodes
per disc unit) with 100 discs, which extrapolates to ~ 44 hrs for 800 discs. Note that a typical
salamander photoreceptor rod has about 800 discs. Thus parallelization is necessary. To estimate
the parallel speed-up we have measured the execution time 7Tp necessary for performing a fixed
computation with Np processors. Speedup (5) is defined as S = Tp/Np. The parallel performance
on colt is depicted graphically in Fig.2. These results are based on the wall clock time of a compu-
tation for the same coarse grid (80 nodes per disc unit), and total simulation time 1 sec. Such a run
executes 12049753 time-steps. With 10 processors on colt, the 100 disc simulation took 1hr:20min,
giving a speedup of 4. As seen in Fig.2 the speedup improves as the size of the problem increases,
e.g., 5.63 for 200 discs and 7.18 for 400 discs. This is due to parallel overhead, higher numerical
complexity, synchronizations, and non-parallelizable part of the problem.

A typical 1 sec simulation of the full model (axisymmetric case) presented in §5 for a rod with
800 discs, with a fairly fine grid (64+4 x 2+2 = 272 nodes per disc unit) using 21 processors, takes
about 8 hours on cheetah 2.

1col‘c.ccs.ornl.gov, Compaq AlphaServer SC; compiled with: f90 -fast -O5 -tune ev67 -1fmpi -lmpi -lelan
2cheetah.ccs.ornl.gov, IBM pSeries System; compiled with: mpxIf -O4 -qnoipa, run from GPFS area
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3.2. Homogenized Limit Problem. The computational domain of the homogenized problem
(disc-free rod with radius R and height H, with special z-level(s) (z = z,) for activated disc(s)) is
discretized into M control volumes V,, p = 1,..., M. We choose the test functions ¢;, i = 1,2 in (7),
as the characteristic function of the closure of a control volume V}, and integrate over each control
volume V), and time interval [¢,¢ + At]. The three pairs of unknowns {u,w}, {4, w}, and {u, @} are
represented by a single pair {UZ?, WI?} for each time level n in each control volume V;,, as the mean
values over the control volume. Parallelization can be done as for the full problem.

Exploiting the simpler geometry of the homogenized model, we are currently testing spatially
adaptive grids (fine grid near activated disc(s) and coarse grid elsewhere). Early experiments show
good improvement in computational efficiency. Implementation details, runtime tests and grid con-
vergence results with adaptive grids will appear elsewhere.

4. SIMULATION SETUP

We obtained some of the parameters from the literature, some by matching terms in our model
and the bulk model of Nikonov et al. (2000), Pugh & Lamb (2000), and some by testing many
combinations of parameters attempting to match the peak response, and the time at which it occurs,
with experimental data of Rieke (2002) on single photon response in salamander rods. Details and
parameter values appear in Khanal (2003). Simulations were performed for a typical salamander
photoreceptor rod with N = 800 discs, R = 5.5um, ¢, = ve, = 14nm, oe, = 15nm and H =
22.4 um. Typical parameters for the whole cell electrical properties at the dark resting state are
taken to be jo* = 7000 pA and j' = 0.17pA respectively. The initial state is the dark steady-
state with concentrations ug = Udark = 3 pM, Wy = Waark = 0.65 M, where Ugark, Waark are obtained
by solving the system (1) after setting the fluxes in (2) to zero. For the PDE-activation step, the
lumped method described in §2 was employed for a flash inducing ® = 1 photoisomerisation with
rate constants vgg =675 s !, kg = 0.67 s~ ! and kg = 2.56 s '.

In the simulations reported here, we employ a fairly fine grid of 64+4 x 242 = 272 control
volumes per disc-unit, resulting in 272 x 800 = 217600 control volumes for the 800-disc rod. Finer
grids were tested, with no discernible effect (to at least 3 significant digits). For the homogenized
model, we used the same mesh with additional 4 nodes in 6 direction.

The numerical solution of the mathematical models gives the evolution of the spatial distribu-
tion of 4 and w in the cytosol. The local circulating current J(z,t) at any height z at any time
t is obtained from (4) using the boundary values of u and w at that z and ¢. The current J(t)
across the entire plasma membrane at time ¢ is the mean value of J(z,t) over 8,Q2. At t = 0,
J(z,0) = J(0) =: Jqark, so both the local and total currents can be normalized by Jyark. Results are
presented in terms of the normalized response 1 — J/Jgark for either local or total J. To quantify
the longitudinal spread, we count the number of discs for which response is more than 0.1% of the
dark value.

5. NUMERICAL RESULTS

In response to a single photon stimulus (® = 1) at the 400" disc of a salamander rod photoreceptor,
we obtained 0.53 pA (0.8%) reduction at 800 ms of the 65.97 pA dark current, which agrees with
experimental data of Rieke (2002). Longitudinal spread of the response in salamander is 4.8 ym,
which amounts to 21.5% of the rod outer segment length (22.4 ym). The maximum reduction in
local current is 18% (occurring at time 820ms at the activated 400*" disc). The results obtained
from the weak form of the homogenized model are compared with the results of the full model in
Fig.3. There is good agreement in both the response and spread.

We have verified that activating any single disc farther away than ~ 25 discs from the ends of
the rod outer segment produces identical behavior (except, of course, with z—profiles shifted at the
activation site).

For higher intensity stimulus, when several discs are activated, we observed that the spacing
of activated sites significantly affects the response. Activating adjacent discs produces considerably
lower response than activating discs far apart from each other. In the simulations shown in Fig.4, with
® = 52 photoisomerisations, activating seven adjacent discs (discs # 397 - 403) produces 5.5% peak
response, whereas activating seven other discs (disc # 100, 200, 300, 400, 500, 600, 700) increases
the peak response to 14.5%. Maximal separation (further apart than the spread) produces maximal
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response. This phenomenon is difficult to test experimentally, and its physiological significance is
currently under investigation.
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FIGURE 4. Longitudinal spread and histories of normalized responses with different
arrangement, of activation sites for ® = 52 photoisomerisations. Seven discs are
activated: around the center of the rod (discs # 397 - 403) in (A) and (C); 100
discs apart from each other (disc # 100, 200, 300, 400, 500, 600, 700) in (B) and
(D). (A) & (B): Longitudinal spread of (local) relative responses 1—J(2,t)/Jqark
at various times. (C) & (D): Normalized responses 1 — J/Jyark versus time; note
the different scales. The suppression of the circulating current varies with the
arrangements of the activated discs.
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Conclusion: We tested numerically some facts put forth in the biological literature about the
response of dark-adapted rod photoreceptors. With appropriate modifications, the model will be
useful in studying light and dark adaptation in rods. Numerical simulations, as described here,
can be used to test predictions resulting from a specific set of parameters against experimental
data. The full model of the complex geometry is implemented in the axisymmetric case. Due
to the intricate geometry of the cytosol, even the axisymmetric case of the full model involves
very intensive computations. This is achieved via parallelization for distributed memory clusters of
processors. The homogenized limit problem is also tested and found to represent the full model.
The smoothness of the solution, and almost constant behavior away from the activation site suggest
that the homogenized model does not require uniformly fine grids in the axial direction. Thus, we
expect adaptive grids to result in considerable computational efficiency, making the homogenized
model a highly valuable tool.
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