Homework 2 (Chapter 2)
Exercises in Chpater 2

1.3. Need to show o(X) = (X *((—o0,2]); z € R) The direction of
o(X) Do(X ' ((—0,2]); z€R)
is obvious. Need to show the opposite
o(X) C J(X_l((—oo,x]); z € R)

Define
&= {B CR; X '(B)€o(X ((—o0,z]); z € R)}

All we need is

RCE&E

Indeed,
{(-oc0,z]; z€eR} C€E

Next, one can prove that £ is a g-algebra on R. Hence

—a{ —00, z]; :I;ER}CS

5.2. All we need is
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k=1

Set

i xs )

Mw

k=1

By the fact that X, is simple and X,, < X,

k=1 (k-1 k
sup {EY; Y issimple} > BX, =Y " =P{* - <X <
0<Y<X — 2 2 2
for any n > 1. Hence
k-1 (k-1 k
EY: Y is si 1}>1' P{ X<_}
sup { 1S s1umple = nl_)rr;o Z on on < = on

0<Y<X P



On the other hand, let Y be a simple random variable with 0 <Y < X.. All we need
to prove is that (why is this enough?)

lim EX, > EY (1)

n— o0

We now prove (1) in three alternative ways (in the following argument, EX is defined by
Definition 4.2)

(1) By Fatou lemma
lim FX, > EX > EY

n—oo

where the second inequality follows from the relation ¥ < X.

(2) Notice that X,, T X. By monotonic convergence

lim FX,, = EX > EY

n—oo

(3). If the left hand of (1) is infiniter, then nothing need to be proved. Assume it is
finite. Then EX < oco. Npotice that 0 < X,, < X or | X,,| < X. By dominant convergence

lim FX, = FEX > EY

n—oo

Problems in 2.20
1. All we need is to show that {w € Q; Z(w) <z} € F. Notice that

X(w); weA

e {w € Z(w)Sx}z{{Xﬁm}ﬂA}U{{Yﬁw}ﬂAc}E]—“

2. We fist prove that
li_>m P{{X|>n}=0

Indeed,

(M {1X] = n} = {|X]| = oo}

Hence

P(N1{X12n)) = PO = ) =0



By continuity theorem

Tim P{|X| > n} = P( ﬁ{|X| > n}> =0

n=1

Therefore, there is a integer N > 1 such that
P{|IX| >N} <e

Set
Xe = X1 x|<n}

We have | X.| < N and
P{X # X} < P{IX| >N} <e

4. (a) Since F(z) — F(x — 0) = P{X =z} for any z € R. P{X = 2z} = 0 whenever
x ¢ Jr. In addition

Plx—h< X <z+h}=F(x+h)—F(x—h).
Therefore, all we need is to show that for any decresing sequence h,, with h,, — 0 (n — 00)

lim P{zx —h, < X <z+h,}=P{X=2} VreR

n—oo

Indeed,

ﬁ{x_h"<X§x+hn}:{X:x}

n=1

and {x — h, < X < x4+ h,} is a non-increasing sequence. By continuity theorem,

n—oo

lim P{x—hn<X§m+hn}:P<ﬂ{x—hn<X§x—|—hn}>:P{X:x}
n=1

5. Write

o0 0 %)

Z Pn<X <n+m}= Z P(n<X§n+m}+ZP(n<X§n+m}
n=-—oo n=—oo n=1

and

By linearity of expectation

N N
ZP(n <X <n+m)= E(Z 1{n<X§n+m}>

n=1 n=1



Apply monotonic convergence to the non-decreasing sequence

N
Sy = Z 1/{n<X§n+m}
n=1

o) N oo
S Pn<X <n+m)= lim E(Z 1{n<X§n+m}> _ E( S 1{n<X§n+m}>
n=1 n=1 n=1

N—o00
Similarly,
0 0 0
D, Pl<X<ntm)= Jim B( _ZN Lnex<nimy ) = B( 2. Lnex<nim))
By linearity
00 0 00
Y Pn<X<n+m}=FE > lpnex<ntm}+E Y nax<nim
n=-—oo n=-—o00 n=1
=K Z 1{n<X§n+m}

n=—oo

Notice that
{n<X<n4+m}={X-m<n<X}

Therefore
0o X-1
Y lnex<nimp= Y. l=m
n=-—00 n=X—-m
Thus,
Z Pn<X<n+m)=m

11. Let X be the number of the needed trials and let X be the number of the trials
between the (k — 1)-th new face and the k-th new face.

X=X1+ -Xg
Therefore,
EX=FEX;+ -+ FEXs
Notice that X1 = 1 and for each 2 < k£ <6
{Xx = J}
j—1
= ﬂ {the i-th roll after appearance of the (k — 1)-th new face is not a new face}
i=1
x N{the k-th roll after appearance of the (k — 1)-th new face is a new face}



Thus, by independence

P{X} = j}
j—1

= H P{the i-th roll after appearance of the (k — 1)-th new face is not a new face}
i=1

x P{the k-th roll after appearance of the (k — 1)-th new face is a new face}

(TS e

EX), = ijP{Xk =Jj} = (W) if(%)jl B %

j=1 =1

Here the identity

oo
‘ 1
— il =
(1 x)jEZIjx =1 0<z<1

is used. Finally,

6

6 1 1
EX=EX;+--- EX:E:—:(;(l 2. _)
PR L g k- T3TTG
19. First,
. .11
nh_{réonml{x(w)>n} =0 and nh—>Holo Eml{x(“})>%} =0

for every w € €2. Indeed, the first claim follow from 1{x+,}; =0 as n > X(w). As for the
second claim, given w, if X(w) = 0 then 1 (X(w)>2} = 0 and the sequence is constantly

zero. When X (w) > 0,

1 1 1 1
0< ﬁml{){(u}p%} < " X(@) — 0  (n—o0)
Second, notice that
< ! < d < 1 <
0 ~ Tbml{x(w)>n} ~ 1 an 0 ~ Eml{x(w)>%} ~ 1

So the conclusion follows from the dominated convergence with dominating random vari-
able Y = 1.



