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Abstract

Let B be a three dimensional Brownian motion and w(dz) be an independent
Poisson field on R3. It is proved that for any ¢ > 0, conditionally on w(-),

t_ < oo a.s. if @ <1/16,
Eoexp{Q/ V(Bs)ds} (%)
0 =00 a.s. if 6 >1/16,

where V() is the renormalized Poisson potential

— 1
V(x) :/ —— w(dy) — dy|.
Sreeid }
Then the long term behavior of the quenched exponential moment (x) is deter-
mined for § € (0,1/16) in the form of integral tests.
This paper exhibits and builds upon the interrelation between the exponential
moment (x) and the celebrated Hardy’s inequality
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1 Introduction

Consider a particle moving randomly according to a standard d-dimensional Brownian
motion B, in RY. Independently, there is a family of obstacles randomly placed in the
space R? according to a Poisson field w(dz) (i.e., a Poisson random measure). Assume
that each obstacle has mass 1 and the Poisson field w(dz) has the Lebesgue measure
dzx as its intensity measure. Throughout this paper, “P,” and “E,” will respectively
stand for the probability law and expectation relative to Brownian motion By with
By = z. Notation “P” and “E” will be used for the probability law and expectation,
respectively, relative to Poisson field w(dz).

Given a shape function K (x) (as known by mathematicians, and a point-mass potential
by physicists) on R? the potential associated with the random mass distribution w(-)
is given by
Viz)= | K(z—y)w(dy),
Rd
and is called a Poisson potential. The quantity

t
t—l/ V(B,) ds
0

represents the average Poisson potential along a Brownian trajectory. More important
quantities of interest are the respective annealed and quenched exponential moments

E®E0exp{i/OtV(BS)ds} and Eoexp{i/otV(Bs)ds}. (1.1)

Knowledge of their asymptotic behavior at t — oo is fundamental to our understanding
of parabolic Anderson models (see Corollary 2.4). The reader is referred to [1], [2], [3],
[8], [9], [10], [11], [14], [15], [16], [23], [24], [29], and [30] for the existing literature on
this topic.

In the classical literature on this subject, the function K (x) of the Poisson potential
was assumed to be bounded and/or compactly supported. However, in physics many
point-mass potential functions are unbounded. For example, in scattering theory, power
potentials K (z) = F|z|™ (d = 3) play a significant role, see [20], [21]. The parameter
p > 0 is called the index of attraction or repulsion, respectively. When p = 1, we have
Coulomb interaction. K(z) = |z|™* is referred to as Maxwellian potential, K (z) =
—|z|~* is important in the study of ionized gases, K (z) = |z|~2 is known as a centrifugal
potential, see [20, Chapters 1-7, 3-6].

Donsker and Varadhan [10], Pastur [23], and Fukushima [13] studied the asymptotics
in (1.1) with the negative signs for the case K(z) = |z|?. Specifically, in [10] and [23]
the asymptotics of the annealed moment were obtained when p > d+ 2 and d < p <
d + 2, respectively. In [13] both annealed and quenched moments are determined for



d < p < d+ 2. In these papers the singularity of K(x) was circumvented by applying
truncations near the origin.

When p < d, the Poisson potential becomes infinite a.s. To deal with this problem, in
the recent paper [6], the renormalized Poisson potential

Vv = —1 W — i d
V)= [ ool —d] acR

was introduced; it exists as a random integral if and only if d/2 < p < d, see Corollary
1.3 and physical arguments behind the renormalization in [6]. In the same work, inte-
grabilities associated with the construction of the annealed and quenched exponential
moiments

¢ ¢
E@Eoexp{ :I:@/ V(Bs)ds} and Eoexp{ :|:9/ V(B,) ds}
0 0

were investigated. In the range d/2 < p < d, the time-integral

is well defined and satisfies the annealed integrability (and therefore quenched integra-
bility as well)

t
E®]Eoexp{ —6’/ V(Bs)ds} < 00
0

for every § > 0 and ¢t > 0. We refer the recent papers [5] and [7] for the study on the
asymptotics of quenched and annealed negative exponential moments, respectively.

However, the case of exponential moments with positive coefficient is far more delicate.
By [6, Theorem 1.4|, for every § > 0 and ¢t > 0

t
E ® Egexp {0/ V(B,) ds} = 00.
0

On the other hand, by [6, Theorem 1.5] the quenched exponential moment exists for
any 0 > 0,t > 0, and p < 2, as we have with probability 1,

t__ < o0 a.s. ifp <2
Eg exp {9/ V(Bs)ds} (1.2)
0 =0 a.s. ifp>2.

Furthermore, the first author recently observed in [5] that

1 /loglogt\ 25 t__
lim ¥< Oigf ) log Eq exp{e/ V(Bs)ds} (1.3)
—00 0
p 1-p rdfo d,p Ep
= —p2fp(2—p) <2+Ei_z)j>2 a.s. —]P),



where o(d, p) > 0 is the best constant of the inequality

[ a < i g ewem, (14)

The only unanswered case is p = 2 and necessarily d = 3 (recall the constraint
d/2 < p < d); we will call it the critical case. Our results will justify this name.

The present paper is devoted to the study of the quenched exponential moment

¢
Eqexp {9/ V(Bs)ds}, >0, t>0 (1.5)
0

in the critical case, i.e., when

V(z) = /R 1 [w(dy) —dy], = €R’ (1.6)

s |z —yl?

Remark that in physics K(z) = +|z|™2 (x € R?) is a transition potential. It lies on
the boundary between the classes of regular (p < 2) and singular (p > 2) potentials
separating fundamentally different physical systems, see [12, Section II|. For example,
in nonrelativistic quantum mechanics a particle in an attractive singular potential has
infinite negative energy. The particle in this case "falls" to the center with infinite
velocity. However, if p < 2, the energy is finite, solutions to physical problems are
uniquelly given, and there is no problem with their physical interpretation, see [12,
Sections I-11.A|.

It was already noticed in [6, Theorem 1.5| that the quenched exponential moment
in (1.5) is infinite a.s. for 6 sufficiently large and all ¢ > 0. A natural question is
whether this is true for all # > 0. Fortunately, the answer is negative. If so, what is the
critical value 6y where the phase transition occurs? (It is even not clear that 6y must be
deterministic.) We prove that 6, = 1/16. Then we establish the asymptotic behavior of
the quenched exponential moment in (1.5), showing that it is fundamentally different
from (1.3) since the strong law of large numbers does not hold in the critical case.
These results are the consequences of the interrelation with Hardy’s inequality (2.9)
via a chain of asymptotic equivalences sketched in (2.10). In conclusion, the critical
case of p = 2 is substantially different from the other cases. The only continuity
appears in Hardy’s inequality, where a formal substitution of p = 2 in (1.4) gives (2.9).

The paper is organized as follows. In section 2 we present main results and their ap-
plication to the parabolic Anderson model. In section 3, we develop key tools for the
estimations needed in later sections. Some of these tools are interesting for their own
novelty. Slepian-type correlation inequalities for infinite divisible fields (cf. [28]) are
provided (Lemma 3.1) for the proof of (2.12), where the random variables w(z + Qus)
(2 € 20Z3) are correlated as b > 1. An estimation by a chaining maximal inequal-
ity (Lemma 3.2) allows the truncation of the Poisson potential at the proper level.
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Feynman-Kac formula plays a crucial role in the proof of the main results in this pa-
per. A clean and simple minorization bound (Lemma 3.4) for Brownian density killed
upon exit leads to a Feynman-Kac lower bound (Lemma 3.5) adoptable to our setting.
For the Feynman-Kac upper bound (Lemma 3.6) with the random potential V(-), we
use the independence between the Brownian exit time and Brownian exit location from
a ball centered at 0. The lower and upper bounds for the main theorems are proved
in the sections 4 and 5, respectively. The main ingredients in these two sections are
the estimation of the principal eigenvalues of the correspondent initial-boundary value
problems that leads to the relation suggested by (2.10) and, the strong laws for extreme
values of the Poisson field indicated by (2.11)—(2.12). Section 6 is devoted to Hardy’s
inequality and related facts.

2 Main results

From now on we will assume d = 3, p = 2 and that the renormalized Poisson potential
V(z) is given by (1.6), if not otherwise stated.

Theorem 2.1 For everyt > 0,

t__ < oo a.s. iff <1/16,
Eqexp {9/ V(Bs)ds} (2.1)
0 =00 a.s. if 0 >1/16.

In view of the limit law (1.3) obtained in the non-critical case, a natural problem is
the asymptotic behaviors in the critical case. Recall that a positive function ~(¢) on
R* is said to be regularly varying at infinity if the limit

o _
t—glo v(t) =c(})

exists for each A > 0. A regularly varying function ~(¢) is said to be slowly varying
at infinity, if ¢(A) = 1. From Karamata theory, every regularly varying function ()
has a representation v(t) = t°I(t), where 3 is a constant and [(t) is a slowly varying
function.

Throughout, [(t) will stand for a slowly varying function at infinity.
Theorem 2.2 For every 6 € (0,1/16)

2 t_
lim sup t_'fll(t)_S(k-U log Eg exp {9/ V(Bs)ds} (2.2)
0

t—o0
< dt
0as. 1 T
a.s zf/1 t-l(t)<oo?

00 a.s if/ooi<oo
- 1t () ’



where k = |(80)7!| is the integer part of (86)~!.

Theorem 2.3 For every 6 € (0,1/16)

t
lim inf t_%l(t)_S(’f—l) log Eq exp {9/ V(Bs)ds} (2.3)
0

t—o00

<1
0 a.s. zf/ ;exp{—c-l(t)}dt:ooforsomec>0,
1

<1
00 a.s. if / ;exp{ —c-l(t)}dt < oo for every ¢ > 0,
1
where k = |(80)'| is as in Theorem 2.2.

Theorems 2.2-2.3 show rather unexpected behavior of the quenched exponential mo-
ments with regard to 6. Indeed, putting 6 into different sub-intervals of the partition

00 = (o0t o

leads to different asymptotic rates. On the other hand, moving # around within the
same sub-interval does not bring any change to the asymptotic behavior of the system.

Our main results indicates that as far as the strong limit is concerned, there is not
“right” deterministic normalization to the logarithm of the quenched exponential mo-
ment in the critical setting p = 2 and d = 3. Indeed, by Theorems 2.2-2.3, for any
0 < 6 < 1/16, and for any positive deterministic function 7(t) regularly varying at
infinity, with probability 1

t
lim sup y(¢) " log Eg exp {(9/ V(Bs)ds} =0 or 0o
0

t—o00

and

t—o00

t
liminf v(¢) " log Eq exp {(9/ V(Bs)ds} = 0 or co.
0

This pattern sharply contrasts (1.3) observed in the non-critical setting.

Letting {(t) be some specific functions, we get the following results:

2 t_
lim sup t_%(logt)”(k*l) log Eg exp {9/ V(Bs)ds} =00 a.s.
0

n—o0

On the other hand, for any 6 > 0

n—oo

t
lim sup ¢~ 1 ((logt)(log log)1+5)_3(’“2‘1) log Eq exp {9/ V(Bs)ds} =0 a.s.
0
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As for the liminf behavior,

t
lim inf tf%(log logt) 5D log Eq exp {8/ V(Bs)ds} =0 a.s.
0

n—oo

On the other hand, for any [(t) > loglogt as t — oo,

n—oo

t
lim inf t_%l(t)?%’f—l) log Eg exp {9/ V(Bs)ds} =00 a.s.
0

Theorem 2.1 provides solution to the parabolic Anderson equation

Owu(t, r) = kAu(t, ) + 0V (x)u(t, x)
(2.4)
u(0,z) =1

where k£ > 0 is a constant called diffusion coefficient. Indeed, consider the time-space
field

ug(t, ©) = Ey exp {e/ot V(Bgm)ds} =E, exp {; . V(Bs)ds}. (2.5)

Kk Jo

By translation invariance of the Poisson field, for any x € R¢

{ue(t,x); t > 0} 4 {ue(t,()); t> 0}. (2.6)

By Theorem 2.1, ug(t,r) < oo a.s. for every x € R? and t > 0 when 6 < x/8. The
argument same as the one for Proposition 1.6, [6] concludes that when 6 < k/8, ug(t, )
is a mild solution to the equation (2.4) in the sense that

t
/ Poni—s) (@ — PV ()|us(s, y)dyds < 00z €R®, £ >0
0

and .
ug(t,zr) =1+ 9/ Pasi—s) (@ — YV (Y)ug(s,y)dyds = € R ¢t>0
0

where p;(x) is the Brownian density.

Further, Theorem 2.2 and Theorem 2.3 lead to the long term property of the stochastic
partial different equation (2.4).

Corollary 2.4 Under d =3 and p = 2, the random field uy(t,x) < oo for all 0 < k/8
and (t,x) € RT x R, and uy(t,x) = oo for all > k/8 and (t,r) € Rt x R3. When
0 < k/8, ug(t, z) is a mild solution to the equation (2.4) and further, for any x € R3,

0 a.s.if / i < 00
limsup ¢~ =11(t) 30-D logug(t, x) = (2.7)

t—o00 ] 6o dt
00 a.s.zf/1 m—oo



lim inft_%l(t) Sy log ug(t, z) (2.8)

t—o00

~1
0 a.s.if/ ;exp{—c-l(t)}dt:ooforsomec>0
1

<1
oo a.s. if / ;exp{ — c-l(t)}dt < 0o for every ¢ >0
1
where i = | (40) 7 k] is the integer part of (40) k.

Given the non-deterministic asymptotic behaviors observed from Theorem 2.2 and
Theorem 2.3, the weak law (if any) becomes an interesting problem. In view of Theorem
2.2 and Theorem 2.3, one might expect that the process

t
t_%logEo exp {6/ V(Bs)ds}
0

converges to a non-degenerated distribution. We leave this problem to future study.

The critical (p = 2) and non-critical (p < 2) settings depend on the environment
in different ways and therefore are treated differently. In the non-critical case, the

quantity
t
Eq exp {0/ V(Bs)ds}
0

is made by letting Brownian particle stay in a slowly shrinking neighborhood that
provides maximal energy from Poisson field among all same-size neighborhoods in a
large ball of the radius (roughly) ¢. Consequently, the limit in (1.3) depends on the
extreme values of the Poisson potential V() over a group of shrinking neighborhoods.

In contrary, the limsup in Theorem 2.2 and the liminf in Theorem 2.3 correspond with
the value oo to the existence (with a proper asymptotic intensity) of the neighborhoods
in which the number of Poisson obstacles exceeds the fixed level k¥ = [(80)~!] within
proper distance, and with the value 0 to the absence of such neighborhoods. The
central piece behind this strategy is the celebrated Hardy’s inequality (Lemma 6.1)
which states that )

T gy < a)wyz fewi2®), (29)

gs |T[?

As a consequence (Lemma 6.2) of Hardy’s inequality,

H(0) = sup {9/ J S-dx — —/ |Vg(x)\2d:c} =
sers U s 2] 2 Jes o iff>1/8.




The connection of Theorem 2.2 and Theorem 2.3 to Hardy’s inequality is described
roughly by the following almost sure asymptotic relation:

log Eg exp {9 /OtV(BS)ds} (2.10)

t
~ logE | exp {9/ V(Bs)ds}; max |Bs| < R
0

0<s<t

~ tﬁl(t)i?(;%l) {0(1) + A(t)H(G max w(z + Qb5)> }
|2|<R
2€2673
where R increases to oo and ¢ > 0 decreases to zero with suitable polynomial rates as
t — 0o, where z + Qs represents the cubic z + [—bd, b]> with b being a fixed constant,
and where A(t) ranges from a constant (in the argument for the lower bound) to

a function increasing to oo at a considerable speed (in the argument for the upper
bound).

Our strategy is to let the Brownian particle spend significant portion of the duration
[0,¢] in one of the d-neighborhoods within the distance R. A principle of choosing R
and ¢ is to make alternation between the behaviors

limsup max w(z + Qps) < (80)™"  a.s. (2.11)
t—oo  |z|<R
2€2073

liminf max w(z + Q) < (80)7'  a.s. (2.12)
=00 |2|I<R
2€2673

and their opposites.

Comparing to the extreme value problem in the non-critical setting, the strong laws in
(2.11) and (2.12) are much more sensitive to truncation radius R (more precisely, to the
number of the d-neighborhoods that covers the ball {|z| < R}), as they corresponds to
the polynomial (rather than exponential) decay of the Poissonian tail. To validate the
first step in (2.10) in the argument for the upper bounds, on the other hand, one has to
take R significantly larger than it is in the proof for the lower bounds. The impact of
larger R in (2.11) and (2.12) can be counter-balanced by taking smaller ¢, even though
this action leads to a further increase of the number of the J-neighborhoods. The cost
of this strategy turns out to be a possibly very large function A(t) appearing on the
right hand side of (2.10). An observation unique to the critical setting is the irrelevance
of A(t) to the asymptotic behaviors of the system, as the quantity

H(@ max w(z + Qb(;))
2I<R
2€2873

is equal to zero eventually (under (2.11)) or infinitely often (under (2.12)).



3 Basic estimates

In this section we give some auxiliary results that will be used in our proofs. We state
them separately for a convenient reference. For future reference, all results in this
section are established in the space R? for d > 1, except Lemma 3.6 where d = 3.

3.1 Association of infinitely divisible fields

Recall that random variables X7,..., X,, are said to be associated if for any bounded
measurable functions f,g : R" — R non-decreasing (equivalently, non-increasing) in
each coordinate

Cov(f(X),g(X)) > 0. (3.1)
Association is a fairly strong property exhibiting positive dependence.

Consider now a non-negative random measure M on R?, taking independent values on
disjoint sets such that M (A) is infinitely divisible with the characteristic function

Eexp{—uM(A)} = exp{ —m(A) /000(1 —e ) (ds)} u >0, (3.2)

for every Borel set A C R? with m(A) < oo, where m is a o-finite measure on R?
and p is a measure on (0,00) such that [~ min{s, 1} p(ds) < co. M can be viewed
as a distribution of obstacles in R? having random locations and random masses, so
we call it an infinitely divisible random field. M is a Poisson field if m(dx) = dx and
p(ds) = §1(ds). See [25] for more information on infinitely divisible random measures.

Lemma 3.1 Let M be infinitely divisible random field. Then M(Ay), ..., M(A,) are

associated for any Borel sets A; with m(A;) < oo, j = 1,...,n. In particular, for all
C1y...,cp €ER

P(M(Ay) < ci,...,M(A,) <cp) > H ) < ¢;) (3.3)
and

P(M(Ay) > c1,..., M(A

I\/

H ) > ¢;). (3.4)

Proof: It follows from (3.2) that X = (M(A;),...,M(A,)) has infinitely divisi-
ble distribution without Gaussian part and its Lévy measure is concentrated on R<.
Thus the components of X are associated [26] (see also [27] for more information on
association of infinitely divisible random vectors)

Applylng (3 1) recursively for f = [[7Z; 1( socy] and g = 1(_so ] (f = H;:ll 11, 0)
and g = 1, ), respectively) we obtatn (3.3) ((3.4), respectively). O
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3.2 Truncating Poisson potentials

In this subsection we study a family of Poisson potentials generated by a smooth
truncation of the singular potential kernel K(x) = |z|™?, where p € (d/2,d). The
following notation will be used throughout this paper:

a: RT — [0, 1] denotes a fixed smooth function with the following properties: a(\) =
Lon [0,1], a(A) =0 for A >3 and —1 < &/(A) < 0. Let a > 0 be fixed but arbitrary.
Put

1 —a(a}z|)

L8 = g

and V,.(z) = /Rd Lo(z — y) [w(edy) — edy]. (3.5)

Let D C R% be a fixed bounded set.

Lemma 3.2 For any 6 > 0 and fixed a > 0

E exp {9 sup |Va1(x)|} < 00. (3.6)
€D
Further, for given 6 > 0 one can take a > 0 large enough so
sup Eexp {9(log e 1) sup |Va€(x)|} < 00. (3.7)
0<e<1 zeD

Proof: Due to similarity, we only prove (3.7). Write
T(A)=er—1-X IeR
We have for 6 > 0

E exp { + 6(log e_l)Va,e(O)} = exp {e /Rd \I/< + 0(log e_l)La(y)> dy}

<ew{e [ w(otose L) du.

where the inequality follows from the fact that U'(—\) < W(\) for any A > 0. Therefore,
[E exp {9(10g 671>|Va,e(0)|} < 2exp {e/ \If<0(log e’l)La(y)) dy}.
Rd

By a change of variable,

/Rd ( (loge™ )La(y)> dy = (log e~ 1)¥/» /Rd W(@La(logg,l),l/p(x)) dr

< (log e 1)4/P (9|x|’p> dx
{|z|>a(loge—1)—1/P}
< (log e~ d/P{ +/ }\If(eyxﬁ’) dz
1/\a (loge=1)=1/p<|z|<1} {|z|>1}
< (loge™ d/p{Cexp Qa Ploge™ }—1—/ \If<9|x|_p> dm}, (3.8)
{le>1}

11



where the last step follows from the bound ¥()\) < e* (A > 0). Since

/{Irlzl} \Ij<9|x|_p> dr < oo,

we get for a > /P

sup Eexp {0(10g 671)|Va,€(0)\} < 00. (3.9)

0<e<1

Similarly as at the beginning of the proof, for any x,y € D with x # y,

-1 ‘Va,e(x) — Va,€<y)’
E exp {0(loge ) P }

1 —1
< 2exp {e/ \11(9 8¢ |l (x—2) —La(y—z)|) dz}.
Rd |z — y|

By the mean value theorem we obtain for all z,y € R?

|Lo(z — 2) — Lo(z — y)| < Ca |z — 2| P1(|z — 2| > a)|z — |
+ Ca 'y — 2|1y — 2| > a)|lz — ],

where C' = p + 1. Using this estimate and the convexity of ¥ we get

/quf(moge_l |Lo(z — 2) — Lo(y — z>’> I

|z =y
1
< —/ \D<290a_1 log etz — z]_p)> dz
2 {|z—z|>a}

1
= / \I/<260a_1 loge ty — z|_p)> dz
2 Jy-=1>a}

= (log el)d/p/ @(290a’1|z|’p> dz.
{lz/2a(log e=1)~1/7)

By the same estimate as in (3.8) we get

+

Vaf - Vae
sup sup E exp {9(loge_1)’ «(2) : (y)\} < 0.

0<e<1 25y |£L’ - y|

By Theorem D.6, p.313, [4] we

sup Eexp {0(10g € l) sup |[Vaelo) —Vw(y)\} < 0. (3.10)

0<e<1 z,yeD

So the desired conclusion follows from (3.9) and (3.10). O

Using above lemma, we derive the following almost sure bounds
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Lemma 3.3 For any a >0

lim (log R) ™" sup [Vai(z)| =0 a.s. (3.11)
R—oo \z|§R

Further, for any positive sequence €, such that

<1

. €n+1
lim sup
n—o0 en

and any constants > 0, the strong law

lim sup Vi (2)|=0 as. (3.12)

holds for sufficiently large n.

Proof:  The ball {z € R% |z| < R} is covered by roughly CR? unit balls. By
homogeneity of the field V'(-), for each § > 0

]P’{ sup |Vai(z)| > dlog R} < C’Rd]P’{ sup |Vaa1(2)] > dlog R}

|z|<R lz|<1

< CR™ = 9DE exp {0 sup \Va,l(x)\}.

|lz|<1

Take 0 sufficiently large so 85 — d > 1. By (3.6) the exponential moment on the right
hand side is finite. Thus,

Z]P’{ sup |Va1(z)| > 510g2”} < 0.

- |z|<2n

Notice that 6 > 0 can be arbitrarily small. By Borel-Cantelli lemma
lim (log2™)™' sup |V, i1(7)] =0 a.s.
n—oo

|z|<2n

Hence, (3.11) follows from the fact that sup |V, (z)| is non-decreasing in R.
|z|<R

We now come to the proof of (3.12). First notice that the ball B(0, ¢, ”) can be covered
by Ce;, % balls of radius 1. Thus, for each § > 0

P{ sup Vo, (2)] = 6} < Ce, P P(sup [Vie, (2)] = 6 ]

lz|<en? |z|<1

< CeP~PR exp {9(log er') sup Ve, (2)] ¢

|z<1

Take 6 > 0 sufficiently large so 06 — df5 > 1. By (3.7), the exponential moment on the
right hand side is bounded uniformly over n when a > 0 is sufficiently large. Hence,

2oB{ s Voo (@) 2 6} <o

\ac|<e

Therefore, (3.12) follows from Borel-Cantelli lemma. [J
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3.3 Lower bound on Brownian motion before it exits a ball

B(x,r) will denote a ball in R? with center at z and radius r.

Lemma 3.4 For every R,t > 0 and a Borel set A C R¢
P, (Bt €A, ongl?%(t |B,| < QR) (3.13)

> Py(B, € AN B(0, R)) Po(ggagl |BY| < Rt™/?),
where BY is the Brownian bridge in R?.

Proof: Let B = B, — sB; be a Brownian bridge on [0, 1] taking values in R? and let
Z be independent of B, standard Gaussian random vector in R?. Then X, = B? + sZ
is a standard Brownian motion on 0 < s < 1 in R?. We have by scaling

P(B, € A, max |B,| < 2R) = P(t'/?B, € A, max |B,| < 2Rt™'/?)
0<s<t 0<s<1
=P(t"2Z € A, max |B? + sZ| < 2Rt™Y/?)
0<s<1
>P(tV2Z € A, |Z| < Rt™/2, max |BY| < Rt™/?)

=P(B; € AN B(0, R)) P(max |BY| < Rt™Y/?),

which proves (3.13). O

3.4 Bounds by Feynman-Kac functionals
Given a bounded open domain D C R?, let W'2(D) be the Sobolev space over D, de-

fined to be the closure of the inner product space consists of the infinitely differentiable
functions compactly supported in D under the Sobolev norm

1/2
gl = {lgliZo) + 19912200} -

Define
Fq(D) = {g € W'2(D); /Dgz(ac)da: = 1}. (3.14)

For any measurable function ¢ on D, put

A (D) = sup {/g dx——/ Vg(a |dx} (3.15)
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Clearly, A¢(D) < X\ (D) and A¢(D) < A¢(D') whenever {(z) < n(z) (r € D) and
DcD.

Let
p = inf{s > 0; B, ¢ D}.

For any r > 0, define T, = 7y, with B(0,7) = {z € R% |z| <r}.

Lemma 3.5 Let R > 0 and let {(x) be a function on R? such that K = sup,cpar) (7) <
0o. We have that for any t,ty > 0 satisfying tg < t,

¢
/ E, | exp {/ C(Bs)ds};TR >t
B(0,R) 0

> (QWtO)d/Qe_tOK exp {(t +t0)A¢ (B(O, R)) }7

dx (3.16)

t
E, exp{/ C(Bs)ds};TgRZt] (3.17)
0
- R?
> ]P’O{ Inax |B%| < Rt, 1/2}e><:p{ — 20K — Q_t()} exp{ - t/\C(B(O,R))}

where BY (0 < s < 1) is a d-dimensional Brownian bridge.

Proof: By a standard procedure of approximation we may assume that ¢(-) is Holder
continuous. By Feynman-Kac representation

u(t,x) = E,

exp { /tC(BS)ds}da:; Tr >t
0

solves the initial-boundary value problem

;

Ot ) = %Au(t,x) +C@ultr)  (ta) € (0,00) x B0, R),

u(0,z) =1 xr € B(0,R),

[ u(t,z) =0 t>0and |z| =R.

Let Ay > Ay > A3 > -+ be the eigenvalues of the operator (1/2)A + ¢ in £?(B(0, R))
with zero boundary condition and initial value 1 in B(0, R) and let ¢, € £L*(B(0, R))
be an orthogonal basis corresponding to {\z}. By (2.31) in [15],

t oo
E, exp { / C(Bs)ds}éx(Bt); Tr>1t| = Z eMee2(z) > e™Me(x)
0 k=1

15



where d,(+) is the Dirac function on R? with concentration at .

Noticing the fact that \; = A, (B(O, R)) and integrating both sides we have

/ Exexp{/tC(Bs)ds}éz(Bt); To >t
B(O,R) 0

In addition, by Markov property

dz > exp {IA(B(0, R)) }.

E, | exp { /tC(BS)ds}égc(BtH); Tr >t
0

t—to
< eKE, | exp { / C(Bs)ds}(Sx(Bt); Tpr >t — t0]
0

t—to
— e KR_ exp { / Q(Bs)ds}ptO(Bt_to —x); Tp >t — t0]
0

where . e |
_ L d
Pio(y) = (27to)/2 exp{ 2o } < (2mty )42 y € R%
Hence, we have proved that
t—to
/ E, exp { / C(Bs)ds}; Tpr>t—1ty|de (3.18)
B(0,R) 0

> (27ty)¥2e 0K exp {t)\g (B(0,R)) }

Replacing ¢ by t + ¢, leads to (3.16).
On the other hand, using Markov property again

Eo

t
exp {/ ((Bs)ds}; Tor > t] > e KR,
0

t—to
= etoK/ Dio(2)E, | exp { / C(Bs)ds}; Tor >t —to|dx
B(0,2R) 0

t—to
> etOK/ Dio(2)E, | exp { / C(Bs)ds}; Tpr >t —ty|de
B(0,R) 0

where py, () is the density function of the measure

exp { / <<Bs>ds}; Ton > t]

s (A) = IPO{BtO € A, Top > to} ACRY
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By (3.13),

~ _ 1 x2
o) Buf s 1801 < Rty ) e { - L)

0<s<1
>IP>0{ max |BY| <Rt_1/2};exp{—R—2} z € B(0, R).
= o<s<1! sl =770 (27tg)9/2 2to ’

Thus, we conclude that

exp { /O t<<Bs>ds};T2R > t]

_ —1/2 1 R?
2 € toKpo{ max |Bg| S Rto / }W exp{ }

0<s<1 2tg

t—to
X / E, | exp { / C(Bs)ds};TR >t —to|dx.
B(O,R) 0

Finally, (3.17) follows from (3.18). O

Eo

Lemma 3.6 Let d =3. For any 6 > 0 with {|z| <4} C D,

exp {H/OtV(BS)ds}; D > 2t]

_ 6|D —
< exp {9t sup |V 1(23)\} + MI[‘-?ao exp {\/2_5T19 sup ‘Vg,1($)’} exp {t)‘GV(D)}

w|<s/2 O o3 weD

Eo

conditioning on the event {w{|x| <6} = O}, where | D| is the volume of D and V4.(+)
is defined in (3.5).

Proof: Notice that a(\) = 0 for A > 3. Thus, on the event {w(|z| < §) =0},

_1 1
/ a(65 2|x|>w(dy) S / {|y—$|§5/2}w(dy) — 0
R3 || {ly|>6} ||

whenever |z| < §/2. Consequently,

where

-1
cz;:/ a0 Jzl) .

R3 |z]?

17



For any r < ¢/2, therefore

(@)

s
6

Tr/\t_ Tr/\t_ o
/ V(Bs)ds = / V%J(Bs)ds <tsup |V
0 0

|lz|<é

Thus,

E | exp {Q/OtV(BS)ds}; D > 2t] (3.19)

+ exp {t sup |V%71(.r)|}.

j@1<8

< K

¢
exp {6/ V(Bs)ds}; T.<t, mp>2t
0

Write 77, = inf{t > T}; B, ¢ D}. By Markov property,

t
Ey | exp {9/ V(Bs)ds}; T, <t, 7p > 2t]
0

t
< Ep | exp {QTT<SI|1<]Z; |V%71(a:)| — Cg)}exp {0/ V(Bs)ds}; T, <t, mp > 275]
x|< Ty

=Eq| exp {HTT< sup |Vg’1(3:)\ — C§> }uo(t —T.,Br); T, <t

jo|<s

Y

Notice that on {7, <t}

ui(t —T,, Br,) < exp { — 0T, inf V({L’)}EBTT

zeD

exp {H/OtV(Bu)du}; D > t]

— exp { — 9T, inf V(a:)}uQ(t, Br) (say).

zeD

Summarizing our estimate,

¢
Eo | exp {0/ V(Bs)ds}; T.<t, o> 225]
0

<Eg|exp {QTT( sup |Vg1(x)| —Cs — 12£V(m)> }Ug(t, Br,)|.

|z|<é

18



Recall the classic facts that 7, and By, are independent and that By, is uniformly
distributed on the sphere {|z| = r}. So the right hand side is equal to

_ o 1
Eq exp {QTT< sup |V%71(x)| —Cs — ;g{) V(l’)) }4717“2 /{x|:r} uy(t, v)dz.

|z|<d

Using fact that {|z| < ¢} C D and the bound

—V(@) < Cs = Vs, (2) < Cs+[Vs ()]

[N [-%)

we have that

Eqexp {HTT< sup Vs ,(z)] — C5 — in]gV(:c))} < Egexp {297} sup |Vs 1(:c)|}
6’ xTE 6’

|| <8 xeD

< Egexp {29T5 sup ]Vg}l(xﬂ} = Egexp {\/%GTl sup |V%’1(a:)\}.

zeD zeD

Here we have used the fact that T, < Tj/o < \/0/2T;.
By (3.19), we conclude that

exp {G/OtV(BS)ds}; D > 2t]

< Eoexp{\/%ﬁTl sup \Vgl(:cﬂ}/{ | }ug(t,x)dx

zeD

(4mr?)Eq

+ (477?) exp {t sup |75/671(x)|}.

|z|<é

Integrating the variable r over [0,6/2] on the both sides,

exp {H/OtV(BS)ds}; > 2t]

< i]EO exp {\/%HTl sup |V s 1(:(:)\} us(t, x)dx
o {lel<r}

- 7'('(53 zeD

+ exp {t sup |V%1(x)|}

|z|<d

Eo

Finally, the desired conclusion follows from the bound
/ us(t, )z < / ua(t, )z < |Dlexp { A (D))
{lz|<r} D

where the second step follows from Lemma 4.1 in [5]. O
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4 Lower bounds

We establish the lower bounds requested by Theorem 2.1, Theorem 2.2 and Theorem
2.3. Let t be either fixed (as in Theorem 2.1 or increase to infinity (as in Theorem 2.2
and Theorem 2.3). Let ¢ — 0 and R — oo either as sequences (when ¢ is fixed) or
as functions of ¢ (when ¢ — o0). The constraint assumed here is that R22/3t~1 > ¢
eventually for some constant ¢ > 0. Other relations among the parameters introduced
above will be specified later according to the context.

By Brownian scaling,

t te—2/3
Eq exp {9/ V(Bs)ds} =Eexp {9/ VE(BS)ds}
0 0
te=2/3
exp {6/
0

Ve(r) = /R L [w(edy) — edy].

s |y —

> K

Ve(Bs)dS}u TZR Z t€2/3] )

where

Let » > 0 and @ > 0 be two large but fixed numbers with » < a. Consider the

decomposition B
Ve(z) =Viael(r) + Voe(x) — eCy

where V, .(z) is defined as in (3.5),

Vaelz) = /ngw(edy) and O, =/ —a(a_lm) dz.

’y - I’Q R3 |$|2
We have
t
Eg exp {0/ V(Bs)ds} (4.1)
0

> exp { — 0te 2 (Coe+ sup )\Va,e(x)l)}

z€B(0,2R
exp {6/
0

Let § > 0 be a small but fixed number satisfying 7+ < a. For any z € 2rZ3NB(0, R—r)
and z € R?

t6_2/3

x Eo Va,E(Bs)ds}; Torp > t6_2/3] )

a(a”'y — =)

Veule) 20 | w(edy)

(y—s<oy [y —al?
ala™(|z — x| +9))
(|lz — x| + )2

> 0w (B(e'3z,/35)) = (x).
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Consequently,

t6_2/3

Eo

‘/a,e(Bs>dS}; Tor > 7562/3]

t6_2/3

> [y

exp {8/
0
exp {(9/ C:(Bs>d5}; Tor > 756_2/3]

0
1/3

R —
> Po{ max | BY| < S bexp {tex: (B0, B)) }

R262/3
)
where the last step follows from (3.17) in Lemma 3.5 with ¢ being replaced by te=2/3
and ty = 6*te %/, and from the observation

X exp { — 20w (B(61/3Z, 61/35))756_2/3 —

0 < ¢ (x) <0 %0w(B(e%2,€/%5)) z e R™
Notice that B(z,7) C B(0, R) and that r + < a leads to

1

C(x) = 0w (B(el/gz, 61/35)) (EET TP

x € B(z,71).

By substitution g(x) — g(z — z), therefore,
At (B(0, R)) 2 Az (B(z,7))

2
g9*(z) 1 2
= sup w(B(eY3z, e/35) 9/ —————dx — —/ |Vg(z)|“dz
gefa(B(z,r)){ ( ) B(z,r) (|$ - Z| + 5)2 2 B(z,r)

2
9 (x) 1 2
= sup w(B(e/32, e/35) 9/ ————dr — —/ Vg(x)|"dx
gefg(B(O,r)){ ( ) By (2] +9)? 2 JBo.
= T’g(w(B(el/g’z,el/?’é))Q)
where the function H, 5(-) is defined as

2
9" (x) 1 2

H,s5(0)= sup {9/ —————dx — —/ |Vg(z)|“dz ¢.

gersB0r) U Jpon (12 +0)2 2 /e

Summarizing our estimates since (4.1),

Eq exp {H/OtV(BS)ds}

1/3 2.2/3
g 1 o 2 o )
X exp { — Ote /3 (an + sup V()] + 2w(B(eV, 61/3> }

z€B(0,R)
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By the assumption that R%¢%/3/t is eventually bounded from below, there is a constant
~ > 0 such that

Re'/3
IP’O{ max |BY| < } >
0<s<1 V4

eventually holds. Taking maximum over z € 2rZ*> N B(0, R —r),

¢
Eqexp {9/ V(Bs)ds} (4.2)
0
> 7y exp { - fer } exp {te_Z/?’Hm;( max w(B((—:l/?’z 61/35))9> }
- 202t N\ 2e2rZ3nB(0,R—r) ’

X exp { — Ot (C’ae + sup  |Vae(w)] +2 max C0@(61/327 61/3) }
z€B(O,R) 2€2r7Z3NB(0,R—7)

A version of (4.2) is also needed and is derived as follows: By the Brownian scaling,

t te=2/3
/ E, exp { / V(Bs)ds}d:c = e/ E, exp { / VG(Bs)ds}dx.
B(0,e}/3R) 0 B(0,R) 0

Following the decomposition of V(+) the same way as above and then applying (3.16)
(instead of (3.17)) with to = 1, we have

t
/ Exexp{/ V(Bs)ds}da: (4.3)
B(0,e'/3R) 0

> (2m)¥%eexp { — 52 max w(B(el/?’z, 61/3))}

2€2rZ3NB(0,R—r)

X exp { — te’2/39<eCa +  sup |Va,e(x)|> }
)

z€B(O,R

X exp {(1 + t6’2/3)HT75( max w(B(e/3z, 61/36))9> }

2€2rZ3NB(0,R—7)

4.1 Lower bound for Theorem 2.1

We show that when 6 > 1/16,

t
Eqexp {9/ V(Bs)ds} =00 a.s. Vt>0. (4.4)
0
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Let ¢ be fixed. Taking e = 273" and R = §2*" in (4.2) gives

Eq exp {9 /0 t V(Bs)ds} (4.5)

Q_t} exp {t22” 6 <9 max w(B(27"z, 2‘"6))) }

> yex {—
= YOXP 2€2rZ3NB(0,622" —r)

X exp { — 9t22"{0a2_3" +  sup  |[Vag-u(2)]

z€B(0,6227)

+2 max w(B(27"z, 2‘”5))) }

2€2rZ3NB(0,6227—r)

By (3.12),

lim  sup [Vep-s(z)]=0 a.s. (4.6)

=00 4 B(0,56227)
when a > 0 is sufficiently large.

We now prove that

lim sup max w(B(27"2,27")) =2 a.s. (4.7)

n—oo 2€2rZ3NB(0,622"—r)

By homogeneity and increment independence of the Poisson field, The random variables
w(B(27"2,27"8)); 2z €2rZ® N B(0,62*" —r)
are i.i.d’s. Hence,

]P’{ max w(B(27"2,27"8)) > 3}

2€2rZ3NB(0,0227 1)
< #{202° 0 B(0,52%" — 1)} P{w(B(0,279)) > 3}
< ¢ ((2—"5)3) - 0(2—3”}.
Thus,
SP{ max o w(B(272,279) >3} < oo

2€2rZ3NB(0,6227 —r)
n

By Borel-Cantelli lemma and by the fact that the random variable

max w(B(z,27"0))

2€2rZ3NB(0,622" —r)
takes integer-values,

lim sup max w(B(27"2,27"8)) <2 a.s.

n—oo 2€2rZ3NB(0,6227—r)

23



On the other hand, write A,, = B(0,62?" —r)\ B(0,§2%"~Y).

]P’{ max w(B(2*"z,2*"5))§1}

2€2r7Z3NA,
#{2rZ3NAn}
_ (1 - ]P){W(B(O, 275)) > 2})
#{2rZ3NAn}
< (1 - 0632_6"> < exp{—cy0°}.

So we have that

Zn:]P’{ ZE%mZ%?%Anw(B(Q*”z, 27"8)) > 2} = 00.

Notice that the sequence

max w(B(27"z,27")) n=12,--

2E2rZ3NAn

is an independent sequence. By Borel-Cantelli lemma

lim sup max w(B(27"2,27"6
n—oo 2€2rZ3NB(0,6227—r)

)
> limsup max w(B(2_”z,2_"(5))22 a.s.

n—oo 2E€2rZ3NA,

By the fact that # > 167! and by Lemma 6.2,

9*(x) 1 2
lim H, 5(20) = sup 2«9/ dx — —/ |Vg(z)|“dx p = 0.
LR A 9EFs rs |7/ 2 Jrs

Therefore, one can take 0 sufficiently small, and r sufficiently large, so we have H, 5(20) >
20 + 271¢72. Finally, the requested (4.4) follows from (4.5), (4.6), (4.7). O

4.2 Lower bound for Theorem 2.2

Recall that 0 < 6 < 1/16 and k = [(80)~']. We prove

¢
lim sup t_%l(t)_3<k2—l> log Eq exp {9/ V(Bs)ds} =00 a.s. (4.8)
0

t—o0

under the assumption

< dt
/1 m:oo. (4.9)



3

kil
Taking t,, = 2", e =€, =tn ’“_ll(tn)_ﬁ and R =R, = 5tﬁ_1l(tn)3<k2—1> in (4.2) gives

V(Bs)dS} (4.10)

2€2rZ3NB(0,Ry—1)

k41 5

— 0t (1) (Catn+ sup [V, (2)
z€B(0,Ry)

Etl
X exp {t,’il [(t,)*® D H, <9 max w(B(€/*z, ei/%))) }

+2 max w(B(e;/3z,€711/35))>}.
2€2rZ3NB(0,Ry—7)

By (3.12),

lim  sup |Vae (2)]=0 a.s. (4.11)

n—00 xEB(O,Rn)

as a > 0 is sufficiently large.

In addition,
IP’{ max w(B(/3z,e/*8)) > k + 2}
2€2rZ3NB(0,Ry—1)
3(k+1) 9

< Ct,! l(tn)wﬂ)P{w(B(o, e/*8)) > k + 2}

k

_ 3
< Ctp " (t,) *1.
Consequently,

ZIP’{ max w(B(e/*z,€/36)) > k + 2} < 00.

2€2rZ3NB(0,Rn—r)
By Borel-Cantelli lemma,

Ii B(e32. 836 <k+1 a.s. 4.12
TP o VPP SR s (1)

On the other hand, let A,, = B(0,R,, —r) \ B(0, R,—1 — 7).

]P’{ max w(B(e%L/Sz,e}/?’é))Sk}

2€2rZ3NA,
#{2r7Z3NAL}
= (1 - P{W(B(o,e,ﬁ/%)) >k + 1}) :
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Hence,
IP’{ max w(B(e,ll/?’z,e}/?’d >k:+1}

2E2rZ3NAn
~ #{2r7° N An}P{w( (0,€eL/%0)) > k + } > col(tn) !,

where ¢y > 0 is a constant independent of n. By (4.9),
S -

By Borel-Cantelli lemma,
li B(el/*z, /% 4.13
D (B2 60)) (4.13)

> limsup max  w(B(e?*z,6/%0)) > k+1 a.s.
n—oo 2E€2rZ3NAy,

By (4.10), (4.11), (4.12), (4.13),

k

2 tn _
lim sup ¢, * l( n) 3D logEg exp{ﬁ/ V(Bs)ds}
0

n—o0

> H,s5((k+1)0) —20(k+1) — 27" a.s.

Notice that (k + 1)0 > 8'. By Lemma 6.2, letting r — oo and 6 — 0" on the right
hand side leads to (4.8). O

4.3 Lower bound for Theorem 2.3

We prove that

t—o00

2 t_
lim inf tf%l(t) 5¢-1 log Eg exp {9/ V(Bs)ds} =00 a.S. (4.14)
0
under the assumption that

<1
/ ;exp{—cl (t)}dt < oo Ve>0. (4.15)
1

This time we use (4.3) instead of (4.2). Taking t, = 2", € = €, = t,* 'I(t,)) "7,
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R=R, = tﬁ_ll(tn)_3(’€2—l> in (4.3) gives

tn
/ Exexp{/ V(Bs)ds}dm (4.16)
B(0,et*Ry) 0

3/2 _ 52 1/3, _1/3
> (2m) eneXp{ J zezrzﬁ%ﬂﬁ)w(B(en z,€n ))}

k+1 2 _
X exp { — thT(t,) T 0<eCa + sup |V, (m)|>}
)

X exp { (1 + tfl}%l(tn)_?ﬂ’f—U>HT75< max w(B(eTll/?’z, 671/35))0> }

2€2rZ3NB(0,Rn—1)

We now show that for any ¢ > 0 and r > 0,

lim inf max w(B(e,lL/gz,e}/?’(S)) >k+1 as. (4.17)

n—oo  z€2rZ3NB(0,Rn—r)

Indeed, by independence

]P’{ max w(B(e;/:sz,e}/S(S)) < k}

2€2rZ3NB(0,Ry—1)
#{2rZ3NB(0,R,—7)}
- (1 — IP’{w(B(O, el/*8)) >k + 1}) .

By the fact that

1 4 k+1

P{W(B(O, 6711/35>) Z k/' + 1} ~ m(gﬂ'égen)
k41 _3(k+1) .
1 (47T 3) T l(tn)%,

3

(k+1)!

there is a constant ¢ = ¢(k,d,7) > 0 such that

IP’{ max w(B(e}/?’z, 6%/35)) < k} < exp{ —c- l(tn)}

2€2rZ3NB(0,Ry,—7)

for large n. By (4.15),

Zexp{ —c-l(tn)} < 00.

Hence, (4.17) follows from Borel-Cantelli lemma.

Notice that (4.11) and (4.12) remain true in this setting. By (4.16) and (4.17), therefore,

. . — k41 _2
liminf ¢, *~*(t,)3®D /
B(0,Rne

n—0o0

tn
E, exp { / V(Bs)ds}dx = 0. (4.18)
sy 0

n
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For any large ¢t > 0, let n be such that ¢,, <t <t¢,,,. Then

t t
Eq exp {9/ V(Bs)ds} > Ey | exp {0/ V(Bs)ds}; Ty a5 >t — tn_1] )
0 0 nen

Notice that for any z € R?

V(SL’) / a(a_1€;1/3|y_x|)w(dy) C 1/3
= — Cgty,
R3 ly — xf?

1-— a(aileﬁl/3|y —zl)
+ w(dy) —d
/]R3 ly — z|? o(dy) = dy]

> —Coet3 4+ 63V, (e, %),

Eq exp {Q/OtV(BS)ds}

> exp { — Ot 11 (Cae,ll/?’ + 6;2/3 gl(tpR ) ]Va,en ($)|> }
xe Al

t
exp {9/ V(Bs)ds}; TRnel/S >t— tn_1] )
t—tn_1 "

So we have

XEO

By Markov property,

t
Eo exp {6/ V(Bs>d8}, TR 61/3 2 t— tnfl
t ntn

—tn_1

tn—1
= / Pi—t,_, (x)Ey exp {9/ V(Bs)ds}dx
B(0,Rne /?) 0

n

tn—1
> / Pi—t, . (x)Ey exp {9/ V(Bs)ds}dm
B(0, Ry—1¢;, %) 0

where Py, ,(x) is the density function of the measure

/‘Lt—tn71<A> - ]P)(){Bt_tn71 S Aa TRne}L/S >t — tn—l} AC Rd‘

Notice that Rn,le;i/f’ < 27'R,en'’? for large n. By Lemma 3.4,

Pi—t, ()
> Po{ max [BY] < Ruelf*(t — ta1) 2} (2m(t — 1)) exp { - S
= 0<s<1' ' — n 2(t —ty_1)

/3,-1/2 3/2 a6l
. O < /3, } - { _ u}
- PO{ Orgsagxl ‘BS‘ < Ryey bt (zﬂtn+1) oXp 2t,—1



-1/3
n—1

for every x € B(0, R,_1€,, "), where v > 0 is a constant independent of ¢.

Summarizing our computation,

Eaesp {0 [ t jis |

V (B,
> 42732 oxp { — Ot <C’a6i/3 + 652/3 sup |V, (x)\) }
xGB(O,Rn)

1 e tnoy _
% exp { = St (b)) | / E, exp {9 / V<Bs>ds}dm
2 B(0, Rn_1¢. /) 0

n—1

when t,, <t <t,.; for large n. In view of (4.11) and (4.18), this leads to (4.14). O

5 Upper bounds

In this section we install the upper bounds requested by Theorem 2.1, Theorem 2.2,
and Theorem 2.3. Through this section 0 < # < 1/16. Recall that &k = [(80)7!] and
that for any open set D C R* and the function ((-) on D, \:(D) is defined by the
variation given in (3.15). For each R > 0, write Qr = (—R, R)%.

5.1 Asymptotics for the principal eigenvalues
By 0 < 6 < 1/16 we have that k = [(80)7'] > 2. Write

tfﬁ?l(t) 5 when £k >3
Ry(t) = (5.1)
t31(t)2/3 when k = 2.

Lemma 5.1 , ,
lim t_ml(t)ir’(k*l) )‘9V(QRk(t)) =0 a.s.

t—o0

under the assumption

/100 L (5.2)

Proof: We first consider the case k > 3. Let M > 0 be fixed but arbitrary. Write
r(t) = M(tl(t)l/s)m7 e(t) = (tgl(t))_m
5(t) = €(t)/r(t) = M (t(t)"/%) .
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Decompose V as follows:
— a(0(t)Hy — =|) 1—a(6(t) |y — )
Vx:/ wdy—dy—l—/ w(dy) — dy|.
= Jo T e L@ B [ e ) )
For the first term

/ a(5(t) "y — =) wldy) ] s/ a0y —al) s

ly — x|? R ly — x|?

a(rt) My —e(t)" 3
[ | (\ty) _’f@)ffﬁw ) (elt)y) = elt) 2%, (clt) 1 152),

where

£T76(x) _ fr(t)76(t)(:1$) _ / Oé(T(t)_ ‘y - -73‘) w(e(t)dy).

R3 ly — [?

As for the second term

/ 1—a(0(t)y — ) [w(dy) — dy]

ly — x|

s [ 1 —alaTy — ad(t)'x]) 353 ) — a-38(1)
= a?i(t) /RS PESIOETE [w(a 5(t)°dy) d(t) dy}

= a25(t)’27a75(t) (ad(t) ')

where 6(t) = a~35(t)?, the random field V,(-) is defined in (3.5) and the constant
a > 0 will be specified later.

By triangle inequality and by the substitution g(z) ~ €(t)~'/2g (xe(t)_1/3>,

Av(Qry ) < €(t) P Xog, (Q 134y ry 1) + 00> (1) sup Vi@ (5:3)

z€ad(t) "1 Qr, (1)

By Proposition 1 in [14], there is a non-negative and continuous function ®(z) on R?
whose support is contained in the 1-neighborhood of the grid 2r(¢)Z3, such that

Aero—av(Q—1/3)r, (1) < max e, (2 4+ Qrys1) Y € Qrpy
: (t)Ri(t) Z€2T(t)ZSOQ25_1/3(t)Rk(t)+2r(t)

where ®¥(z) = &(x + y). In addition, ®(x) is periodic with period 2r(t):
Oz +2r(t)z) =®(x); z€R® 2€7Z°
and there is a constant K > 0 independent of r(¢) and ¢ such that
K
/ O(z)dr < —.
t)

. r(
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By periodicity, therefore,

So we have
K
Aer Q=173 Rr)) < 8r (1) + )\fr,e—ﬁ(Qe_l/3(t)Rk(t))
K 1
. | Ao @emonody
8r(t)* (2r(t))3 Qrit) o ©R()
K

+ max A (2 + Qriy41),
87"(t)4 Ze2r(t)Z3mQ2€*1/3(t)Rk(t)JrQr(t) ' "

where the second step follows from Jensen inequality.

Summarizing the estimate since (5.3),

t_’fjl@)i?’(’il) )‘QV(QRk(t)) (54)
K

< 0a®*M™? sup |Va,5(t)(x)| + SMA

2€ad(t) " QR (1)
2
+ (tl(t)1/3) (k=1)(k=2) max /\9&’€ (Z + Qr(t)+1).

ZE2r(t)Z3mQ257l/3(t)Rk(t)JrQ’r(t)

Take t,, = 2". By (3.12),

lim sup |Va73(tn)(x)] =0 a.s. (5.5)

n—00 ané(tn)*lQRk(tm
when « is sufficiently large.
We now prove that

max )\5T<tn)7e(tn)(2 + Qr(t,)+1) = 0 eventually in n} =1.

/3 (tn) Ry (tn)+2r(tn)

P{
z€2r(tn)ZSQQ2€
(5.6)

Notice that

max >‘95r(tn),e(tn)(2 + QT(tn)+1> # O}

267 1/3 (tn) Ry, (tn)+27(tn)

< #{27“(7571)23 N Q26*1/3(tn)Rk(tn)+2r(tn)}P{)\HET(tn),e(tn)(QT(tn)-l-l) # 0}-

P{
2€2r(tn)Z3NQ
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Recall that truncation function «(-) is supported on [0, 3]. For any g € F3(Qr(t,)+1),

/an)+1 En(tn) (i) ()7 (2) dz = /RS {/QW)H ar(ts,) 'y — ml)QQ(y>dy:|W(€(tn)dl‘)

ly — x|

2
g\y
< w(Qss(t,)) Sup/ ) dy
Qr(tn)

veR? by =l

when r(¢,) > 1. Therefore,
)‘9§r<tn),e(tn) (Qr(tn)-i-l) (5.7)

2 1
< sup {w(Qm(tn))@ Sup/ g—(y)dy—g/ IVg(y)IQdy}
Q Qrp(t)+1

_ 2
9EF3(Qr(tn)+1) 2ER3 J Qr (1) 41 |y ZL’|

2 1
< sup {W(Q56(tn))0 sup gY) dy — 5/ IVg(y)lgdy}
R3

gEF3 z€eR3 JR3 |y - £E|2

2 1
= sup sup W(Q&S(tn))e/ J (y)Zdy— —/ Va(y)|dy
R3 :L‘| 2 R3

zER3 geF3 |y_
2
9°(y 1
= sup fot@u)o [ 1y [ Vo,
geF3 R3 |?J| 2 Jgs

where the last step follows from shifting invariance.

Notice that k0 < 8~!. By Lemma 6.2 we obtain the bound

mHax Ag&“ve(tn) <Z + QT(tn)+1) 7é 0}

2¢71/3 (tn) Ry, (tn)+2r(tn)

P{
2€2r(tn)Z3NQ

3(k+1)

< Ot z(tn)ﬁp{w(gwn)) > k4 1} < Clt,)

By (5.2), Z
I(t,) "' < 0.

Hence, (5.6) follows from Borel-Cantelli lemma.

Since the second term in (5.4) can be arbitrarily small by making M sufficiently large,
by (5.5) and (5.6),
2

limsuptn * 1(t,) " D A (Qrye) SO as.

n—oo

Notice that )\GV(QRk(t)) is non-decreasing in t. We have completed the proof in the
case k > 3.

32



The case k = 2 follows from the same argument with
r(t) = M((6)73)? e(t) = (£PU(1) 7,

5(t) = e(t)/3r(t) = M(ti(t)/3) "2,

Write

tﬁl(t)_?’(’i?) when k>3
Si(t) = (5.8)
B31(t) 23 when k= 2.

Lemma 5.2 , ,
liminf ¢~ 7 11(£)3D Ny (Qs, ) =0 a.s.

t—o00

under the assumption that there is co > 0 such that

=00 when ¢ < ¢

/100 % exp{—cl(t)} dt (5.9)

< 00 when ¢ > cg.

Proof: We first consider the case k > 3. Let v > 0 and M > 0 be fixed but arbitrary.
Write ) X
r(t) = M(t(t) /3 FDE2 () = u P (31(1) 1) FOE

5(t) = e(t)Pr(t) = (%) (t1(t)2/3) 7=

u

Similar to (5.4),

() T Mg Q) (5.10)
u\2 — Ku?
<0a*() s [V, 0@+
2€ad(t) " QR (1) o0 8M*
2
+ u2 (tl(t)—l/?)) (k—1)(k—2) ZGQT(t)ZiiQOaX )\ggr’6 (Z + Qr(t)—&—l)a

2= 1/3(4) Sy () +2r(t)
where 6 = 0(t) = a3§(t)?, the random field V, .(z) is defined in (3.5), and

a(r(t) "y — )
ly — 2

(o) = @) = [ lelt)dy)

Same as (5.7),

2 1
)\ggm(z + Qrpy+1) < sup {w(e(t)l/S(z + Q5T(t)))9/ g (g)dy — = |Vg(y)|2dy}
geFs RS Y 2 Jgs
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for each z € 2r(t)Z" N Qac—1/3(1)s, (1) 120(r)- Thus,

max Mg, (2 + Qrry41)
2627“(’5)23(7@2671/3(t)sk(t)+2r-(t)
1/ 9*(v)
< sup 9( max W(E(t) (z + Qm(t)))) 2 dy
g€F3 2€2r(H)ZPNQ, — 135Sy (0)+2r(®) re Y]

L]

2
—sup {o( o e+ Quo) [ S8y [ Vo).

gEF3 ) Z30Qa2s, (1)+26(t |y|?

By Lemma 6.2, therefore,

max Ne,. (2 + Q1) = 0} (5.11)

2= 1/3 (1)) (¢)+2r (1)

D) < k:}
{ B 2 Q)

Z3NQas, (1) +25(t)

{ 2€2r(t)Z3NQ

Unfortunately, the random variables

w(z + Qssy) 2 € 26()Z° N Qasy (1) +25(1)

are not independent. So we apply Slepian-type domination (Lemma 3.1):

IP’{ < k}
st max w(z + Qssr)) <

6 Z3NQas, (1)+25(z)

#{26()Z°NQas,, (1)+26(1) }
> (P{w(Q5a(t>) < ’f})
It is straightforward to check that

u ! 3(k+1) _%
10 i j\fl))! (t3l(t)_1> (t — 00)

and that
U\ 3 3(k+1)

#{26()Z° N Qas, 2500} ~ (M) £ ()R (t— 00).

Hence, there is a constant '}, independent of v and M such that

o i @ 28} 2o a0} o

t)ZPNQ2s, (+)+25(1)
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for large ¢. In connection to (5.10), our strategy is to make u?/M*, M /u sufficiently
small, and to make u and M sufficiently large.

Fix a constant ¢ satisfying
k—1

3k

co < € < ¢p.

Define {t,} as following:

t1 =1, tpi1 =t,exp {d(tn)} n=12---.
By (3.12),

lim sup V. 5 (@) =0 as. (5.13)

_)
M CER /3 (15 0m)
for sufficiently large a.
We now prove that

P <kio. =1 5.14
{ZE%() max w(z + Qss)) < 10} ( )

HZ3NQas, (1)+25(t)

Write
Hn = max (,U(Z + Q55(t))7

2€26()Z3NQas, (1) +25(t)

An = Q254 (tns1)126(tns1) \ Q254 (tn)+b8(t0) >

Zn - ’
Zez&gz)%mAn w(z + Qss(t,41))
Z, = max w(z + Qsé(tn+1))a

2€28(tn)Z3NQ25, (tn)+b5(tn)

where b > 0 is a constant which is large enough to make sure that the random variables
Zy, Zy, - - are independent.

We have that H,,.; = max{Z,, Zn} Notice that

IP){ZTL Z k + 1} S #{25(tn)Z3 N QQSk(tn)'i‘b(S(tn w Q56 tn+1 > k + ]-}

3(k+1 3 3(k+1) )

< Ctn l(tn) k= Qtn-‘,-iC ' l( n+1)n

E’T‘
+
—_
N~—
o~
~
~
3
S~—
——

= Cl(ty) "2(tysr) 2 exp{ 302_
Since [(t) is slow-varying,

U(tne1) = l(tn exp{él(tn)}> < I(t,) exp {o(l(tn)} — exp {o(l(tn)}
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for large n. Therefore, we obtain the bound

P{Z, > k+1} < C’exp{ - kgﬁzl(tn)} (n — 00).

For any ¢ > ¢y, on the other hand,

% 1 o tn+1 1
oo>/1 ;exp{—cl(t)}dt:;/tn ;exp{—cl(t)}dt
> Z ?—1exp{ —cl(tps1)} > 5Zexp{ — cl(tps1)}
n=1 n+

n=1

So we have that B
Y P{Z, > k+1} < 0.

By Borel-Cantelli lemma

P{Z, < k eventually in n} = 1.
By (5.12),
M 3k
P{Z, <k} > P{Hu <k} 2 e { = C( =) it |
u

Pick ¢; satisfying ¢ < ¢; < ¢g and make M /u so small that

C’k< >3k<cl—é

We have

t+11

oo:/1 —exp{—cll }dt Z/t —exp{—q )}dt
SZ n+1tn_ exp{—cll } Zexp{ (cp —e)l )}

Consequently,

> P{Z, <k} = o0
Applying Borel-Cantelli lemma to the independent sequence {Z,,} we have

P{Z, < kio}=1.
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This, together with (5.15), leads to (5.14). By (5.11) and (5.14),

max ey ain (2 + Qriyi1) = 0 i.o.} ~1  (5.16)

267 1/3 () Sk, (tn)+2r(tn)

P
2€2r(tn)Z3NQ

By (5.10), (5.13), (5.16), and by the fact that u?/M* can be arbitrarily small,

__2
lim inf £, " 1(£,) 500 Ay (Qs,0)) <O as.

n—o0

By the fact that the principal eigenvalue \,i7(Qr) increases in R, we have completed
the proof in the case k > 3.

The case k = 2 follows from the same argument with

2

r(t) = M(1()" ) ety = u (1)) 7

3(t) = e()Pr(t) = (%) (t1(t) =23,

u
U

5.2 Upper bound for Theorem 2.1

We prove that when 6 < 1671,

Eq exp {H/OtV(BS)ds} <00 a.s. (5.17)

for any ¢ > 0. By Holder inequality, we may assume that 6 > i.
Let I(t) > 0 be a slow-varying function satisfying (5.2) and recall the notation Ry(t) =

#31(t)?/3. Consider the decomposition
t t
Eq exp {9/ V(Bs)ds} = Ey | exp {9/ V(Bs)ds}; TQry = 2t
0 0

0 t
+ ZEO eXp {QA V(Bs)d8}7 TQR2(2n—1t) < 2t S TQRQ(Qnt)] :
n=1

Pick p > 1 with pf < 167! and write ¢ = p(p — 1)~!. By Holder inequality,

t
Eo | exp {8/ V(Bs)ds}; TQpyan-11y < 20 < Qg o)
0

. 1/p
exp {p@/ V(Bs)ds}; TQpyans) = 225]} :
0
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Let 6 > 0 be a small number and condition on the event {w(B(O, 5)) = 0}. Applying
Lemma 3.6,

Eq exp {9 /0 tV(BS)ds} < X(0t) + Yo(t) exp {mW(QRz(t))} (5.18)

1/p

+ Z <P@{TQR2(QH71“ < 2t}> 1/q (X(pﬁt) + Y, (t) exp {t)\pgv(QRQ(znt)>}> .
n=1

where B
x(t) =exp {t sup Vo, ()]},
lz|<é/2
_ A8Ry(t)? —
Yo(t) = 5 Eqexp {\/%QTl xESQuRI;t) |V%,1(x)|}
and
48Ry (2"t)? —
Y, (t) = %Eoexp {\/2_5])9T1 sup |V%’1(:c)\} n=1,2---.

TEQ R, (2n1)

Using the classical fact that there is a constant C' > 0 such that
Eqexp{bT1} < exp{CbH*} Vb >0

we have

— _ 2
Eoexp{\/2_5p9T1 sup |Vg,1(w)|} Sexp{250(p9)2< sup !Vg,l(m)D }

TEQRy (2n1) TEQ Ry (2n1)
= exp {o((log(Q”t))2)} a.s. (n— o0)
where the last step follows from (3.11). Consequently,
Y, (t) = exp {0(n2)} a.s. (n— o0). (5.19)
Recall the classic fact that
Pof 0, pnry < 2} = P max | B, | > Ry(2* 1) | (5.20)

= ]P{ max | Bu|o > (2t)*1/2R2(2”*1t)} < exp { — 026"t5l(2”*1t)4/3}

for some constant C' > 0 independent of n and ¢, where | - |, is the max-norm in R?.

By Lemma 5.1 with k£ = 2 and with 6 being replaced by p6,

A7 (QRy(2nr)) = 0((2”t)2l(2”t)2/3) a.s. (n— o0). (5.21)
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Combining (5.19), (5.20), (5.21) we conclude that the right hand side of (5.18) is almost
surely finite. Thus, we have established (5.17) conditioning on the event {w(B(O, §)) =

0} . Therefore,

JP{]EO exp {Q/OtV(BS)ds} < oo} > ]P{w(B(O,(S)) - 0} - exp{ - %W(S?’}.

Since 0 can be arbitrarily small, we have completed the proof. [

5.3 Upper bound for Theorem 2.2

Consider the decomposition

V(o) = Vi) + [ =ity - [ Wy > 70 - [ 2y

s |y —xf? s |yl? gs |Y[?

where the notation V' ;(z) comes from (3.5). We have that

t t
Eyexp {9/ V(Bs)ds} > Eo | exp {9/ V(Bs)dS}J TR 2 1
0 0

a(lyl)
> —t V + —==d P B <tr.
—exp{ <Tp' oo+ [ ) peo{ mals <1}

By (3.11) we have

t—o00

t
liminf (¢logt) " log Eq exp {9/ V(Bs)ds} >0 a.s. (5.22)
0

To complete the proof of Theorem 2.2, therefore, all we need to show is that under the
assumption (5.2),

t
limsupt_%l(t)_?’(’il) log Eg exp{@/ V(Bs)ds} <0 a.s. (5.23)
0

t—00
conditioning on the event {w(B(O, §)) = 0}.

In the case 1/24 < 6 < 1/16, the bound (5.18) holds when conditioned on {w(B(O, §)) = O}.
By Lemma 5.1 with k& = 2,

A (Qrae) :0<t2l(t)2/3) as.  (t — oo).
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The bound (5.19) can be replaced by

Y, (t) = exp {0((log(2”t))2)} as. n=0,1---.
Combining these with the bound given in (5.20), (5.21), we have (5.23).

Now we consider the case 0 < # < 1/24 (so k > 3). The main reason we treat this
setting separately is for it includes the critical cases when 6 = (8k)~!, which need some
special care. Similar to (5.18), for any conjugate p,q > 1,

Eo exp {e /0 tV(Bs)ds} < X(0t) + Yo(t) exp {tAGV(QRk(t))} (5.24)

1/q

00 1/p
+ 3 (Po{ 7, nry < 21}) (X(pet) + Y (t) exp {t)\pw(QRk(Qnt))}> ,
n=1

where

X(t) = exp{t sup [V, ()|},

lej<s/2 ¢

48 Ry (t)3 —
Yo(t) = %EO exp {\/ 20077 sup |V§71(ZL‘)|},
T TE€EQR, (1) ¢
A8 Ry (27t)° =
Y, (t) = %Eoexp{v%pﬁﬂ sup \V%I(:c)|} n=12---

T€QR, (2n1)

Similarly to (5.19) and (5.20) we get
Y, (t) = exp {0<(log(2”t))2)} a.s. n=0,1,---

and
IP’O{TQR -1y < 2t} < exp{ — C’2"(2"t)%l(2”_1t)3‘(4{1_2) }
™ t

Due to the possibility that § = (8%k)~!, we can only make pf < (8(k — 1))_1. So we
may make (8k)™' < pf < (8(k — 1))71. By the monotonicity of A (D) in D,

2 2
A7 (Qri2n1)) < Ay (Qr, i 2n)) = 0<(2”t> k72l<2”t> 3<k2)> a.s.

where the second step follows from Lemma 5.1 with k being replaced by k& — 1.

Summarizing the bounds we obtained, the infinite series on the right hand side of (5.24)
is asymptotically (as ¢ — oo) and almost surely bounded by

C’Zexp { — 0_12”}.
n=1
We now obtain desired (5.23) applying (5.24) and and the fact that
X(0t) + Y(t) exp {mW(QRk(”) = exp {o(t%ut)ff—n)} w.s.  (t — oo).

(see Lemma 5.1). The proof is complete. [
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5.4 Upper bound for Theorem 2.3

In view of (5.22), we only need to show

¢
liminft_%l(t)?’(’il) log Eq exp {9/ V(Bs)ds} <0 a.s. (5.25)
0

t—o00

conditioning on the event {w(B(O, §)) = O}.

We prove (5.25) under the extra assumption that
<1
- —cl(t) dt <
/1 ; exp{ cl( )} o0

for some large constant ¢ > 0, for otherwise we may consider i(t) = loglogt + I(t)
instead of [(t). Therefore, (5.9) can be assumed here.

Let Si(t) be given as in Lemma 5.2. We have that

By exp {e /0 tV(Bs)ds} (5.26)

t
exp{@/ V(Bs)ds}; TQs ) 2 2t]
0
t 1/p
1/q _
+ <P°{Tst(t> < 2t}> (EO exp {pe/o V(Bs)ds})

where p,q > 1 are conjugate numbers.

In the case 1/24 < 6 < 1/16 (k = 2), we can make p close to 1 so pf < 1/16. By the
upper bound in Theorem 2.1 (with 6 being replaced by pf and I(t) = (logt)?)

o exp {pe /O tV(Bs)ds} = exp {o<t3(logt)4/3>} a5 (t— oo).

< E,

By the bound for Gaussian tail,
PO{TQS2(t) <2t} < exp{ - Ct_ISQ(t)2} = exp{ — Ct5l(t)_4/3}.
Hence, the second term on the right hand side of (5.26) is negligible when 1/24 < 6 <

1/16.

We now show that the same thing happens in the case when 0 < 6 < 1/24 (k > 3). In

this case we can pick p > 1 such that (8k)™' < pf < (8(k — 1))_1. By Theorem 2.2

(with I(t) = (logt)? and k being replaced by k — 1),
¢ 4
Eo exp {p@/ V(Bs)ds} = exp {o<tkk2(log t)M)} a.s. (t— o).
0
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So our assertion follows from the Gaussian tail estimate
Po{rgs,. <2t} < eXp{ - Ct*lsk(t)Q} - exp{ O () }

Therefore, the problem (in both £ = 2 and k& > 3) has been reduced to the proof of

lim inf ¢~ +1{(£) 5% 0 log Eq

t—o00

t
exp{H/O V(Bs)ds}; TQs, () = 2t] <0 as. (5.27)

conditioning on the event {w(B(O, §)) = O}.
By Lemma 3.6,

t
exp {6/0 V(B,)ds }; TQs iy = 2t

+6|Q5k( ‘Eo Xp{\/_Tl sup | 5 (z )\}exp{t)\gv(st t))}

3
0 TEQg, (1)

E, <exp{9t sup |V (v )\}

lz|<s/2 &

-
=exp{O(t)} + exp {( log Sk (%) >} {t)\gv Qs t )} a.s. (t— o0)

where the last step follows from (3.11).
The required (5.27) follows from Lemma 5.2. [

6 Hardy inequality
Recall the definition of Fy(D) from (3.14). The family F3 is defined as
Fs = F3(R?) = {g € WH2(R?); / g*(r)dr = 1}.
R3

The essential reason behind the main theorems in this paper is the Hardy’s inequality.
Searching in literature, we have found large amount of follow-up publication (i.e., [17]
and [22]) on this subject, except Hardy’s original paper. For reader’s convenience, we
state Hardy’s inequality for d = 3 in the following lemma and provide a short proof.

Lemma 6.1 For any f. € W1’2(R3)
f2

R3 |$’2

) i <4/ IV f(z)[2dz. (6.1)

Further, the number 4 is the best constant in the sense that for any € > 0 one can find
a function f. € WH(R3) with compact support such that

fo(x

R3 ’1’|2

O —e/ IV £.(2)2de. (6.2)
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Proof: Write © = (x1, x9, z3). Using integration by parts

() / 2 ., 2 of ,

LAY Ay = i i - —\d =1,2,3.
e 22 s ﬁ][\xﬁf (@) |x|2f(x)axj] S
Summing over j on the both sides

3 fz(x)dx = 2/3 [fQ(x) _ v/ xf(x)}da:.

R |2f? 2 f?

Thus,

f2($)dx:—2 Vf.wmdmgz( |vf_x’2dx)1/2( fz(x)dx)l/z.
RS

re |z re |2l 2] |z re |7f?

Therefore,

S 4 < 4/ NP < IV f(2)|2dx.
R3 R3

re |7f? ks
To establish (6.2), for each large M > 0, we define gy € W2(IR3) as following:
( Ml/? 0 S |.T| S M—l

lz|~V2 M l<|z| <M
(T =4 opr Lyl

—pr M < |z| <2M

L 0 |z| > 2M.

It is straightforward to exam that g, is locally supported and

2 1 -1
/ gM(x)dl,: 4_28<Z +—logM> [V gu () d.
s 3 2 R3

|22

For each € > 0, take M > 0 sufficiently large so
7 1 -1
2 (- -1 M)
8 3 + 5 0g <€
and let f.(z) = gp(x).0

What has been frequently used in this paper is the following version of Hardy’s in-
equality.

Lemma 6.2 For any 6 > 0,

sup {e/R @) 4 E/RS |Vg(x)|2dx} _ )0 aess (6.3)

9EFs s |zl 2 oo iff>1/8.
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Proof: By Hardy’s inequality, the left hand side of (6.3) is non-positive when 6 < 1/8.
On the other hand, it is no less than

1
L / Vg(a)2dz
2 R3

gEF3

which is equal to zero. Thus, for § < 1/8,

2

g(x) 1/ 2 }
sup < 6 der — = Vag(x)|“dx ; = 0.
geg{ /R PE 5 R3| g(z)|

Assume 0 > 1/8. By the optionality of Hardy’s inequality described in (6.2),

H(0) = sup {e/R G %/R \Vg(w)|2dx} > 0.

gEF3 3 ’$|2

Given a > 0, the substitution g(x) = a¥2f(az) leads to H(0) = a®>H(6). So M () = oo.
0
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