Homework # 1 (Chapter 2)
1. The density of U is
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fu(u) = /_OO flu,v)dv = g(u)/_ g(v)(1 — sinusinv)dv
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Similarly, fy(v) = g(v). Take
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g(u) = \/12—7Te><p{ - %}

Then U,V ~ N(0,1) but (U, V) is not normal as f(u,v) is not two-dimentional normal
density.

8. One can check that all of them are mean-zero Gaussian processes. X; = 2B, /4 is
BM by 2.16 (scaling), p.15 with ¢ = 1/4.

The rest are not Brownian motion by checking the covariance function.

16. (a). As W, is mean-zero Gaussian with continuous sample path and the covariance

EWW,;) = %E(bt + B¢)(bs + Bs) = %{Ebtbs + EbBs + EBibs + Eﬂtﬁs}
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(b). In both cases, the components are 1-dimensional Brownian motions. So the
answer depends on whether the components are independent.

Notice that EW, (3, = \%E(bt + B)Be = \%t # 0. Consequently, the processes W,

and (7 are not independent.

On the other hand, for any s,t > 0,
E(bs + ﬁs)(bt - ﬁt) = E(bsbt) - E(ﬁsﬁt) =0

So % and % are two independent 1-dim Brownian motions.
17. The condition is A2 + u? = 1.
18. No, as 7 = Bs—t — B¢ (0 <t < s) is not 1-dim BM. Indeed,

By} =E[fss—B) =s5—2t £t
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ast < s/2
22. Since —B; is an 1-dimensional Brownian motion
T_q = inf{s > 0; By = —a}=inf{s >0; —Bs=a} 4 inf{s >0; Bs=a}=m,
Similarly, by the fact that
7o = inf{s >0; B,=a}=inf{s >0; a 'B, =1} =inf{a’s >0; a 'B,, =1}

=a?inf{s >0; a ‘B, =1} 2 g2 inf{s >0; B,=1}=ad%n

24. First, Wy is continuous in ¢: The continuity at ¢ # 1 is obvious. The continuity
at t = 1 follows from

%in% Wy =By =W; (follows from continuity of B, and ;)
%

Second, W; is a mean-zero Gaussian: Indeed, it is obvious that EW; = 0 (need to check
for t <1 and ¢ > 1 separately). In addition, for any ¢1,---,t, > 0, any linear combinat-
ion Ch'Wy, + ---C,,W;, can be written as a linear combination of By, -, By, ; (51/7&1 —
B1),--+,(Bist, — B1). Or, in the form

(CiBtl +-+ O;Btn> + (C”l(ﬁl/tl —B1) 4+ +Cn(Bryt, — 51))

which is the sum of two independent 1-dimensional normals, and is therefore normal.

Finally, it remain to show that EW W, = s A t. This is straightforward by showing
EW W, =s At for s,t < and for s,t > 1, and EW,W; = s for s <1< t.

26. Clearly, the process Wy = B,y — B, (0 < t < a) is mean-zero Gaussian and
path-wise continuous. It remains to verify its covariance function. For any 0 < s,t < a,

E(W,Wi) = E(Bu—s — Ba) (Ba—t — Ba) = E{ Bu-sBu1 — BuBa—s — BaBa—s + B2}
=(a—s)N(a—t)—(a—s)—(a—t)+a=sAt



