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Abstract. In this paper we obtain the central limit theorems, moderate deviations and the laws of the iterated logarithm for the
energy

Ho= ) wjorlis=s,

1<j<k<n

of the polymer {Sy, ..., Sy} equipped with random electrical charges {w1, ..., ®w,}. Our approach is based on comparison of the
moments between H,, and the self-intersection local time

On= Z Lis; =5}

1<j<k<n

run by the d-dimensional random walk {Si}. As partially needed for our main objective and partially motivated by their independent
interest, the central limit theorems and exponential integrability for O, are also investigated in the case d > 3.

Résumé. Cet article est consacré a I’étude du théoréme central limite, des déviations modérées et des lois du logarithme itéré pour
I’énergie

H, = Z wja)kl{S_/:Sk}

1<j<k<n

du polymere {Sy,..., S,} doté de charges électriques {wy, ..., wn}. Notre approche se base sur la comparaison des moments de
H,, et du temps local de recoupements

On= Z Lis;=5:)

1<j<k<n
de la marche aléatoire d-dimensionelle {S;}. L’étude du théoréme central limite et de 1’intégrabilité exponentielle de O, (dans le
cas d > 3) est également menée, tant pour comme outil pour notre principal objectif que pour son intérét intrinseque.
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1. Introduction

In the physics literature, the geometric shape of certain polymers is often described as an interpolation line segment
with the vertices given as the n-step lattice (simple) random walk

{Sl’ S27 cet Sn}‘

By placing independent, identically distributed electric charges w; = =1 to each vertex of the polymer, Kantor and
Kardar [16] consider a model of polymers with random electrical charges associated with the Hamiltonian

Hy= Y ojols=s,) (1.1)

1<j<k<n

In the physics literature, H, is called the energy of the polymer. To understand the physics intuition of H,, we assign
an electrical charge wy to the random site S for all k = 1,2, .... Assume that when two charges meet, the pair with
opposite signs gives negative contribution while the pair with the same sign gives positive contribution. Thus, H,
represents the total electrical interaction charge of the polymer {Si, S>, ..., S,}.

We point out some other works by physicists in this direction. In [10], the charges are i.i.d. Gaussian variables.
In [11], the charges take 0—1 values. We also refer the reader to [4,18] for the continuous versions of the polymer
with random charges. Finally, we mention the survey paper by van der Hofstad and Konig [12] for a long list of
mathematical models connected to polymers.

As for other connections, we cite the comment by Martinez and Petritis [18]: “It is argued that a protein molecule is
very much like a random walk with random charges attached at the vertices of the walk; these charges are interacting
through local interactions mimicking Lennard—Jones or hydrogen-bond potentials”.

We study the asymptotic behaviors of H, given in (1.1). In the rest of the paper, {S,},>1 is a symmetric random
walk on Z¢ with covariance matrix I" (or variance o as d = 1). We assume that the smallest group that supports
{Suln>11s 74 . Throughout, {wk}k>1 1s an i.1.d. sequence of symmetric random variable with

Ea)% —1 and Ee*® <oo for some Ao > 0. (1.2)

Our first result is on the central limit theorems.

Theorem 1.1. Asd =1,

1

d —-1,2 * 5 12
3—/4Hn — (20) L°(1,x)dx U, (1.3)
n —00

where U is a random variable with standard normal distribution, L(t,x) is the local time of the 1-dimensional
Brownian motion W (t) such that U and W (t) are independent.

Asd =2,
Ly, ! U (1.4)
_— H —_— B
J/nlogn " V2n/detT”
Asd >3,
Ly < U (1.5)
ﬁ n Yu, .
where
o0
y=> P{S=0}. (1.6)

k=1
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Here is our explanation on the dimensional dependence appearing in Theorem 1.1. The higher the dimension is,
the less likely the random walk is to have long-range interaction (self-intersection). In the multi-dimensional case
(d = 2), therefore, H, is a sum of random variables with weak dependence and yields a Gaussian limit when properly

normalized. It should be pointed that the low level of long-range interaction is vital for the chaos

2{: ajwjwg

1<j<k<n

to have a Gaussian limit when properly normalized. A simple example is when a; ; = 1. In this case

1<j<k=<n
By the classic law of large numbers and classic central limit theorem,
1 d 1, 5
- wiwy — (U —1
n zz: Pk 2( )
1<j<k<n

which sharply contrasts to the statements in Theorem 1.1.
Our next theorem describes the moderate deviation behaviors of H,,.

Theorem 1.2. Asd =1,

1 1
lim ™ logP{£H, > A(nb,)¥/*} = _502/3(3”4/3, A>0,

n—00 by
for any positive sequence {b,} satisfying
by —> 00 and by, =o0(/n), n— oco.
Asd =2,

1
lim — logP{£H, > Ay/n(logn)b,} = —my/det(MNA*, 1> 0,

n4>a3bn
for any positive sequence {b,} satisfying

b, - oo and b, =o(logn), n— oo.

Asd >3,
lim L logPl{4+H, > A b—Az A>0
Jim 7~ log {£H, = nn}—_g, > 0,

for any positive sequence {b,} satisfying

1/4
b, — oo and bn=0<< " ) > n— oo.
logn

Our moderate deviations applied to the law of the iterated logarithm:

Theorem 1.3. Asd =1,

+H, 23/4
limsup ———— = =712

n—oo (nloglogn)3/4 3 s

1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)
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Asd =2,

li £, ! (1.14)
1m su; = .
e Jnlognloglogn  /mdet(I")1/4

Asd >3,
+H,
limsup ————— = /2y a.s. (1.15)

n—oo «/nloglogn -

We compare the results and treatments between the present paper and some recent works on self-intersection local
times such as [3,6]. On the one hand, we shall see that the asymptotic behaviors of H,, described in our main theorems
are closely related to those of the self-intersection local time

On= Z Lis;=s;)- (1.16)

1<j<k<n

Indeed, our approach is based on the moment comparisons between H,, and Q, (see Proposition 2.1). In particular,
the difference in limiting distribution between the case d = 1 and the case d > 2 in Theorem 1.1 is caused by the
fact that in the case d = 1, Q,, converges (in distribution) to the Brownian self-intersection local times when properly
normalized (see [8]), while as d > 2, Q,, is asymptotically close to its expectation (see [3] for d = 2 and the Section 5
for d > 3).

On the other hand, the fact that Q,, is close to the quadratic form

Z 1*(n, x)
xezd

of the local time /(n, x) plays a crucial role in the study of the self-intersection local time Q, (see e.g., [3,8]). It
allows, for example, some technologies developed along the line of probability in Banach space. Unfortunately, this
idea does not work in our setting. Indeed, the fact (in view of Theorem 1.1) that the second term in the decomposition

n 2 n
> [Zwﬂ{s.:ﬂ} =2H,+ Y o] (1.17)
j=1

xezdLj=1

is the dominating term shows that H,, is not even in the same asymptotic order as the quadratic form on the left-hand
side.

The key estimations are carried out in Proposition 2.1. Our approach relies on the following crucial observation.
By (1.17) we have

2
1 n n
ani Z{[Za)jl{sj:x}] _ijl{Sj=x}}- (1.18)
j=1

xezd LLj=1
Conditioned on the random walk {S;}, the random variables
n 2 n
|:Za)j1{sj=x}:| — ijl{sjzx}, X € Zd,
j=1 j=1
form an independent family and, for each fix x € 74,

1(n,x) :|2 l(n,x)

n 2 n
[ijl{5'=x}:| _ijl{S:x}i[Z wj| =Y o
j=1 j=1 j=1 =1
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By a classic estimate for independent sums, and by some combinatorial computation, a conditional moment estimate
given in Proposition 2.1 links H, with Q,,. Another fact repeatedly used in this work is that the self-intersection occur-
ring at the frequently visited sites does not make a significant contribution to the quantities H, and Q,. Consequently,
the pairs H,, and ﬁn (defined in (2.3)); Q,, and én (defined in (2.4) below) are exchangeable in our setting.

Beyond mathematical technicality, the creation of the present paper is based on our belief that H, resembles, in the
limiting behaviors described in our main theorems, the random quantity

Hy= Y lis;=s0Ujx

1<j<k<n

where U are i.i.d. standard normal random variables independent of {S;}. Notice that H, is conditionally normal
with conditional variance Q,. Our observation explains why and how the limiting behaviors of H, depend on its
conditional variance Q. It should be pointed out, however, that the replacement of w jwy by Uj x is highly non-trivial
and should not be taken for granted, in view of the example given next to Theorem 1.1.

In Section 2, we establish a comparison (Proposition 2.1) between the moments of H, and Q,, and then apply it
to prove Theorem 1.1. Our approach relies on combinatorial and conditioning methods. In Section 3, Proposition 2.1
is further applied to prove Theorem 1.2 through a Laplacian argument. In Section 4, the laws of the iterated logarithm
given in Theorem 1.3 are proved as a consequence of our moderate deviations. The non-trivial part of this section
is a maximal inequality (Lemma 4.1) of Lévy type. In Section 5, we investigate the weak laws and exponential
integrabilities for the renormalized self-intersection local time Q, — EQ,, in the high dimensions (d > 3). The central
limit theorem given in Theorem 5.1 and the exponential integrability given in Theorem 5.2 provide sharp bounds
on Q, —EQ,, which constitute the replacement of 0, by EQ, carried out in our argument for Theorem 1.1 and
for Theorem 1.2 (the estimate of Q,, — [EQ,, needed in the case d = 2 was established in [3,20]). In addition, the
results given in Section 5 are of independent interest as a part of the study of the self-intersection local times in high
dimensions and are partially motivated by some recent works of Asselah and Castell [1] and Asselah [2].

2. Moment comparison and laws of weak convergence
We begin with the following classic lemma.

Lemma 2.1. Assume (1.2). Then
n 2 n 2
E{(Zw,) —Za)?} =2n(n—1). 2.1)
j=1 j=1
More generally, there is a constant C > 0 such that for any integers n > 1 and m > 2,

|(5e) -2

<m!(Cn(n—1))">. 2.2)

Proof. The first part follows from the following straightforward computation:
" 2, 2
E{(Za)]> —Za)?} =4E{ Z wja)k} =4 Z a) a)k =2n(n —1).
j=1 j=1 1<j<k<n 1<j<k<n
For the second part, we only need to show

n 2 n m
£(30) -2
j=1 =1

<m!C™?p™,
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By the inequality
n 2 n my 1/m n 2my\ 1/m n my\ 1/m
Jj=1 Jj=1 Jj=1 j=1

all we need is that

n 2m
E(Z a)j> < C"2min™
j=1
and that

<" min™.

Due to similarity we only prove the first inequality. Notice that by symmetry

n 2m Q2m)!
m).
E( E a)j> = E —Ea)Zkl ~--Ea)2k",
1. !
= kTt Qkp)! - 2kp)!
k]’---vknzo
By the integrability given in (1.2) there is a constant ¢y > 0 such that
Eo* <klck, k=0,1,2,....

Notice also the very rough estimate

Ak <2k <Ak, k=0,1,2,....

So we have
n 2m |
m.
j=] ki+-+k,=m e
Kp oo >0 U

Let K, be a positive sequence which may vary in different settings and will later be specified in each specific
setting. Recall that Q,, is given in (1.16) and define the local time

n
In.x)=) lg=x. xe€Z'n=12 ..

k=1

The asymptotic behaviors of the local times of the random walks have been studied extensively. We cite the book by
Révész [19] for an overview.
The following two random quantities play important roles in this paper:

H, = H, l{squeZd l(n,x)<K,}» 2.3)
On=0n 1{supxezd I(n,x)<Kp} 2.4)
In addition, we introduce the deterministic quantity

1 m
An) =0 ) E(l{supxezdzm,x)gn}Hl(n,yw(l(n,yk)—1)),

(V15> Ym)EBm k=1
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where m,n=1,2, ... and

Bu={01.....ym) € (Zd)m; Yis ..., ym are distinct}.

An easy observation gives that

1 m
Ann) < o0 ) E(l{supxezdz(n,x)g,,}]"[l(n,yw(l(n,yk)—1)

k=1

Some more substantial comparisons are given in the following.

Proposition 2.1. There is a constant C > 0 independent of n, m and the choice of K,,, such that

2~ m]
m m—2l~l ~(m—21)/2 )
EHn_zm Z K 2lc < o )EQ

On the other hand, for any integers m,n > 1,

(2m}
2 m

- IK2\"!
EQ’” < (n;) ( 2”) Ar(n).
=1

Proof. Notice that

2 n
Z{(Zw/ S,_x) —Zw?l{sj:x}}Z% Z Ap(x)
j=1

er‘l xezd

Hence,
m
EH,T =2" Z E(l{supxezd I(n,x)<Kpy} 1_[ Ay (xk)) .
k=1
Foreach 1 <l <m, let
Ar={(x1,....xn) € ZH"; #{x1. ..., xm} =1}.
Then,
m m
EH=2""%" > E(l{supxezd o<k [ | An<xk>).
=1 (x1,...,xm)EA] k=1
Write
C={Fcz!;#F) =1}
and for any {y1, ..., y;} €, set

Aty =G xn) € (29" i xm = L i)

)

(say).

2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

@2.11)
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Notice that
Lay X)) = D Ay &L Xn).
{y1.y3€C

Thus

m
Z E(l{supxezd I(n,x)<K} l_[ An(xk))

(X150ee Xim)EA; k=1

m
- Z Z E <1{supxezd 1(n,x)<Kn} H An(Xk)) .
o)

(V150 }C (X150, Xm) €AY 50 k=1

For any (x1,...,x,) € A;(y1, ..., 1), let iy be the number of x1, ..., x,, which are equal to yx, where k =1, ..., 1.
Then

m I
E(l{supxezd l(n,x)<Kpn} 1_[ Ap (xk)) = E{ 1{supxezd I(n,x)<Kpn} 1_[ Ay (}’k)lk }

k=1 k=1

Consequently,

m
) E( sup, o 10n0<K) | | A <xk>)
)

X150y Xm)EAI(Y1seees ) k=1

1
m! .
N Z (i)!- - (iz)vE{ Lsup, ya 10 ) <Ky} ]_[ An (yk)”‘}.

i +-tij=m k=1
i1, >1

Summarizing the above discussion,

m
Z E(l{supxezd 1(n,x)<K,} l_[ An(xk))

(X1 500 Xim ) EA] k=1

i
m! .
- Z Z (i) (il)!E{ Lisup, _a 1(n.3)<Ky) l_[ An(yi)'* }

k=1
if,..ni>1

Notice that the quantity

I
m! .
SO = Z G- (,'l)v]E{l{supwzdl(n,x)sm} 1_[ An(Yk)”‘}

i1+-+ij=m k=1
i1,..,0>1

is invariant under the permutations over {y1, ..., y;}. So we have

m
Z E(l{supxezd I(n,x) <K} 1_[ An(xk))

(X15eesXm)EA] k=1

|

!
1 m! .
- I Z Z @i (il)!E{ I{Supxgzd I(n,x)<Kn} 1_[ An(y)'™* },

SOV Y)EBy i+t =m k=1
if,...i>1
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where B is defined by (2.5). By (2.11)

m!
EHm—Z_m _—
Z 2 G
= i1+ ti=m
[1yenny i>1

I
x ) E{ Vsup, g 1)<k} | | An )™ ¢ (2.12)
15 Y1)€EB; k=1

We adopt the notation “E®” for the expectation with respect to {wy}x>1 and for each y € Z%, write D(y) = {1 <
k <n; Sy = y}. Then

2
a=( X o) - ¥ o
Jj€D(¥) jeD®)
and for distinct yy, ..., y;, the sets D(yy), ..., D(y;) are disjoint. Hence, by independence,
I i
E ] AnG)* = [ TE® An (i)™
k=1 k=1

In particular, the above quantity is zero if any of iy, ..., ; is 1. Consequently, the terms in (2.12) with [ > m /2 are
equal to zero,

EH, =0 (2.13)
and for any integer m > 2,
~ m!
EH" =277 — —_
" 20 2 G

I=1 " ijtetii=m
iy >2

l
X Z E{ Lisup, _pa 1(n.) <K} l_[ E® Ay () } (2.14)

(V15 Y1) EBY k=1

Notice that

I(n,x) 2 I(n,x) ik
B Ay 0" =Ew{(z w,-) ¥ w} | 015)
j=1 j=1
By Lemma 2.1 we have

l l
[TE 4n™ < [Tix! 2 {1,y (1. yi) — 1)}

k=1 k=1
l .
=@t Y TTH e, yo (1 v — 1)} 42,
k=1

where C; =1 asi =2 and C; is the constant C given in (2.2) as i > 3. We may assume that C > 1 in the rest of the
proof.



Limit laws for the energy of a charged polymer 647

Hence,
m! 2_tm] 1
rym : i1/2 i1/2
EH, = o T2 GG
=1 i1+---+ij=m
01,y i>2
!
ir/2
X Z E(l{supxezdl(n,x)fKn} l—[{l(n,yk)(l(ﬂ,yk) - 1)}’” )
015 YDEB; k=1
m! 27 'm] 1
! — i/2 i/2
=om 2 ki { > Geeq }Az(n)
=1 i1+-+ij=m
[1yeenydy>2
m! 2 tml 1 i/2 i /2
! 214l i i 0!
< T { >t }]EQ,,, (2.16)
I=1 i1 +-tij=m
iy >2
where the last step follows from (2.6).
For each (i1, ..., i) withi; +--- +i; = m, write

k=k@y,....,ip=#1=<j<lij=2}.
We have
m=iy+---+i;>2k+3(0—k)

which leads to [ — k <m — 2I. Thus,

Y ()= Y bR commnr
1 1 -

i1+-+ij=m i1+-+ij=m i1+-+ij=m
i1y >2 i1,e.n01>2 i1 >2

_ cm=2np(m—1—=1
=C (m—ZI )

Hence, (2.7) follows from (2.16).
To prove (2.8), we come to (2.14) and we notice that the symmetry of {wy} implies that for any integer [ > 1,

. . ik
E® A, ()’ = 24E Z wj, a)jz) > 0. 2.17)

1<j1<ja=l(n.x)

Replacing m by 2m in (2.4) and only keeping the term with / = m on the right-hand side, we obtain

m
~ 2m)! __ 2
B > 5227 3 Bl s, tmo=k [ [E”AnGo)
V1seers Ym)EBm k=1

. 2m)!

T omp)

Am(n),

where the second step follows from (2.1) in Lemma 2.1 and (2.15).
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To prove (2.9), we adopt the argument used for (2.12).

m
N" — 2—m Z E(l{squeZd 1(n,x)<Kn} Hl(}'l, Xk)(l(l’l, Xg) — 1))

k=1

m!

m

—2ry )

I i)

I=1 " iytotig=m l
i1,..0>1

1
x ) E(Hsupxgzd 1=k | [1100 v (1, 30 — 1)}lk>

V1, Y1)EB) k=1

m! e 1 1 5
- _ - (m—1)
=5l X )

ij+-tij=m
i1,...0>1

1
x Y E(l{supxezdz(n,x)m} [ Tie yo (1, y0) = 1))

(¥1,--,Y1)EB; k=1

m
1
— ! = p2(m=1)n—(m—I)
_m'ZpK" 2 Ar(m) Z il gt
=1 " i14ip=m ’
if,..,i>1

Finally, (2.9) follows from the following estimate:
1 1
Z i1'~-~i1'§ Z (1 — D! — 1!
ij+etig=m ’ i1+-+ij=m : ’

i,.n0>1

lm—l

= ¥ e
- it (m—=1D)!
O

l
i+ tip=m—l 1
i1,...,01>0

Proof of Theorem 1.1. We start with the case d = 1. Notice that

Qn = %(le(n,x) — I’l)

X€EZ
By Theorem 1.2 of [6],
3/2 a1 % 5
n=3/ Qn—>—/ L?(1,x)dx. (2.18)
20 J_
Fix0<§<1/2andlet K, = n1+9)/2, By the classic fact (see, for example, [19]) that

V2 supl(n, x) - o~ sup L(1, x) (2.19)

x€Z xeR

we have that

(2.20)

~ 1 00
n329, -4 g/ L2(1, x)dx,

—00
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which gives

~ 1 o0 m
lim n 3"/ ?EQ™ = ]E(/ Lz(l,x)dx>, m=1,2,.... (2.21)

n—00 o\
Replacing m by 2m + 1 in (2.7) we have
~ 2m+ 1) n 1 - ~
B2+ < 2m 1) Z_n(1+5)(m—1)+(1+a)/221C(zm—21+1)/2< 2m —1 )EQL

= " 92m+l P I 2m — 2l +1

m
— O(Zn(1+8)(m—l)+(1+5)/2n31/2) — 0<n3(2m+1)/4>’ n— oo, (222)
=1

forallm=0,1,2,....
Replacing m by 2m in (2.7) and by (2.21) we have

m
~om _ (2m)! Z L qsym—tynt pom—t [ 2m =1 =1\ 1 =)
=1

_@m! i ln(1+a)(m—l)(20)—ln31/221
22m A
=1
00 I
X E / L2 xyde ) et (PP L
oo 2m — 21
Clearly, the right-hand side is dominated by the term with [ = m. Consequently,
~ 1 @2m)! o0 "
limsupn 3" 2EH>" < @m)!y / L2(1, x) dx (2.23)
n—00 Qo)™ 2mm! oo
forallm =1, 2,.... In particular, combining this with (2.8) we have
An(n) =0(n*?), n—oo,m=1,2,.... (2.24)

On the other hand, by (2.24) and (2.21), the right-hand side of (2.9) is dominated by the term with / = m. Hence,

1 o0 m
liminfn "2 A,,(n) > E L*(1,x)dx) , m=1,2,.... (2.25)
n— 00 (20‘)’" o0
From (2.8),
- 1 @2m)! % m
liminfn =" 2EH>" > @m)! / L2(1,x)dx ) . (2.26)
n— 00 o)™ 2"m! —oo0

In summary of (2.22), (2.23) and (2.26), and noticing that

2m)!
2Mm!

EU?" = and EU*"t1 =0

we have that for every m =0, 1,2, ...,

- 1 00 m/2
lim n—3m/4EH,;"=(ZU)m/Z(EU’")]E< / L2(1,x)dx> . (2.27)

n— 00 o0



650 X. Chen

Notice the fact that for any 6 € R,

00 1/2 92 oo
Eexp{@(/ Lz(l,x)dx> U}:Eexp{—f Lz(l,x)dx} < 00,
> 2 )

where the last step follows from Theorem 1.1 (with m = 1 and p = 2) in [8]. Therefore, (2.27) implies that

I~ d | _ip * 12
WH,,—)Z o L“(1,x)dx U.
n —00

By (2.11) and by our choice of K, we have

P{supl(n,x) > K,,} =0 (2.28)

x€Z

as n — oo. Thus, we have proved Theorem 1.1 in the case d = 1.
The proof in the multi-dimensional cases is essentially the same. Instead of (2.12), we have that

O P oy ldetm) V2 asd=2, (2.29)
nlogn
& r, asd >3, (2.30)
n

Indeed, (2.29) and (2.30) follow from the weak convergence of the sequences (Q, —EQ,)/n when d =2 (see [20]),
(0, —EQ,)/+/nlogn when d = 3 (see Theorem 5.1) and (Q,, —EQ,,)/+/n when d > 4 (see Theorem 5.1); and from
the well-known fact that

21)~N(det ) ~2nlogn, d=2
EQ, ~{ ¢ ’ 231
On {ym iy 2.31)
In addition, it is well known [19] that
I(n,x) I(n,x)
sup 5 and  su
cez2 (logn) vezd logn

are almost surely bounded in the case d = 2 and the case d > 3, respectively. Thus, if we define K,, = M (logn)? as
d=2,and K, = Mlogn as d > 3. Then (2.28) holds as the constant M > 0 is sufficiently large.
Therefore, a modification of the proof for (2.27) gives that

lim (nlogn) ™/ 2EH™ =27"/2Qn)"/2(det ) ™/*EU™ asd =2, (2.32)
n— o0
lim n " 2EH™ =27"/2ym2Ey™ asd > 3. (2.33)
n— o0
So the multi-dimensional part of Theorem 1.1 follows from (2.32) and (2.33). O

3. Moderate deviations

Recall that K,, = M (log n)2asd=2,where M >0isa large but fixed constant. Take K, = (n/logn)l/4 asd >3.1In
the case d = 1, (1.8) implies that there is a positive sequence M,, such that

7N /4
M, — oo and M%(—") —0, n— oo. (3.1)
n

So in this section we take K,, = M, s/nb,, asd = 1.
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An important fact is that under our choice,

1
lim b—logP{ sup I[(n, x) > K,,} = —00

n—>0o0o
n xeZd

in all dimensions. We refer to [5] for (3.2) under d = 1, and [19] for (3.2) under d > 2.

Another important fact is that
EH'>0, m=0,1,...,

which follows from (2.13), (2.14) and (2.17).
We claim that Theorem 1.2 holds if we can prove that for any 6 > 0,

1 B4 ot
nli)n;o—nlog]Eexp iQWHn}:@ asd =1,
lim L logE wp | g i d=2
im — logEex _ =— asd=2,
n—o0 b, g P nlogn " 4nv/det I
1 [b, ~ 62
lim — logEexp{+6,/ —H, ; = Y asd > 3.
n—o0 b, n 2
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(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Indeed, according to the Gértner—Ellis theorem (Theorem 2.3.6, p. 44 in [9]), (3.4)—(3.6) imply that I-In satisfies
the moderate deviations given in Theorem 1.2. By Theorem 4.2.13, p. 130 in [9], the moderate deviations pass from

H, to H, through the exponential equivalence given by

1 1
hmsupb—logP{H # H,} = hm b—log[P’{ sup I(n,x) > K, } —00,

n—oo Dp xezd

where the second step follows from (3.2).
In the rest of this section, we prove (3.4), (3.5) and (3.6) in three separate parts.
Cased =1.
By (2.7) in Proposition 2.1,

1 1211

< iﬁ bn i Z Km 2l o (m=20)/2 -1 - IEQI
- 1\ 53 2m i m — 21

00 =y —21)/4
6 " g2 b (m=201 cm=20/2 m—1—1
2 n n3 m — 21
21
_ i g me b_n m/4cm/2 m +l _ 1
2 "\ n3 m

( ﬁeKnb,i/4><">

2n3/4

00 1/2 00 21 -20)/4
:Ze_ﬂ bn /Eél 3 O\ em-a1 (bn M cm-2n/ (m—1-1
I\ n3 " 2 " n m—2l
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where the last step follows from the Taylor expansion:
S~ (m+1—1
_ =D - m
(1—x) X;)( m )x . lx]<1.
m=

Combining the above estimate with (2.13) gives

1/4 02 pl/2 1/4\ —1
by by VCOK,b ~
Eexp{ } < Eexp{ <1 — #> Q,,}.

3/ 2 132 253/4

In view of (2.13), by the Taylor expansion one can easily see that

b1/4 b1/4
n o~
Eexp{ —0—— 374 }<Eexp{9mHn}

So we have

1/4 02 p1/2 1/4 -1
by, by ~COK,b ~
Eexp{:l:@ } Eexp{ (1 - #> Qn}.

3/4 32 n3/4

Notice that

le(n x) < nsupl(n x).

er x€Z

For any A > 0,

1/2

b A D
Eexp{k%Q”}SEexp —./—supl(n,x)}.

n3/ 2V n X€Z

By the fact (see Lemmas 11 and 12 in [15]) that

. 1 A by
limsup — logIEexpq —/ — supl(n,x) ; <00
n—oco by 2V n ez

we have that for any A > 0

1/2
. 1 n
llrll‘llsolép E logEexp{km On } < 00.
Recall (Theorem 1.3 in [8], with m = 1 and p = 2) that for any A > 0
1
lim logP{Q, > 1n¥/?b,/*} = 65232,

n—o00 n

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

According to Varadhan’s integral lemma (Theorem 4.3.1, p. 137 in [9]), (3.10) and (3.11) imply that for any A > 0,

1 by'? Qo
lim —logEexp{ 3/an}_sup{yk 652)@}

n—oo b 0 24(‘7

This, together with (3.8), gives the desired upper bound for (3.4):

1 't =) 6
limsup — logEexp{ £60 —— <—.
n%oop by g p{ n3/4 } ~ 9602

(3.12)

(3.13)
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On the other hand, by (2.8)

oot 2m m/2 o 2m m/2
(b e Z 1 6% (b,

1(2m)!<n3> EH,™ = m! 2m < ) An(n).
m=

Write

2K2 b
=0 - =
o] 25
By (2.9),
- ngm b_n m/zEQm
m! 2m \ n3 "
m=1
X A2m m/2 m 2\ m—1
0 b, m IK
< —m<ﬁ) Z(l)( 2”) Aj(n)
m=1 =1
il 02 I by l/zA( )i 1 9-2 m—I by (m—1)/2 lK,f
= —| — —_ n - _n
i\ 2 ) \nd ! L — 1) n3 2

I 1/2 72 12
by 0°k2? (b,
) Y (2 2n [P0
(n ) l(n)exp{ 4 n3}
! 22 2 12
_ [e2k2 [b, by
on ) A
) <0exp{ 3 3 }) (n3> 1(n)

where the second inequality follows from the fact that 6 < 6.
Combining (3.14) and (3.15),

00 2m m/2 52 1.1/2
by . 62 by/* ~
2 2m)‘( ) EH, EECXP{TWQ”}

m=0

2,172
=(1 +0(1))E6Xp{7n§TQ”}’
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where the second step follows from the estimate (notice that (3.9) implies that én <nk,/2)

02by* ~ 02b)* . 62 02k2 [b, | |62 ~
21’13/2Q 2 3/2Qn__ l_exp 4 n_3 WQH
92 pl/? - _020%k2 [b b/>nk, 62b," ~
> O~ = 2 = On — o(1),
2 n32 2 4 Vu3nd2 2 T 232

In view of (3.3), by (3.16) we conclude that

bl/4 2 41/2
n -~ n ~

(3.14)

>m—l
(3.15)
(3.16)
n— oo. 3.17)
(3.18)
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Getting the lower bound for the negative coefficients —6 is harder. To do this we need to control the terms with
odd powers. Replacing m by 2m + 1 in (2.7) we obtain

0 g2m+1 by 2m+1)/4 S
)

m=1

dn+1)/4 m
Z g2m+1 [ \ CmtD/ Z L a1y cam-ainp (- 2m—1 EQ!
= 22m+1 n3 p N 2m — 21+ 1 n

P AN A
T2 M\ 3 111!21 n3 n

00 2(m—1) (m—1)/2
E : o m—1 g 2(m—1) [ bn 2m —1

m=

Noticing that

2m —1 . 2m-—lI 2m —1—1 < 2m—1—1
2m =21+1) 2m—2+1\ 2m—=21 )~ 2m — 21

we have
2(m—I -0)/2
g o )Cm—lKZ(m—l) b_n (n=by 2m —1—1
2 n n3 2m — 21
o] 2m m/2
b 2m+1—1
— 2m n m
42()K<H ()
m=
<l

00 m m/4

bn m [ m +l —1
26w e ("
iy VCOK, by D
- 2n3/4 ’

where the last step follows from (3.7).
By (3.17), therefore,

o0 92m+1 b 2m+1)/4
Z EﬁZm-H
2m + 1)! n

m=1

3 b, 3/4 00 1 g2\ !-1 b, (-1/2
<VC—K,| =% — (= —
=Veg (n*) 1_210—1)!(2) <n3>
1/4\ —(I-1)
COK,b ~
X<1_M> EQ!

2n3/4

03 (b (0267 VCOKbT\T
R I G Er o IC)

By the estimate Qn < %nKn and by the assumption (1.8) we have that

b\ 34 M2b7/4
K"(n_n> 0,<— -0, n— oo

/4
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In view of (2.13), we have proved that

S 92m+1 by, 2m+1)/4 o] 92 b’11/2 -
m — [ —
Xg)m(n—S> EHn _0<Eexp{ ) n3/2 Qn}>, n— 0. (320)
m=
This, together with (3.16), yields
/4 2,172
ECXP{—Q#Hn} > (1 +o(1))Eexp{?#Qn}, n— 00.
Combining this with (3.18),
br11/4 N 2 brll/2 ~
Eexp{i@mHn} > (1+o(1))Eexp{?an}, n— o0. (3.21)

To estimate the right-hand side of (3.21), notice that

92 b]/2 N
Bexp| % 1y 0]

62 b,
2 = E<exp{?an}l{supxezl(n,x)SK,,}>

2 i/Z 92 b'11/2
= Eexp{?an} - E<exp{?an}1{supX€ZI(n,x)>Kn})~
Consequently, by (3.12)
1 2 rll/2~ 1 2 rll/2
max{lhggfalogEexp{Zan},hnnl)solipElogE<exp{Ian}1{supxgzl(n.x)>l<n}>}

94
> 3.22
Z %652 (3.22)

By the Cauchy—Schwarz inequality,
02 p\/2
E<6XP{ > # On } l{supxgzl(n,x)>l(n}>

1/2 172
b 1/2
< (Eexp{GZ#Qn}> (]P’{supl(n,x) > Kn]) .

X€Z

Hence, (3.2) and (3.12) imply that

1 2 rll/2
lim sup ™ logE<exp{ —mQ” } l{supxezl(n’x)>l(n}> = —00.

n—oo n 2

In view of (3.22),

o 62 by ~ 6

Combining (3.21) and (3.23) gives the desired lower bound

1 bt 6

Therefore, (3.4) follows from (3.13) and (3.24).
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Cased =2.
Similar to (3.8) and (3.21), respectively,

by~ 62 JCok, [ bn \ | by ~
Eexpy 6 H,{ <Eexpi —|[1-— On (3.25)
nlogn 2 2 nlogn nlogn

by~ 02 by ~
Hy ¢ > (14 0(1))Eexpi — Ong, n— oo. (3.26)
2 nlogn

and

Eexpy 6

nlogn
Applying Jensen’s inequality on the right-hand side of (3.26),

2 ~

b, ~ 6% b
Eexpi6 "“—H,t>(1+o(1))expl ————EQ,{, 6eR. (3.27)
nlogn 2 nlogn

By the fact (implied by (3.2)) that P{sup .72 [(n, x) > K,;} —> 0, n — 0o, we have that
EQ, ~EQ, ~ (2n) ' detI'"?nlogn, n— oo,

where the second step follows from (2.31).

Consequently,
Jiminf - log bo |l 62 (3.28)
iminf — log E ex —_— _. .
n—oo0 b, & P nlogn "= 4m/detI”

On the other hand, recall the fact (Lemma 2.3 in [3]) that
A
Eexp ;|Qn —EQulf <00

for some A > 0. By the assumption (1.10) we have

6% b 6% b 6% b
Eexpy 5 ———0On < expj - ———EQ, tEexpi - ———[0, —EQ,|
2 nlogn 2 nlogn 2 nlogn
6% b,
=0(exp| ————FEOQ,} ), n— . (3.29)
2 nlogn
Combining this with (3.25) gives
lim sup — log Eexp] 46 |~ i, | < o (3.30)
ioel by B P nlogn | = 4n/detl”’ '
Thus, (3.5) follows from (3.28) and (3.30).

Case d > 3.
The treatment in the case d > 3 is almost same as the one given in the case d = 2, except that here we use

02 b, ~ 0% b
EeXp{——” Qn}=0<eXp{——”EQn}>, n— 00, (3.31)
2 n 2 n

instead of (3.29).
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We end this section with the proof of (3.31). Notice that

02 b, ~ 02 b
Eexp{;—”Qn} <1+ E(exp{?gnQn}1{SupXEZd1(n,X)<Kn}>

n
0%b, ~ 6% b
< 1+E€XP{77nEQn}E<eXP{7;n|Qn - ]EQn|}1{Supxezdl(n,x)<K,,})~

Therefore, we need only to prove that

02 b
SupE<eXp{jf|Qn - EQn|}1{suprZd l(n,x)SKn}) < Q. (3.32)
n

By the fact that Q, < 2-14K,, on the event {sup,czal(n,x) < K,},wehave |0, —EQ,| < 2-nk,. Consequently,

6% by,
E{ expy = —"1Qn —EQul t Ljsup, u1tn.5)2K0)

n
0% b
< Eexp{ = (27" nKa)" 100 EQn|2/3}.
n
Finally, (3.32) follows from Theorem 5.2 and our assumptions on {b,} given in Theorem 1.2.

4. Laws of the iterated logarithm
The following Lévy type inequality is needed in our proof of the upper bounds in Theorem 1.3.
Lemma 4.1. Forany s,t > 0 and integer n > 2,

min P{|H| < S}P{lmlax |H)| > s +t} <2P{|H,| > ). 4.1)
<i=n

1<k=<n
Proof. Write
t=inf{l > 1; |H| > 5 +1}

and notice that foreach 1 <[ <n,

d
Z wjoil(s;=s5,) = Hn—1,
I+1<j<k<n

where we follow the convention that both sides are zeroif l =n — 1 or n =[. Thus
min IF’{|Hk| < s}IP’{ max |Hj| > s +t}
1<k<n 1<i<n

n

2 min P{|Hi| <s}P(v =1}

5]

=1

Z wjwrlis;=s)
I+1<j<k=n

gs}P{zzl}

Y wjorlis=s
I+1<j<k=n

n
= ZP{‘L’ =1,
=1

<s } , 4.2)
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where the last step follows from independence between {r =/} and

Y wjorlis=s.
I+1<j<k<n

Foreach 1 <[ <n, write

l n
A
HP = Y wjodis=sg+ Y ojolis_s) =) > ojorlis—s).

1<j<k<l I+1<j<k=<n j=1k=Il+1

-}

Y wjolis=sy+ Y, ojorls=s,)
1<j<k<l I+1<j<k<n

Notice that
{T =l, Z a)ja)kl{sjzsk}
I+1<j<k<n

C{r:l,

CP{r=1|Hy| + |H"| = 2t}.

’

-}

Z wjwrlis;=s;)

I+1<j<k<n
<Plr=1|H)| >t} +P{r =1 |H| >1}. 4.3)
We now claim that
Plr=1|H"| >t} =P{r =1, |H,| > t}. (4.4)

Indeed, (4.4) follows from the fact that the random vectors
(a)l,--~,wn) and (0)1,--~,a)la_wl+1,--~,_wn)

have the same distribution, and that replacing the first vector by the second does not change the event {r =/} but
changes H, into H,gl).
Finally, by (4.2), (4.3) and (4.4),

min P{|H| < s}IE”[ max |Hj| > s —H}
1<k<n 1<i<n

n
522P{r=l,|Hn|zt}§2}P’{|Hn|zt}. .
=1

Proof of Theorem 1.3. Due to similarity we only consider the case d = 1. To prove the upper bound in (1.13), it
suffices to show

. | Hy| 2/ ~12
limsup—————F < —o0 a.s. 4.5)
n—oo (nloglogn)3/4 3
Let 6 > 0 and
03/4

Al > Z_ o2
3
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be fixed but arbitrary. Write ny = [0%) fork=1,2,.... Take & > 0 small enough so

23/4
)\.] — &> TO'_I/Z.

By Theorem 1.1,

min P{|H,| < e(ny loglogn;)*/*} >

1
1<m<n -2

as k is sufficiently large. By Lemma 4.1, therefore,

P{ max |Hy| = hi(nc loglogni)¥*| < 4P{|Hyy| = Gut — ) (¢ loglogni)¥*}.
k

1<i<n

By (1.7) in Theorem 1.2 (with b,, = loglogn),

Z]P’{ max |Hj| > M(nkloglognk)3/4} < 0.
X 1<i<ny
By the Borel-Cantelli lemma,
limsup————— max |H| <A as.
k_>oop (ng loglognk)3/4 l§l§nk| =

For any large integer n, if ny <n <nyy1, then

_ Ml (6°/* + o(1)) : max | H|
(nloglogn)3/4 — (nxy1loglogngy1)3/4 1<i<niy o
So we have
H,
lim sup Al <60%*x; as.

n—ooo (nloglogn)3/4 —

Letting  — 11 and A1 — 23/4371571/2 gives (4.5).
We only prove the lower bound for H,,:

limsup ————5 > —o0

.S. 4.6
n—oo (nloglogn)3/4 — 3 s (4.6)

as the proof of the lower bound for — H), is analogous.
Let ny be defined as above (but with large constant 6 > 0) and let the constant A; satisfying

23/4
)\.2 < TU_I/z.

Let ¢ > 0 be small enough so

23/4

)\,2 +e< TO'_I/z.

Notice that

d
Z wiwj]{5i=5j} = Hpppy—ny-

ng+1<i<j<npii
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As 0 > 0 and k are sufficiently large,

]P’{ Z wiwjlis=s;) Z)»z(nk+110g10gnk+1)3/4}
np+l<i<j<npyi

3/4
> P{Hy,,—m > (2 + &) ((nip1 —np) loglog(nit —np)) ).

By (1.7) in Theorem 1.2 again,

ZP{ Z wiwjlis;=s;y = A (k41 10g10gnk+1)3/4} = 00.
X

ng+1<i<j<ngyi

Notice that

Z wiwjlis_s;y, k=12,...,

ng+1<i<j<ngii

is an independent sequence. By the Borel-Cantelli lemma,

1
lim sup Z a),-wjl{gi:Sj} > Ay as.

loel 3/4
k—oo (Mp+1loglogngir) rt 1< <nie

In addition, (4.5) implies that

1 23
fimsup Tl Hu | <074 ——0712 s,
koo (Mi+1loglognyy1)3/ 3
Consequently,
: et (RSN DI
imsup i 1ys,_s,
koo (mip1loglogniy)¥/4 | ™ i0j L{s;=5;)

ng+1<i<j<ngy

23/4
> Ay — 0734~ as.

Recall the notation

nk Nk+1
(ng) — e
Hyl =Hy+ ), oojls=s) =) >, lis=s)-
ng+1<i<j<np4i i=1 j=ng+1

We have

(ng)
H, + H,
Hy, + Z wiwjl{Sj=Sj}=w

ng+1<i<j<npyq
Therefore, by (4.7)

H(nk)

N1

H,

Ng+1

lim sup + lim sup
koo (rg1loglogni )34~ Lo (nks1loglogngyr)3/4

4.7

(4.8)
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On the other hand, notice that for each k,
H L H, .
By Theorem 1.2 (with b, =loglogn)
S P{HM > A(nis1 loglognis1)¥*)
k

03/4
= X:P{an+1 > A1k 10g10gnk+1)3/4} <00 VA> To_l/z.
k

By the Borel-Cantelli lemma,

(ng) 3/4
H, 2
lim sup Mkt 7 = Z o2 g,
koo (Mig1loglognyi)3/ 3
Combining this with (4.8) yields
H 3/4 3/4
limsup ey 2(/\2 _9—3/42_0—1/2> ARy, S,
koo (nig1loglogny )3/ 3 3
Consequently,
H 03/4 23/4
lim sup e | >2 Ay — 935712 25712 g,
n—ooo (nloglogn)3/4 3 3
Letting & — 0o and A, — 37123/46=1/2 on the right-hand side gives (4.6). ]

5. Self-intersection in high dimension

From Theorem 1.1, we have seen that the multi-dimensional case (d > 2) is different from the case d = 1. Here is the
reason: contrary to (2.18), a concentration phenomenon appearing as

0,/EQ, 51

takes over when d > 2. The concentration also plays a role in the moderate deviations (Theorem 1.2) as d > 2. In our
treatment given in Sections 2 and 3, Q,, is replaced by EQ,, when d > 2. To justify such action, we need to show that
0, and EQ,, are asymptotically close enough. More precisely, our concern in this section is the central limit theorem
and the exponential integrability for the renormalized self-intersection local time Q, —EQ,,. The case d =2 has been
investigated. In [20], it was proved that

1 d —
—(Qn —EQy) = (det 1)~ 1, 5.1)
where y; is the renormalized self-intersection local times

n=[[ _swo-weyea-s[[  sme-we)wds. r=o
O=r<s=t O<r<s<t

run by a planar Brownian motion W (¢). In [3], it was proved that

Eexp{%lQn _EQnI} <00
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for some A > 0. In the following discussion, we focus our attention on the case d > 3. Apart from its role in the
charged polymers, the study of self-intersection local time is an important subject for its own sake. Our involvement
on the integrability problems is also motivated by the recent interest [1,2] in the large deviations for O, in the case
d>3.

In high-dimensional cases defined by d > 3, a related object is the range #{S[1, n]} given by

#{S[1,n]} =#{S1,.... Su).

It has been known [13,14,17] that

1 d
W(#{S[l,n]} —E#{S[1,n]}) — U (5.2)
asd = 3; and
1 d
ﬁ(#{S[l,n]} —E#{S[1,n]}) — U (5.3)

as d =4, where U ~ N (0, 1). It is now widely believed that as d > 3, O, and #{S[1, n]} have very similar behaviors.
In particular, we have

Theorem 5.1. Asd =3,

1 d
_— —E MU; 54
%TSQE(Q" Qn)__é 1 ( )
asd >4,
1 d
= n— n) —> AU, .
ﬁ(Q EQ,) MU (5.5)
where
1
)\' i

'Y aden (D)
7y =\/3G2(0) +GO)+2 ) G,

xeZd

G(x) :ZIP’{Sk =x}, xeZ%
k=1

Proof. The proof is inspired by some ideas used in [13,17] in the setting of the ranges. Due to similarity we only
consider the case d = 3. Let {y,,} be a positive sequence such that

Yp — 00 and ynzo(w/logn), n— oo.

Let0=ng <nj <--- < ny, =n be an integer partition of [0, n] such that foreach 1 <i <y,,n—i—n;_; = [nyn"]
or [nyn_l] + 1. Then

Vn -1

Yn n; n
On=D Y ls=sat), > D ls=so (5.6)

i=1nj_1<j<k<n; i=1 j=n;_1+1k=n;+1
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Foreach1 <i <y, —1,

n; n J ni—ni_1 n—n; n n
2. 2 hsmsa= 2 2 lis=sp =000 s
j=ni_1+1k=n;+1 j=1 k=1 j=lk=1

where {5} is an independent copy of {Si}. Thus,

2

n—1 n; n 2 n o n
E(Z Z Z I{Sj_Sk}> = Vr%E(ZZl{sj:s;{}) =o(nlogn).
J=1ik=1

i=1 j:n,'_l-‘r] k=n;+1

In addition, notice that the random variables

Z Lisi=ss 1=1,2,.0,¥n,

nj_1<j<k<n;

are independent with

d .
Z 1{Sj=Sk}:Qn,'—n,-,1» l=1,2,--.,)/n-

nj—1<j<k=n;

By Lemma 5.1 and by (5.7),

Y
Var(z Z 1{5_/:5”) NA%nlogn.

i=1nj_1<j<k<n;

By Theorem 5.2, we can check the Lederberg condition. Hence,

Yn
Z Z l{sj:sk}/nlogn—d>A1U.

i=1nj_1<j<k<n;

Finally, (5.4) follows from (5.6), (5.7) and (5.8).

Lemma 5.1. Let Ay and ), be given in Theorem 5.1,
Asd =23,

Var(Q;) ~ A%n logn, n— oo.
Asd >4,
Var(Q,) ~ A%n, n— o0o.

Proof. Notice that

n—1 oo n—1 oo
0n=D)" 3 ls=sp—)_ Y lis=s;

j=lk=j+1 j=lk=n+1

n—1 n—1
S B S
j=1 j=1
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(5.7)

(5.8)

(5.9)

(5.10)

(5.11)
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Write py(x) = P{Sy = x} and recall that {S; } is an independent copy of {S;}. Forany i < j <k <n,

[e¢]

EW!Wi= Y P{§—5;=05-5=5-5))
k,l=n+1
o
= Y P&=0S%=S}
kJl=n—j+1
o0
=Y pii® Yy PSi=0S=x)
xezd k,=n—j+1
<Y pimi Y P(S;=0,S=x}
xeZd n—j+1<k<l<oo
+Y pii) Y PSS =0,S=ux}. (5.12)
xeZd n—j+1<i<k<oo

For the first term on the right-hand side,

Yopiix) Y. PSS =0,5=x)

xezd n—j+1<k<l<oo
=Y pimix) Y. PSx=x]P(S=x)
xeZd n—j+1<k<l<oo
1
SCY pi® Y P
xezd n—j+l<k<l<oo

1
=C ) PO

n—j+1<k<l<oo

where the second step follows from the classic fact that sup, 74 pr(x) = O(k=4/2).
As for the second term, a similar estimate yields that

dopisix) Y PIS=0,S=—x)

xezd n—j+1<i<k<oo

1
=C > Prtj=i 0 7777

n—j+1<i<k<oo

Hence,

1
EW/Wj<2C 3, praj-iO gy

n—j+1<k<l<oo

o0 00 1
:2< Z Pk(O)) < Z 1‘17) = 0((n — )72 (j —i)1=472).
l

k=n—j+1 —j—i

Therefore, as n — oo,

noJ o), d=3,
ZZEWﬁW}’:{o(aogn)z), d=4, (5.13)
j=1i=1 Oo(1), d=>>5
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Forl <i<j<n,

0 00
COV(Zi,Zj)=COV< Z l{Sk=Si}’ Z 1{5,(;5].})

k=j+1 k=j+1

00 )
= Cov <Z ]{Sk:S},i}’ Z ]{Sk—0}>
k=1 k=1

=Y {P{Sc=5,_;5 =0} — prs;-i(0)p(0)}
k=1

o]

=Y pji®) Y PSi=-x85=0-GO0) Y  p(0).

xezd k=1 k=j—i+1
Write
o0
> pisix) Y PSp=x8=0)
xezd k=1
=Y pinix) Y PSi=x85=0)
xezd 1<k<l<oo
+ Y pii) Y P{Si=x8=0).
xezd 1<l<k<oo
We have
Y pisix) Y. P{Si=x85=0)
xeZd 1<k<l<oo
= Z Pj—i(x) Z Pr(x) pr—k (x)
xeZ4 I<k<l<oo
o0
=Y pisi)G®) Y pix)
xezd =0
=pj—-i (OGO (1+G©0) + > pj-i(x)G*(x)
x#0
and

dopi-i) Y PlSi=x85=0)

xezd 1<l<k<oo
=Y pi-i®) > peax)pi(0)
xezd 1<l<k<oo
o
= Z Pr—i+j-i(0)p1(0) = G(0) Z Pk (0).
1<l<k<oo k=j—i+1

In summary of the argument since (5.14),

Cov(Zi, Zj) = pj-i(OGO)(1+G©0) + Y p;—i(x)G*(x).
x7#0

665

(5.14)
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Consequently,
Var(Z Z,~> =Y Var(Z)+2 Y Cov(Zi.Z;)
i=1 i=1 I<i<j<n
n—1 n—1
=nGO0)(1+G(0)) +2GO) (1 + G(0)) Y " Gpj(0)+2> G*x) Y  Gu_i(x)
j=1 x#0 i=1
n—1 n—1
=nGO)(1+G(0)) +2G0) Y G;(0)+2 )  G*(x) Y Gjx), (5.15)
j=1 xezd j=1
where

J
Gj(x)=)_ pi(x).

i=1
When d > 4,
Z G3(x) < 0.
xeZd

By (5.15)

Var(Z Zl-> ~n{G(0)(1 + G(O)) +2G?*(0) +2 Z G3(x)}, n— oo.

i=l1 xeZd

By (5.11) and (5.13), this implies (5.10).
We now consider the case d = 3. We use the fact that (p. 308, [21])

G(x)~@m " det(D) 2, r71x) 2, x| = oo (5.16)
By (5.16),
Y GG =o<i > Gj(x)) =0(l), j— oo. (5.17)
(x,F=1x)>j J xeZd

In addition,

> GWHGW) - Gj)

(x,I1x)<j

<(GO-G;) Y G

(x.I"lx)<j

<C(GO) -G;) > ap =M. J—ee (5.18)
(. 1x)<j
and
1
Z G3(X) ~ ﬁ/ (x, F_lx)_?’/zdx
@m)2det(I")” Jii<(x,r-1x)<j}

(x,F~1x)<j

v~ dy gj, j— oo. (5.19)

1 1
= ;—/ | =——5———1Io
(27)° det(I) Jy1<|y|<JF) (2m)2det(I)
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Combining (5.17), (5.18) and (5.19) gives

> GG (x) ~

xezd

1
— _logj, j— oo
Qu2dewr) £ 1T

By (5.14),

n
2
Var ZZ,- ~27nlogn, n— 0o,
— 2m)~det(I")

which, together with (5.11) and (5.13), implies (5.9). O

We now investigate the integrability of Q,. Write

n n
Jn = Z Z isi=sipe

j=lk=1

where {S)} is an independent copy of {S,}. J, is known as the intersection local time between two independent
trajectories.

Lemma 5.2. As d > 3, there is a constant Cy4 > 0 such that

EJ" < C(m)>*n™%, m,n=1,2,.... (5.20)
Proof. Recall the fact (p. 3282, [6])

EJ <mHA+EJ)", mn=1,2,..., (5.21)

and the fact that

o(vn), d=3,
EJ, = { O(logn), d =4, (5.22)
o), d=5.

A trivial and rough summarization of (5.22) gives that EJ,, = O(4/n) as d > 3. By (5.21), we obtain a weaker version
of (5.20):

EJ™ <C"™(m)?n™?, m,n=1,2,.... (5.23)

To strengthen (5.23) into (5.20), recall (Theorem 5.1, of [6]) that for any integers m, ny,...,n, > 1,

m!
ER)7= 3 B ) (524)
g =
lk],.“,kazom

We first consider the case n > m. Write [(m,n) =1 + [%]. By (5.23) there is a C > 0 independent of m and n such
that

n m/2
EJlrflm,n) < Cm(m!)z(a> .
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Taking a = m in (5.24) gives

my 172 m! k 12 knm  N\1/2
(E‘]n ) = Z kileede (E‘Il(;n,n)) o (E‘Il(m,n))
et eeth=m 1R
ki eoorkn >0
m/4
m m

kitka=m
ki eeoskin >0

Since m™ > m! and

2m — 1 —qm
m =<

we have established (5.20) with Cy = 8C in the case n > m.
As for the case n < m, the trivial fact J,, < n? leads to the following trivial bound,

EJ;ln < n2m < m3m/2nm/2 < Cm(m!)3/2nm/2’
where the last step follows from the Stirling formula. |

As for the exponential integrability of the renormalized self-intersection local time Q, — EQ,, we have the fol-
lowing theorem.

Theorem 5.2. As d =3,

6
supEexp{Si|Qn — IEQ,,|2/3} <00 forevery > 0. (5.25)
n nlogn
Asd > 4,
0
supJEexp{3—|Q” — EQn|2/3} <00 forsome > 0. (5.26)
n Jn

Proof. The proof given here is radically different from the approach used in the case d =2 (Lemma 2.3 in [3]) where
the treatment is Le Gall-Varadhan’s triangular approximation. Due to similarity, we only consider d = 3. We first
prove that for any integer m > 1,

E|Q, — EQ,|" = O((nlogn)™?), n— oo. (5.27)

We carry out induction on m. By Lemma 5.2, (5.27) holds as m = 1,2. We let m > 3, assume that it is true for all
1 < j <m — 1 and prove it is true for m.
Given n, write n1 = [n/2], np =n — ny,

ny n
n+1<j<k<n Jj=1lk=n;+1
By Lemma 5.2 there is Cy > 0 such that

E|J, —EJ,|" < CFm)>*n™’m, n=1,2,.... (5.28)
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By independence between Q,, and Q)

ny’
(EIQ, —EQ,I")""
<{E(1Qn, —EQu, |+ |0, —EQ, |)"}/" + (ElJ, —EJ,"}'/™

< {Z (’7)1E|Qm ~EQ,,I'E|Q),, ~EQ, |"™’

j=0

1/m

+ Co/n(m!)3/@m. (5.29)

Combining the induction assumption and (5.29),

(EIQ, —EQ, ")

<{o(@ logn)m/z) +E|Qn, —EQy, " +E] 0,,—EQ,, |m}l/m +0(Vn).

Write

a = sup{(2¥10g2) V(] Q, — Q") 28 <n <241}
Then,

app1 < {O(1) 427D ™ o1y <27 =D/Cmg, L O(1),  k — oo

By the fact that m > 3 one can see that the sequence oy is bounded. We have proved (5.27).
We now claim that there is C > 0 such that

E|Qn —EQ," < C™(m)>*(nlogn)™?, m,n=1,2,.... (5.30)

Indeed, take mq sufficiently large so that

1
(1 —2-tn-2yemy=1 m = D" Mol pmeem )
V2 T2 4
for all m > mg. By (5.27), there is a constant C > 0 such that forall j =1, ..., myq,

E|Q, —EQ, <CI(jH**(nlogn)//?, n=1,2,....

We may assume that C > 8Cj. (Recall that Cy is given in (5.28).) By induction (on m), all we have to prove is that
for any m > my, if

E|Q, —EQul) <CI(j) A (nlogn)’/?, n=1,2,..., (5.31)
forevery j=1,...,m — 1 then
E|Q, —EQ,|" < C"m)>*(nlogn)™?, n=1,2,.... (5.32)

From (5.29) and (5.31) we have

m—1
(EIQn —EQu")"™ < 127"2C" (nlogn)™/? Y (’;’) GO (m = )Y?
j=1

1/m
+EIQn —EQu " +E[Q,, ~EQ,, |m} + Co/n(m!)>/®m.
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Notice that

m—1 m—1
3 (’7) GO = Y =m! 3GV = ) < )2 m 1)
Jj=1 j=1

and that by (5.27)

Bm = sup{(n logn)™/E|Q, — EQ,|"} < oc.

n>1

We have

1/m

/

(m—l)/
V2

Hence,

(m —1)t/m

V2

< (%c + 4co> (m)¥/ @M < € (m1)3/@m,

Bl < (1 — 272/ @m)! { C+ CO} 1)/

Hence, (5.27) holds. By (5.27) and the Taylor expansion there is 6y > 0 such that

bo 2/3
supEexp| ———10, —EQ,[**} < cc. 5.33
up P{ W|Qn Ol (5.33)
It remains to extend (5.33) to any 6 > 0. Indeed, for any 6 > 6y, one can find an integer / such that for any » there is
an integer partition 0 =ng <ni,..., <n;=nsuchthatn; —n;_1 < n(00/9)3 (i=1,...,1). Write
1 I ni—1 n;
On=D Y ls=sa+D D, D, ls=s (5.34)
i=1nj_1<j,k<n; i=2 j=1k=n;_1+1
Notice that foreach 2 <i </,
ni—q ni—| nj—nj—|
d
)MD SRIOEES 3 2 lisy=s) =
j=lk=n;_1+1 j=1 k=1

By Lemma 5.2 and the Taylor expansion there is A > 0 such that

i1 2/3
supEexp: (Z Z Lis;=s) ) } < 00.
nz1 j=1k=n;_+1

By the triangular inequality and the Holder inequality, therefore,

I oni 2/3
sup]Eexp{ nlogn (ZZ Z s,_sk) }<oo.

nzl i=2 j=1k=n;_1+1
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Consequently, by the Jensen inequality

ni_ 2/3

supEexp ZZ Z Lis;=s;) < 00.

nl n
nz1 Og i=2 j=lk=n;_1+1

By independence and by the triangular inequality

l 2/3
0
Eexpy s—=—=|>_| D lis=sa—E D lis=sy
nlogn i=1"nj_1<j,k=n; ni—1<j.,k<n;
l

< E -E o 2/3}

— ll:{ exp{ ngn, —nj—1 Q}’l, ni— |

<l—[EeXp{ 3 % |Qn,‘—n;_1 _]EQni—n,-_1|2/3}.

Pl V(i —ni—1)log(n; —ni—1)
Hence, the desired (5.25) follows from (5.33) and (5.34). O

By slightly modifying our argument, we can prove that Theorem 5.2 holds also for the range. We include this in
our paper for future reference.

Theorem 5.3. Asd =3,

sup]Eexp{\/_|#{S[1,n]}—E#{S[l,n]}|2/3}<oo for every 6 > 0. (5.35)
Asd >4,
supEexp{f|#{S[l n }—E#{S[l,n]}|2/3}<oo for some 6 > 0. (5.36)

Proof. The argument used here is essentially the same as the one for Q,,. To carry it through, (5.21) needs to be
replaced by Lemma 3.1 in [17], and (5.24) needs to be replaced by Lemma 6 in [7]. The rest of the proof follows an
obvious modification of the argument for Theorem 5.2. ]
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