Homework # 4
Chapter 7

3. Need to prove that
hm Exf(Xt)g(Xt+s) =0

|z|—o00

and E* f(X;)g(Xtys) is contnuous in z. Indeed, by Markov property
E* f(X0)g(Xivs) = B f(X0) EXt g(X,) = E"h(Xy)

Hence, the conclusion follows from the facts that the function h(x) = f(z)E%g(X;) is in
Co(R?) and that X; is Feller.

6. By the semi-group property,
P, qu(z) = Pyo Pu(z) u e By(RY)
Taking u(x) = 1¢ leads to the conclusion.
A probabilistic alternative:
Psyy(2,C) = P{ X4 € O} = E"1(x_,,ech

— B°(PY (X, € C}) = E"P.(Xi,C) = [ Pu(ady)Pu(5.C)

13. Let the random variable 7 ~ exp(«) be independent of the Brownian motion B;.
P, @ P°{B, € C} = a/ P*{B, € C}e “dt = aU,1¢(7)
0

Hence,
Usle(z) = o 'P. ® P*{B, € C}

That is, Uy1c () is the o~ -multiple of the probability that a Brownian motion starting
at x visits the set C' at an independent exponential time.

In addition

lim Uyle(z) = Ex{/ 1{BteC}dt} = ELeb{t > 0; B; € C}
0

a—0Tt

Thus, the limit represents the the average total time that a Brownian motion (starting at
x) stays in C

14. Assume that there is u € Cuo(R?) such that u > 0 and that the set {z €
R%; wu(z) > 0} has a positive Lebesgue measure. Assume that

/ Pyou(z)dt < oo
0
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for some = € R?. We show that it must be that d > 3.
Indeed, for t > 1,

Pou(x) = W /Rd u(y) exp{ ly ;tw|2 }dy

1 ly — zf?
> _
= (2nt)dr? /R uy) eXp{ > }dy

Thus,

/OOO Pou(z)dt > /100 Pou(z)dt > (/R u(y)exp { - |y_2m|2}dy) /loo Wdt

By the assumption on u(z),

/Rd u(y)exp{ — @}dy >0

/ ol ae
— s 0
1 (27Tt)d/2

So we must have that

Therefore, we must have d > 3.

18. (a) Let F; be the Brownian filtration, to which X; is adaptive. Notice that X,
has independent and stationary increment: For any s,t > 0, Xy — X5 = (¢, Bsy+ — Bs)

is independent of Fs and X414 — X 4 X;. For any bounded function (¢, x)
E[U(XS_A,_t)’FS] = E[U(S + t, Bs+t)’.Fs] = Ptu(Xs)

where Puu(s,z) = FBu((s,z) + X;) ((s,z) € RT x R%). So X, is a Markov process.

To

establish the Feller property, let u € Coo (RT x R%). We need to show that: (1) for any

t >0, Pou € Coo(RT x R?); (2).

lim+ Pou(s,x) = u(s,z) uniformly over (s,z) € Rt x RY
t—0

Indeed,

Pu(s,x) = Eu(s+t,z + B;) = / u(s+t,x+ y)p:(y)dy
Rd

All claim follows from some routine argument.

(b). The transition semi-group is defined by (*).

Ua(s, ) :/ e_o‘tPtu(s,x)dt/ 6_0"5[/ u(s+t,x +y)p(y)dy | dt
0 0 R
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As for the generator, let u(t,z) be a function satisfying the assumption of Theorem 5.6.
Then for any (s,z) € Rt x RY),

t
M, :u(s+t,x+Bt)—/ Lu(s+r,z+ B,)dr
0

is a martingale, where

1
Lu(s,x) = %u(s,x} + §Au(s, x)

Consequently, EM; = EMj, or
t t
Pou(s,z) —u(s,x) = / ELu(s+r,z+ B, )dr = / P. o Lu(s,x)dr
0 0

By Feller property,

Pu(s,x) — u(s,z)

t—0+ t t—0t+ t

1t
lim = lim —/ P o Lu(s,z)dr = Lu(s,z)
0

uniformly over (s, z). Hence, L is the generator.

(c). Applying Theorem 7.30 to X; = (¢, B;) we conclude that under P(5:®),
t
My = u(Xt) —/ Lu(Xs)ds
0

is a martingale— the same statement as Theorem 5.6.

19. By Theorem 7.30 (p.115), the process
t
My = u(Xy) —u(x) — / Au(Xs)ds t>0
0

is a martingale under the law P*. Clearly, M, is continuous in . By Doob’s stopping rule,
E*Mipn, = E*My = 0 for any t > 0.

tAo
E*u(Xipny) —u(z) = EI/ Au(X)ds
0

Let t — oco. By the boundedness and continuity of u, the dominated converngence applies
to the left hand so

tlim E*u(Xipny) = E* lim u(Xino) = E%u(X,)
— 00

t—o00

To apply dominated convergence to the right hand side, notice that

tAo tAo
/ Au(X.)ds g/ Au(X,)|ds < [[Aufloo (E A 0) < [[Aufaco
0 0
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and that E¥o < co. Hence

tAo tAo o
lim Em/ Au(Xs)ds = E* lim Au(X)ds = EI/ Au(Xs)ds
0

t—o00 t—o00 0 0

In summary,

Eru(X,) — u(z) = E° /0 " Au(X.)ds

Chapter 8.
2. We prove (8.3) has the unique solution

u(t,r) = E*f(B) = P, f(x)

under the assumption f € Coo(RY).

To prove that u(t,z) = E* f(By) is a solution, all we need is

t
Puf(x) = %/0 Ao P, f(z)ds

Given € > 0, by Lemma 7.10 (b), p.94, the function f. defined by

o) =+ [ Pusaas

is in D(A). Applying Lemma 8.1 to f, leads to

t
Pfd@) =5 [ AoPfiw)is

Or, by semi-group property

1 € 11 € t 11 € t
—/ Piysf(x)ds = ——/ dr/ Ao Py, f(z)ds = ——/ P. / Ao Pgfds | (x)dr
€Jo 2¢Jo 0 2¢ o 0

Notice that the function .
o(z) = / Ao Psf(x)ds
0

is in C' — co(R?), By Feller property, the right hand side tends to

1

§/OtAoPSf(x)ds

as € = 01. For the same reason, the left hand side goes to P, f(z) as e — 0.
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We now come to the uniqueness. Assume that u(t, z) solves (8.3). It is easy to check
that for each € > 0, the function wu. (¢, x) defined by

we(tz) = - /O " Pu(u(t, ) (w)ds

€

solves (8.3) with f being replaced by f.. By the fact that f. € D(A) and by uniqueness,

uelt,a) = E°fo(B) = - / B (P.f)(B)ds =+ / Pryof(2)ds

where the last step follows from semi-group property. So we have

I 1 [
L | pan@is = [ Pass

€

Letting € — 07. By Feller property

u(t,r) = P f(x) = E* f(B;)

6. Solving u”(z) = 0 leads to u(x) = Cy + Ciz. By u(0) = a and u(1) = b, we have
that Cy = a and Cyp = b — a. Hence the solution is u(z) = a + (b — a)z. We show that
this agrees with the formula u(z) = E*f(By, ), where f(0) = a and f(1) = b. Indeed,
forany 0 <z <1

Exf(B’T[O’l]) = aPm{BT[O,l]
=aP{B;_,, ,, =z} +bP{B;

=a(l—2)+br=a+(b—a)z

et 0} + wa{BT[O,l] = ]_}
=1—-x}

—z,1—x]



