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QUENCHED ASYMPTOTICS FOR BROWNIAN MOTION OF
RENORMALIZED POISSON POTENTIAL AND FOR THE
RELATED PARABOLIC ANDERSON MODELS

BY XI1A CHEN!
University of Tennessee

Let By be a d-dimensional Brownian motion and w(dx) be an indepen-
dent Poisson field on R?. The almost sure asymptotics for the logarithmic
moment generating function

log Eq exp{:l:@ /Ot V(Bs)ds} (t = 00)

are investigated in connection with the renormalized Poisson potential of the
form

_ 1 J
vm:/Rd poaple@) . xeRe

The investigation is motivated by some practical problems arising from the
models of Brownian motion in random media and from the parabolic Ander-
son models.

1. Introduction. Consider a particle doing a random movement in the
space RY. The trajectory of the particle is described by a d-dimensional Brow-
nian motion By. Independently, there is a family of the obstacles randomly located
in the space R?. Assume that each obstacle has mass 1 and that the obstacles are
distributed in R9 according to a Poisson field w(dx) with the Lebesgue measure
dx as its intensity measure. Throughout, the notation “P” and “E” are used for
the probability law and the expectation, respectively, generated by the Poisson
field w(dx), while the notation “PP,”” and “[E,” are for the probability law and the
expectation, respectively, of the Brownian motion By with By = x.

The model of Brownian motion in Poisson potential has been introduced to
describe the trajectory of a Brownian particle that survived being trapped by the
obstacles. We refer the reader to the book by Sznitman [24] and the survey [21]
made by Komorowski for a systematic account of this model and the monograph
by Harvlin and Ben Avraham [20] for physicists’ views on the trapping kinetics.
In the usual set-up, the random field (known as potential function)

(1.1) Ve = [ K& =x0@)
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represents the total trapping energy at x € R? generated by the Poisson obstacles,
where K (x) > 0 is a deterministic function on R known as the shape function.
In the quenched setting, where the observation of the system is conditioned on the
environment generated by the Poisson obstacles, the model of Brownian motion
in Poisson potential is often introduced as the random Gibbs measure i, , on
C{[0, t]; RY} defined as

d/th,a)

1 t
1.2 = —0 V(B,)ds ;.
(12) dP, Zt,we"p{ /o (Bs) S}

The integral

/Ot V(Bs)ds

measures the total trapping energy received by the Brownian particle up to the
time ¢. Under the law u, 4, therefore, the Brownian paths heavily impacted by the
Poisson obstacles are penalized and become less likely.

Sznitman [24] considers two kinds of shape functions. In one case K (x) = ool¢
for a nonpolar set C C R?, while in another case, the shape function K (x) is as-
sumed to be bounded and compactly supported. The correspondent potential func-
tions are called hard and soft obstacles, respectively. In the case of hard obstacles,
the Brownian particle is completely free from the influence of the obstacles until
hitting the C-neighborhood of the Poisson cloud which serves as the death trap.
In the setting of the soft obstacles, only the obstacles in a local neighborhood of
the Brownian particle act on the particle, and the collision does not create extreme
impact.

According to Newton’s law of universal attraction, for example, the integrals

1 1
L —C d /7 dy), eR?,
fRd y @) @

represent (up to constant multiples), respectively, the total gravitational force and
the total gravitational potential at the location x in the gravitational field generated
by the Poisson obstacles in the case when d > 3. Therefore, it makes sense in
physics to consider the shape function of the form

(1.3) K(x)=|x|"?, xeR?.

A serious problem is that under choice (1.3), V (x) blows up at every x € R4
when p < d. In a recent paper [9], a renormalized model has been proposed as
follows: First, it is shown ([9], Corollary 1.3) that under the assumption d/2 <
p < d the renormalized potential

— 1 d
(1.4) Vo= [, ople@) —dan. xR,
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can be properly defined and that for any 6§ > 0 and ¢ > 0,

t_
E®Eoexp{—0/ V(Bs)dx} < 00.
0

Consequently,
—_— l_
(1.5) Ziw EEoexp{—Q/ V(Bs)dx} <0 a.s.
0
Thus, the Gibbs measure 1z, ,, given as
dit; 1 { r_
1.6 — = ==—=¢X —Q/VB ds}
(1.6) By =7 o0, VB

is well defined and appears to be a natural extension of u; ,, [given in (1.2)] in the
following sense: When K (x) is compactly supported and bounded, by translation
invariance of Lebesgue measure,

Ve = [ K =nle) —dyl= [ Ko=ved) - [ Ke)dy
= V(x) — constant.

So the Gibbs measures generated by V(x) and by V (x) are equal. We call the
random path under the law p, o, the Brownian motion of the renormalized Poisson
potential V(x). In the case when K (x) is given in (1.3), the renormalized Poisson
potential V (x) in (1.4) appears as the constant multiple of the Riesz potential of
the compensated Poisson field w(dy) — dy.

One of major objectives of this paper is to investigate the large-r asymptotics for
partition function Z@ given in (1.5) with the potential function V (x) be defined
in (1.4).

This problem is also motivated by the parabolic Anderson formulated in the
form of the Cauchy problem

oru(t,x) =kAu(t,x)+Ex)u(t, x),
a.7) {u(O,x):l,

where k > 0 is a constant called diffusion coefficient, and & (x) is a properly chosen
random field called potential.

Among other things, the parabolic Anderson models are used to describe evo-
lution of the mass density u(¢, x) distributed in R (see, e.g., [9] for the discussion
on this link). The mathematical relevance of the parabolic Anderson models to our
topic is based on two facts: First, by the space homogeneity of the Poisson field,

(1.8) Ex): >0 L {51, 0:1>0), xeR9

Consequently, the focus of the investigation is often on u(¢,0). Second, by the
Feynman—Kac representation,
2kt

(1.9 u(t,0) :Eoexp{/otg(Bz,(s)ds} =IEoexp{(2/<)_1 A E(Bs)ds}
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for sufficiently nice &(x).

There are long lists of publications on this model among which we refer the
reader to the monograph [5] by Carmona and Molchanov for the overview and
background of this subject. In the usual set-up, §(x) = £V (x) with V(x) being
given in (1.1). In the existing literature, the shape function K (x) is usually assumed
to be bounded and compactly supported so that the potential function V (x) can be
defined. A localized shape is analogous to the usual set-up in the discrete parabolic
Anderson model, where the potential {V (x); x € Z¢} is an i.i.d. sequence. On the
other hand, there are practical needs for considering the cases, such that when
K (x) = |x|™?, where the environment has a long-range dependency and the ex-
treme force surges at the locations of the Poisson obstacles.

In this paper, we consider the case when £ (x) = 60V (x) where V (x) is defined
in (1.4). Given the fact (Proposition 2.7 in [9]) that V(x) is unbounded in any
neighborhood with positive probability, it is unlikely that equation (1.7) is solvable
in the path-wise sense. On the other hand, it has been proved in [9] that u(z, x)
represented by the Feynman—Kac formula is a mild solution to (1.7) [with £(x) =
+6V (x)] whenever the quenched moment in (1.9) is finite.

The objects of our investigation are the quenched exponential moments

r_ r__
(1.10) Eoexp{—G/ V(Bs)ds} and Eoexp{ef V(Bs)ds}.
0 0

According to (1.5), the first exponential moment in (1.10) is almost surely defined.
As for the second exponential moment, it has been proved in recent work [9] that
the correspondent annealed exponential moment blows up, and that, for any 6 > 0
andr > 0,

r__
(1.11) Eoexp{éfo V(Bs)ds}{

The critical case p = 2, in which d = 3 by the constraint d/2 < p < d, has been
investigated in a more recent paper [10] where it is shown that for any ¢ > 0

r__ < 00, a.s. when 0 < %,
(1.12) Eoexp{G/ V(Bs)ds} 1
0 =00, a.s. when 0 > 6

< 00, if p <2,
= 00, if p> 2.

The main objective of this paper is to investigate the quenched large-¢ asymp-
totics for the exponential moments given in (1.10) whenever these moments are
finite, except the critical case described in (1.12) (which is studied in [10]). We
point out the references [3-5, 7, 11-14, 17, 18, 22-24, 26, 27] as an incomplete
list related to this topic.

For later comparison, we mention some existing results which are narrowly
relevant to the topic of this paper. Let the potential function V(x) be given in
(1.1). Sznitman ([24], Theorem 5.3, page 196) shows that for the bounded and
compactly supported shape K (-) and 6 > O,

(log )2/
t

t Wy 2/d
logEq exp{—@/ V(Bs)ds} = —Ad<—> a.s.-P,
0

(1.13)  lim y
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where Ay > 0 is the principal eigenvalue of the Laplacian operator (1/2)A on the
d-dimensional unit ball with zero boundary values, and wy is the volume of the
d-dimensional unit ball. With a slightly different formulation [22], the model of
hard obstacles yields the same pattern of asymptotics.

Under some continuity, boundedness assumptions on K (x) and under some re-
striction on the tail of K (x), Carmona and Molchanov ([6], Theorem 5.1) prove

that
. loglogt
(1.14)  lim

t—oo tlogt

t
logEg exp{& / V (By) ds} =d6 sup K(x) a.s.-P.
0 xeRd
The interested reader is also referred to [19] and [17] for the correspondent asym-
totics of the second order.

After the first draft of this paper was completed, the author learned the recent
investigation by Fukushima [15] in the case when K (x) = |x| P A1l withd < p <
d + 2, the setting where no renormalization is necessary. Fukushima [15] shows
that

t
; -1 —(p—d)/d _
tl_l)ngot (logt) logEg exp{ /0 V(Bs)ds}

d/p—d\P-d/d —d\\P/d
= ——<p—d) (Cl)dF(pT)) a.s.-P.
p\ P

It should be mentioned that Fukushima also obtained the second asymptotic term
in his setting.

(1.15)

2. Main theorems and strategies. Throughout this paper, let w; be the vol-
ume of the d-dimensional unit ball. Let W1-2(R¢) denote the Sobolev space given
as

WR2RY = {f € L2RY); V f € L2RD).
By (A.4) below, when d/2 < p < min{d, 2} there is a constant C > 0 such that
2@

2=p p 1,2 md
Re |x|P dx = C|fll; "IVfiy, fewh2(RY).

Let o(d, p) > 0 be the best constant in above inequality.
The main theorems are stated as follows.

THEOREM 2.1. Underd/2 < p <d,

t
i 41 —(d—p)/d _ VvV
zl—l>nolot (logt) logEoexp{ 9/0 V(Bs)ds}

2.1) 5 1
0d — p
= <%F(2p d)) a.s.-IP
d—p\d p

for every 6 > 0.
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THEOREM 2.2. Under d/2 < p <min{2, d},

1 (log logt )2/(2_1’)
t—oot \ logt

log Eq exp{@ /t V(By)ds }
(2.2) ‘

2/2—p)
_ L eng p)<4—p>/<2—p><w) T P
2 24+d—p

for every 6 > 0.

We now make a comparison of “(1.13) versus (2.1)” and “(1.14) versus (2.2).”
First, the quenched exponential moments in our models generate significantly
larger quantities. Second, a heavy shape dependence (or p-dependence) presented
in our theorems sharply contrasts the shape insensitivity appearing in (1.13) and
(1.14). In Theorem 2.1, it is the nonlocality of the shape function that plays a ma-
jor role, while the high peaks of V (x) correspond to small values of the quenched
exponential moment. On the other hand, the asymptotics in Theorem 2.2 is shaped
by the singularity of K(x) = |x|™” at x = 0. In addition, there seems to be a de-
gree of resemblance between (1.15) and (2.1). Based on the comment made about
roles of nonlocality and singularity, it may be possible that (1.15) remains true
even without removing the singularity of K (x) at x = 0. We leave this problem to
future study.

Does the Lebesgue measure in renormalization contribute to the limit laws
stated in Theorems 2.1 and 2.2? The answer is “Yes” to Theorem 2.1, for otherwise
the right-hand side of (2.1) would be negative. The answer is “No” to Theorem 2.2
as the major impact comes from the Poisson points in a very small neighborhood
of the site where the Brownian particle is located [see (2.12) below for a more
quantified analysis on this point].

Associated with the spatial Brownian motion in the classic gravitational field
generated by the Poisson obstacles, the following corollary appears as Theorem 2.1
in the special case d =3 and p = 2.

COROLLARY 2.3. Whend =3 and p =2,
t_
(2.3)  lim 1~ (logt) ™' 1ogEy exp{—e / V (By) ds} =3J1270  a.s.-P
— 00 O
for every 6 > 0.

Let uo(z, x) and u; (¢, x) be the mild solutions to the parabolic Anderson prob-
lems (1.7) that satisfy the Feynman—Kac representation (1.9) with £(x) = —0V (x)
and &(x) = OV (x), respectively. By the space homogeneity (1.8) and by Theo-
rems 2.1 and 2.2,

tlirgo 1~ log)=Y=P/d10g uo(t, x)

(2.4)
0d*> [(wq_ (2p—d\\"¢
= (—F( )) a.s.-P,
d—p\d P
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1 (loglogt\%/@=P)
lim —( O£08 ) logu(t, x)

t—o00 t log¢
(2.5) J2—p) 2/Q2~p)
_ l(ﬁ)p "o p)<4—p>/<2—p><w) T s
2\ 2« 24d-p

for every # > 0 and x € R?.

An immediate observation is that the diffusion coefficient ¥ does not appear in
(2.4). The same phenomena have been noticed by Carmona and Molchanov [6] in
the case when &(x) =6V (x) for the same V (x) appearing in (1.14).

In the following we compare the strategies for the laws given in (1.13), (1.14),
(2.1) and (2.2). To make the discussion more informative, we focus on the lower
bounds and try to describe the behavior of the Brownian particle and the behavior
of the Poisson particle in each strategy. The treatment for (1.13) and (1.14) does not
have to be the same as their original proof. In our discussion, we use the notation
B(x, R) for the d-dimensional ball of the center x and radius R.

The following ingredients on the behavior of the Brownian particle are common
to all strategies: Up to the time ¢ the Brownian particle stays in the ball B(0, R;)
(referred as “macro-ball”) with the radius R, roughly equal to 7.> Within a period
[0, ut] (with a very small u > 0), the Brownian particle moves into one of the
roughly ¢ prearranged and evenly located identical micro-balls

(2.6) D, = B(z,r1); zebZ9N B0, R,),

where r; << b; and r; R; << t. The principle that Brownian particle chooses D, is
to maximize the positive energy (or to minimize the negative energy) from the
Poisson field.

The main difference among different strategies in the Brownian path is on the
radius r; of the microbes. By the relation r; R; < t and by a classic small ball esti-
mate, the cost for the Brownian particle to choose D; is (§ > 0 is a small number
here)

Po{The Brownian particle reaches D, quickly and then stays in D, up to t}

2.7 / eilxlz/(zm)]P)o{Bs €B(z—x,r)for0<s <(1—u)t}dx
B(z,8r1)

>
~ @2y

A exp{—o(r,_Zt)}IP)oi sup |Bs| < r,} ~ exp{—kdrt_zt}.
0<s<t
Here we recall that A; > O is the principle eigenvalue of the Laplacian operator
(1/2) A on the d-dimensional unit ball with zero boundary condition. To make the
cost affordable compared with the deviation scale ¢ (logz) =2/ in the strategy for

2The combination of the word “roughly” and a big number ¢ means 7L (t) with L(t) slow-varying
at co.
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(1.13), for example, the radius r; should be at least r(logt)l/ 4 with the constant
r > 0. Based on the same principle, the critical radius of the micro-balls in each
strategy are determined as following:

r(log t)l/d, in the strategy for (1.13),
loglogt .
r loar in the strategy for (1.14),
2.8) re= S o .
r(logt) p)/2d) in the strategy for (2.1),
loglog ¢\ /=P )
r log? , in the strategy for (2.2).

We now describe the behavior of the Poisson field in each strategy. For (1.13),
the high peak of the quenched moment occurs when fot V(Bs)ds =~ 0. To make
this happen, one of the C-neighborhoods BZ =D, +C [z€ b, 7% N B(O, R,)] is
obstacle-free, where C C R? is the compact support of K (x), and the Brownian
particle spends most of its time in that same micro-ball D;. In view of (2.7), there-
fore,

t
Eg exp{—@/o V(Bs)ds} zexp{—kdr_zt(logt)_Z/d}

on the event {min, a)(ﬁz) = 0}, where the relation “>" reads as “asymptotically
greater than or equivalent to.”
On the other hand,

td

IP’[rnZinw(lN)Z) — 0] ~ 1 — (1 — P{w (Do) =0})

=1—(1 —exp{—war? logt})td
~ 1 — exp{—rd—eary.

Hence, a standard way of using the Borel-Cantelli lemma shows that the phase
transition between

P{mina)(ﬁz) =0 eventually} =1 and
4
(2.9) 5

IP{mzina)(DZ) >1 eventually} =1

occurs when r satisfies wgr? = d. Consequently, this strategy leads to the lower
bound requested by (1.13).

In the strategy for (2.1), only the impact of the Poisson obstacles within the
distance a(logr)!'/? from the Brownian particle is counted. To determine con-
stant a > 0, a crucial problem is whether or not the high peak can be captured
by the “empty ball” strategy which means to make the ball B(B;, a(logt)!/?)
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[~ B(z, a(log 1)1/4) as the Brownian particle stays in D,] free of the Poisson ob-
stacles. Under the “empty-ball” strategy,

. t 1
/ V(By)ds %/ Vi(Bs)ds —t/ ——dx
0 0 {Ix|<a(logn)1/dy x|P

d—p
A — ad wdt(log nd=p/d,

where

d
Vl(x)zfl w(dy)
y

—x|<a(logn/dy |y — x|P

On the other hand, the estimate given in (2.9) shows that the largest radius
R for one of the balls B(z, R) [z € b;Z% N B(0, R;)] to be obstacle-free is
R = (wgld)l/d(logt)l/d. By making r > 0 sufficiently large in (2.7), the best
lower bound that the “empty-ball” strategy can offer is
s e ] —(d—p)/d "=
htrggéft (log 1) (d=p)/ logEq exp{ —0 /0 V(By) ds}
> v d@d=p)/d,p/d a.s.
under the optimal choice a = (a)gld)l/ 4 In comparison with (2.1), this bound
gives the right rate but not the right constant.
Based on the above analysis, we conclude that the constant a > O has to be
arbitrarily large and that the “empty-ball” strategy is not working well for (2.1).
We now come to (1.14). By the continuity assumption on the shape function and
by homogeneity of the Poisson field, the supremum sup, .gr« K (x) can be achieved
somewhere, and we may assume that K (0) = sup,ge K (x) in the following dis-
cussion. To support the limit law given in (1.14), the Poisson field executes a strat-
egy that fills one of the §-balls {B(z, 8); z € b;Z¢ N B(0, R,)} with a high density

of the Poisson points, where the constant § > 0 is (arbitrarily) small but fixed. By
translation invariance and by continuity of K (x), for any z € b;Z% N B(0, R;)

V(Bys) = /Rd K(x — By)w(dx)

_ /R K(x = (B, — 9)w( +dx) = KO (B, 5)

as B € D;. By (2.7), therefore,

t
Eo exp{@/ V(Bs)ds}
(2.10) 0

_, tlogt
> exp{ 0K (0)t max w(B(z,8)) — Agr .
Z

loglogt
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On the other hand, by independence

logt log ¢ !
P{maxw(B(z,a)) > g8 }w | — (1 —P{w(B(O, 5)) > o —=2 D
z loglogt loglogt

~1— (1 —exp{—ologr)"”
~ 1 —exp{—1?77} VYo > 0.
Using the Borel-Cantelli lemma we can prove that

loglog
@2.11) lim —2%8
t—00 ]()gt

mzaxa)(B(z, 8))=d a.s.

Since r > 0 can be arbitrarily large, (2.10) and (2.11) lead to the lower bound
requested by (1.14).
The strategy that Poisson field executes in (2.2) is to fill one of the balls

loglog ¢\ 1/ C=p)
B<z,8( Oigotg ) ); 2eb,79N B, R)).

with a high concentration of the Poisson points. In the following we present a
simple algorithm to illustrate the idea. Assume that the Brownian particle spends
most of its time in D, for some z € b;Z% N B(0, R;). Given a fixed a > 0, it is
not hard to show that the impact of the Poisson points which are a-unit away from
the Brownian particle is negligible, and that the “renormalizer” does not make any
noticeable contribution to the limit law in (2.2). Hence,

_ 1
V(B,) = /Rd g e ) —dx]

1
(2.12) A ————————w(z+dx)
lx—(Bs—2)|<a} |x — (Bs — 2)|?

logs \P/C=P) loglog sy 1/2=p)
Z(8+r)”< o8 ) w{x;|z+x|§5( oot ) }
loglog¢? logt

Write

loglogt)l/@_p)}

X zw{y; |z + yl 58(
logt

In view of (2.7),

Eg exp{@ /Ot V(By) ds}

loglog t)

1 2/2-p)
rar ()
loglogt

:exp{(r+8)‘p0t< max X,
Z
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Similarly to (2.11),

loglogt dR2—p)
max X; = ——

im .= a.s
t—oo  logt 4 3—p
Since § > 0 can be arbitrarily small, the optimal pick
<2Ad(3 -p) >1/(2—p)
r=(—m
dp(2— p)o
leads to the lower bound
1 /loglogt\ /2= r__
1iminf—< 0808 > Eoexp{ef V(Bs)ds}
t—oo t\ logt 0
2-p) 2/2—p)
. l(i)p/ "o p)(4p>/<2p>( d9 ) e
—2\2Ag 3—p

This bound is sharp in rate in comparison with (2.2). Due to a lack of information
on the value of o (d, p), we are not able to compare the constants on the right-hand
sides. However, it looks unlikely that the constant obtained here would match the
one in (2.2). In addition, the argument given in Sections 5 and 6 shows that the
constant > 0 should be arbitrarily large for the accuracy requested by (2.2).

In summary, the simple strategies given above provide some heuristic pictures
on the behavior patterns of both Brownian particles and the Poisson field and can
be made rigorous for (1.13) and (1.14), but fall short of the accuracy demanded by
(2.1) and (2.2). Some harder computation on the tail estimates for Poisson integrals
is needed for the main theorems in this paper.

We now comment on the methods used in this paper. The Feynman—Kac formula
is essential in this paper for tracking the principal eigenvalues. Among others, the
ingenious approach developed in [16] and [17], which allows one to bound the
principal eigenvalue over a large domain by the maximal of the principal eigenval-
ues over the sub-domains, plays a key role in our argument for the upper bound.
With this approach, we reduce the problem essentially to the tail estimate of the
random Dirichlet form

_ 1
(2.13) sup {:t@/ V(x)g*(x)dx — —/ |Vg(x)|2dx},
g€F4(B(0,rs!/dy) B(0,rel/d) 2 B(0,rel/d)

where for any domain D C R4, F,;(D) is defined as the set of the smooth functions
g on D with [[g|lz2(py =1 and g(dD) =0, the constant r > 0 is large but fixed
and associated with the critical radius r; posted in (2.8), the parameter ¢ is given
as follows:
(logt)~@=P)/2, in the proof of Theorem 2.1,
(2.14) &= loglogr\4/G=P)
( logt )

, in the proof of Theorem 2.2.
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Another important idea adopted in this paper is the Poisson field rescaling. In his
proof of (1.13), Sznitman ([24], Chapter 4) reduces the problem to the investigation
of the “enlarged obstacles”

w((logt)/4 dx).

It is worth pointing out that the choice of the rescaling factor (log7)!/¢ links to
the critical radius r; posted in (2.8). What we confront here are the “contracted
obstacles” w(edx) — edx with ¢ > 0 given in (2.14). Under the substitution
gx) —> sfl/zg(sfl/dx) and by Fubini’s theorem, the variation in (2.13) is equal
to

d g2(y)
sup {:I:Qe_p/ / |:/ 7dy}[a)(8dx) —edx]
g€F4(B(0,r)) RILJBO,r) [y — x|P

e—2/d
2 B(O,

The tail probabilities of the compensated Poisson integral appearing here will be
the main topic of the next section.

In comparison to the existing literature such as [2, 17, 25, 26], perhaps the most
substantial difference comes from the fact that in these works, the logarithmic mo-
ment generating function (or the fractional logarithmic moment generating func-
tion)

|Vg(x)|2dx}.
)

H(y) =logEexp{yV(0)}

exists. As a matter of fact, it is the logarithmic moment generating function H (y)
(or the fractional logarithmic moment generating function) that plays a decisive
role in these publications in determining the asymptotics for

t
logEoexp{Q/ V(Bs)ds} and
0

t
logE@Eoexp{O/ V(Bs)ds} (t > 00)
0

through some well-developed algorithms. Unfortunately, this is not our case. In-
deed, we have that
— dx
0= [, 4
O= Jg |x |27

Additional challenges we confront are the local unboundedness of V (x), and the
loss of monotonicity of Poisson integrals due to renormalization.

The rest of the paper is organized as follows. In Section 3 we establish the
large deviations for a group of Poisson integrals with respect to the contracted

renormalized Poisson field. In Section 4, some explicit bounds for the Feynman—
Kac formula are established for later application. The upper bounds and the lower
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bounds for our main theorems are proved in Sections 5 and 6, respectively. These
bounds are established simultaneously for Theorems 2.1 and 2.2. In Section 6,
some identities for the relevant integrals and variations are established.
3. Large deviations for Poisson integrals. The functions
v =e*—14i1 and YQW)=e'—1—2  (A>0)

appear frequently in this section. It is easy to see that ¥ (1) and W (L) are non-
negative, increasing and convex on [0, oo) with ¥ (0) = W (0) = 0. In addition,
Y (-) <W(-) on [0, 00). According to Lemma A.1,

= L) =eng 5 (5)

whend/2 < p <d.
The function W(| - | ~?) is not integrable on R¢. Under p > d/2, however,

1
/ W(—)dx<oo, c>0.
{lx|=c}  \[|x]?

Throughout this section, D C R? is a fixed bounded open set. Write

(3.2) Ga(D) = {g € W (D); gl 7oy + 311V 20 ) = 1)

where W1-2(D) is the Sobolev space over D, defined to be the closure of the
inner product space consisting of the infinitely differentiable functions compactly
supported in D under the Sobolev norm
1/2
lgle = {llglZep) + 1V81Z2 )}

To reserve continuity we adopt a smooth truncation to the shape function. Let
the smooth function o : RT — [0, 1] satisfy the following properties: a(A) = 1
on[0,1],¢(A)=0forA>3and —1 <a’(A) <O.

For a > 0 and ¢ > 0, define

1 _ _ _
KO = |x|1’a(a Le@+d=p)/@d=p) ||y,
1

KD = Wa(a—laoge‘l)—”ﬂxn
and

1 _ _ _
Léo)g(x) — W{l —oe(a 1,Q2+d—p)/(d(d p))|x|)}’

1
Lip) = 75ll —a(a™ loge™) ™17 1x))
’ X
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and
Gh(g) = /R , [ fD K& (=08 () dy} [w(e dx) — e dx],
(3.3)
geGa(D), i=0,1,
F@=[ | [ 100 -ndmar|oedn - edx
3.4
g€GuD), i=0,1.
Write

2
65 a@=[[[ £ d]wed-can. gedum).

The main theorems in this section are the large deviations for the Poisson inte-
grals indexed by G4 (D).

THEOREM 3.1. Assume thatd/2 < p <d. Foranya > 0and y > 0,

(3.6) hm hmsupsz/(d ”)logP{ sup |F(0)(g)|>ys - ”)/d} —00,
X esot 8€Ga(D

(3.7 hmmfhmlnfez/(d p)log]P’{ 1nf G(O)(g)< —ye - p)/d] —Ip(y),

a—=>0 g0 g€Ga(

; 2/(d—p) —Q2-p)/d\| _ _
(3.8) lim ¢ 1ogIP’| nf (@) < —ye b=—1p(),

Ip(y) = (@)dw_”) <wdF <2pp— d))-p/(d—p)

where

(3.9)
o sup lgleg) T
L~(D .
8€Gq(D) i
Write [(¢) = e~ P)/4]og %, and
g2 (y)

(3.10) pp = sup sup
4€Ga(D) xerd JD |y — x|P

The finiteness of p7, can be seen from (A.6) in Lemma A.3 and from (A.9).

THEOREM 3.2. Assume d/2 < p <min{2,d}. For any a >0 and y > 0,

1
3.11 lim —logP{ sup |FD(g)|>ye P/} = —o0,
G lim oo log {gegf()z)>| ae@|=v }
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’

24d—
(.12)  lim = log}P’{ sup GU)(g) = yg_@_l’)/d} —_ri-p . P
() $€Ga(D) dpp

~e-pi) _2+d—p

(3.13) hm —log]P’{ sup &:(g) = ye ”
dpp

i) ¢€Ga(D)
Write
E,’)g( )—/ L(’) (v — x)[w(edy) — edy], xeD,i=0,1.
Our approach relies on the following lemma.

LEMMA 3.3. Foranya > 0and 6 > 0,

lim g2/@=p) logEexp{—98‘p<2+d_p)/(d(d_p)) inlf)VL(loi(x)}
xe ’

ot
k.14 1
| — ala-
_ w(QM)dx,
R4 | |P
sli%l+ g2/(d— p)logEeXp{gg p(2+d—p)/(d(d—p)) sup|V< >(x)¢}
(3.15)

P
_ \p(QM) dx.
R4 |x|P

1 1 —
(3.16) hm — logEexp{ (log —) Sup|V¢(,1)g(X)|} =0
o+ 1(e) €/ xeD ’

PROOF. Notice that forany a > 0,6 >0 and x € D,
Eexp{—98‘1’(2+d—P)/(d(d—p))V((lol(x)}

=K exp{ _98_P(2+d—p)/(d(d—p))vc(l(2 (0)}

:exp{s/Rd 1//(98—1’(2+"—P)/(d(d—17>>L;?;(x))dx}

1 — -1
:exp{gz/(d—p)/ ¢<9M> dx},
R |x|P
Eexp{gg—p(2+d—p>/<d<d—p))vé?)g(x)}

1— —1
:exp{gzﬂd—p)/ W(QM) dx},
R4 |x|17

Similarly,
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In view of the fact that ¢ (-) < W(-) on [0, c0), we conclude that

lim ¢2/@=p) log Eexp{—6&~ pQ+d—p)/(did= p))V(O) (1)}

0+
(3.17) T 1
| — ala-
_ ¢<9M>dx,
Rd |x|P
8158 £2/@=P) jog B exp|fe P td-—p)/dd— p>>|V<0> @]}
(3.18)

1— —1
_ WM) .
R4 |x|l7

A similar computation also leads to

(.19)  lim —logEexp{6<log l)|V;1;(x)|} =0, xeD.
o+ I(e) £ '

All we need is to take supremum over x € D in the exponent on the left-hand
sides of (3.17), (3.18) and (3.19) and push the supremum through the expectation.
Due to similarity, we only carry out this algorithm to (3.17) and (3.18).

By the boundedness of D, we may assume that D = (—b, b)“ for some b > 0.
Let 4 > 0 be a constant which will be later specified, and let

_24d-—p

h.
d—p +

By integration substitution

—(0 _ ~ _
VO (x) = eph/d /Rd LO(y — e M) [w(e" ! dy) — "7 dy)

(3.20) — g PHA (=M,
where

70 o) = | 1|p{1 —aa e x))
and

H.(x) = A@d Zé?)g(z —O)[wE' ™ dz) — "t dz).

Forany x,y € D with x #£ y, and 6 > 0,

ng(x) — H:(y) }

Eexp{&e‘p”/
lx — vl

_ 0 ~
:exp{81+h _A‘gd\p(g py/dH(L(og(Z ) LEI(,)?S(Z_))))> dZ}
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Switching x and y, one has

lx =yl

§2exp{el+h /Rd\IJ<8_pV/d | (O) L(Og(z—y)|>dz}.

By integration substitution,

[ (e B e =0 - TG = ] d:

0
=7 /Rd \I/<|x i |Lo(z —&"/9x) — Lo(z — sy/dy)|> dz,

where

1 —a@z])

La(z) =
© j2l?

By the mean value theorem, there is a C, > 0 such that when ¢ > 0 is sufficiently
small,

e?/d|x — y|

_ev/dyy _ev/d - = U1
|La(z —&"%x) — La(z —€"y)| < Cq ER (lzl=cay

x,y€eD.

Summarizing what we have,

—py/d |He(x) — He ()] }
lx — yl

C,0ev/d
SZeXp{sz/(dp)/ B W(%) dz}
{IxI=C "} |z]

:2exp{gy/p—2/(d_p)/ \I»‘(Cae)dz}.
{Ixl=Catemv/@my — \|z|P

Let h > 0 satisfy that

Eexp{@s

3p—d—2 2
) A e A R S
d—p p d—p

Then for any 6 > O the quantity

sup Eexp
x,yeD
x#y

is bounded uniformly for small & > 0. Thus ([8], Theorem D-6), for any 6 > 0,

{Qg_py/d |Hg(x) — He(y)] }
lx — ¥l

(3.21) lim hmsupIEexp{Qe Pv/d qup |H(x) — Hg(y)|}=l.

§—>0F o0+ [x—y|<$
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On the other hand, for any x € R4 and 6 > 0,
Eexp{+6e "’/ H,(x)} = Eexp{£6s~""/?H,(0)}

= Eexp{eP&Hd=p)/@d=—pyO )}
where the last step follows from (3.20). By (3.17) and (3.18), therefore, for any
xeD

1— —1
lim ¢/~ IOgEeXP{—98_””/ng(X)}=/ ‘”<9M> dy,
e—07F R |y|p

1— -1
lim &2/ log E expl6e""/|H, (x)]) = [ W(@M> dy
e—>071 R ly|?

Combine them with (3.21). A standard argument of exponential approximation
leads to

lim &%/@=P) logEexp[—Qe_py/d ing Hg(x)}
xXe

—0t
(3.22) ‘ 1
1—a(a™ |x|))
= 00— )dx,
e ‘”( x[? g
lim %/@=P) logEexp[OS_p”/d sup |H8(x)|]
(3.23) o xeb

1— —1
_ q,@M)dx,
R4 |x|P

Recall that D = (—b, b)?. Using (3.20),

—inf VOx)= -4 inf H,
xeD a.e () xee—hldp e(x)

< g7Ph/d max {— inf Hg(x)}.
zebZdne—h/dpt  xez+D

By the fact that the random variables

inf H.(x); zebZineMip,
x€z+D

are identically distributed,

Eexp{_g o~ P(d—p)/(dd~p)) inf VLOZ (x)]
<#{bZ e~ DYEexp|—0e 7"/ inf H,(x)].
xeD

Consequently from (3.22),

i 2/(d—p) _ge—P+d—p)/dd=p)) inf 7O
llgl‘I_lj)lips logIEexp{ Oe xlggVa’g(x)}
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In view of (3.17), we have proved (3.14).
Assertion (3.15) follows from (3.18) and (3.23) in the same way. [J

3.1. Proof of Theorem 3.1. Let 6 > 0 be fixed but arbitrary. By (3.15) and the
inequality

—(0)
sup [Fae(@) < sup [ |V, (0)|g*(x)dx
g€Gy(D) g€Gqa(D) YD

’

2

(O

<( sup lglepy) sup[Vi (o)
8€G4(D) xeD

we have

limsupe?/“@=P) logE exp[@e‘p(2+d_1’)/(d(d_p)) sup | F;?g 3] }

e—>07T 8€G4(D)
2 1—a@ x|
< \IJ( sup |lgll 2 9—) dx.
/Rd <8€gd(D) e ) |x|?
Consequently,

ali)ngolimsupsz/(d_p) logEexp{@e‘p(2+d_p)/(d(d_p)) sup }Fa(?g)(g)|}:0.
e—>0% 8€Ga(D)

Therefore, (3.6) follows from a standard application of Chebyshev’s inequality.
We now prove (3.8). For any g € G;(D),

IEexp{—08_”(2+d_p)/(d(d_p))§g(g)}
_ —pQ2+d—p)/(d(d—p))
= exp{s/Rd 1//(98
Given § > 0,

1
/ y <98—p<2+d—p)/<d<d—p>> 2(y) dy) dx
R4 D |y —x|?

1
> pe—P2td—p)/(d(d—p) / 2(v)d ) d
N /{|x|zag<2+dp>/<d<dp>>} l//( Dy _x|pg (y)dy ) dx

_ _ _w({d4+o(1)
> ge—PQ2+d—p)/(d(d—p)) 2 ) J
B /{|x|zas<2+dp>/<d<dp>>} ‘//( € x| Igllz2 py ) d

B 2d/p _—(2+d—p)/(d—p)
= (14 0(1))0%P||g|I°5 " & / w<—>dx
( ) £2(D) {Ix|>(1+0(1))8} |x|P

(e > 0T).

o7y _xlpgz(y)dy>dX}-
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Since § can be arbitrarily small, we have

liminfe?/@=P) log Eexpl —0e~PCHd=p)/(dd=p)) inf
imin gEexp] gegd(mgg(g)]

2d/p 1
(3.24) > gd/P< sup ||g||LZ(D)) A@d w(—> dx

§€G4(D) |x|P

2d/p wyqp F<2p—d>

=07 sup gl
( ) cw) d—p \ p

8€Gq(D

where the last step follows from (3.1).
On the other hand, for any g € G4(D) and a > 0,

(3.25) t(8) =G(g) + FO(g).
Notice that

GOl g) = —¢ /];% ) [ /D KO —x)gz(y)dy} dx

= el [, K@ da

> _Cqal Pe=@=p)/d,
Consequently,

limsup e @=P 1og exp{ —Qe~PRFTd=P)/E@=pP) inf ¢, (g)}
e—0t 8€Ga(D)

(3.26) < CHat"P

+ limsup ¢2/@=P) logEexp[—08_17(2+d—p)/(d(d—p)) inf F© (8)]-
s O+ g€Ga(D)

To deal with the right-hand side, notice that
) _ | 7O 2 2 . o 17(0)
R = [ Ve dr = lglk ) inf Vo).
Hence,

inf FO)= inf [ Vg2 dx=>( sup [gl? inf V. (x)
geGa(D) “° geGu(0)Jp  *° —<gegf(),)) ﬂ2<D>>xeD @e

when infcp V. (x) <0, and

inf FO@) = inf [ VOw)e2@)dx>( inf [g|? inf V)
inf F,(g) L a.e(¥)g"(x) x_(gelggw)llgllﬁz(m);gl) a.e®)
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when infyep Vﬁfﬁ (x) > 0. Thus,

Eexpl—ge—pCHd—p)/@d=p) jpp  FO
p{ 2€Ga(D) “’S(g)}

<El|exp|—0e PCHd=P/@E@d=P) qyp |g|2, inf v )
[ { 2G4 (D) L(D) ae }

.~ =(0)
700 <0

+E[exp{_98—p<2+d—p>/(d(d—p)> inf

7(0)
1nf Ve
0t lglzagp, inf Var o)

inf Vﬁfﬁ (x) > 0]

< Eexp|—0e~PHd=pP/EE@=P) gyp |g|2, 1nf V (x)
{ g€G4(D) D) }
_Qeo—PQ2+d—p)/d(d-p))
—HEexp{ 0s ot ||g||£2(D) inf v (x)}.

By (3.14) with 6 being replaced by

0 sup ”gHLZ(D) and 9 ll'lf ”gHLZ(D)’

8€G4(D)
respectively,
lim sup g2/d=p) log]Eexp{—98_p(2+d_p)/(d(d_p)) inf FLEOE) (g)}
" g€Ga(D) ©
0(1 —a(a'|x) 2
< w( sup g% )dx
A@d |x|P T R

6
< [v(on s gl )ds
/Rd 1P gegpy P

2d/p 1
d 2
=047 ( sup )”g”£2<D>) /]Rdw<w) "

g€Ga(D
2d/p wyp F(Zp—d)
» .

=0%P( sup gl 2
<8€gd(D) ()) d—p

Bringing this to (3.26),

limsupsz/(d_p)logIEexp{—Gg_p(2+d_p)/(d(d_p)) inf {(g)}
e—>0* g€Gq(D)

Scead—P+9d/p< sup ||g||£2(D))

2d/p wyp F(2p—d>
g€Gq(D) d—p ‘

p
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Letting @ — 0T on the right-hand side leads to

limsup e2/“=P) log E exp{ —QePCHd=p)/@=P) inf r (g) }
Y 8€Ga(D)
(3.27)

2d/p wgp 2p—d
<04/7( sup gl F( .
(gegd(m £ (D)) d—p P

The combination of (3.24) and (3.27) implies ([8], Theorem 1.2.4) that

lim £2/@=P)loe P! inf < _ya—@-pyd
6_1)[‘(1’)1+8 og [gelgg(mé's(g)_ 143 }

2d/p wyp F(Zp—d)}

= —sup{y@ —Od/p( sup ||g||£2(D)> p

0>0 ¢€Ga(D) d—p
=—Ip(y).
It remains to prove (3.7). By (3.25), for any § > 0,

Pl inf < _ Ne—C—p)/d
{gelgr;(D)Q(g)_ (y +d)e }

<P! inf GO < _yeg—(@-p)/d
<P| inf G =-y |

+B| sup |FO(g)] = se=).
g€Gq(D)

Applying (3.8) on the left-hand side,

. 8) < liminfe2/“¥=P 10e P! inf GO < —yg=@=p)/d ’
p(y + )_maX[ iminfe og {geg}(m ae(8) ==y }

limsupe®/ @ 1ogP{ sup [FQ(g)| = se~CP/4}].
e—~>0%t g€Ga(D)

Let a — oo on the right-hand side. By (3.6),

liminfliminf ¢/ =P log]P’{ ign{D) Gé(?)g(g) < —ys_(z_l’)/d} > —Ip(y +9).
8€Yd

a— o0 8—>O+
Letting § — 0" on the right-hand side leads to (3.7).
3.2. Proof of Theorem 3.2. Based on (3.16), assertion (3.11) follows from the

same argument used in (3.6).
By the decomposition

= [ | [ kLo -0gmd]eed

—¢ /Rd [/D Ka(,lg(y —x0)g* () dy] dx,
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by the uniform [over g € G;(D)] bound

" (1)
/Rd[/ K, :(y—x)g (y)dy}dx— (/ g (y)dy><fRd Ka,g(x)dx)
1\@=p)/p
(CH A
I

and by (3.11), all we need is to establish that

’

2+d -
(3.28) lim —1og]p>| Sup a.e(g) zye P = +d—p
ot I(e) $€Ga(D) dp’

where
Na.e(8) = f[/ KN —X)gz(y)dy]w(st)-

Since K{2(y —x) =0as |y — x| > 3a(loge=")!/7, x is limited to a ball with
the center 0 and the radius C (loge~!)!/? when y € D. Consequently,

2
g (y)
sup 14.:(8) < sup / |:/ dy]a)(sdx)
g€Ga(D) ¢€Ga(D) /{Ix|=Cloge=H)1/P}L/D |y — x|P
(3.29) < pho{lx] < Ce4(loge~H/P)
=p3287

where Z, = w{|x] < Ce'(loge=1)!/P} is a Poisson random variable with
EZ, = wgC%(loge™ /7.

Forany 6 >0

1\ ~ _
Eexp{@(log g)zg} — explwgCle(loge=1)4/P(floze™" _ 1)),

Consequently,
1 1\ ~ 24+d-p
glirg+@logEexp{0<logg>Zg}_O, 0 < —

A standard application of Chebyshev’s inequality gives

1 ~ 24d—
limsup — logP{Z, > ye@~P/4} < —uy
e—0t 1(8) d

for every y > 0. Thus, the upper bound of (3.28) follows from (3.29).
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On the other hand, let xo € R be fixed but arbitrary, and write wy,(edx) =
w(e(xg+dx)). Given § > 0 and A > 1, by variable shifting

sup  7q,¢(8)
g€Gu(D)

= sup U K§}3<y—m—x)g%y)dy}wxo(edm
R4LJD

g€Gq(D)
> sup [ U Kg};@—m—x)g%y)dy]wxo(edx)
g€Gq (D) M{Ix|<8}LJD
1 —1 —1\—1 2
> (sup [ a0z )y — ol +9) 20 d )
(gEQd(D) D (ly —xol +6)? ( )

x wf|x + xg| < &'/48}

2
i( sup /g—(y)dy>a){|x|§81/d8}
¢eGa(p) /D (|y — xo| +3)P

as ¢ is sufficiently small.
Write Z, = o{|x| < £'/8} and k(g) = [ye~ @ P/ 4 1.

—ogesd (€8

—(2-p)/d — —
IP{ZSZV&‘ }ZP{Zs—k(E)}—e k(e)!

By Stirling’s formula, one can show that for any y > 0,

1 24+d -~
liminf — log P{Z, > ye~®P/4} > _std—p )0

e—>00 [(g) d ’

Replacing y by

( / g2 () )—1
)4 sup —dy s
¢eGa(D) /D (Iy — xo| + )P

we have

1
liminf — logP{ su > g~ @-p)/d
mEe g{%%&ﬂw@LJ/ }

- 2+d—p( / (6D >‘1
>—"—— " sup ———dy | .
d g€Gy(D) /D (ly — xol +68)?

Letting § — 0T and taking xo € R? on the right-hand side lead to the lower bound
of (3.28).
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4. Bridging to the eigenvalue problem. Throughout this section, let D C R¢
be a bounded open domain, and let

(4.1 Fi(D) = {g e Wh2(D); / g>(x)dx = 1}.
D
Given a measurable function £(x) on R?, we introduce the notation

1
ny= s | [ swgmar—3 [ veworax)

geFa(D)

Clearly, A¢ (D) < A,(D) whenever £(x) < n(x) (x € D).
Write

tp =inf{s > 0; By ¢ D}.
It is well known that by the Feynman—Kac formula,
t
Bolexp| [ 6B dsfi oo = o] ~expire ) 1 o0)
0

in some proper sense. For the applications to our setting, some more explicit
bounds are needed. This is our objective in this section.

LEMMA 4.1. The inequality

42) /D E, [exp{ /0 zsws)ds}; o> z] dx < |Dlexpltr¢ (D))

holds regardless whether Ag (D) is finite or infinite.

PROOF. The argument in the case when &£(x) < N for some constant N > 0
is classic (see the treatment given e.g., in [8], Section 4.1): A standard argument
through a spectral theory [the boundedness of &£(-) guarantees the boundedness of
the underlined linear operators in the argument] gives that for any g € W!2(D)

t
[ s [exo| [ 50 e wo= ] dx < gl exptire D))

In particular, let g, € W-2(D) be a monotonic sequence such that 0 < g, (x) <1
and g, (x) 1 1 (n — oo) for every x € D. Then

t
A gn(x)Ex[exp{ /0 s<Bs>}gn<B,>;rD zt} dx < |D|explire (D)),
n=12,....

Letting n — oo on the left-hand side, the desired bound follows from monotonic
convergence.
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To remove the boundedness assumption, we write £y (x) = min{£(x), N}. By
what has been proved,

f E, [exp{ fo t sN<Bs>ds}; > r} dx < |D|expltrey (D)) < | D] expltre (D).
D

The conclusion follows from monotonic convergence again as we let N — 0o on
the left-hand side. [J

LEMMA 4.2. Foranya, B > 1 satisfyinga™ '+ 71 =1 and Aga)e (D) < 00
[in this case Ay-1;(D) <oo]and 0 <& <t

/DEx[exp{/oté(Bs)ds}; Tp > t} dx

4.3) > (2ﬂ)ad/25d/2tad/(2ﬂ)|D|—2a//3
x exp{—8(a/ B)A(p/a)s (D)} explat(t + 8)Ay-1£(D)}.

PROOF. We only need to show that

/DEx[exp{fOté(Bs)ds}; D > t} dx

(4.4) > (2m)*/254/21%/CP)| D| /P explar(t + 8)Xy-14 (D))

X {/I)Ex[exp{g/oas(gs)ds}; W 28} dx}—a/ﬂ

as, by Lemma 4.1,

[ & [exp{g [ Bs<Bs)ds}; > 6] dx < | DI exp{—8(a/B)rp/me (D).

We first consider the case when &(x) is Holder continuous. By the Feynman—
Kac representation,

t
u(t,x)=E, [exp{/ §(Bs)ds}; Tp > t]
0
solves the initial-boundary value problem
du(t, x) = 3 Au(t, x) +§u(t,x),  (t,x) € (0,0) x D,
u(0,x)=1, xeD,
u(t,x)=0, (t,x) € (0,00) x 0D.
Let A1 > A2 > A3 > - - - be the eigenvalues of the operator (1/2)A + £ in L%(D)

with zero boundary condition and initial value 1 in D, and let ¢ € £2(D) be an
orthonormal basis corresponding to {A}. By (2.31) in [17],

B few] [ tsws)ds}éx(Bz); zt]= Y el = et

k=1
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Noticing the fact that A1 = A¢ (D) and integrating both sides we have
t
/ E, [exp{f &(By) ds}(Sx(Bt); Tp > t:| dx > exp{tis (D)}
D 0

Replace £ by «~!£ and ¢ by ¢ 4 8. By Holder’s inequality,
exp{(t + 8)hy1(D)}

8
5/ IElx[eXP{oFI/Hr é(Bs)ds}Sx(BHs);rD zt+8] dx
D 0

< {fDEx[exp{(ﬂ/a) fttﬂg-‘(Bs)ds}; >t +8] dx}l/ﬂ

t 1/
x{/ Ex[exp{f s<Bs)ds}6x(Bz+s);rDer}dx} .
D 0

Notice that
t
E, [exp fo s<Bs>ds}ax<B,+a>; =1+ 5}
t
<E, [exp{ / S(Bs)ds}ax<8,+a); > t]
0
t
_E, [exp{fo é(Bads}ps(Bt —x)ith > t],
where

) (278)d/2 28 | = @rs)diz

In addition,

fD E, [eXP{(ﬂ/a) f t”sws)ds}; =it 5] dx

< / E, [exp{(ﬂ/a) /ttHé(Bs)ds}; B, e D, tb >t +8} dx
[ s =0, (exo| /0 [ : B dsfi = 8) dy | ax

D
~ b
= WWI/L)I&[CXP{@/“) /OSS(BS)ds}; ™D > 3} dy,
where
1}, = inf{s > ; By ¢ D}.

Summarizing our argument, we have established the bound (4.4).
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We now move to the case when £(x) > —N for some N > 0. For any Holder-
continuous 7(x) on D with n(x) <&(x) a.e. on D,

/D E, [exp{/oté(Bs)ds}; D > t} dx

> (zn)ad/zad/Ztad/(Zﬂ)|D|—a/ﬂ expla(r + S)Aafln(D)}

’ UDE’“[@XP{g/OB”(BMS}; ™ 28} dx}_a/ﬂ

> (27_[)ozd/28d/2[o¢d/(2/3)|D|—oz//8 expla(t + S)Aa_ln(D)}
B —a/p
x{/DEx[exp{gfo f(BS)dS};TDE(S}dX} .

He = {n(-); n(x) is Holder continuous on D and n(x) < &(x) a.e. on D}.

Let

Since &£(-) > —N, Hg # ¢. Further, by standard approximation theory, He is rich
enough to approximate £. More precisely, the desired bound follows from

1
sup Aq-1,(D) = sup {a_l sup n(x)g%(x)dx — —/ |Vg(x)|2dx}
neHe ge€Fa(D) neMe J D 2Jp

:)\.a—lg(D).

To remove the boundedness assumption, we write Ex(x) = &(x) V (—N). We

have
t
/Ex[exp{/ sN(Bs)ds};rDzz}dx
D 0

> (27r)ad/28d/2t°‘d/(2ﬁ) |D|—a/ﬂ expla(t + 5))‘05—151\/ (D)}

X {/I)Ex[exp{gfoasgv(&)ds}; D 28] dx}a/ﬂ.

Noticing A,-1¢, (D) = Ay-1£ (D) and letting N — 00, the monotonic convergence
theorem leads to (4.4). O

LEMMA 4.3. Let0 <6 <t, and assume O € D.

Eo[exp{/(;té(Bs)ds}; D > ti|

4.5) < (EO exp{,ﬁfoéf;‘(BS)aVsDI//3

1 =8 1/a
X {7(27r8)d/2 fDEx[exp{a/() S(Bs)ds};rDZt—cs}dx} .
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On the other hand,

Boexpf [ &8, ds]

(4.6) > (IEO exp{—g /()8§(Bs)ds})a/ﬂ

s o
x{/Dpa(x)Ex[exp{a”/Ot s<Bs>ds};rDzz—a]dx} ,

where ps(x) is the density of Bs.

PROOF. By Holder’s inequality,

Eo[exp{fotsws)ds}; > t}

< (Eoexp{ﬁfogs(mds})l/ﬂ{Eo[exp{af;ws)ds}; wzi]

Write 7, = inf{s > §; By ¢ D}. Claim (4.5) follows from the following proce-
dure via Markov property:

t
Bo|expla [ 680 dsfi oo =1

1/

t
gEo[exp{a/ S(Bs)ds}; Bse D, tp > t]
8

t—48
=/ PS(X)Ex[eXP{Ol/ é(Bs)ds};rD zt—a] dx
D 0

1 -8
= gy, elowle ) eBasfirozi o

On the other hand,

t
Eolexpla™ | &(By)ds}|; Bse D, 1) >t
] D

§E0|:exp{—oz_l /O(SE(BS)ds}exp{oz_1 /OtE(Bs)ds”

< (Eoexp{—gfoaé(Bs)dle/ﬂ{Eoexp{/oté(Bs)ds}}l/a.

Thus, (4.6) follows from Markov property which claims that

t
]Eo[exp{al/ S(Bs)ds};B(SED»TZ)EI}
5

=5
=/L)P5(X)Ex[exp{a_1/0 S(Bs)ds};mzt—é]dx. .
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5. Upper bounds. In this section we establish the upper bounds for Theo-
rems 2.1 and 2.2. More precisely, we prove that

limsupt ! (logr)~@—P)/d
=00

5.1
x logEg exp{—@ ftV(Bs)ds} < Ao(0) a.s.-P
0

whend/2 < p <d, and

i 1<loglogt)2/(2_p)
lim sup —
t—o0 I lOgt

(5.2) .
xlogEoexp{Q/ V(Bs)ds}gAl(@) a.s.-P
0

when d/2 < p < min{2, d}, where

0d> 2p —d\\"/?
o = (4 ()

dfo(d, p) )2/ @=p)
24d—-p '

The following notation will be used in this and the next sections. For any R > 0,
Or=(-R,R).

54 AO) = % pPIC=P) () p)<4—p)/<2—p><

(log )d—p)/Q2d) for the proof of (5.1),
5.5 hy = logt \/C=P
(5-5) ! (1 Olg t) , for the proof of (5.2).
oglog

Write Ry = Ry (1) = (Mth)* (k =1,2,...) where the constant M > 0 is fixed
but sufficiently large. Write £(x) = —V(x) in the proof of (5.1) and &£(x) = V(x)
in the proof of (5.2).

Finally we recall that for any open domain D C R¢ containing 0,

tp =inf{s > 0; By ¢ D}.

Consider the decomposition
t
Eoexp{G/ é(BS)ds}
0
t
:]E0|:exp{9/ S(Bs)ds}; TQg, = ti|
0
0 t
+ ZEo[exp{QfO S(Bs)ds}; TQgp, <! = ‘EQRk]
k=1

(5.6) < Eo[exp{é /Oté(Bs)ds}; TQg, = t:|
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+ Y (Plrg, <thH'/?

k=1
t 172
X {Eo[exp{ZQ/ E(Bs)als};tQRk+1 zt“ .

0

The well-known result on the Gaussian tail gives that
(P{roy, <1D'"/? <exp{—cRi/1} =exp{—cM*** ' n7t).

Leta, B > 1 satisfy a~! + 8~! = 1 with « close to 1. By (4.5) (with § = 1) and
Lemma 4.1,

mafoo [/ e@ods)ivar = 1]
0| exp OS D ds i Top >
! ! 1/p
: W(Eoew{@ﬂfo le(Bs)ds})

X {/QRI dXEx[eXp{Qa/OIS(BS)ds};rQRl - 1“w

< (B (mpexplop [ eas)) " expltt = Dinus Q).
: /

Similarly,

Eo[exp{% /(:E(Bs)ds}; TQRH] > t}

< (R’;T“)d/a (Eo eXP{ZHﬂ [ ls<Bs>ds})l/ﬂ expl(t — Dhagat (Qry,))-

Summarizing our estimates since (5.6),

Eo exp{@ /(;t S(Bs)ds}

< (%)M (Eoexp|os | 1 s<Bs>ds})l/ﬁ expltiase (Qr)))
+ (EOCXP{ZQﬁ/OI ég‘(Bs)ds}>1/2}3

o0
Ri+1
« Z(
=1 T

6.7

d/2a "
) exp{—cMthk‘lh?"}exp{EAZaeg(QRk+l)}.
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To prove (5.1) and (5.2), therefore, all we need is to show that for any 6 > 0,

. 2 | Ao(B), for the proof of (5.1),
r1—1>n<}ohf Aog(Qr) = AO) = { A1(6), for the proof of (5.2).
(5.8)
a.s.-IP.

Indeed, we apply (5.8) to the first term on the right-hand side of (5.7) (with
t being replaced by Ry = Mth; and 6 being replaced by «6). Notice that o can
be arbitrarily close to 1. This term alone does not exceed the limit set in (5.1)
and (5.2) if we let « — 17 after the limit for . To control the infinite series on
the right-hand side of (5.7), we apply (5.8) to each term with ¢ being replaced by
Ri41 = (Mth)**! and with 6 being replaced by 2«6. In this way, the series is
dominated by
00 d/a
Z<%> exp{—ct*2h* = 0(1)  as-P (t — o0),
=1~
where ¢’ > 0 is a constant. Here we point out that to control the first term of the

series in (5.7), M > 0 is required to be sufficiently large.
Let § > 0 be a small number, and write

~ u
hy=h, s
Define
£ (x) = :I:Gﬁf’_Z/ [w(h;%dx) — h74 dx],
Re |y — x[P
where “—” corresponds to the proof of (5.1) and “+4” corresponds to the proof of
(5.2).

Under the substitution
~d 2 ~
g(0) > b g(xhy),
we have that

roe(Q) =2 sup {/
9eFa(Q,7)

£, (x)g2(xr) dx — %/ ~ IVg(x)Izdx}.

[ﬁf thy

Let » > 2 be large but fixed. By Proposition 1 in [16], or by Lemma 4.6 in
[17], there is a nonnegative and continuous function ®(x) on R? whose support is
contained in the 1-neighborhood of the grid 2rZ¢, such that

rg—ov(Q,j ) < max re (2 + Ori1)s €0y,
& th; ZGZFZ"“QMM, & r+ y r

where ®” (x) = ®(x + y). In addition, ®(x) is periodic with period 2r
O(x +2rz) = P(x); xeRY ze7?,
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and there is a constant K > 0 independent of » and ¢ such that

K
/ O(x)dx < ~.
[ r

By periodicity
1
sup {/ s -3 [ |Vg(x>|2dx}
8€Fa(Qyz,) Qi Q.7
<K . {f (sm /cbymd)()d
< sup x x)dy |g”(x)dx
r(2ryd 8€Fa(Q,;,) i, ' (2r)d
1
-3 |Vg(x)|2dx}
Qtfzt
K 1

2
=it T Jo, gefsﬁg,,;g{/ (600 = @) dx

[ vewrax)ay
2 QQ:E,
= T and / G- (Qf,) 4y
< K + max re (24 Qr1).
24rd¥l " cerzing, L,
Summarizing our estimates
uh? K
roe (Qr) < 15 { CTpEsy + Zezrzér{rrlwagmﬁ% he (2 + Qr+1)}.

Take r > 0 sufficiently large so that the first term on the right-hand side is less than

Su 1.2
T sh We have that

(59 Ples(Q)zuhf} <P|  max g+ Q) > 1),

2€2r 79N Q0 1o
By shifting invariance of the Poisson field, the random variables
M+ Qrp1)i 2€2rZN Qg s
are identically distributed. Consequently, there is C > 0

IP’[ max Ae (24 Ory1) > 1}
zleZdﬂthHr

(5.10) < C(th) P{rg, (Qr11) > 1}

:C(tht)dIF’{ sup / S,(x)gz(x)dx>1},
gegd(Qr—H) Qr+1
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where G4(Qy+1) is defined in (3.2) and the last step follows from Lemma A.2.
We now reach the point of applying Theorems 3.1 and 3.2. In connection with

(5.1,

sup / £ (0 (x) dx
8€Ga(Qrt1) Y Or+1

~p—2 gz()’) ~_ 4 ~_J
— 0" inf / [/ —dy}[a)(ht_ dx) — 74 dx].
8€Ga(Qr41) R4 Ort1 |y - _xlp
Taking ¢ = ;¢ and y =6~ in (3.8) leads to
1
lim —log]P’{ sup / £(x)g>(x)dx > 1}
1—00 log? 8€Ga(Qri1) ) Ort1

)

u(d — p) \¥/@d=p 2p —d\\“P/@=p)
S_<9d(1+5>) (“"’F( » )) :

where the rate function /¢, (-) is defined in (3.9), and the last step follows from
the obvious fact that

5.11) - —( Ig,.,07Y)

sup  [Igllz20,,) =1
2€G4(0r11) !

Take u = (1 +286)A(0). By (5.9), (5.10) and (5.11), there is a v > 0 such that
hd
(5.12)  Phos(Q0) = (1+26)AO)h7) < Cth) exp{(d + v)logr} = CF

for sufficiently large ¢.
We now establish (5.12) for the proof of (5.2). In this case

sup / £ (08> (x) dx
2€Ga(Qrt1) Y Or41

~p—2 82()’) ~_d ~_d
=0h! sup f U dy][w(h,_ dx) —h; % dx].
8€G4(Qr41) RILI Qi ly —x|?

Taking ¢ = fzt_d and y = 6~ in (3.13),

1
lim —logIP’{ sup / $t(x)g2(x)dx>l}
=00 logt 8€Ga(Qr 1) Qri1

( u )(2—17)/2 2_|_d_p
I+3 0(2_p)’0*Qr+1,

where p’ém is defined as the second variation in (3.10) with D = Q4.
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Write
1
(5.13) Gu = Ga(RY) = {g e W2 RY; gl + 5 IVgI3 = 1},
2
p(d, p) = sup g7 () and
geGy /R [y|P
(5.14) ,
g (x)

p*(d, p) = sup sup p
g€Ga xeRd JRY |y — X|

Clearly, 'O*Qr+1 <p*(d, p). By (A9), p*(d, p) = p(, p).
By (A.7) in Lemma A.2, therefore,

1

lim —logIP’{ sup / é,(x)gz(x) dx > 1}
1=oc logt 8€Ga(Qr 1) Y Qrt

(5.15)

C-PP2y 4 g
< —p"’/z(z—p)—@—p)/z(z_”) P2td-p

1446 Oo(d, p)’
Again, (5.12) [in the context of (5.2)] follows forms (5.9), (5.10) and (5.15).
For any y > 1, (5.12) implies that

;P{xgg(gyk) > (M) +8)h2i} < oc.

By the Borel-Cantelli lemma,
lim sup h;kz)\.gg (Q,0) <(14+20)A0)  as.

k—o00

Since Agg (Q) is monotonic in ¢ and § > 0 can be arbitrarily small, we have proved

(5.8).
6. Lower bounds. In this section we prove that

z_
liminft_l(logt)_(d_p)/dlogEoexp{—9/ V(Bs)ds} > Ao(0)
t—00 0

(6.1)
a.s.-P
when d/2 < p <d and
1 /loglogt\2%/2=P) t_
liminf—< 08708 ) 1ogEoexp{9/ V(Bs)ds} > A1)
i—oo t\ logt 0
(6.2)
a.s.-P

when d/2 < p < min{2, d}; where Ag(6) and A(0) are given in (5.3) and (5.4),
respectively.
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Let 4, be defined in (5.5), and write £ (x) = —V (x) in connection with the proof
of (6.1) and £(x) = V(x) in connection with the proof of (6.2). Let 0 < ¢ < 1 be
fixed but close to 1. Let , B > 1 satisfy ! + =1 = 1 with « being close to 1.
By (4.6) in Lemma 4.3,

Eo exp{@ /Ot S(Bs)ds}

q —a/B
> (Eoexp{—% Ot s<Bs>ds}>

t—t4 w
X {/qu qu(x)Ex[exp{a—‘/o §(Bs)}; T0,q =1t — tq]dx}

a ~a/p
6.3) b e (Eoexp{—% t g(Bs)dsD
o Jo

= (27rt‘1)°‘d/26

t—14 o4
X {/Q[q E, |:exp{oz_1 /0 ?;‘(Bs)}; TQ,q >t — tq] dx}
q —a/p
Ze_c"q<Eoexp{—% t s(BS)dsD
o JO

X eXp{—(Olz/,B)fq)\,(‘B/aZ)gs (Qﬂ) + Olzt)\,a—Zgé-(qu)}

for large ¢, where the last step follows from Lemma 4.2 (with § = #7 and ¢ being
replaced by r — #9), and the positive constant ¢; is made to be larger than ¢ for
absorbing all bounded-by-polynomial quantities including those appearing on the
right-hand side of (4.3).

By (5.1), (5.2) and (5.8)

14

logEoexp{—% S(Bs)ds}=0(t) and
o Jo

Apa2ype (Qia) = O(htz) a.s.
as t — o00. Therefore, all we need is to show that

(6.4) lim ;l)gfht_z)»gg(Q,) >A®B)  as.

for every 6 > 0, where A (6) is given in (5.8). Indeed, applying (6.4) to (6.3) with
0 being replaced by =26 leads to

t
1iminft—1h,;210gEoexp{9f é(Bs)ds}Z(sz(oz_ZG) a.s.
t—00 0

Letting o — 17, the right-hand side tends to A (8). In addition, h;q = g@—P/Cdp,
when applied to (6.1) and hye ~ g/~ h; when applied to (6.2). Therefore, with
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probability 1,
t
PP,
htrglogft h, logEoexp{Q/(; “;‘(Bs)ds}

{ g =P N (9), when applied to (6.1),
— | ¢g¥C=P A 0), when applied to (6.2).

Letting ¢ — 1™ on the right-hand side leads to (6.1) and (6.2). .
We now prove (6.4). Let u > 0 be fixed but arbitrary. Write h; = \/uh; and

[w(h;?dy) —h;?dx],

mo =%0i 7 |
R

where “—” is for the proof of (6.1) and “+” is for the proof of (6.2). Under the
substitution g(x) > fz,d/ 2g(h,x),

206 (Q1) = hihn, (Q,1).

d|y—x|P

Consequently,

Pihog (Qr) < uhi} =P{hy, (Q,;) < 1}
(6.5)

=]P’{ sup /m(X)gZ(X)dXSl},
2€Ga(Q,; ) /R

where the last step follows from Lemma A.2.
Let s > 271;17 and r > 0 be fixed. When ¢ is large, z + Q, C Q,; for each

zehiZ4n Q,j, . Hence,

swp [ m0g2da
8€Ga(Q,;) IR

> sup fd N (x)g* (x) dx, zeZN Qi —r-
8€Ga(z+0y)
Thus

6.6)  sup / () dx>  max sup / 1 (082 (x) dx.
8€Ga(Q,; ) /R? 2€h{ 2400 5 _, geGa(z+0,) IR

Let the smooth function a(-): RT™ — [0, 1] be given as in Section 3. Given
a > 0, write
a(a—l(fz,)(2+d_P)/(d_P)|x|)
|x|?
a(a”'(dloghy)'/?|x])
|x|?

, when applied to (6.1),

Kt,a(x) =

, when applied to (6.2),
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and
1 — ala="'(h,)@+d—p)/d—p)
o(a (t)| G |x|)’ when applied to (6.1),
L;,(x)= X
= e (dloghy) /71x]) .
, when applied to (6.2).
|x|P
By the equality
[ mogiedx
Rd

=it [ ][, Karty =020 dy |ttt dx) — i an

+(20)h? /
Rd

[ / p Lar0 = 020) dy} [w(hdx) — b dx]
=0h"*(A.(9) + B.(g))  (say)

and by triangular inequality, the right-hand side of (6.6) is no less than

~p—2
A max o swp Ade) - max  sup [Bu(g)l].
€M 2N, ., g€Ga(z+0r) 2€hiZ9NQ; . g€Ga(z+0Qr)

In addition, the random variables

sup  |B;(9)l; zehdeﬂQﬂ;[
geQd(Z+Qr)

—r 9
are identically distributed. Therefore, for any § > 0,

IP[ _max sup  |B;(g)| > 59_1};?_17}
ZEh?ZdﬂQ,f,t,r 8€Gq(z+0r)

<#IZ'0 0, )P sup 1Bo(g)] = s0~'h ).
8€Ya(Lr

Further, since «(-) is supported on [0, 3] and s > %,

A(g) =46 [ [ Kasr=0820) dy] [ dx) — h dx]
Z+Q2_1hf Z+Qr

forall z € hde nae, h_p st is sufficiently large. Consequently, the random vari-
ables

sup  A.(g); zehZ4nQ

tﬁ,—r’
gegd(Z+Qr)
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form an i.i.d. sequence. Therefore,

148
IP’{ max sup  Az(g) = iht2 p}
zehi74 NQh,—r 8€Gu(z+0r) 4

#{hfzde[,;H}
= (] sup Ao() < i 1)
8€Ga(Qr)

5 #HHIZINQ,; )
=(1—IP’{ sup  Ag(g) > 2 p2 D e
2€G4(0)) 0

Summarizing our argument since (6.5) and (6.6),
P{ros(Qr) < uhy)

148 ar \HHZINQ, )
(6.7) < (1 —P{ sup  Ao(g) = i ”}) "
2€G4(0;) 0
+#Z N QP sup |Bo(e)l =807 k")
£2€Gq(Qy)

Once again, we reach the point of using Theorem 3.1 and Theorem 3.2. In con-
nection with (6.1), by definition

sup Ap(g) =— inf / |;/ Ka,z(y—x)gz(y)dy}
8€94(Qr) 8€G4(0Qr) JRALJQ,

x [w(h; dx) — h; % dx],

L], tars=oema]

x [w(h; 4 dx) —h7 9 dx]|.

sup |Bo(g)|= sup
2€G4(0r) 2€G4(0r)

Taking ¢ = fzt_d in (3.7) and (3.6),

1 8
hmlnfhmmfl— logIP’{ sup Ao(g) > %h }

—oe t=oo logt £€G4(0r)
> _ydld-pp, (%)

1 ny_
lim limsup — loglP; su Bo(g) 280_1h Pl — 00,
Jim limsup - log {gegdfg,>' 0()] d

where the rate functions /¢, (-) are defined in (3.9).
By definition,

sup  llgl%a ., < 1.
8€Ga(0Qr) £54@n)
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We claim that

(6.8) lim  sup |igl%s, . = 1.
r=%0 ,e6.(0,) L2(Qr)

Indeed, for a fixed g € Fz(Q1) the function

—1/2
£ = (1 + L2 vg)2 ot xeQ
r —_ 2 g LZ(QI) g r ) rs

is in G4(Q;) and
d
r
sup ”g”i2(Q1) = ||fr||i2(Qr) = d d—2 2 — 1
£€Ga(Qr) r¢+A/2r 2 Vel g,

(r - 00).

By (6.8) and by the definition of /g, (-) given in (3.9),

. 1438 d—p)A+H\NYED) 1oy 12p—d\\ PP
lim IQr( > = ( ) (—F( )) ‘
r—00 9 d@ d p

Take u < (1 +28)"'Ao(6). There is a v(8) > 0 such that when a and r are
sufficiently large,

148 ~0_
P{ sup  Ao(g) > Ll htz p} > exp|—(d — v(8))logt} = f—(d=v(®)
8€Ga(0r) 0

and

IE”{ sup  |Bo(g)| > 59—%?“’} < exp{—2dlogt) =12
8€Ga(Qr)

for sufficiently large ¢.
Being brought to (6.7), our estimates give

P{ros (Qr) < uh?)
s7d R
(6.9) < (1 — ¢~ @ONENCG, ) 70 0 Qg Y

< exp{—clt”(‘s)ht_d(s_l)} + et

For any y > 1 and u < (1 +28)~' A¢(#), therefore,
ijp{xgg(gyk) <uh,} < oo.
By the Borel-Cantelli lemma,
liminfh 2age (Q,0) = (1 +28) "1 Ag(f)  ass.
k—oo V 14

Since Agg (Q;) is monotonic in t and § > 0 can be arbitrarily small, we have proved
(6.4) associated with (6.1).
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As for (6.2), by (3.11) and (3.12) (with & = h; %),

1 o
lim —log}P’{ sup | Bo(g)| =80~ 'i> P}=_oo,

1~oclogt 2€Ga(0r)

.1 1468

lim — logP A >_ "peP

i, rog7 10EP _sup Ao(e) =~

_ _ydia-p2td—p 1+ qyqp2td—p 1438
2—-ppy, 6 2—-plpg, 0
where p7, is defined in (3.10) and
2

pQ, = sup 87(x) dx

2eGa(0) 0, 1XIP

Clearly, pg, is nondecreasing in r and pg, < p(d, p), where p(d, p) is defined in
(5.14). We claim that

(6.10) lim_pg, = p(d, p).

Indeed, let «(-) be the smooth truncation function introduced in Section 3. For any
f € Gi(RY), write

fr(x) = F)a@rtx]).
The function

(6.11) &) =1 £l 200, + 27V frll20,) 2 )
isin G4(Q,). Thus, by the fact that a(-) > 1j0,17(-)

5 —1 2
8: (_x) ( 5 1 2 f (X)
;> dx = (|l frll + IV dx
o= o, i Il T3V Il o, (le<r/3p 1x|P
Notice that ”fV”iz(Qr) <3 and

IV £ <3r e/ Grtx D] - 1 ) +a@r DIV F ()
<3 fOI+IVFW)I,

where the last step follows from the fact that |« (-)| < 1 and |&'(-)| < 1.
Thus,

o -1 -1
6.12)  timinf(l f 172, + 21V frlZago,) " = (113 + 31V FI3) T =1.
Summarizing our argument,

f2(x)

R4 |x|17

l}ﬂgprr > dx.
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Taking supremum over f € G, on the right-hand side leads to (6.10).
By (6.10) and (A.7), therefore,

2—p 2-p)/2
lim pg, = <T> pP?o(d, p).

Similarly, the above discussion leads to (6.4) [corresponding to (6.2)], again by
the Borel-Cantelli lemma.

APPENDIX
LEMMA A.1. Underd/2 < p <d,

1 1 p 2p—d
A.l _ 14— |dx = r ,
(A1) /Rd|:exp{ |x|P} T |P] e, ( » )

where wg is the volume of the d-dimensional unit ball.

PROOF. By the sphere substitution,

Julewel -} = 1 e Jar=dou [ ol 5} -1 S5 o1
expy——— — = expy—— — —
R4 P |x|P |x|? * = dea p pP pp'o P
d
wd/ [e™” — 14 yly PPy,

where the second step follows from the substitution p =y ~1/7.
Applying the integration by parts twice (under the assumption d/2 < p < d),

o0 p o0
f [e_y—l-i‘)/])/_(dﬂ’)/de/:Ef [1—e 7y P dy
0 0

__ 7 / —@=-p)/d,~y 4
dd—py o ¥ Y

_ 7 F<2p—d>
d(d — p) P '

We have proved identity (A.1). O

Recall that for any domain D C R?,
gd(D) {g S VV1 2(D) ||gI|L2(D) + 2||Vg“£2(D) 1}’
Fa(D) =g e WH*(D); Igll z2(py = 1}

In particular, Gy = G4(R?) and Fy = F;(RY).
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LEMMA A.2. Let the functional Z(gz) [g € wh2(D)] satisfy Z(cgz) =
cZ(g?) for every g € WH2(D) and ¢ > 0. Then

1
sup 26— 3 [ |vewPax} -1
gE€F(D) 2Jp

if any only if sup,cg, (p) Z(g») > L

PROOF. For any g € F4(D),
1
2 =( s z) (14 [ 1VewPax).
fe€Gqa(D) D
Hence,
2 1 2
sup {Z<g>——/D|Vg(x>| dx}

geFa(D) 2

1 1
< 7 2)<1+— v Zd)—— v 2d }
geﬁm{(f:g%) )1+ /D| gPdx) -3 /D Ve () dx

Therefore, SUPgeg, (D) Z(gz) > 1, if

1
sup {Z(gz) — 5/ |Vg(x)|2dx} > 1.
g€Fu(D) D

On the other hand, assume sup,cg, p) Z(g?) > 1. Then there is go € G4(D)
such that Z(g(z)) > 1. Write fo(x) = go(x)/||g0||£z(D). We have fj € F4(D) and

1

Z(f$) - 5

/D IV fo()I* dx > llgoll 33 ) = lgoll 2 ) (1 = llgol o) = 1.

It was shown (see [1], (1.19)) that for every A > 0,

g>(x) 1 >
(A.2) M) = sup {k dx — = [Vg(x)| dx} <0
ger U JRA |x|P 2 Jpd
under d/2 < p < min{2, d}.
d/2

Further, by rescaling g(x) — a“/“g(ax) for suitable a > 0, one can show that

(A.3) MO =2YCP p().
LEMMA A.3. Under d/2 < p < min{2, d}, there is a constant C > O such
that
(%)

R4 |x|P

(A.4) dx <CIfIZPUVAIE  Vfe W2 R,
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Further, let o (d, p) be the smallest (infimum) among above C. Then
(A.5) M@ = 2 pP! TP (o (d, p))* P, A > 0.

In addition,

2
(A.6) ,o(d,p)zsup{/Rd g|x(|);) dx;gegd} <00
and
72— p\2=p)/2
(A7) p(d, p) = (Tp) p"Pod, p).

PROOF. In view of (A.3) we may take A =1 in (A.5). For any f € w2 with

I fll2=1,let
f()
R4 |x|P
Given y > 0, let g(x) = y¥/?f(yx). Then |gl2 =1, |Vgl2 = ¥V f]2. and

therefore
2 2
/ (R CO PN A 56
R

d |x|P - R |x|P

dx=Cr|VfI5.

dx =yPCrIVFIS =CrlIVell.
Thus
M(1) = CrlIVglly = 2IVel3 = CryPIVFIL = 32 IV FI3

Since y > 0 is arbitrary, the variable v ||V f||» runs over all positive numbers.
Consequently,

1 2—p 2/2—p) _
M) > Cex?P —— 2}——C P),p/2=p)

By homogeneity, we have proved (A.4) with
M()>="EX P/(2 p)a(d p)2/(2 P
2

On the other hand, for any g € Fy

2 1
g~ (x) dr —
R4 |x|P 2

IVg(x)I dx <o, p)|Velly - —IIVgllz

1
< sup{m (d, p)x’ — Exz}

x>0

2—p _ _
== PP g (d, p)2/ D),
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We have proved (A.5).
Obviously, (A.6) follows from (A.4). Take
1 2
Z(gH = 80 e e whARY,

e, p) Jrd |x|P

We have that SUPgeg, V4 (gz) = 1. By (A.3), the function M () is continuous and
increasing. By Lemma A.2, we must have

1
(A.8) M <7) =1
pd, p)
Finally, (A.7) follows from (A.5) and (A.8). [

Another variation appearing in this paper is

2
p*d, p)=sup sup [ S
g€y xeRrd JR? [y — x|P

We now claim that

(A.9) p*(d, p)=p(d, p).
Indeed,
2 2
p*(d, p) = sup sup g—(y)dy= sup sup 8:(7)
xeRd geGy JRY ly —x|? xeRd geGy JR? [y|P
2
g=(y)
< sup dy=p(d, p),

geGq JRE Y|P

where g, (y) = g(x + y), and the inequality follows from the fact that g, € G; as
soon as g € Gg.
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