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In this paper, the hyperbolic Anderson equation generated by a time-
dependent Gaussian noise is under investigation in two fronts: The solvability
and large-t asymptotics. The investigation leads to a necessary and sufficient
condition for existence and a large-¢ limit form for the expectation of the
solution. Three major developments are made for achieving these goals: A
universal bound for Stratonovich moment that guarantees the Stratonovich
integrability and £2-convergence of the Stratonovich chaos expansion under
the best possible condition, a representation of the expected Stratonovich
moments in terms of a time-randomized Brownian intersection local time,
and a large deviation principle for the time-randomized Brownian intersection

local time.
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1. Introduction. The model studied in this paper is named after the physicist Philip
Warren Anderson ([1]) who studies the random Schrodinger operator A + W in his
investigation of magnetic impurities embedded in metals. When the random Schrodinger
operator appears in the heat equation (see (1.6) below), the resulting model is called parabolic
Anderson model ([18]). We refer the interested readers to [22] and the references therein
for general information on parabolic Anderson models, and to [26] for discrete versions of
parabolic Anderson models.

Due to its close links to other physical models such as KPZ equation ([28]), especially in
the wake of the breakthrough of [25], the study of this equation has been rapidly developed.
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The development is also credited to the Feynman-Kac formula which links the solution to
some functionals of Brownian motions

When the Schrodinger operator appears the wave equation (see (1.1) below), the model is
known as hyperbolic Anderson model. Due to lack of analytic tools such as Feynman-Kac
formula, much less have been known on hyperbolic models. Until very recent, it was widely
believed that as Ju/dt being replaced by 9%u/0t?, the hyperbolic equation has a wilder
behavior than its parabolic counterpart. The recent progress shows otherwise: The hyperbolic
equations are solvable under the conditions ([4], [11]) generally weaker than those posted for
the existence of parabolic systems in the same regime.

It is also noticeable that most of the recent development cited above focus on the setting
of time-independent Gaussian noise. The reason behind is that the time-dependency of the
Gaussian field posts serious challenges and limitations to the currently available tools and
ideas in dealing with hyperbolic Anderson models. We shall see a fundamental difference on
the representation of the Stratonovich moment between the settings of the time-independent
noise (Theorem 3.3, [14]) and the time-dependent noise (Theorem 6.1 below).

In this paper we consider the hyperbolic Anderson equation

0%u : d
0 w(t,x) = Au(t,z) + W(t,z)u(t,z), (t,z)eRy xR

u(0,7)=1 and 24(0,z)=0, =zeR?

run by a mean zero and possibly generalized Gaussian noise W(t,m) fractional in time,
defined by its covariance function

(12)  Cov (W(s,x),W(t,y)) =|s—t *y(x—y), steRy, z,yeR?,

where 0 < g < 1. As a covariance function, the non-negative definiteness of ~(-) implies
that it admits a spectral measure y(d¢) on R? uniquely defined by the relation

(1.3) o) = [ EEutdg),  aerl,
Rd

Throughout this work, we assume that () > 0 and d = 1, 2,3 and interpret the system in
the sense Stratonovich. Roughly speaking, it means that the equation (1.1) is the result of the
approximation by classical wave equations run by the smoothed Gaussian noise We,g(t, x).
We shall provide the details of the construction of the solution in Section 2.

Our first concern is to find the best condition for the existence of solution. The conditions
for solvability are often formulated in term of the integrability of the spectral measure 1i(d¢).
In a different set-up known as Skorohod regime, Chen, Deya, Song and Tindel ([12]) posted
the optimal condition

3—ap

1 2
(1.4) /R <1 _ |§|2> 1(de) < 0o

for the existence/uniqueness of the system (1.1).

In their follow-up paper [11] for Stratonovich regime, (1.1) is solved under an apparently
less optimal assumption in the dimensions d =1, 2.

The following is the first main theorem in this paper.

THEOREM 1.1. Letd=1,2,3.
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(1) Under the condition

2—ag

1 2
(1.5) /Rd (W) p(dg) < oo

the equation (1.1) has a solution in the sense of Definition 2.1 given in Section 2.
(2) Ifthe equation (1.1) has a square integrable solution u(t, z) that admits the Stratonovich
expansion (see (2.13)) for some t > 0, then condition (1.5) must be satisfied.

For the purpose of comparison, we introduce the parabolic Anderson model

@(t,m) = Au(t,z) + W(t,z)u(t,z), (t,z) €R, xR?
(1.6) ot

uw(0,z)=1 xR

It is well known that the condition (see, e,g. Theorem 4.6, [33]) for (1.6) to be solvable (in a
sense same as Theorem 1.1) is

1 1—ap
(1.7) /Rd (W) p(d§) < oo

In other words, the hyperbolic Anderson model is solvable under a condition genuinely
weaker than the one set for its parabolic counterpart when it comes to the Gaussian field
that is fractional in time.

The next main theorem is about the increasing rate of Eu(¢,x) as t — oo. To this end, we
assume the homogeneity for the covariance structure:

(1.8) v(ex)=c % (z), zeR? ¢>0

— 0 — 0

for some o > 0. Taking f(A\) = (1+A2)~ = and v(d€) = p(d€) in [12, Lemma 3.10] yields
2 - dp

/R<1+1|,§|2) e e A e

as far as either side is finite. This shows that under the homogeneity (1.8) on the noise
covariance condition, the condition (1.5) becomes “ag + o < 2”. In addition (Remark 1.4,
[12]), the fact that ~y(+) is non-negative and non-negative definite (for being qualified as co-
variance function) requires that o < d. Further, the only setting where “a = d” is allowed
under o < 2 is when aw = d = 1, or when ~(+) is a constant multiple of the Dirac function.

THEOREM 1.2. Under the homogeneity condition (1.8) with
(1.9) ag+a <2

with0<ap<landO<a<dorwith0<aog<landa=d=1,

(1.10) (3_a)<(4—a—2a0)_2_ ( 28, )2)3_&

254 —a— o)t~ \2 — o

<liminf¢~ =N “logEu(t,z) < limsupt~ = * log Eu(t, z)

t—o0 t—o00

4d—a—2aq

(4—a—20) = 26 \ 352\ Fe
S(3_0[)<23(4—04—040)46“0‘0(2—04)




where

(1.11) = sup {// / 792(8,$)g2(r,y)dﬂsdydsdr
geEA, R4 xR4 |5 - T’ao

- / [ Vegto.0 s

1 r1
(1.12) &= sup {/ / / Ye(s —r)y(x —y)g* (s, z)g*(r,y)dadydsdr
0 JR4XR?

geEA,

1 /1
- / |ng(s,x)]2dmds}
2 Jo Jra
and where

Ag = {g(s,m); g(s,-) € WHA(RY) and / l9(s,2)2dx = 1 for every 0 < 5 < 1},
Rd

22 dX
0 _ -1 _
(1.13)  ~Y(u) =T(ao) /R exp{ (“ 2(4_a—2a0>)’“'}A1“°'

First, £ < oo under o < 2 (Lemma 5.2, [8]). Second, comparing (1.13) with (1.21) below,
it is not hard to see that £, < £. The gap in (1.11) reflects a new challenge (see Remark 8.1
below) on the large-t asymptotics for the complex-valued intersection local time

—ap

(1.14) /Ot/ot (((S—T)—&—i(ﬂ(s)—ﬂ(r)))sgn(s—r)) v(B(s) — B(r))dsdr

driven by the independent Brownian motions 3(¢) (1-dimensional) and B(t) (d-dimensional).
The relevance of (1.14) to our model in (1.1)) is given in Theorem 6.1 below. To close the
gap we call for establishment of the precise large deviation priciple for the logarithmic-
exponential moment

log K exp{tliao /Ot/ot (((s—r)+i([3(s)—5(r)))sgn (s—r)) _aofy(B(s)—B(r))dsdr}

as t — oo. Noticed from (8.7) below that the exponential moment Epexp{---} remains
positive despite that the Hamiltenian in (1.14) takes complex values. Therefore, the proposed
large deviation principle makes mathematical sense. On the other hand, some new idea
is needed to handle the the large deviations for the complex-valued systems. Beyond
technicality, we predict that the limit in (1.10) exists and is given by the upper bound in
(1.10). This prediction is based on the belief (see the discussion in Section 7) that in the game
of large deviations, the complex Hamiltonian in (1.14) behaves like the real intersection local

time
/ot/ot |5 — 7|70y (B(s) — B(r))dsdr

A result close to (1.11) found in literature is obtained by Balan and Conus (Theorem 2.1,
[3]) where the system (1.1) is set up in Skorohod regime and the bounds

4
hmsupt logE|u(t x)|P < 3

t—o00

:];Cg<oo (p>2)
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(with C > 0 independent of p) and

Hminft™ o= logEu (t,x) >0

t—o00

are obtained.
In the case of the parabolic Anderson model (1.6), the moment asymptotics (Theorem 6.1,
[13]) follow the pattern

(1.15) lim ¢~ e logBuP(t,x) p=1,2,-

t—o00

under the scaling property (1.8)) with
(1.16) 200 + a < 2.

Comparing (1.10) and (1.9) with (1.15) and (1.16), respectively, one can see the contribution
from the time component of the Gaussian field are different between hyperbolic and parabolic
settings. See Remark 6.2 below for an explanation from a new perspective.

In the recent work ([14]) on the hyperbolic Anderson model with time-independent noise
W(x), the solvability is established under the Dalang’s condition

1
1.17 d 00
(1.17) /]Rd 1+|§|2/~‘( §) <
and the long-term moment asymptotics are established in the form of
(1.18) lim ¢ 5 alogEup(t x) p=12,---
t—o0

under the condition o < 2.
On the side of idea development, the current work is partially motivated by [14] where the
Stratonovich moment is represented in terms of the intersection local times

// ))dsdr and // ))dsdr

driven by the independent d-dimensional Brownian motions B(t) abd B(t) (see Corollary
3, [14] for details). This connection is established on the simple fact ((3.6), [14]) that

o) Y _ 1 [e8) )\2
(1.19) /0 e VG(t,x)dt = 2/0 exp{ - ?t}p(t,x)dt (A>0)

where p(t, x) is the Brownian semi-group

|z
21

and where G (¢, x) is the fundamental solution (see (2.2) below) of the wave equation. Indeed,
one of the crucial observations (Theorem 6.1) made in the current work is a link between
the Stratonovich moment and the time-randomized intersection local time given (1.14).
Accordingly, a large deviation principle (Theorem 7.1) for the time-randomized intersection
local time is established.

We now mention some recent works on this subject for the comparison on methodology.
Compared to our treatment, the approaches used in [2] and [11] are more analytic: In
[2], Malliavin calculus and Hu-Meyer formula are applied to approximate the Stratonovich
moment; while in [11], Strichartz estimation is used to bound the integrals in milled equation.
The fact that the conditions given in [2] and [11] for existence are significantly more
restrictive indicates that the hyperbolic equations do not correspond to analytic control well

(1.20) plt, ) = (2mt) Y2 exp{ . } (t,z) €Ry x R
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enough due to their oscillation behaviors. In ([12]), the existence is achieved under the
optimal condition for the hyperbolic Anderson models in the Skorohod regime. A similar
idea used in [12] is time-exponentiation to the moment of chaos expansion. It should be
pointed the our representation of the moments of chaos in terms of the Brownian intersection
local time can not be applied to the Skorohod moment at the current level of development,
due to the reason same as the one given in Remark 6.3 below.

Another important task carried out in this paper is the legalization of Stratonovich
expansion (2.13) under the best condition (1.5). To this end, a universal bound (Theorem
3.1) is established that is responsible for the Stratonovich integrability and £2-convergence
of the Stratonovich expansion. It should be pointed out that Stratonovich moment demands a
level of technology higher than its Skorohod counter part.

This paper also brings a different idea on the treatment of the time-covariance | - |~®°
(introduced in (1.2)). There have been two ways in literature in handling | - |~®°. In the
work [3] and some of its follow-up papers, the Hardy-Littlewood—Sobolev inequality is used
(Lemma B.3, [3]) in the Skorohod regime to separate the time component. This strategy
appears to be powerful in the parabolic setting. In the hyperbolic setting, it does not function
as good as for the parabolic equations, as it is less adoptive to the oscillation behavior of
wave operator. Another existing practice (e.g., [12]) is to perform the Fourier transform

; dX
|u| ~ :C/eMul ueR
R Al
to | - |~®. The use of Fourier transformation has been popular and effective in parabolic

setting (and hyperbolic/Skorohod setting as well). For the hyperbolic equation in the
Stratonovich regime, it creates an annoying and un-controllable singularity. Instead, it is
proposed in this work to use the Laplace transform

(121 0 =T(ag) ™ [ e

0

dA
)\1—(1’0

u € R.

It should be pointed out that the time-dependency in the hyperbolic Anderson model is
far from fully understood. More specifically, a deeper connection between the Stratonovich
expansion and the Brownian intersection local times is very likely. The progress should lead
to a fully understanding of the intermittency of the system. Despite of its incompleteness, on
the other hand, Theorem 1.2 strongly indicates the most possible pattern of intermittency

4—a—

(1.22) lim ¢t 5= logElu(t,z)[?
t—o00
4—a—2ag

=(3_a)péz<<4—a—2ao)2< 26 >>

2(4—a—ap)t 2 \2 -«

forp=1,2,---. Here we post it as conjecture and leave it for future study.

Here is the organization of the paper. In next section (Section 2), we set a way
to approximate the possibly generalized Gaussian field W (t,z), introduce the multiple
Stratonovich integral and formally express the solution as Stratonovich expansion. In Section
3, we establish a universal bound for the moments in the Stratonovich expansion. Using this
bound we install the Stratonovich integrability for the functions gy, (+,¢,x) in Section 4 and
establish the convergence of the Stratonovich expansion (and therefore prove Theorem 1.1) in
Section 5. In Section 6, we establish a link between E.Ss,, (g2n(', t, a:)) and the n-th moment
of a time-randomized Brownian intersection local time under time exponentiation. In Section
7, we prove a large deviation principle for the time-randomized Brownian intersection local
time. Using the results from Section 6 and 7, we prove Theorem 1.2 in Section 8. In the
appendix, we conduct some elementary calculation for the bounds established in Section 3.



HYPERBOLIC ANDERSON EQUATION 7

2. Stratonovich expansion and approximations. As usual by the Duhamel principle
the mathematical definition of the hyperbolic Anderson equation (1.1) will be the following
mild form

t

(2.1) u(t,z)=1 +/ / G(t—s,x —y)u(s,y)W(ds,dy),
r.J0

where

(i) G(t,x) is the fundamental solution defined by the deterministic wave equation

0*G
o2 <t7x> = AG(t,;C)
2.2)

G(0,z) =0 and aaf(O,x)zéo(:c), reR?.

(ii) the stochastic integral on the right hand side of (2.1) is interpreted in the sense of
Stratonovich (see discussion below for details).

2.1. Green’s function. The fundamental solution G(¢,x) associated with (2.2) plays a
key role in determining the behavior of the system (2.1). Let us recall some basic facts.
Taking the Fourier transform in (2.2) we get the expression for the fundamental solution

(2.3) FGt,))©) = Gt,x)e " dx= Smgfm , (t,9eRy xRY
Rd

in its Fourier transform form. In particular,

(2.4) G(t,z)dz = F(G(t,))(0) =t

Rd
In the dimensions d = 1,2,3, the fundamental solution G(¢,x) itself can be expressed
explicitly as
(1

5 Hlel<t) d=1
1 Yje<ty
(2'5) G(t, l‘) = % \/m d=2
1
Rat(diﬁ') d=3 ,

where oy (dz) is the surface measure on the sphere {x € R3; |z| = t}. We limit our attention
to d = 1,2,3 in this work because the treatment developed here requires G(¢,x) > 0
(when G(t,x) exists only in the form of distribution, it means that (G(t,-) * h)(x) > 0 for
sufficiently smooth probability density h(z) on RY). A scaling property we frequently use
(especially in the proof of Theorem 1.2) is

(2.6) G(t,z) =t~ Va1, z), (t,z)eRT xR

2.2. Smoothed version of W(t,x). Generally speaking, the smoothed version of the
generalized Gaussian field W (¢,z) can be any family {W, 5(¢,z); €,0 >0} of mean-zero
Gaussian fields on R x R<, living in the same probability space (€2, A, P) as W (¢, z) does,
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such that for each ¢, > 0, W575(t,l') is defined point-wise even with path-continuity (if
needed), and of the form of covariance function

@7 Cov(Wes(s,2), Wes(ty)) =285 —Ohecla 1) (s.2), (t.y) € R x R

that satisfies

2.8)  lim V5(s = t)ve(@ —y) f(s,2)g(t, y)dsdtdady
€,0—0t (R4 xR4)2

= [ lsm - g (salgltdsdtdady  fg€ (R xR
(R+ XRd)2

where S(R, x R?) is the Schwartz space of all functions on R, x R? that are infinitely
differentiable and rapidly decay to zero at infinity. We shall see the choice we made for 'yg(~)
and Y2 (+) in (2.9) below:

A popular construction of WQ(; in literature is by convolution:

rhxmwz/ po(6,t — w)pl(e, — )W (u, y)dudy  (t,x) € Ry x R
Rd+1

where p(t,z) is the Brownian semi-group defined on R¢ that is given in (1.20) and po(t, )
is the Brownian semi-group on R and where on the right hand side, the possibly generalized
Gaussian noise W (-,-) is interpreted as a linear functional acting on the smooth function
p0(57t - -)p(e,m - )

To promote the use of the Laplace transform proposed in (1.21), we shall construct
W s(t,x) in a slightly different way such that

—1

~ : [0 ey AN
(29) Cov <W€,5(Sa .’L’), We,(s(tv y)) = F(ao) /0 € W 726(:6 - y)
for (s, ), (t,y) € Ry x R?, where

We(w):4dp(67x—y)v(y)dy z e R%.

If it exists (i.e., if they can live in the same probability space with W (t,z)), the family
{Wes(-5-); €6 >0} meets all requirements as the smoothed version of W(-,-): First, by
the expression

-1

— —Als— dA —1lpk o IAK(5— dA
(2.10) ') 1/ e t‘m =TI'(ao) 'E / eArts=t) Al—ao
0 0

the function of s — ¢ on the left is non-negative definite and therefore qualified to be used as
covariance function, where « is a standard 1-dimensional Cauchy random variable.

Second, (2.8) holds in light of (1.21).

Third, by the relation

E (W@(g(s, x) — We,5(t> y)) i

“artea ([ 5 - ([ e

<Cesfls—tl+lz—yl}
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and therefore by normality

E(Wesls,2) = Wesltw)) < o Cos{ls =+ o —yl}
for any integer n > 1. A standard use of the Kolmogorov continuity theorem (Theorem D.7,
p-313, [5]), the Gaussian field W, 5(¢, z) has a continuous modification on R x R4,

As for the family {W@g; €,0 > 0} live in the same probability space, we start with the
following simple observation: Given 0 < 77 < --- < T, < ---, let AkW(t,x) (k=1,2,--+)
be independent mean-zero (possibly generalized) Gaussian fields on R, x R? with the
covariance functions

Cov (8015, 8037 (1)) = (Tlao) ™ [ et Y0y

for (s, ), (t,y) € Ry x R?, where we follow the convention T = 0. Set
n
Wr, (t,2) =Y AW (L) n=1,2,--
k=1
It is straightforward to see that

Cov (WTn(s,x),WTn (t,y)) - <r(a0)—1 /OTn eu@-ﬂﬁ))ﬂx —).

Without changing its distribution, one can re-define the Gaussian field W (¢, z) as
o0
W(t,) =Y A (t )
k=1

for any monotonic sequence {7, } satisfying T;, — oo (n — 00).

By Kolmogorov consistence extension, we can extend {Wr, (-,-); n=1,2,---} to the
bigger family {Wr(-,-); T > 0}. Then we adopt the new notation that replaces Ws-1(,-)
by W;(-,-). Finally we define

W s(t,2) = / plesa — ) Walt, y)dy
Rd

which satisfies (2.9). More generally

@.11) Cov (Wes(s,), Wes(t,)) =30,5(5 = Vrere(a — )
for any ¢, €, 8,6 > 0.
2.3. Stratonovich integral. Given a random field {V (¢, )} ¢ 2)er, xre such that

/ U(t,2)Wes(t,x)dtdr € L2(Q, A,P) Ve, 6 >0,
R4 xR¢

where ng(t, x) is constructed in Section 2.2, define the Stratonovich integral of ¥ (¢, ) as

(2.12) / U(t,2)W(dt,dz) 2 lim U(t,2) W, s(t, z)dtda
R, xR4 €,0—0+ R, xR4

whenever the limit exists in £2(€2, A, P) and is independent of the way how & and € approach
to zero. We can also use the convergence in probability in above definition. But as in most
works on SPDE, £2(£2, A,P) norm is easier to deal with so that we choose the £2(12, A,P)
convergence throughout this work. Notice that this definition implicates that u(¢,z) as a
solution to (2.1) is in £2(€2, A,P) for all (t,2) € R, x R?. After defining the Stratonovich
integral, we can give the following definition about the solution.
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DEFINITION 2.1. A random field {u(¢,x),t > 0,z € R?%} is called a mild solution to
(1.1) if for any (¢,2)R, x RY, the random field
\11(87 y) = G(t - 5T — y)U(S, y)l[o,t} (S)
is Stratonovich integrable and if (2.1) is satisfied.

To prove Theorem 1.1, we shall use the Stratonovich expansion (see [20], [19] and
references therein for the multiple Stratonovich integrals). According to the algorithm in
[16], formally iterating (2.1) infinitely many times we have heuristically a solution candidate

(2.13) u(t,) = Su(gn(-t,2))

with So(go(+,t,x)) = 1. Here is how the notation Sy, (gn(-,¢,2)) is justified: The iteration
procedure creates the recurrent relation

(2.14) Snt1(gnt1 (-t @) :/Rd/() G(t — 5,2 —y)Sn(gn (-, s,9)) W (ds,dy) .

Iterating this relation formally we have

(2.15) Sn(gn(-t,2))

/ / — Sp, & — X)) - G(s2 — 51,2 — T1)
Ré)m J[0,4]2

x W(ds1,dxy) - W(dsp,dxy,)

:/ gn(sla"' 3 Sny L1y ,xn,t,$)W(d81,d$1)"'W(dSn,diUn) (Sa}’),
(R+XRd)n

where [0,t]% :={(s1,---,5,) € [0,t]" satisfies 0<s; <s3<---<s, <t},andthe conventions
Tn41 =2 and Spy1 =t are adopted. Thus, the notation “Sy,(gn(-,¢,2))” is reasonably
introduced for an n-multiple Gaussian integral of the integrand

(216) gn(sla'“ 3 Sny L1y ,xn,t,x)
= (G(t — Sn, T — -rn) " 'G(SQ — 81,22 — xl))l[o t] (817 73n)

(n=1,2,---). In Section 4, the Stratonovich integrability of g, (-,¢,x) shall be rigorously
established in Theorem 4.1.

The above construction indicates that the existence of the system (2.1) can be implied by
the convergence of the random series defined by (2.13) in an appropriate form. This will be
justified rigorously in Section 5 as part of the proof of Theorem 1.1.

DEFINITION 2.2. Let f: (R, x R%)™ — R be measurable such that for every ¢, 5 > 0

/ f(Sla tySp, Tt 7xn) < H WE,(S(Sk?xk)) dSl v 'dsndml e dxn € ‘62(9)‘/—-.7]?) .
(Ry XR)™ k=1

Then we define the n-multiple Stratonovich integral of f as

(2.17) Sn(f) ::/ f(s1, s Sy yxn)W(dsy,dzy) - - W(dsy, dzy,)
(Ry xR4)n

- hm f(317”' ySn,y L1 7:1:71) <HW6,6(3kaxk)>
k=1

€,0—0t (R4 xRd)n

X dsy---dspdry - -dxy,
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whenever the limit exists £2(£2, A, P).

REMARK 2.3. Along with the set-up of our model, the Stratonovich integrand f is given
as a generalized function for d = 3. Indeed ([32]), Definition 2.2 can be extended to the
setting of generalized functions f. A detail is provided near the end of this section for the

construction needed in d = 3.

The following lemma provides a convenient test of Stratonovich integrability that we shall
use in this work.

LEMMA 2.4. The n-multiple Stratonovich integral S,,( f) exists if and only if the limit

lim ]E{/ f(slv"' ,Sn7$1,"'xn)<HWeﬁ(Sk,xk))dSl”‘dSndfl;'l"‘d.’L‘n}
(R)™ k=1

(e,6)—07F
(€,6')—=0"
X {/ f(s1,-- 7d8n,9€17"'9€n)(HWe',zs'(sk,fck))dsl"'dSndﬂcl"'dwn}
(R+XR‘1)" k=1
exists

PROOF. The existence of the limit in (2.17) is another way to say that the family
n .
26,5 = / f(317 Sy X1, xn) ( H We,é(skaxk))dsl e dsndxl e dxn
(Ry xRI)™ k=1

is a Cauchy sequence in £2(Q, F,P) as ¢,6 — 0T, which is equivalent to the lemma. [J

Definition 2.2 can be extended to a random field f(si,---,Sp,z1, -+ ,x,) in an obvious
way. Most of the time in this paper, however, we deal with a deterministic integrand and
demand some effective ways to compute the expectation of multiple Stratonovich integral of
deterministic integrands.

LEMMA 2.5.  In the setting of a deterministic integrand, the L?-convergence in Definition
2.2 can be replaced LP-convergence for any p > 2.

PROOF. This has been proved in the setting of time-independent noise (Theorem
6.2 and Remark 6.3, [14]). In the context of the general integrand, one can identify
f(s1,-++,8n, 21, xp) with f(x1,---,2,) and the time-dependent Guassian field W (¢, z)
with the time-independent Gaussian field W (z) by viewing the time variable as the extra
dimension of the space variables. Then Theorem 6.2 and Remark 6.3, [14] applies to our
setting. [J

This lemma brings some convenience in computation. An example of such is the Fubini
theorem: Given the integers [1,--- [, > 1 and the [;-multiple time-space variate functions
fj (1 < j < m), the Stratonovich integrabilities of f,---, f,,, implies the Stratonovich
integrability of fi ® --- ® fp, and

(2.18) Sttty (L@@ f) =[] S0, (f)-
j=1
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Let us recall an identity [31, p.201, Lemma 5.2.6] known as Wick’s formula which states
that

( 2n
E]Joe= > 11 Eoo
k=1

Dell, (3,k)eD

(2.19)

2n—1

E H gk =0

k=1
where (g1, -+, gon) is @ mean zero normal vector, and II,, is the set of all pair partitions of
{1,2,---,2n}. As a side remark, #(II,,) = (22"73, Applying (2.19) to g = Wey(;(sk,a:k) in
the case of deterministic integrand f, and taking the (¢, d)-limit, we have
(2.20) ESa—1(f) =0
and
2.21) ESon(f)= ) / F(s1,0++ Som, @1, -+ )

Dell, ¥ (R+xR?)?

X ( H |sj — sk~ "y (z; — .’Ek)>d81 <o~ dsopdry - - dxoy,

(4,k)eD

under the Stratonovich integrability. In particular, the expectation of a (2n)-multiple
Stratonovich integral is non-negative if the integrand is non-negative. Take f = go,(,t,0)
for example. In the case of integrability

ESQn (9271 t, 0

/ / '“d82nd$1"'d1‘2n<G(t—82m—902n)"'G(82—81,332—1‘1)>
Dell, [0,¢]27 J (R4)?
X < IT lsi—sel0v(a; - f'«“k))-
(4,k)eD
With the substitutions s — t — Sop—k4+1 and g — —zop_pt1 (K =1,2,--- ,2n) performed

on the right hand side,
(2.22)  ES3,(g20(-,t,0))

2n
/ / 1 dsapdry - "d$2n<HG(Sz — 51,7 — 1‘1-1))
pett,, 0,42/ (RY)? =1
X ( H |s2n—j+1 — Son—k+1]” "V (T2n—jr1 — Tan— k+1)>

(4,k)eD

Z /0152"/]Rd 2n (HG (s1— s1-1, @1 — 21— 1))

Dell,

X ( H |sj — sg| " y(x; — xk)>d31 - dsopdry - - - dxoy,
(4,k)eD

where we follow the convention on the right hand side that so =0 and z¢ = 0.
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Since the condition (1.5) encompasses the cases where the covariance function () exists
only as a generalized function (e.g., y(-) = do(-) in d = 1), the meaning of the multiple
integrals on the right hand side of (2.21) needs to be clarified. Indeed, by (2.9) and (2.19)

2n

(2.23) E/ f(81,7++ ,82p, 21, 7$2n)<H We,a(sk,xk)>
(R+XRd)2n k=1

X d81 s dSQndxl s dCCQn

- Z / fls1,e som, @1, a$2n)< H ”Yg(sj—sk)we(xj—xk))
(R4 xRe)2n :

Dell,
X d81 s dSQnd$1 st dxgn

where

-1

@24 A =Tlao) [ M and ) = [ awple— )y

Inspired by (2.17) and in light of (2.23), we therefore define

(225) f(817"' yS2ny L1yt 7$2n)< H ’5j—5ka07($]’—$k)>

(R4 xR4)2n (jk)eD

X d81 cee dSQndJ?l s dargn

A
= lim f(sla"'732nax17"'7'75271)( H 7g(sj—sk)'y€(a:j—xk)>

€,0—0t (R4 xRd)2n

X d81 cee dSQndﬁﬂl s dIQn

whenever the limit exists.

To end this section we take the chance to address an inconvenient fact from (2.5) where
G(t,z) is defined as a measure rather than a function on R3. In this case, the integrand
gn(+,t,z) introduced in (2.16) appears as an integrand of the n-multiple Stratonovich integral
in the sense given below: For any 1 > 0, set

Gy(t, ) = /Rgp(n,m —y)G(t,y)dy
where p(t, x) is the Brownian semi-group on R, Write
gn,n(sla e Spy T, ,xn,t,x)
= <Gn(t — Sp, & — X)) - Gp(s2 — 81,22 — :cl)) 1[07t}<n(31, et Sn).

The n-multiple Stratonovich integral is defined in the following two steps:

/ n(S1, 3 Sns 1,0 Ty, 6, T) ( H We,6(3k7xk)>d31 c-dspdry - dzy
(R4 xRH)™ k=1

n
= hm gn,n(slv Sy L1yttt axnvtax) < H We,(S(Sk‘)Ik)) dSl e dSndQTl e d$n
n—0+ (Ry xRe)n ol



14

for any €,6 > 0, and

S(gn(7t7x)) = / gn(817 oty Sny L1, ,xn,t,x)W(dSh:(}l) e W(Sn,l'n)
(R+XRd)'

n

= e,%gn(ﬁ o gn(517 Tty Sn, Ty, axnatwr) ( H Weﬁ(Sk,l’k))dSl c-dspdry -+ dxy,
(R+ xR ) k=1

whenever both limits exist in £2(£2, A,P). It will be verified later that the limits do exist

under the assumption (1.5). Therefore, it can be treated together with dimensions d =1, 2.

3. Stratonovich moment bound. Let the pair partition D € II,, be fixed. Let 1 (d)
((j, k) € D) be the finite measures on R? such that

3.1 yj,k(:c)z/Rd g (d€) > r e R%,

Since p; j, are finite, ;5 («) are defined point-wise.
Let A;, C Ry ((j, k) € D) be measurable and define

_ _ dX
(3.2) fy‘?’k(r) =I'() 1 /A e MT'W r e R.
Clearly, 'onk(') is non-negative and non-negative definite (see the trick played in (2.10) for
the second claim).
For any non-negative function G(t, ) on Ry x R?, we introduce the notations

(3.3) 1G]] = / G(t,x)dtdr  (Itis (j, k)-index free!),
R4 xR4
34 o -1 —MAifa dA
(3.4) 1G11;,5 =T(0) e G(t,z)dtdx Wﬂj,k(df)y
Aj,kXRd R+XRd
) 0 v
(3.5) 191157 = (/ Yix(s = )vik(z — y)Q(s,x)Q(t,x)dsdmdtdy) .
(R4 xR4)?

The aim of this section is to provide a meaningful bound for the multiple integral

/ d31 cee dSQn/ dl’l . -d.CCQn
(R X (Ry)Z (RY)™1 X (R)m2

2
X(HHGZ(Sz—Sl—hiEl—iﬁl 1) LT 75(ss = si)vin(as — o)

p=11€l, (j,k)ED
with the non-negative functions Gy (t,2) (I = 1,2-- - ,2n) such that ||G;||(¥ HGlH] . ||Gl||(2)
00, where n; and ny are non-negative integers with 2n =njy +ng, I1 = {1, -+ ,n1} and

I ={n1 + 1,-,2n}, and where the following conventions are adopted: sy = 0, zp = 0, and
Sn, =0, 2, = 0 in the expression Gy, +1(Sn,+1 — Sn,s Tn,+1 — Tn, ). The settings ny = 2n
(and therefore ny = 0) and ny = 2n (and therefore n; = 0) are considered as the special cases
where the above integral takes the form

/ dSl"'dSQn/ d:El'--dSCQn
(R B2

2n
X (HGz(é’z—Sl—l,xl—ﬂCl 1) H 'ij k)Y (T5 — T)-

=1 (j,k)eD
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THEOREM 3.1.  There is a partition {Qq, Q1,Q2} of {1,--- ,2n}, possibly depending on
ny,ng and D, such that #(Q2) is even and #(Qo) = #(Q1) and that

(36) / d81 s dSQn/ dl’l ce dl‘gn
R x(R4)Z R X (R )2
2

X (H H Gi(s1 — s1-1, 71 — 331—1)) H 7?,k(8j — k) Vjk(Tj — o)

p=1llel, (4,k)eD
1 2

< (T 1ea®) (T 216 ) (1T 16

1€Qo 1€Q: 1€Q:

where the subscripts {(j,k) € D} are distributed in the Q1-product and in the QQa-product
in the following way: First, the pair (j,k) appearing in the QQ1-product does not appear in
the Qa-product, and vice versa. Second, the pair appearing in QQ1-product appears exactly
once (so the number of different (j, k) in Q1-product is #(Q1)), while the pair in Q2-product
appears exactly twice (so the number of different (j, k) in Qo-product is 271#(Q2)).

To further illustrate labeling system used on the right hand side of (3.6), we consider the
special case n =2 and D = {(1,2),(3,4)}. A possible bound on the right hand side of (3.6)

is
(1621@) (1621112) (1631 Gl )

where Qo = {1}, Q1 = {2} and Q2 = {3,4}.
In another special case n =3, D = {(1,5),(2,4),(3,6)}, a possible bound on the right
hand side of (3.6) is

(e @ 1csl @) (IGs 35153 ) (IG2053IG5S)
where Qo = {1,6}, Q1 ={3,5} and Q2 = {2,4}.

PROOF. We carry out argument by induction on n: When n = 1, there are three possible
forms for the left hand: "nqy =no =1", "ny =2 and ny = 0" or "n; =0 and ny = 2".
When ni = ngy =1, the left hand of (3.6) is

J

where the inequality follows from Cauchy-Schwartz’s inequality. So the claim holds with

Qo=Q1=¢and Q2 ={1,2}.

{2}
1,2

ds1dss /( (o, 2)Galsay) Raor — s2mate ) < GG
Rd4)2

2
+

When n1 = 2 and ny = 0, the left hand side is

// d81d82/ dzdyG1(s1,2)Ga(s2 — 51,y — )7 o(s1 — s2)11.2(2 — )
{s1<s2} (R%)?

_ ( /R . G1(81,$)d81d:z> ( /R . GQ(t,y)ygg(t)w,g(y)dtdy),
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Notice

/ Gaft, y)'Y?,z (t)71,2(y)dtdy

B e dA
—ren) [ Gatt( [ e B e Javay
R+XRd AlyQXRd

- e A\
reo” [ ([ Gatte sty ) (i) < el
Aj o xXRe Ry xR

In summary

[ dsdse [ dedyGiss,)Galsn sy - o~ sal 5w )
{s1<s2} (R)2

<G| G215

Thus, the claim holds with Qo = {1}, Q1 = {2} and Q2 = ¢.
Similarly, when ny = 0 and 7z = 2, the claim holds with the bound [|G1|{[|G2/|®) and
Qo={2}, Q1 ={1} and Q2 = ¢.

Assume the claim holds for n — 1. We now verified it for n. Assume that jy and kg are
paired with 2n and n1, respectively, i.e. (jo,2n), (ko,n1) € D. The idea is to separate

Gon(s2n — S2n—1,T2n — 1’2n71)'7j(')072n(5j0 — 521)Yjo,2n (5, — T2n)

or

Gnl (Snl —Sn,—1,Tn; — $n171)7;807n1 (Sko - Sn1)7k07n1 (‘rk’o - $n1),

whichever possible, from the multiple time-space integral.

We consider the following three possible cases: Case 1: jg € I3 or kg € I;. In other words,
at least one of n; and 2n has a domestic pair. In the remaining settings, both n; and 2n have
inter-group pairs. We shall treat it in the following two different cases: Case 2: jo = n; and
ko =2n,i.e., (n1,2n) € D;and Case 3: 1 < jp <nj < ko < 2n.

Case 1: We actually claim a better bound

(3.7) / d81 ce dSQn/ dl‘l ce dwgn
(R)Z X (R4)2 (RE)m1x (ReE)"2

2

X (H H Gi(s1 — s1-1, 21 — 9611)) H ’Y?,k(sj — sk)Vjk(T5 — k)

p=1lel, (j,k)eD
1

<5 ( ) (T 260 ) ( T 16 )

1eQo leQ: leQ,

in this case for the argument needed in Case 3.
Due to similarity, we only consider the case jg € I2. For s, < 59,1 < 594,

PYJQD,QW(SQH - Sjo) < ’YJQD,Qn(SQn - SQn—l)-
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Thus, the left hand side of (3.7) yields to the bound

/ dSl o e d82n_1 / dxl .. dm2n—1
(R)Z x(Ry)22 7" (R4)m1 x (Rd)n2—1

2 oo
X (HHGZ(Sz—Sl—l,Jﬁl—ﬂﬁl 1 )( H 7]k k) Vi (T xk))/s dsan

p=Lllel} (4,k)eD’

X / d2nGon(S2n — S2n—1,T2n — Tan—1)Ve 20 (520 — S2n—1)Vjo,2n (T2n — Tj,)
Rd

where I' =1 and I, = b\ {2n} ={n1 +1,--- ,2n — 1} and D' =

D \ (j0,2’rl) S Hn 1-
Notice

o)
/ d32n/ o0 Gon(S2n — S2n—1, Tan — T2n—1)V5 20 (520 — S2n—1)Vjo,2n (T2n — Tj,)
Son—1 Rd
o0
= / dS/ dx9nGon (s, Tan — $2n1)7?0,2n(3)/ ezs'($2n_%0)/‘jo,2n(d§)
0 R4 R4

d\ . —As+i&-x
=T(ag) ! T i(dE) exp {zf (rop—1 — xjo)} Gaon(s,z)e ASTIET gl
A; X R4 A 0

Jo.2n R+><Rd
- d)\ ST T
<TI'(a) 1/ oy 1(d€) / Gon(s,2)e 0 dsda| =
Ajg,2n XRE Ry xR

In summary, the left hand of (3.7) yields to the bound

||C¥2n||]O 2n/ ldsl---dSan/ dl’l"'dl‘anl
Ry X (R4 (RE)m1 x (Rd)n2—1

(3.8) x<ﬁHGl(sl—sll,xl—ml 1)( T A2k(ss = si)vie(a; —xk))

p=ller, (j,k)eD’

= [|Ganll{})

Jo,2n°

Denote I; = 11, Is = I \ {jo,2n}. When jo = 2n — 1, the right hand side is equal to

||G2n||§'i,)2n||G2n1”(0)/ . -~ ds 1"'d52n2/ dzy -+ drop—2
(R ) X (R )2 () (B2

X(ﬁHGl(Sl—SZ—l,xz—xz 1>< H ’Y]k Sk) Y,k (T —ﬂﬁk))-

p=llel, (j,k)eD’

Applying the induction assumption, we yield the bound

Gl Gl ( TL 16 ) ( TT 2060 ) ( IT i)

lEQ lEQl lEQz
1
=5 (Tien®) (et ) (e
leQo leQ: 1€Q-

where Qo, Q1, Qo form a partition of {1,---,2(n — 1)} obeying the rule described by
Theorem 3.1. Setting Qo = Qo U {2n — 1}, Q1 = Q1 U {2n} and Q = Q2 we have proved
3.7).
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We now assume jg < 2n — 1. Set
ds = d51 s d8j0,1d8j0+1 ce dgnfl and dx = dl‘l . 'd$j0,1d$j0+1 s dgnfl.

The bound in (3.8) can be written as

2
||G271H OQn/ dé/ d}~(< Gl(sl_31—1,$l—x1_1)>
’ (R4)2 X (Ry)22 77 (R)n1 x (Re)n2—2 H H

r=liel,

Sjp+1
(/ deo(SJO Sjo—1>Tjo — Ljo— 1)GJ0+1(5J0+1 Sjor Ljo+1 — Ljol )dx]odsjo>
S R

Jjo—1

( T A9k(ss = si)vim(a; —m))

(j,k)eD’

Notice

Sjo+1
/ dGJO(SJO Sjo—15Tjo — Ljo— 1)G]0+1(8j0+1 Sjos Ljo+1 — mjo)d$jodsjo
s R

= Gjojot1(Sjot1 = Sjo—1, Tjor1 — Tjo—1)
where
t
Gjmjo-i-l(t?x) = / /d Gjo (Svy)Gjo-‘rl(t — 5T — y>dyds'
0JR

Therefore, by (3.8)

/ d31 cee dSQn/ d.’L‘l ce den
R X (R4)Z (RY)"1 X (R)m2

2
X <HHG1(81—81—1,$1—$1 1> H Vok(sy — se) vy — )

p=1lel, (4,k)eD

S]G2nH(-(1))n/ ds/ dx< Gi(s;— 81,1 — 1 1))
o2 (Ry)2! x (R4 )22 77 (R4)m1 x (R)m2—2 H H

r=liel,
X Gjojo+1(Sjo+1 = Sjo—15 Tjot1 — Tjo—1 < T 2ksi = si)viwla; — xk))-
(4,k)ED’
Applying the induction assumption with the functions (2(n — 1) of them)
G1,,Gjo-1,Gjg jo+1, Gjot2, -+ s Gan—1

with D' =D\ {jo,2n} and with 2(n — 1) = n1 + (n2 — 2), we have one of the three possible
bounds:

1 = 7 1 2
39 16l Gl ( TT el ) ( TT 216 ( TT 1))
1eQ 1€Q2

1€Q®
1, = i
~51Ganll(y ( IT 16 (- T 206 ) ( I 1))
1eQ® 1eQ,u{2n} 1€Qs

with i =0, 1,2, where Qg, Q1, Q- form a partition of {1,---,2n — 1} \ {Jjo,jo + 1}. When
i =0, [1Giojora () = 1Gjojosa I is free of (j,k)-index. As i = 1,2, [|Gj, sy 1] D =
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"Gj07j0+1||§?,]€1 for some (j1,k1) € D’ (recall that D’ is a pair partition on {1,---,2n} \
{j07 2n})

When i = 0, by induction assumption 1+ #(Qo) #(Q1), #(Q2) is even. Recall that all
(4, k) € D' have been assigned into Q1 and Q- according to the statement of Theorem 3.1. In
particular, the number of (j, k) € D' in Q1- product is #(Q1) and the number of (j, k) € D’
in Qs- product is 271#(Q5). Further

1Gogos1llo = 1G5, 1 QN1 G4 |

The bound (3.7) has been verified with Qo = Qo N {jo, jo + 1}, @1 = Q1 U {2n} and Qo =
Q2.

When i = 1, #(Qo) = 1+ #(Q1), #(Q2) is even. Recall that || G, j,+1 [V = ”Gjovju-f'lug,)kl
for some (j1,k1) € D' =D\ {jo,2n}. All (j,k) € D'\ {(j1,k1)} have been assigned into
Q1 and Qs ina way that #(Ql) — 1 of them are in Q- product and remaining of them (the
number is 27 1#(Q2)) are in (Q2-product (each of them appeasers twice).

1G 0 gos1ll$ D, = F(ao)l/ / Gy, (t, 2)e M dtdy
A XRe | JR4 xR4

J1.k1

dA

X =g H(d€)

R+ xRd

< {F(Oéo)lfA

2 1/2
??M%ﬁ

/ G, (t,2)e  MTETqtdy
Ry xR4

.7‘1>’C1><Rd )\1 o
' 2 g\ 1/2
Areo [N Gt Eowan )

AjlkaXRd R+XRd )\ o

Notice
4 2
F(Oéo)l/ / G, (t,z)e  MTETdtdy o (d€)
Aj, x, XRE | JR, xR Al

_ / 20 (54 Dy — 9)Gy (5,2) G () dsdtdacdy
(R+ XRd)2

(IIGgolljl,kl) :
Same thing happens to G'j,41-factor. Thus,

Id 1 2 2
1C 0 goet IS, < NGl 2 NGy 111 -

So (3.7) has been varified with Qg = Qo, @1 = Q1 U {2n} and Q2 = Q2 U {Jjo, jo + 1}.
When i = 2, #(Qo) = #(Q1), #(Q2) is odd. The the pairs (j,k) € D' are distributed in
a way that #(Q1) of them are in @)1-product and remaining of them are in (Q2-product. All
(4, k) in Q2-product appears twice except (j1,k1) (which appears once). Consequently, the
number of (j,k) € D’ in Q1 is #(Q1) and the number of (j, k) € D’ in Qo is 271 (#(Q2) +



20
1). Further
5 2
1Go,go+1 ||§-1,)k1

~ ~ 1/2
= { / ’7?1,191 (8 - T)’le,]ﬁ (:E - y)Gjo:jo-‘rl (87 x)Gjmjo—l-l (’I”, y)dsdxdrdy}
(R+ XRd)2

o0 e~ 2 1/2
N { / / / NG e (b w)dwdt | g1, ), (d)\)ﬂj,k(dﬁ)}
Ra+1 0 R4

where 1 ; (d)) is the spectral measure of 77 ; (-) (Recall that 79 ; (-) is non-negative-
definite).

Notice

o)
/ / 62At+l£'ij07jO+1(t,l’)d$dt'
0 R4

</ / ei)‘t+i£'mGjO(t,:C)d1:dt></ / eiAtHgmGjOH(t,x)dxdt)}
0 JR4 0 JRrd

o
//eZAtﬂs"”GjUH(t,ac)dxdt
0 JRe

< 1G5, 1

Therefore,

= 2
[l

3|1Gjo|r<°>{ [ sy aaza
Rd+1 0 Rd

2
= 1G5 OGP,

2

1/2
W0 e (N (d&)}

The bound (3.7) has been varified with Qo = Qo U {jo}, Q1 = Q1 U {2n} and Qs = Qo U
{jo+1}.

Case 2. Write [, = {1,--- ,ny — 1}, b ={ny +1,--- ,2n — 1} and
ds = dSl cee d8n1_1d8n1+1 s dSQn_l and dx = Cl.%'l s dmnl_ldme s dafgn_l.

Since (n1,2n) € D in this case, the left hand side of (3.6) is equal to

/ dé/ dx
(R4 )2 X (Ry) 227 (Re)m—1x(Re)r2—t

2
X <H H Gi(s1 = si-1,71 — $z1)> H 7?,k3j — sk) Yk (25 — k)

r=lie], (j,k)eD

0 0
0
X / / / d3n1 dSanxn1d$2n7nl72n(52n - 5n1)7n1,2n($2n - $n1)
Snp—1 Y S2n—1 R4 xR

X Gn1 (5n1 —Sn;—1,Tn; — $n1—l)G2n(52n — S2n—1,T2n — $271—1)-
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where D =D\ {n1,2n}. Notice
00 00
/ / / d5n1 d52ndxn1 d$2n721,2n(52n - 5n1)7n1,2n (xQn - xnl)
Sny—1 Y S2n—1 R4 xR4
X Gn1 Sny — Sny—1,Tny — xnl—l)GQn(SQn S2n—1,T2n — x2n—1)
=[] dsdrdsdind, s = e = 6)Go (53 = )G = 2001)
R4 xRR4

<Gy 1221 Gon )

ni,2n ni,2n

where last step follows from Cauchy-Schwartz inequality and then shift-invariance of the
space variables.
By the induction assumption, we have the bound

1012l Gl TT 160 ) ( TT 20601 ) ( IT i)
1€Qo 1@, 1€Q2
where Qo, Q1, Q2 form a partition of {1,---,2n} \ {n1,2n} with #(Qg) = #(Ql) and
#(Qo) being even. All (j,k) € D’ are distributed according to the statement of Theorem 3.1.
In particular, the number of (j, k) in Q1 is #(Ql) and number of of (], k) in Q2 is 271 #(Q2).
The bound(3.6) has been varified with Qp = Qo, Q1 = Q1 and Q2 = Q2 U {n1,2n}.

Case 3. Recall that this is the case when (jo,2n), (ko,n1) € D with jo € I, k1 € Is and
Jo # n1, ko # 2n. The idea essentially comes from the treatment in Case 1. The extra obstacle
comes from the fact that there is no restrictive order between s;, and sa,, nor between sy,
and s,,,, as (jo,2n) and (ko,n1) are inter-group pairs. To fix it, we break the left hand side
of (3.6) into two parts by the indicators 175 <, yand 1gg g, )

On {s2,—1 > s, }» 7?07271(8271 —5j,) < ’)/5-)072”(8271 — Son—1)- By a strategy same as the one
used for (3.9), the first part of the decomposition yields the bound in (3.7), i.e.,

1
s( 6 @) (2160 ) (T i) ).
leQo leQq leQ:

On {s2,—1 < sj, }, on the other hand, s,,, 1 > s, > Sap—1 > Sg,. Therefore 'ygl ko (Sp, —

Sko) < 7217 ko (Sn, — Sn,—1). Repeating the same procedure (with 2n being replaced by n1),
the second part of the decomposition has the bound (3.7), i.e.,

1 1 2
(I ea®) (T 2160 ) ( TLiea?))
1€Q) leQ; le@s

for the partition @}, Q%, Q%5 of {1,---,2n} that meets all requirement given in Theorem 3.1.
Therefore, the left hand side of (3.6) is less than or equal to

1
2{( [T i) ( T 216 ) ( T o))
1€Qo le@Q:

leQ2
+ (T e ) ( TT 20c?) ) ( IT teal?)) }
leqQyg leQ; leqy

Between the partitions {Qo, Q1,Q2} and {Qj, Q}, @5}, choosing the one that produces the
larger product completes the induction. []
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4. Stratonovich integrability of g,(:,t,z). Let n > 1 be fixed and recall that
9n(-,t,x) is defined in (2.16). Through this section, we adopt the following notations:

6:(617"'7671)7 €:(6n+17"'762n) and 5:(517"'7571)7 S:(Sn-‘rlv"'SQn)

e=(e,6)= (1, ,e2,) and 6= (8,0) = (61, ,02p)

forer, -, €, 01, -+, 02, > 0. The notation "e — 0" means €1, - - - , €, — 0T. The notations
"e— 0T, "8 = 07", "6 — 01", "e— 01" and "§ — 07" are used in obvious way.
Set

(41) Sn,e,§(9n<'7t7$)) :/ gn(sly'” ySny L1, 7mn7t7$)
(R4 xR

<H k0K Sk‘?xk>d81“-dsndgjl...xn

The main goal of this section is

THEOREM 4.1.  Under the condition (1.5), the limit

4.2) lim Snc o (gn(-t,2))

exists in L2(Q, A, P) for eachn > 1, t > 0 and x € R Consequently, g,(-,t,x) is n-multiple
Stratonovich integrable. Further,

4.3) E[Sn(gn L) =Y /O

c dSQn/ dI‘l te dZCQn
Dell,, [0,¢]2 %[0, t]< (RE)m x (RE)™

2
X <H H G(s1— s1—1, _fUl—l)> H |8 — sk|”*v(zj — w)

p=1llel, (4,k)eD

where, Iy = {1,--- ,n}, Iy ={n+1,---2n}, where, to simplify the notation, we follow the
convention on the right hand side that so =0, xg =0, s, =0, x, = 0 in the expression
G(3n+1 — Sny Tn+1 — mn)-

Notice that under the initial condition given in (1.1) and due to the stationarity of the
Gaussian noise in the space variable,

Sn,e,5(gn( t .T)) 4 S"E‘S(g”( t,O))

we may take x = 0 in the proof of Theorem 4.1. By Lemma 2.4, to establish (4.2), all we
need is to prove that the limit

(4.4) lim ESpc5(gn(t0))S, :5(9n(1,0))

€00+
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exists. By Wick’s formula (2.19) and the covariance identity (2.11)

ESn,e,é(gn( ))Sngé( ( t,O))

== Z / gn(slv"' ySny L1y 7xn7t70)gn(sn+17”' y S2ns Tn41, """ ,flfgn,t,())
De]‘[n (R+ X]Rd)Zn

X H ’Yg Vék j )’Yej-i-fzc (zj — )
(4,k)eD
Z / "'dSQn/ dxl---dx2n<G(t—sn,—xn)---G(SQ—sl,xg—m1)>
per, 7 0412 x[0,4]2 (RI)™ x (RI)™

X (G(t — Son, —Tan) ** G(Sny2 — Snt1; Tnta — Tnil ) H Voo, (55 = k) Ve, e () — T1)

(j,k)eD

where 7§ (+) and 7. (-) are defined in (2.24).
Under the substitution s; — ¢t — Sp_j11, 1= —2p_111 (1 <1 <n)and s;— 1t — sop 11,
Ty —Top_1+1 (n+ 1 <1 < 2n), the right hand side is equal to

2
dSl-..dSQn/ dxldx2n< G(Sl — S1-1,T] —.’L'l_l)>
Z /[O,t]’<‘><[0,t]7<” (Rd)2n H H

Dell,, p=1I€l,
X T Y600V (S0) = Sot8) Vewienis (Ta ) = Toth)
(jok)ED

where o is the permutation on {1,2,--- ;2n} such that o(l) =n — 1+ 1 (l € I1) and o(l) =
2n — 1+ 1 (I € I). Since o (1) = I and o(I3) = I, the equality continues to be equal to

2
dsl...ds%/ dml...dx2n< G(S)— S1_1.7) — 71 )
Z /[O,t]ZX[O,t]Q (R7)2n H H ( 1 1)

Dell,, p=1lcI,

X H ’ngvsk (85 = 8k) Ve, +en (T) — 21).

(4,k)eD

In summary,

(45) ESTL,&,(; (gn('7t7o)>sn7g’g (gn(7t70))

= Z / dSl“'dSQn/ dzy---dxa,
0]z <[00z (R)2n

Dell
2

X <HHG(5181—1,$1$1 1) IT 9., (55 = )76, 4o (2 — ).
p=llel, (j,k)eD

To prove Theorem 4.1, by continuity theorem of Laplace transform, part of our strategy is
to establish the existence of the limit

lim dtldtg exXp { — 91t1 — 92752} d81 ce dSQn ce
=07 IR, (0,12 X [0,t2]2

to the integrals on the right hand side of (4.5) for fixed 6.
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To this end, let 01, 62 > 0 be fixed but arbitrary and set
gp(sla‘” sy Sny L1y 7$n)

= (H eiep(slfsl—l)G(Sl — S1—-1,2] — xl_1)> 1(R+)7<L (817 e 7871)

=1

with p = 1,2 and the convention sy = 0 and x¢ = 0. Consider the function

t1 ton
(4.6) Fe(ty,--- ,th)E/ / dsla"'dSQn/ dxy---dxay
0 0 (Rd)2n
X gl(sla ERPR P i >$n)§2(3n+17 oy S2n, Tn4ly 7$2n)
X H Yej e (Tj — T)-
(4,k)€D
The constructions of §,(s1,+,8n, %1, -+ ,Zy) and Fe(t1,--- ,t2,) serves our purpose

through the relation given in (4.11) below.

LEMMA 4.2. There is a constant C' independent of € such that
4.7 Fe(400, -+ ,+0) < C < 0.

Further, the distribution function (up to normalization) Fr weakly converges as € — 0.

PROOF. Let A1, -+, Aoy > 0 be fixed but arbitrary.

/Rin exp{ Z)‘ltl} dtl, . 7dt2n)
2n
:/(Rd N ( H ’Y@-&-ek - )) /R%f exp{ _;Altl}

(j,k)eD

X gl(t17"' 7tna:L‘17" : 7xn)§2(tn+la'“ at2n7x’n+la'“ ,$2n)dt1 dth

There is the main reason for the Laplace transfrom: The weak convergence claimed in Lemma
4.2 requires that

lim Fe(ty, -, ton)

e—0+t

exists at the continuous points of F%. This is not a trivial matter as F% is not monotonic in
€1, , €2n. On the other hand, we shall see that the proposed Laplace transform installs the
needed monotonicity. In addition, the proposed Laplace transform reduces the proof of (4.7)
to the bounds for the moment of the Brownian intersection local times.

By our set-up

2n
/2 exp{ - Z)\ltl}gl(tl7 7tn7$17“' 7$n)§2(tn+la"' at2n7$’n+1;"' az2n)dt1 dt2n
R 1=1

2n
= e — tl tl 1 _ _
/(R+)Z ) dty - - - dta, exp { ; /\ltl} < H H e Gt —ti-1, 1711)) .

p=1lel,
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Write

2n 2 2

Dt=) > Mt =D ety —ti)

=1 p=llel, p=1llel,
where

2n
CZZZ/\k (1<i<n) and ¢ = Z A (n+1<1<2n).
k=1 k=n-+1

The right hand side is equal to

2
/ dty---dto, < H H 6_(c‘+6”)(t’_tl_l)G(tl —ti_1,x1 — xl—l))
(R)Zx(Ry)Z

p=llel,
2

—HH/ dte~(c+0,) tG(t X — 1)

p=1lel,

G) HH/ dteXp (Cl+9) } (t,m; —21-1)

p=1lel,

1\ 2n
- (7) / dty - dty,
2
R)Ex(Ry)2
2
1
X H H eXp{ - 5(01 +0,)(t — tZ—l)}}p(tl —ti—1, @ — @1-1)

p=1llel,
where p(t, x) is the Brownian semi-group defined in (1.20) and the second step follows from

the identity (1.19).
In summary

/R?p exp{ Z)\ltl} (dty,--- ,dtan)
= (;)QH/(R”U(R”” dtq dtznexp{ — *ZZ (1 +0,) tl — 1)}

p=1l1lel,
X/ dX(HHptz—tl 1,T] — X 1)( H Ve, +er (Tj — ))-
p=1lel, (j,k)eD

Notice that the function

2
flar, - aom) =[] ] ptti — tir, 0 = 2121)

p=llel,

is the density of the random vector (Bl(tl), -+ Bi(ty), Bo(tny1), - ,BQ(th)), where
Bi(t) and Bo(t) are two independent d-dimensional Brownian motions. Let "Eq" denote
the expectation of the Brownian motions and let the map v: {1,---,2n} — {1,2} be given
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by v(I,) = {p} (p=1,2). We have

/ dx(HHptz—tz 1, X — T)— 1)( H Ve, ten (T — ))

p=1lel, (4,k)eD

=Eo H Ve, +er (Bu(j) () — Bugy (1))
(4,k)€D

:/(Rd)nexp{—; Z (6j+ek)!§j,k!2}Eoexp{ Z ik (Bog)(t) — Bv(k)(tk))}

(4,k)ED (j,k)eD
X H 11(d€;x)

(4,k)eD
1
:/ eXp{ - (g +6k)|§j,k!2}exp{ — g var ( > Gk (t;) — Bv(k)(tk)))}
(R (j,k)eD (j,k)eD

< [ wdge).

(4,k)eD

The right hand side is monotone in €y, - - -

L€l Using monotone convergence we conclude
that the limit

(4.8) El_i)r(r]l_*_ Riﬂ exp{ Z/\ltl} dtl, . ,dtgn)

2
1\ 2n 1
=5 Eo/ dty---dtapexpy — o (et +0,)*(tr — ti1)
(2) (Ra)Ex(R)2 { Q;z; }
< T 7(Bu)ts) = Bogw (t))
(4,k)eD
exists as a extended real number. Further,
exp )\ltl dtl, . ,dtzn)
[ e {- X
(1)2nE d J { IZZ:Z( 9)2( )}
<lz o/ t1---dtopexpy — 5 c+ tr—ti-1
2 R4)Zx(R)2 2 p=1lel, ’
X H v(] Bv(k‘)(tk))
(j,k)eD
2
1\2n 1
< (f IEO/ dty - dtapexpq — = 62(t; —tl_l)}
2) (B )2 (B2 { 2;;: '

< JT 7(Bugy(ti) = Bugy (ta))

(j,k)eD

IThis is the main reason that we introduce the Laplacian parameters A1, -+, Aoy,
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Noticing that

2
SN 03t —tiy) = 03t + O3tay

p=1ll€el,
and taking A\; = --- = A9, = 0 on the left hand side,
F€(+Ooa e 7+OO)

1\ 27 1
< (=) Eo / dty -+~ dton expd — = (02t + 03tap
z) (B )2 x (R4 S

x T v(Bug)(t5) = Bugy (tr))-

(4,k)eD

To complete the proof, therefore, all we need is

1
(4.9) Eo/ dtl s dtzn exXp { — *(Q%tn + thgn)}
(B2 (R 2
X H ’U(] Bv(k) (tk)) < 0.
(4,k)€D
By the fact that

00 0o 1
9192/ d81 / d82 exp{ — 5(9%(81 — tn) + 9%(82 — tgn)} =1.
tn ton

and by Fubini’s theorem,

- Bv(k) (tk))

(4.10)
1
/ dty -+ dtop eXP{ - 5(9%% + 9§t2n)} I (B (t5) = Buwy (1))
Ry)Zx(R4)2 (j,k)eD
:/ d - dtop, exp{ — 7(0215 + 92t2n)} H V(Bv(j)(tj)
(4,k)eD
X 9132/ dsl/ dso exp (9%(81 — tn) + 9%(82 — tgn)}
tan

= 9192/ / dsi1dss exp — *(9%81 + 9%82)} / dty---dtoy,

o Jo 2 [0,51]% X [0,55]7
< I 7(Buy)(t5) — By (t))-

(4,k)eD

In addition,

/ dty--dtan [ 7(Bug)(ti) = Bog (tr))

[0751]2X[0732]7<1 (j’k/-)e’D

IN

/ dty---dta, H ’Y(Bv(j)(tj)—Bv(k)(tk))
[O,SI]WX[O,SQ}TL

(4,k)eD

Su(j) Su(k)
H/ / By(j)(t1) — Byry(t2)) dt1dts

(4,k)eD

27
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where the last step follows from Fubini’s theorem. For the mutual intersection local times on
the right hand side (i.e., for the (j, k) € D but j and k coming from different groups) we treat
them by Fourier transform

/051/0827(31@1) — Ba(t2))dt1dts

—/Rdu(dﬁ) /0/0 exp{if-(Bl(tl) _BQ(tz))}dtldt2
/]R d (dﬁ){ / ) eif'Bl(t)dt] [ /O " eii'Bz(t)dt]

<{ [Lmao 2}1/2{/ p(de) 2}1/2
{/ / (Bi(tr) = Bu(t2)) dtldtZ}l/Q{/ / (Ba(th) BQ(tz))dtldtQ}l/z.

We therefore have

Sv(j)  [Sv(k)
H /0 /0 Y (By(j)(t1) — By (t2) ) dt1dts
(4,k)eD

< : 817(31(t1)—31(t2))dt1dt2 e 527(32(t1)—B2(t2))dt1dt2 "'
I iy |

Summarizing the steps since (4.10),

1
EU/ dty - dban exp  — 5 (0tn + O3tan) ¥ (Bu) () = By ()
(Rp)Zx(R4)Z { 2 } H (H\Y v(k)

cond [ow{-oju] [ / R
([l G [ [ ))dtldh} "a)

<00

lf'Bl( )dt if'Bz(t)dt

where the last step follows from (6.1), Lemma 6.1 in [14].0J

LEMMA 4.3. Forany D €1l,, t1,t2 > 0 and n > 0, the limit

lim d81 cee dSQn/ da:l ce dl‘gn
€07 J[0,t1]2 x[0,t2]7 (R4)" x (Re)"

2
X(HHG(SZ_Sl—laxl_ﬂfl 1) H ’Yn Jj Sk %,+ek( | — Tk)

p=1l€el, (4,k)eD
exists and is finite.

PROOF. The weak convergence of Fg established in Lemma 4.2 can be stated as the
existence of the limit

hm QO(tl, ,th)Fg(dtl,"' 7dt2n)

e—0t 2n
RY
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for any bounded, continuous and non-negative function ¢(t1,- - ,ta,) on Ri". On the other
hand, similar to (4.10),

4.11)

/ Db, s ton) Fo(dty, -, dton)
RQn

2
= dsy--- dSzn/ dX( e 0= G sy — 51y, 1y — iEl—l))
/(RHZ x(R4)Z (Rt)2n H H

p=1lel,

SO S1,° 52n H ’Yej-l—sk - )
(4,k)€D

— (0192)/ dt1dte exp{—01t1 — O2t2} dsy - dSQn/ dx
RS [0,¢1]2 x[0,22]2 (R?)2n

+

2
X<HHG(81—811,$1—CE11))80517" ;821 H ’76J+6k — Tp).

p=1 lEIp (]7k)€D

We reach the conclusion that the limit

lim dtldtg exp{—01t1 — 92t2} d81 ce dSQn/ dx
[0,¢1]2 x[0,t2] % (Re)2n

e—0t+
€—0 Ri
2
x <HHG(Sl—Sl—1,$l—$l—1)>SD 1,77, S2n) H Ye; +e (T — )
p=11el, (4,k)ED

exists for any 61,602 > 0. Set

g?(tl,tz):/ dsl...dm/ dx
[0,t4] X [0, 2] (R?)2n

2
X (H HG(SZ — S1—-1,71 _xl—1)>‘p S, 32n H 7€]+6k - )

p=11I€l, (j,k)ED

By continuity theorem of Laplace transform again, G (¢1,t2) weakly converges: There is a
non-decreasing and right continuous function G (¢1,t) such that

(4.12) lim. GP(t1,t2) = GP(t1,t2)

at every continuous point (¢1,t2) of GP(,-). (Actually, Theorem 5.22, [27] is stated for
probability measures on (R*)%. The case of general measures on (R*)? can be derived as
in the proof of Theorem 2a, Section 1, Chapter 2, [24] Although this theorem only considers
measures on R its extension to Ri is routine).

We now claim that GP(-,-) is continuous on R, x R, . Consequently, this is to say that
(4.12) holds on R} x R and therefore Lemma 4.3 holds. To prove it, all we need is to show
that

lim  sup {g?(tlvtz) —GP(ty —mi,te — 772)} =0
€

N1,M2—07F
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for every (t1,t2) € Ry x Ry, Or,

lim sup/ d81-~d82n/ dx
M =0T &S ([0,44]7 x[0,t2]2)\([0,ts —2] X [0,t2—72] ) (R)2n

2
X (H HG(S[-Sll,.fl—xll))SD S1, 52n H 76J+€k - ) 0.

p=11€el, (j,k)ED
Indeed,

/ dsy--- dSQn/ dx
([0,22]2 x[0,22]2)\([0,t1 —m1] 2 X [0,82—72]2) (R)2n

2
X (H H G(Sl — S]—1,%] — $l_1)>§0(517 s 75271) H Ve;+er (xj - xk)

p=llel, (4,k)eD

< sup p(ty,- - 7t2n)/ d81---d82n/ dx
iy stan (10,t4]72 x[0,£2] )\ ([0,61 =11 ]2 X [0,t2—72] %) (Rd)2n

x(ﬁHG(sl—sl_l,xl—xl 1) IT e ey — ).

p=11el, (j,k)eD
Thus, our claim follows from the fact (established in the proof of Lemma 3.6, [14]) that

lim sup/ d31~~~d32n/ dx
M0 & S ([0,4]7 % [0,2] )\ ([0,61— 1 ]2 X[0,t2—12] ) (R)2n

2
X(HHG(Sz—Sl—hxl—xl 1> H Ve, +er(Tj — k) =0

p=1lel, (j,k)eD
Thus, (4.12) holds for every (¢1,t2) € Ry x R, Taking

gD(tl,"',th - H ’Ynt _tk
(4,k)eD

in (4.12) completes the proof. []

LEMMA 4.4. Forany D €11, t1,t2 > 0, the limit

lim d81 ce dSQn/ d$1 . -d]]gn
€007 J10,4]2 x[0,t2] R x (RE)™

2
X (H T Gsi— simam — zn) > IT 29 (55 = si)ve, ven (5 — )

p=1lel, (4,k)eD

exists and finite.

REMARK 4.5. In view (4.5), Lemma 4.4 leads to the existence of the limit in (4.4), and
therefore (Lemma 2.4) to the existence of the £2-limit in (4.2). According to the definition
given in (2.25), Lemma 4.4 justifies the use of the notation

/ dsq "'dSQn/ dxy -+ -dzoy,
[Ovtl]z X [01t2]7<L (Rd)" X (Rd)”

2
X <H H G(s;—sj—1,x; — ml_1)> H |55 — s~y (x; — xk).

p=1llel, (4,k)eD
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Therefore, taking limit in (4.5) leads to (4.3). That completes the proof of Theorem 4.1

PROOF. Let

ge5(t17t2)_/ d81"'d82n/ dzy---dxop
7 [0,22]% x[0,22]2 (RE)™ x (R*)™

2
X <H TGt = sicam — zmy) > IT 786, (si = s6)ve+e (@5 — 1)

p=1lel, (4,k)eD

Foreachn >0

Gen(tr,t2) = Ges(t1,2) |

1==02,=1
and

ge,O(tlatZ):/ dSl"'d82n/ dxy - --dxop,
10,6212 X[0,2]2 Ry x (R

2
X <H TG —si1,2— xll)) IT 155 = k)l e — 21).

p=1llel, (j,k)eD
By the monotonicity of gag(tl,tQ) in 1. - - d2,, and by (1.21),
Gen(t1,t2) <G 5(t1,t2) < Geoltr, t2)
whenever 61, - -+ , 25, < 1. Therefore,

hm Gen(t1,t2) < liminf Q€ 5(t1,t2) <liminf g€ 5(t1,t2) <limsupGeo(ti,t2)
6 (s

E. 54)0 é—0+
where the limit on the left end is guarantteed by Lemma 4.3. To complete the proof, all we
need is that

(4.13) lim {gg,o (t1,t2) — Genlte, tg)} =0 uniformly over €.
n—0+

Indeed, (4.13) implies that for any 7; > 0,
limsup Ge o(t1,t2) <m + hm gem(tl, t2)

e—0+
as 7 is sufficiently small. Since lim Gen(t1,t2) < 0o according to Lemma 4.3, in particular,

limsup Ge o(t1,t2) < co. On the other hand, by the fact that hm Qen(tl,tg) is non-
e—07+
increasing in 7, the limit

lim lim Ge,(t1,t2)

n—0+ é=0+

exists and is finite (as it is bounded by limsup Ge o(t1,t2)). So we have
e—0t

lim lim Ge,(t1,t2) < hmlnfge(;(tl,tg) < hmmfgeé(tl,tz) <m+ lim hm ggn(tl,tQ)

n—0* =0+ €,0—0t €,0—0t n—0t e~

Letting n; — 07 leads to the proof of Lemma 4.4.
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It remains to prove (4.13). For being consistent to the notation fy(;( ) for time-covariance,
by (1.21) we use 7J(-) instead of | - | ~@°. Notice

H '70 SJ_Sk‘ H %753—«5%

(4,k)€D (j,k)eD
< > 8- TT 0 00 —se).
(41,k1)€D (4,k)€D\{(41,k1)}

All we need is to show that for every (j1,k1) € D

ds -..dsn/ dX( Gsl—sl , L] — X]— )
/[O,tl]ZX[O,tQ]g ' 2 Rd)2n HH 1 1)

p=llel,

(H Ves+er (25 — )><(v8%?)(sg-18k1> 11 78(83’8“)

(j k‘ €D (]7k)eD\{(]17k1)}

converges to 0 uniformly over €.
We are in the position of using Theorem 3.1. Set

L g dA
7?1,](31(“’):(78_72)():F(a()) 1/16 Al ‘W

and 77 (-) = 70 (w) for (j,k) # (k1,1). The above integral is written as

dsl---d32n/ dx< G(s;—sj-1,0 — x| ))
/[vovtl]zx[ovtﬂz Rd H H ' '

p=1lel,

(L A8ty = o 0)

(j,k)eD

< ehitte / exp{—t; — 2} dsy--- dszn/ dx
(R+)? (0,£1]<m x[0,82]2 (Re)2n

X(ﬁHG(Sl_Sl—la$l_$l 1)( H %k § = 8k) Ve, +en (T —fﬁk)>

p=11I€l, (j,k)ED

= et1+t2/ dsy - --dszn/ dx
R)Zx(Ry)2 (Ret)2m

2
% <HH6—(81—511)G(sl—sl1,1'1—1'1 1 >< H 7]k ’yej_;_ek( —xk)>

p=11€l, (j.k)ED

Applying Theorem 3.1 to G;(t,x) = e"'G(t,x) (1 <1 < 2n), the integral on the right hand
side yields the bound

(TLiea® ) ( T 216, )( TTiea))

leQo le leQ2

where Qq, Q1, Q2 form a partition of {1,--- ,2n} with #(Qo) = #(Q1) and #(Q2) is even.
What important to our course is that (ji, k) either appears in Q1-product once or in @

twice. By (2.4)

]GZH(O / / G(t,x dmdt—/ teltdt=1 1=1,2,---2n.
0
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The rest of the argument is to check that |G| (Z,)C (¢ =1, 2) are bounded uniformly over € for

(7,k) # (j1, k1) and ||Gl|| g, — 07 (1= 1,2) uniformly over € as 7 — 0.
For (jvk) 7é (jlakl)’

1GI%) = T(ag)" /
R+><Rd

<T'(a)~ 1/R o
+ X

/ / —(A+1)t+i&- :):G(t x)dmdt‘)\d)\ (df)
R4

and
4.14)

1/2
G2 = ([ st e~ peGls e Gt a)asdudidy )
(R+XRd)2

1/2
< (/ |s —t|7y(z —y)e *G(s,z)e 'G(t, x)dsdxdtdy)
(R+ XRd)2

where the inequality follows from the procedure of Fourier transform

/ |5 — t| e, 1, (x — y)e°G(s,x)e "G(t, x)dsdzdtdy
(R+ XRd)2

- Ad+1
S /
Rd+1

—/ |s —t|"%y(z —y)e *G(s,x)e "G (t, x)dsdzdtdy
(R+XRd)

2
1O (dX) exp{—(ej + ex)[€]*}(dE)

2

pO () p(dE)

/ exp{ —t+ i\t +i& -z} G(t, z)dtdx
R+XRd

/ exp{ —t+ i\t +i& 2} G(t,z)dtdx
R+XRd

where 11°(d)) is the spectral measure of | - | =@,
By Lemma A.1 (with § = 1), all above bounds are finite.
As for (5,k) = (j1, k1),

[ 1 dA
(Gl <Tan) ™ [ 0 [ g a9 50 (0%

e

1/2
Jl,kl { / (78 — 72) (8 = ) Ve, +e (T — y)e TG(t,2)e*G(s, y)dsdmdtdy}
(R+ XRd)2

1/2
< { [ st ()5 -0 [ - pGacts y)dxdy}
Ry xRy R4 xR4

where the inequality follows for the reason similar to the one for (4.14). By (A.2), Lemma

A.1 (with § = 1) and dominating control theorem, the right hand side converges as n — 0.
]

5. Proof of Theorem 1.1. For the part (1) of Theorem 1.1, we prove that the
Stratonovich expansion (2.13) solves (2.1). According to Definition 2.1, all we need is to
show

/ / ~OD gy x)dmdt‘)\d)\ exp{ — (¢ —i—ek)\ﬂ?}u(df
le

)
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(i) The random series in (2.13) converges in £2(Q, A, P).
(ii) The random field ¥(s,y) = G(t — s,z —y)u(s,y)1[o(s) is Stratonovich integrable and
satisfies (2.1).

Our way for (i) is to show

5.1) i{E[Sn(gn(-,t,x))]Q}l/z<oo Wt > 0.

n=0

To establish (ii), the argument given below requires a slightly stronger form of Stratonovich
integrability than the one given in Definition 2.2. That is, the single limiting parameters € > 0
and 0 > 0 in (2.17) are replaced by the the multi-dimensional indexes

62(61,'-' aen):(€n+17"'62n):€ and 6:(51, aén):(5n+17"'52n)zg

(see (4.5)). To establish the bounds requested by (5.1), our first step is to bound the smoothed
Stronovich moments E [Snyey(;(gn(-, t, O))] 2 (see (5.3) and (5.4) below). By (4.5), we have

(5:2) / / didtz exp { = 7 (71 +12) JE[Snc(9n (71, 0)) S5 (90 (- 72,0))]
Z / / dtidts exp — *(tl +t2)}/ dsy---dsop
[0,#1)2 x[0,82]

Dell, ]2 X
2
X / dry--- d$2n< G(s; — s1-1,21 — 331—1))
(Rt (Rt ,g ll;lp
< TT 78ve. (55 = s6)7e e (25 — )
(4,k)eD
£\ 2
= Z (*) / dSl"'dSQn/ dl’l"'dl‘gn
pert, " SR x (R (R x (Ré)"
2
X <H H e M) G sy — sy, — 9611))
p=1lel,

X H ’yg]\/ék (8] - Sk)’YEj+€k (:E] - xk).
(4,k)€D

According to Theorem 3.1, each term on the right hand side yields a bound of the form

(2)2< 11 ||G1H<o>) ( 11 2HGZ||§.{?)) ( 11 uGZHE?))

l€Qo le@: leQ:
for G;(t,z) =e ™ ''G(t,x) (I=1,--- ,2n). Further

17 i t\2n
(0) _ —nt—'t _ —nt~ 't (2
|G| / / G(t,z)dxdt = / e tdt <n)

where the first equality follows from (2.4). By (i), Lemma A.1

”G H]k/ / / —(nt~ 1+)\)t+z§xG(t l‘)d(]}dt
R, xRd R

< / / / e~ (TN E x)dxdt‘ dX u(dé) < C < .
R, xRRd R A=

S (e + el ()
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By (ii), Lemma A.1 with § = nt—1,

. L 1/2
HGle/g = </ s = t| 7%, e (x —y)e™™ PG(s,x)e™ tG(t,x)dsda:dtdy)
(Ry xR4)2

_ 1/2
= </ s —t| "% (x - y)e"tlsG(S,x)e”tltG(t_,m)dsdxdtdy> < o!
(R+ XRd) n

where the second step follows for the same reason as the one in (4.14). Therefore, the bound
can be rewritten as

(%)2 (;)2#@0)(20)#(@1 (;)#(Qz) <cn (%)2 (;)2(#(Qo)+21#(Q2)).

According to Theorem 3.1, #(Qo) +#(Q1) + #(Q2) = 2n and #(Qo) = #(Q1). Therefore,
#(Qo) + 27 1#(Q2) = n. In summary,

/ / dfldl?g exp{ — ﬁ(t_l + t_Q)} / dsy--- dSQn/ dry---dxop
0o Jo t [0,1]7 % [0,F]™ (R1)n x (R)n

2
X <H H G(s;— 511,21 — 211 > H Vove, (55 = 5k) Ve e (T — T1)

p=1llel, (j,k)eD
om t\ 2n+2
< (3)

n
where the constant C' > 0 is independent of ¢, n, t and D. By (5.2), therefore,

[ drexo { < FELS. cslont L)) < e (1) o (1)

2nn)

On the other hand,

// dt1dt2€Xp (tl+tQ)}E[Sn,e,J(gn('7t_l70))Sn,e,6(gn(';t_Q;0))]

> E[Spe.5(ga (-0 / / dfdizdbidizexp { — % (0+12) |
EN2 o
= () T ElSueslont-10)]*
In summary, we have the bound
W)l L
(5.3) E[Snes(on(-60))* o (5) < onr

with the constant C' > 0 independent of € = (e1,- -+ ,€,), d = (01,--+ ,0,), n and t. Letting
€,0 — 0. By (4.2), therefore,

2n
(5.4) E[Su (ga(-1,0)))* < 0"

nl’
In particular, we have (5.1).
To confirm (ii). Let €1, 61 > 0. In view of (2.13),

(5.5) 1 +/ G(t — s,y — x)u(s,y)We, 5, (s, y)dyds

Rd
=1+ // (t — 5,y — 2)Sn—1(gn-1(-+8,9)) We, 5, (5, y)dyds.
Rd
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By taking the limit properly in (5.3)

t . 2 cn
IE|:/‘ G(t_S’y_x)Sn—l(gn—l('7Svy))W€1751(S7y)dde < 7'th n:0,1,~~ .
0 JRd n:

In view of the definition in (2.12), by dominated convergence theorem, all we need is
(5.6)

t
lim / G(t_S)y_x)Snfl(gnfl('asvy))Wel,él(Say)dde:Sn(gn('vtvl‘))
0 JR4

61,61*)0+

in £2(Q, A,P) for each n > 1. Indeed, let € = (€2, -+ ,€,) and &' = (Ja,-- ,d,). By the
definition of g,,(+,¢,x) given in (2.16),

t
/ G(t— 8,y —2)Sn_1,0.6 (Gn-1(-5,4)) We, s, (s, y)dyds
0 JR4

n
= / gn(sla CtySn, X1, ,.In,t,l') ( H W6k,5k (Sk,ﬂ?k))dSl e dSndZL‘l e dl’n
(Rt xRe)™ =1

= Sn,s,& (gn(v ta ZL‘)) .
Therefore, by (4.2) in Theorem 4.1,

t
lim / / G(t_ Say_x)snfl(gnfl('vs7y))W€1,(51 (S,y)dde
0 JR4

€1 ,61 —0+t

t
= hm hm / G(t —S5,Y— x)STL—l (gn—l,e’,&('? S, y))Wﬁ1,51 (S, y)dyds
0 JR4

€1,01—07F €,0’—=07F

= lim Sn7675(gn(-,t,ac)):Sn(gn(-,t,x)) in £2(Q, A, P).

€,0—0+

So we have proved (5.6), and therefore Part (1) of Theorem 1.1.

To prove Part (2) of Theorem 1.1, all we need is to show that the condition (1.5) is
necessary for

ES, (gg(',t,O)) < 00
with any ¢ > 0. Indeed, by (2.22)
]ESQ (92('7 t, O))

:/[ ] dSldSQ/( : (sg —s1) v(xg — 21)G(81,71)G(s2 — 1,22 — x1)dx1dTo
0,1]2 Re)?

:/[ | d31d32(32—51)°‘“/( | Y(xg — 21)G(s1,21)G(s2 — s1,22 — x1)dx1dT
0,2 R#)2

:/Mi s1(s9 — 51) 7% [/R Sin“g'(y‘zsl))u(dg)} dsidsy

[ op(de) [t [ o sin(salel) } ;
‘/Rd €] /o/o g0
[ owde) [t { (=0l sins, | ] .
‘/Rd \5|2_a°/081/0 sgo 4
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Notice that

(5.7) / Sln82d32>0
0 32

for any 0 < a < 7. When a >,

27
sin s9 sin so sin so
/ d32_/ dsg + / ——=dsy =6 > 0.
0 83° 0 S5° x 85°

In particular, (5.7) holds for any a > 0. Therefore,
]ESQ (92('7 t7 O))

>/ p(de) /t/2 </(t81)|€ Sinszd )d
S oo S S
= Jiezane-1y €120 Jo "\ o So )

d t/2 tQ d
Z (5/ M(Q_go?o / 81d81 = (5§ 'u(z_g(jo .
(e1z2nt1y 1€l 0 {lg[z2nt-1} [€]

Clearly, the finiteness on the left hand side leads to the condition (1.5). [J

REMARK 5.1. From (2.13) and (4.4), we have the bound
(5.8) Eu?(t,z) < et
for large ¢.

6. A Stratonovich moment representation. Let 5(¢) and B(t) be 1-dimensional and
d-dimensional Brownian motions, respectively. In the rest of the paper, we assume the
independence among [3(t), B(t) and W (t,x) and use the notations Ey and Py for the
expectation and probability with respect to 3(¢) and B(t) when B(0) =0 and 8(0) =
(which is the case for most of the time).

THEOREM 6.1. Under the assumption (1.5),
6.1)

/ e ""ESon (g2n(-,1,0))dt
0
2

A W 0
=53) ), e {-%1
—Qp n
XEO[/ / (s—r —I—i(ﬁ(s)—ﬁ(r)))sgn(s—r)) 'y(B(s) —B(r))dsdr
forany 8 >0 and n > 1.
REMARK 6.2. The appearance of the Brownian motion [3(t) is responsible for the
difference in local behaviors between hyperbolic and parabolic equations when it comes

to the setting of time-dependent Guassian field. By the well-known Feynman-Kac formula,
ESs, (ggn(-, t, 0)) in the parabolic case is given as a constant multiple of the form

Eo{// |s — [~ (B(s) — B(r))dsdr '
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where the time-singularity contributed by the Gaussian field is measured by |s — 7|~ for
close r and s. In the hyperbolic system, the time-singularity brought by the Gaussian field is
measured by

(s — T)2 +|s—r| o/ ~ s — r|_a°/2

s =l +i(8(s) ~ B()| =

for close r and s. It explains, for example, how the gap between conditions (1.5) and (1.7) of
existence is created.

PROOF. Since 7(-) may exist as generalized function, we may encounter some legality
issue. Thanks to Theorem 4.1, we are allowed to proceed with a point-wise defined ~(-), for
otherwise we use 7.(+) instead.

Our starting point is (2.22). Let D € I1,, be fixed. For any (j, k) € D, we introduce the rule
that j < k. Consequently, by (1.21)

T 155 — sl = (N(ao)) ™ /

R n

(I 2 )en{- 3 nuts-sp)

(4,k)€D (j,k)eD "3k (4,k)eD
as (s1,-+-,82n) € [0,¢]2". Write
2n 2n 2n
> Niklsk—sj) E:m& §:<§:%>Sr—ﬂ1 E: (st = s1-1)
(4,k)ED I=1 =l =1

where ¢; is equal to \; ;, or —\; , for some (j, k) € D. Since j < k,

2n
a=>ag=Y Ar>0 1<i<2n.
i=l

j<I<k

We have

2n
/[ ] dsy - "d32n<HG(3l — 51,7 — 1’11)) H |s; — sp|
CRIES =1

(j,k)eD

dA; i
g,
INE) / oo -~ dsapn | |e alsi=s-0)Q(s; — s1_1, 2 — T1_1).
[O»t]%

+ (4,k)eD Jk

Using the identity (Lemma 2.2.7, p.39, [5])

00 2n 2 o
(6.2) 9/ e_et/ (H oi(s; — Sl_1)> dsy1---dsg, = H/ i (t)dt
0 (0,42 \ ;4 =170

we have

0 2n
/ dte_et/[ } dsi - "d82n<HG(3l —81-1,%] — iEl—l)) H |55 — sk|
0 02"

I=1 (jk)ED

2n )
= (F(ao))_nQ_l/ < H dl)\JCZ> H/ e Vet Gty — xp_1)dL.
Ry A =170

(4,k)ED "Ik
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Noticing ¢; > 0, by (1.19)

/ e_ete_cltG(t,:nl —x_q)dt = / e_(9+c’)tG(t,:vl —xy_q1)dt
0 0

1 [ 1
= 2/0 exp{ - 5(9 + cz)Zt}p(t,xl —xy_q1)dt

= / ep{—Qt}e p{—@ t——lt}p(t — )dt
X X c T — T

where p(t, x) is the Brownian semi-group introduced in (1.20). Thus

00 2n
/ dte_et/ dsy - --d82n<HG(Sl — 81_1,%] — wz-l)) H |s; — sg|
0 [0,¢]2 =1 (j.k)ED
B _n 1 2n1 d)\] k
= (F(a(])) (2) 0 R? ( H )\1 OC(J>

(j,k)eD "3k

2n 00 92 C2
X 11_11/0 exp{ — ?t} exp{ — Oyt — Elt}P(tJCz —ay_q)dt

=) ()" e {5} [ (11 )

(j,k)eD "Ik

2
C
x /[ | d82n][eXp{ Ocr(st = s1-1) = (st — s11) ppls = 11,0 = 01-1)
0,t2n

where the last step follows from (6.2).

Multiplying the factor
IT @i — )
(4,k)eD
and integrating over (z1,- - ,Z2y) on the both sides,

e’} 2n
/ dte_et/ dxl---dmgn/ dsl---d52n<HG(sl — 811,y —wl_1)>
0 (Rd)2n [0,¢]2" I—1
X H — Sk’ @o (a:j — xk)

(4,k)eD

-n ng [ 92
:(F(ao)) (;)2 2/0 dtexp{—gt} /[(M]?L dsy ---dsap
2
x/Rn( H d1)\102>(Hexp{ Oci(s;— sj—1) — z(sl—sl_l)}>

(4,k)€D "4,k
2n

X/( : (HP(Sz—Sl—hxz—xz 1)( IT (5 —a) )d$1"'$2n'
Rd)2n

=1 (4,k)eD
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By the fact that

2n

flar, - aon) =[] p(si = s1-1, 21— 2121)

=1
is the joint density of the random vector (B(s1), -+, B(s2,)),

2n

/(Rd)%’ <Hp(sz — S, — xll)> ( H yaj— xk)>dm1 o,

=1 (4,k)eD

—Eo [] ~(B(s;) - B(sy).

(4,k)eD

In summary,

00 2n
/ dte_et/ dzy - ~~dl‘2n/ dsy - "d32n<HG(3l — S1-1,%] — l‘ll))

0 (Re)2 0.2 e

< T 1si = skl ™v(a; — ax)

_ny1N2n0 [ 62

= (M) (§> 2/0 dtexp{ - Et}

XEQ/[ ] dsl'-'d52n< H ’y(B(Sj)—B(Sk))>

0,2

(4,k)€D

2n 2n
d\; i 1 )
x/Rn< H N Ja )exp{—é?;cl(sz—sz1)—212_201(31—311)}.

+ N(j,k)eD Tik

Notice that

2n 2n
1
exp{—ﬂ E cl(sl—sl_l)—§ E C%(Sl—sl_l)}
= =1

:Eoexp{ QZQ S — 811 —chl B(si— 1))}

Recall that
2n
ch(sl —81-1) = Z Aje (s — 85)-
=1 (3,k)eD

The same algebra leads to

Z Sl 81 1 Z )\]k B( ))
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By Fubini’s theorem

=T, H / exp{ — ON(sp — 55) —iA(B(sk) — ﬂ(sa‘))})\i}\ao

P(ao)Bo T (005t —s)) +¢(5(sk)—ﬁ(sj))>_a°

(4,k)eD
where the last step follows from the identity (p. 183, [30])

X
Al*&(}

(6.3) (u+ i)~ =T(ag) "} / e~ Mutiv) (u,v) ERy x R
0

which appears to be a complex extension of (1.21).
Summarizing our steps,

00 2n
/ dte_et/ dx1--~dm2n/ dsl"'d32n<HG(3l —81-1,1 —3711))
0 (Rd)2n [07t}2<n l:l

X H i — Skl Yy (x5 — k)

(4,k)eD

n o0 2
:<%)2 g/o dtexp{—%t}
x Eq /[Owdsl...dm< T (66sk—s)+i(80s1) = B(s)) v (Blsw) _B(Sj))>_

(J:k)ED
Summing up over D € 11, by (2.22)

/0°° ¢ OB S, (gn(-,1,0))dt = (;)an/ooo dtexp{ - —t} Z

ell,,
XEO[O,t}i"dSI"'dSQn< H (H(Sk—Sj)Jri(ﬁ(Sk)—B(sj)))_aofy(B(sk)_B(Sj)))

(4,k)€D
Set
00,y — o
v (z) = (z - sgn (?R(z))) zeC
Then ~%(-) is the analytic extension of the time-covariance | - |~® on {z € C; R(z) # 0}
with the symmetry v (—z) = +%(z). Notice that
S° TT 2 (ot = 50) +(Bls0) = Bls0)) ) 1(Blsar) = Blso)
Dell,, (j,k)eD

=3 11 70(e<sk—sj>+z'(6<sk>—msj)))v(B(sk)—B(sj))

Dell,, (j,k)eD
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for any permutation o on {1,--- ,2n}. Consequently,
3 / cdson TT 20 (85— 55 +i(B(sw) — B(s)) )7 (Blsi) — B(sy)
per, /012 (j.K)ED

ey /Ot suoedson [T 2°(8sk — ) +i(B(s) — 55,) )y (Blsw) — Blsy))

Dell, (j,k)ED

(2n)! Z H // (s —r)+i(B(s) = B(r )))’Y(B(S)—B(T))dsdr

Dell, (5,k)eD

= G| [ [ (06156 = 30 ) (500) - B

Therefore, (6.1) follows from the fact that

g

REMARK 6.3. The monotonic order s; < sg < --- < s9, in the representation (2.22). is
a key factor that the proof of (6.1) can get through. That is the major reason why the current
idea can not work for Eu? (¢, z) for p > 1.

7. The time-randomized intersection local time. We assume the assumption in
Theorem 1.2, i.e, (1.8) with ag + o < 2 (along with other conditions required for y(-) to
be non-negative definite). Motivated by Theorem 6.1 and by the relation

—Qq

(7.1) ‘/Ot/ot (((s—r)—l—i(ﬁ(s)—ﬁ(r))sgn(s—r)) v(B(s) — B(r))dsdr
< [ [ |(6s=r1+i6636) - B)ssns -

— /Ot/ot ‘0(5 —r)+i(B(s) = B(r))|  ~(B(s) — B(r))dsdr

the main goal in this section is to establish the precise large ¢ asymptotics for the Hamiltonian
on the right hand side. The fact that the two components (s — r) and 3(s) — (r) have
different scaling rates destroys the homogeneity of the Hamiltonian. It also suggests that the
contributions from (s —r) and 5(s) — 5(r) are not equal. Very likely, one of them completely
dominates the game. The puzzle we face is to tell which one of s — 7 and S(s) — B(r) is
the major player. To put all possible cards on the table we start with some existing results
in literature. First (Theorem 1.1, [10]), under the Dalang’s condition (1.17) (or (1.8) with
a < 2),

(7.2) hmllogEoexp{ // ))dsdr}:b;ﬂﬂ b>0

where

v(B(s) — B(r))dsdr

1
H = sup {/ V(@ —y)g* (2)g* (y)dwdy — 2/ \Vg(x)\de}
gEFq R x R4 R4
and Fy = {g e W (R?); [gl2=1}.
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Applying this result to the augmented Brownian motion B(t) = (B(t),B (t)) and to the

augmented space covariance ¥(u,x) = |u|~*v(x) (so (1.8) holds with & = ap + o < 2),

(1.3) hmlogEoexp{ / / 1B(s) —aw(B@)_B(r))dsdr}:bzmﬁ

for every b > 0. This outlines a possible scenario of "(3(s) — 3(r))-domination".
The scenario of "(s — r)-domination" follows from the pattern (Theorem 1.1, [13] or,
(4.10), [8]) that

) 1 b t rt e
(7.4) tliglo ElogEg exp {tl_ao/o /0 s —r|~y(B(s) — B(r))dsdr}
—biag

for every b > 0, where £ is the variation given in Theorem 1.2.

The result (7.4) can not directly apply to our setting as (7.4) requires the more restrictive
assumption "2a + o < 2", for otherwise the left hand side of (7.4) blows up even before the
limit is taken. Here we point out that the proof of (7.4) ([13], [8]) is based on the relation

. /Ut/Ot\s—r\—aw(B(s)—B(r))dsdr_1/;/;]‘9;7" 0 (B(s) — B(r))dsdr

and on an argument similar to the one used for (7.2). By a parallel ( and easier) modification
of this idea ? that for any non-negative definite function 7°(-) > 0 on R such that

t ot
(7.5) Eoexp{i)// ﬁo(szr)'y(B(s)—B(r))dsdr}<oo b,t>0
0 J0

we have
(7.6)  lim ~logEpe b/t/tN‘)(S_T) (B(s) — B(r))dsdr  =b7<€ b>0
. — X — _— — hHh2—«

t—oo t &0 p t 0 0’}/ t v

where

= sup {/ / / (s —r)y(x —y)gQ(s,x)g2(r,y)d:z:dydsdr
g€Aq Rded

—;/0 [ 1Vg(a) dxds}.

Taking 7°(-) =~2(-) (introduced in (2.24)), in particular,

1 b [t to s—r 2
(.7) Jim JlogEoexp ;| 0%( t >V(B(s)—B(r))d3dr — b b>0

for every J > 0, where
1,1
es=sup { [0 s e = g0 )
geA, 0J0 JRIxRd

1 1
— / |Vg(x)2dxds}.
2 Jo Jpa

2Indef:d, we refer an interested reader to the argument used Section 4.2, [8] or, to the proof of (6.16) in [9] for
the proof of the upper bound; and to Section 4 and 5 in [13] for the proof of lower and upper bounds, respectively.
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THEOREM 7.1. Under ag + o < 2,

1 b t pt
(7.8) tli)rélo n log Eg exp {tl_aO/O /0 ’9(8 —r)+ in(ﬁ(s) — B(r))

—ap

209

x y(B(s) — B('r))drds} —baf e E
for every b,0,71 > 0.

REMARK 7.2. (1) Theorem 7.1 clearly highlights the pattern of (7.4) rather than (7.3).
It is sharply contrary to the local behavior described in Remark 6.2.

(2) A challenge for the proof: Playing the game of (7.4) without the ticket “2a + o < 2” for
that game.

Proof of the lower bound of (7.8). Given 6 > 0,

—Qo —Qo s—r -1 s) — r
B S ) L R L OB 1

Given a > 0 and on {mggq |B(s)| < a}, by the definition of 73(+) (see (2.24))

s—r -1 s)— Dbl(r
71?(! | +n6 t\ﬁ() B()})

So we have

Egexp {tlba /Ot/ot 65— 1)+ in(8(s) — B)| " (BGs) - B(r))drds}

> Eg exp { bH;ao exp 29 1’17& / / 5 - 7‘ (5) — B(T‘))drdS}]P)o{ Inth 1B(s)| < CL}

where the last step follows from the independence between 3(-) and B(-).
From (7.7) (with b being replaced by b6~“°)

.1 bo— o 207 nay [t [t o/s—T
htrgggftlogEoexp{ ; exp{— 50 }/0/076< " )'y(B(s)—B(T))drds}

> praf ey
Recall a well-known fact (e.g., (1.3), [29]) that

7T2

1
1 — < _
S, t 10gIF’0{ 1?25“5(8” - a} 8a?’

In summary

b t t
liggfilogEoexp{W/o/o ‘9(8—7“)4-@'6@(3)—5(7"))

7[.2

8a?

—ap

v(B(s) — B(r))drds}

_2 _ 2a9
> b2—af 2—(186 _
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Letting § — 0™ and a — oo on the right hand side leads to the desired lower bound

t gt
(7.9) lim inf L log Eg exp {15)/ / ‘9(5 —r)+ ie(ﬁ(s) — ,6’(7’))
t—oo t = Jo Jo

—apg

x v(B(s) — B(r))drds} > hraf e g,

O
To prove the upper bound of (7.8), it requires several steps. First, we prove

LEMMA 7.3. Let B1(t) and By(t) be two independent d-dimensional Brownian motions.
Under o < 2, there is a constant C > 0 such that

1 oo [T 2
(7.10) limsup i log Eg exp {btz / / (s+71)"*y(Bi(s) + Bg(s))dsdr} <Cb>=
0Jo

t—00
for any b > 0.
PROOF. Perform the decomposition

t pt ct pct
// (s—l—r)_aofy(Bl(s) —i—Bg(s))dsdr:/ / +//
0J0 0 Jo [0,¢]2\[0,ct]?

where the constant 0 < ¢ < 1 will be specified later. By Cauchy-Schwartz inequality,

Eg exp { tli)ao /Ot/ot(s + 1) y(B1(s) + Bg(r))drds}

< (Eoexp{tfbao /0 ; /0 ® (s 1) (By(s) +Bg(r))drds}>l/2

1/2
%
x [ Eo eXp{l—a// (s+7)" (B (s) —i—BQ(T))deS} )
7% Jo,2\[0,c?

Notice that

/Oc /OC (s+r)7a°fy(Bl(s) + Bg(r))drds

ic%//(s—l—r)aofy(Bl(s)—l—Bg(r))drdS.
0 Jo

Choose c such that

So we have

Eqexp { tlf’ao /0 t /0 (s 1)~y (B (s) + Bg(r))drds}

: (EO o {tlba /Ot /Ot(s +)7%7(Ba(s) + Bz(T))drdg}) -

1/2
2b
X Egexp{ T // (S+T)aO’y(Bl(S)-l-BQ(T))deS} .
A RN
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which leads to

t ot
(7.11) Eg exp { tlf% / / (s+7)"*y(Bi(s) + By (r))drds}
0 Jo

2b
§Eoexp{1a// (s+7)"%y(Bi(s) +Bg(r))drds}.
e J Jog2\[0,et?

By the fact that s + 7 > ct on [0,%]?\ [0, ct]?,

I[I,oexp{t1 - // (s+7)"y(Bi(s) + Ba(r))drds
[0,t]2\[0,ct]?
SEOeXp{

2bc— 0
C // ry(Bl(s) +BQ(T))de8}.
t 00
By (7.2), therefore,

limsupllogEoexp 21)// (s+7)"%~(Bi(s)+ Ba(r))drds §(2b)2fa
t e J Jjoa\oe

t—o00

H.

In view of (7.11),

1 b tort o 2
limsuptlogEoexp{tla/ / (s+ 1)y (Bi(s) —i—BQ(r))drds} < 2%-abz-aH.
°Jo Jo

t—o00

Finally, the proof follows from the identity in law:

t ot oy (L1
//(s—l—r)_aO'y(Bl(s)—i—Bg(r))drdsit2/ / (s+7)"%y(B1(s)+ Ba(r))drds.
0 J0 0 JO
O

Next, we establish a weaker version of the upper bound

LEMMA 7.4. Under oy + o < 2, there is a constant C > 0 such that

o [ [ o=+ inti0) - 50

x v(B(s) — B(r ))drds} <CObTaf e

—ap

(7.12) lim sup - log Egexp {

t—o00

forany b>0,0>0andn > 0.

PROOF. By the relation

/Ot/Ot‘a(s—er(B(s) —B(r)|
:2//[0’t]2< 9(s—r)+in(ﬁ(3)_5(7“))

(7.12) is equivalent to

b
(7.13) lim sup — log Egexp { T //
t—o0 (A 2
[Ovt]<

x y(B(s) — B(r))drds} < Chraf e,

0(s —r) +in(B(s) — B(r))
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Define the random measures Q(-), Q1(+) and Q2(-) on (R)% as follows

:/A‘H(s—r)+i77(5(3)_5(7“))

://{4‘5(@‘5(”}O‘O’Y(B(s)—B(r))dsdr Ac (Ry)%;

—ap

v(B(s) — B(r))dsdr ~AcC (Ry)%;

A= [ [ 1s=r (B = Bo)dsar - Ac (®.)2,
By the facts that
6(s =) +in(B(s) = Br)| <00l — |
and that

—apg

65— ) + in(8(s) — A1)

<n~|B(s) = Br)|
we have

Q(A) <7 *°Qu(A) and Q(A) <H-*Qa(A).

Consider the triangular decomposition: For a integral N > 1,

-1 141 N—12k—1
[O:t]2<—< U [2N+1t 9N+1 } > < U U Ak)
1=0 k=0 1=0

where

A2 241 2+1, 21+2
l_[2k+1 ? 2k+1 ] [2k+1 ’ ok+1

t} [=0,1,---,2F—1; k=0,1,--- N—1.

See the diagram Figure 1 for the case N = 2. In our proof, N increases along with ¢ in a way
that will be specified later. We have

) oN+1_1 I l+1 9 12F—-1 N
Q([o,ﬂ<>=cz( U [QNH,QNHL) (U UA)
=0 k=0 =0
. e L+1 e T
s (Y el e (U U )
2N+1_1

[+1 72 o171
=0 Y Q1<[2N+1 ’Wt} >+9aoZQ2(HA§“>.

=0

By Cauchy-Schwartz inequality

b
(7.14) Eo exp{tl,ao Q([O,t]i)}

2N+1_]

1/2
g(EOexp{Qnaotlf% Z Ql([gl\fﬂ é;:lt}i)})

2k —

p Vol 1/2
x (Eoexp {29%,51% 3 QQ( U Af“) }) .
k=0 =0
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£f2

£f2 ¢
FI1G 1. triangular approximation

Notice that the random variables

I+1 72
Ql([gN-&-l ’2N+1t} ) [=0,1,-- 2" -1

form an 1.i.d. sequence with

({ 2N+1 /QNH /QNH — B(r)| =~y (B(s) — B(r))dsdr
i% QN% o ”O// 1B(s) =%y (B(s) — B(r))dsdr.

Therefore,

2N+

EOQXP{Qnaotf% Z Ql(bz\fﬂ 7;:7;1115] )}
= (Eoexp{no‘“b<2]\fﬂ)2 e 25\(21// 1B(s) )| (B(s)—B(r))dsdr})

Given € > 0, we now post our constraint

2N+1

Qo

77_°‘°2N+1 <e andlet N = [

loge=1(n~1t)
log 2 } '
So we have
aN+1_]

Eoexp{Q”%tlim 2 @ ([t ’;J—Vﬁtr)}

< <Eoexp{ b 2N+1 N // 1B(s) — B(r)|~* (B(S)—B(T))dsdT}>

oN+1
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Replace b by eb and t by 2-(N+D¢ in (7.3) and then apply it to the right hand side with the
identity in law

/ / 1B(s) = B(r)|*~(B(s) = B(r))dsdr

d, |0
4 / / 18(s) 7(B(s) — B(r))dsdr.
We have
(7.15)
b I [+1 72
h?iilip logEoexp{2n ey Z Q1<[2N+1 2N+1t}<>}

N+1

< Jim 2 ngOexp{eb(Q;H)H?% [ [ 196 = 500 (806) — B s}

— (eb)7 w0 H

where we have used the fact that 2~ (N+1¢ — 00 (as ¢ — oo) in the last equality.

Let
k o0 -1
_ _g-(1-a0)j 9. _ _o-(l-a0)j
ax j||2 (1 2 J) k=23,--- N and Cy j||2 (1 2 y)

Since Chan > 1 and by Holder’s inequality
2k—1

o S )

2F—1

N-1
< Egexp {29_0‘0 tli)ao Coan Z Qz( U Af) }

k=0 =0

ok _q 1—2—(1—ag)N
(Eoexp{ 20~ aotl o Coan— 1ZQ2< U Al)})
k=0 =0

—(l—ag)N

X <Eoexp{29_0‘02(1_0‘0)1\700&1\/751?&0 Qg( U A{VA) })
=0

To continue, we remove the power "1 — 2~ (1=a0)N" from the first factor. Since a N <1, we
remove ay from the second factor. So we have

2k—1

(7.16) EoeXp{29 a“tlba Coan Z QQ( U Ak)}

k=0 =0

b N-2 2k—1
<Egexp {2«9‘0‘0 Py Coan -1 Z Q2< U Af) }

k=0 =0

2—(1—ag)N

2N -1
(oo (o))

=0
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Observe that

2N 1 2N 1
(U 4) =3 aual™
=0 =0

and notice that the right hand side is a sum of i.i.d. Thus,

2N 1
Eoexp{%_aOQ(l_%)Ncotl % Q2< U AfV_l)}

=0

—a -« b - .
:(Eoexp{%’ 0g(1 O)Ncotl,aoQﬂAéV 1)}) :

Further,

(5)
g(;\[)w/o/o (s+r)_"‘07(Bl(s)+B2(T))d5dr

where Bj(-) and Ba(+) are two independent d-dimensional Brownian motions, and where the
last identity in law follows from the variable substitution r — 1 —r and s — 1 4 s so

/o1 dr /12 dsls —r[7*7(B(s) — B(r))

1 1
:/ dr/ ds|(1+ ) — (1— )| ~y(B(L + ) — B(L—1))

// s+7)7 Yy (B(1+s)—B(1))+(B(l)—B(l—r)))dsdr

and Bi(s)=B(1+s)—B(1) (0<s<1)and Ba(r)=B(1) = B(1 —r) (0<r <1)are
two independent d- d1mens1ona1 Brownian motions. In summary
N_1

Egexp {2(1_°‘°)N29_a000t1 oo Q2( U AN_I)}

=0

_<Eoexp{29 ety // s+ 1) (Bu(s) + Balr ))dsdr})

Bringing it back to (7.16),

2k _

Eoexp{29 Oéotlba Coan ZQQ( U Ak)}

=0

N-—2 2k 1
<E0exp{ 20~ aotl —o Coan— 1ZQ2< U Al)}

= =0

x <E0exp{29 O‘“COb // (s +7) "%~ (Bi(s) + Ba(r ))dsdr}fmo.
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Repeating the same game

Eoexp{tlba g~ Z QQ(QJAZ)}

k=0 =0

N-1 2k —1
<E0€Xp{ 20~ aotl o CoaNZQQ( U Al)}

k=0 =0

gU <Eoexp{ 20~ C“OCO // s+1)"%y(Bi(s) + Ba(r ))dsdr}>2mo.

By Lemma 7.3 with b being replaced by 2Cb0~ and t being replaced by 27*¢,

22 1- ao)k

2kF—1

lim sup — IOgEOGXP{tlba09 o ZQ2< U Al>} < C(2Cpb) 2 =

t—o00 =0

Together with (7.13) and (7. 14),

b
lim sUp — log Eo exp { Py Q([O, t]2<) }

t—o0
1
§C(eb)2 a—ag 4 — C(Qcob)z oy 22 (1—an)k
k=1
Letting € — 0™ on the right hand side finally completes the proof of (7.13). (]

Proof of the upper bound of (7.8). To strengthen (7.12) into the upper bound requested by
Theorem 7.1, we first write it as

(7.17) hmsuplog]EOeXp{ //‘ s—r +m (B(s) = B(r))

t—o00

—ap

x y(B(s) — B(r ))drds} < Cbmaf e

and prove
! b [* [ o0l =1)+in(B(s) - B(r))
(7.18) 11%1+11§ri>sogpt]ogE0exp{t/0/0 75( t )
x v(B(s) — B(r))drds} =
where

) L g dA
B =Tag) ™ [~ e
671

Indeed, given € > 0, break [0, ] into two parts: On the first part

’9(3 —r) —I—in(ﬁ(s) —
t

)’26

where
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On the second part

’0(8 —r)+in(B(s) — B(r)) ’ .
t
where

—ap

ig<9(s—7“)+m§5() ) ’ (s—r +277§B() B(r))

O(s —r) +in(B(s) = B(r)) |-
t
and where oy < &g < 1 satisfies ag + o < 2. Thus,

/:/ig6®_ﬂ+MKM$_5v»)ﬂB@)—BWDW@

// drds
+edoao/0/0‘ sor +mt (s) = B(r) |-

By Cauchy-Schwartz’s inequality

Eoexp{z;/t/t%)(e(s—r)+in§ﬁ(s) _B(T))>’V(B(s)—B(T))drds}
< (oo {2t [ /(0 drds})“
o = ]

By (7.2) and (7.17) (with oy being replaced by &y),
mMam&m{//” “”*mm>mnhw@4mwm}

t—o00

< 60707040

&O’y(B(s) — B(r))drds.

1/2
’y(B(s) - B(T))drds}) .

< S{o@)=E (3(0)77 + o@nTa =)

The claim (7.18) follows from the fact that ’yg(e) —0 (5 — 0T) for any € > 0.
We finally come to the proof for the upper bound of (7.8). By the relation |- |~ = 7§(~) +
79(-) and by Holder’s inequality

Lt 0(s —r) +in(B(s) — B(r)) |-
Eoexp{i/o/o‘g +77§5 ’ )
P , 1/p
- (EOeXp{btp/o/o 7g<9(s—r)Jrfmlgﬁ(s)—5(7")))7(13(5)—B(r))drds}>

- . 1/q
. <E06Xp{btq/o/0 :yg(ﬁ(s—?“)+l77t(ﬁ($>—B(T)))V(B(s)B(ﬂ)drds}) :

Oéofy(B(s) - B(T))drds}
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Using the bound

0(s —r) +in(B(s) = B(r)) 0(s—7)\ _ - s—T
0 < 0 — [e75) 1

#( t ) <R (F) =00 ()
and (7.7) (with b being replaced by bp@‘a‘) and 0 by 010),

limsupilogEoexp{ // (s—r “77755( 8) ﬁ(r)))'y(B(s)B(r))drds}

t—o00

< (ph) TR0 R s < (pb) TR0 E,
Thus,

limsup — logEoexp{ //’ i +“7 Bls) - B(r))

t—o00

—ap

v(B(s) — B(r))drds}

1 2 2ag
S* pb 2-af)  2-a &
p( )

hmsuplogIEoeXp{ // (s—r +m§f3( s) — B(r))),Y(B(S)_B(T))deS}_

qd t—oo

Letting § — 0™ on the right hand side, by (7.18) (with b being replaced by gb),
limsup — logEoexp{ / / ‘ (s=r +Z77 (8(s) = 5(r) v(B(s) - B(T))des}

t—o00

—apg

2aq

pb Y =
p( )ze
Letting p — 17 on the right hand side leads to the demanded upper bound:

(7.19) 11msuplogEoexp{t1 ao// ‘9 (s —r)+in(B(s) — B(r))

t—o00

—ap

x v(B(s) — B(r ))drds} <brep > e

0

To be applied to the proof of Theorem 1.2, the large deviations discussed in this section
have to be transformed from the forms of exponential moments into the forms of polynomial
moments. We end this section with the following lemma.

LEMMA 7.5. Recall that £, &, and ~°(-) are introduced in Theorem 1.2. We have

(7.20) hm —log (n!) a/QEg[// (s —r)y(B(s) - B(r))dsdr]
28* T
=log (2 - a)
In addition,

(721)  lm % log(n!)~/2E, [/01/01 ‘e(s )+ i%(ﬁ(s) — B(r))

x y(B(s) — B(r))dsdr}

28 \ 7
=log (7) — aglog¥.
2—«
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for any 0 >0 and n > 0,
PROOF. By the bound

A2 d\
O(u) <T'(ap) ™ —
’Y*(u) = (ao) /]R+ eXp{ 2(4—04—2040)|u})\1a0

1 1 Q0 [u -3
-t o) )
31 (@) 2 )\2(4 —a —2ay)
the condition (7.5) holds for 7°(-) = 49(-) under ag + a < 2. By scaling,

/Ot/0t78(3;T>7(B(s)—B(r))dsdrit‘lz“ /OI/OIVS(S_rW(B(S)_B(T»der.

Therefore, (7.6) can be written as

1 o 1 rl 5
tli)m 7 log Eg exp {btz / / V(s —r)y(B(s) - B(r))dsdr} =b>a& b>0.
o 0 Jo

By Girtner-Ellis theorem on R™ (Theorem 1.2.4, p. 11, [5]), the process

t_a/z/o/oyf(s—r)v(B(s)—B(r))dsdr t>0

obeys the large deviation on R with deviation scale ¢ and the rate function

10V =sup {)\b - bﬁg*} - ‘;(22_50‘)A A> 0.

By Varadhan’s integral lemma (Theorem 4.3, p.137, [17])

Jlim flogEoexp {tlog (t aﬂ// V(s —r)y(B(s) — B(r))dsdr)}

:ig%{logA_;(g—gj) : Az/a}:_gﬂog(;f*a)?.

an " [0 28* 27?0(
nh_)noloﬁlogn 2 Eo[// (s —r)y (B(s) — B(r))dsdr] :—§—|—log<2_a> :
Applying Stirling formula to the above gives (7.20).

Notice that

/Ot/ot ’,9(8 —7) +in(B(s) — B(r)) ‘_QOV(B(s) — B(r))drds

e /01/01le(s—r)ﬂ\%(ﬂ(s)—ﬁ(r))

Therefore, (7.8) can be written as

tlirgoilogEoexp{th /01/01 ‘0(3—7‘) —H’%(ﬁ(s) — B(r)

—prag e g

The remaining of the proof for (7.21) follows a completely parallel argument. []
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8. Proof of Theorem 1.2. The central piece of the proof is to establish
4—a—2aqg
(Ad—a—2a0) 2 [ 28 \5"
8.1 1 (5-=)
@1 ©8 <23(4—a—a0)4°‘ao 2—«

1
< liminf — log(n!)* “ESa, (g2n(, 1,0))

n—oco M

1
<limsup - log(n!)>~*ESay, (g2n (-, 1,0))

n—oo

oy (B —200) ( o >_

0O, .

=08 235(4—a— o)t~ \2 —

Indeed, by (2.20) ES2;,—1(g2n—1(,t,0)) = 0. From (2.22), (1.8) and (2.6) one can derive
that

(8.2) ESa2s (gon(-,t,0)) = t4=27"ESy, (g2,(-,1,0)) ¢ >0.

By the Stratonovich expansion (2.13), therefore,

Eu(t,z) = Eu(t,0) = ZESzn gon(-,£,0)) =Y U707 MES,  (gon(+,1,0))
n=0 n=0

where the first equality comes from the stationarity in x. By (8.1), therefore, the upper bound
of Theorem 1.2 follows from the following computation:

hmsupt e logEu(t x) = hmsupt 10th (4-a—ao)npg, (ggn( ,1,0))
t—o0 t—o0 n—=0
tld—a—ao)n /(4 _ o — 2040)47@;2“0 28 \ 5\
_tlggot IOgZ (nl)3—« <23(4—o¢—a0)40‘0‘0 (2—0) >

4—a—2 2 28 \ 35
_ (3 . O() ( o Oé()) — ( )
22(4—a—qp)t2r 0 \2—q
where the last step follows from the elementary identity on asymptotics of Mittag-Leffler
function (Lemma A.3, [4]):

Jim b~ l/ﬂogz _791/7 0,v>0

with b =t~ ~ =3 — o and

0 (4_(1_20[0)47@;2% ( 2& )2206
S A\2BU—a—ag)te\2—q
Similarly, from (8.1) we get the lower bound

limint ¢~ 5" log Eult, z) z<3—a>((4_a_2a0) : (225*>2>

t—00 24— a—qp)te0\2 —q

In the following subsections, we shall establish the upper and lower bounds, separately, for
(8.1).
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8.1. Upper bound for (8.1). In view of (6.1) and (7.1),

(8.3) / e "ESay, (920 (-, 1,0))dt
0
6 /1\3n1 [ 62
<3(3) m/o dresp{ — 51}

XEO[/Ot/Ot‘G(s—r)—i—i(ﬁ(s)—ﬂ( ) ofy(B(s)—B(r))dsdr] .

Let § > 0 be fixed but arbitrary (for a while). Given n > 0, write

(8.4) /Ooodtexp{—02215}1}20[/;/:‘9(3—7“)4-1'(6( ) -3
x y(B(s) — B(r))dsdr] '
_ { /On_2n+/:n }dtexp{ - 02275}

x Eo Uot/ot ‘9(3 — 1) +i(B(s) — B(r)) ‘7%7(3(3) — B(r))dsdr| .

For the first term on the right hand side, we use the scaling identity

[ [ Jots =+t - 50|
0J0
g 1 1

—Q

—a

v(B(s) — B(r))dsdr

So we have

/ dtexp ——t {//
= [ e { - S
xEo[/Ol/ol b(s =) +i72 (30 - 60)
gEO[/;/Ol‘0(3—r)+z’\%(ﬂ(8)—5(7’))
x /OOO exp{ - 92215}754_”52“
:EO[/;/OI ‘0(3—7")—%1’\}%@(8) —5(7'))‘ "
y (022)1“&22&0”1“(1 N 4 — a2— 2aon)

= (1+0(1))"(1)* (4= a — 2a9) 7 ng~(1mameon( 2{) T (s oo)

(s—r)+i(B ))

290

‘g
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where the last step follows from (7.21) and Stirling formula.
As for the second term, we use the bound of Taylor expansion

ol [ [ [ots =+ (56 - 50

t pt
gn!t“—%)”Eoexp{tllao /0 /O \9(s—r)+i(ﬁ(s)—5<7“>)

—ap

v(B(s) — B(r)) dsdr}

—ap

v(B(s) — B(r))dsdr}

<(1+ 0(1))"11!75(1_"‘“)n exp {9_%&5} (n— o0)

for large t, where the last step follows from Theorem 7.1 with b =n = 1. Take 6 > 0
sufficiently large so that

02 200
c(f) = 5~ 0 ==& >0.
We have
00 02 t ot —ao n
/ dtexp{ —t}Eo[/ / )0(3—7“)—#1’(6(3)—5(7“)) v(B(s) — B(r))dsdr
n=2n 2 0J0
< (1+0(1))"n! / t1=aon exp{—c(O)t}dt  (n — o).
n=*n
We now claim that
1 o
(8.5) lim limsup — log(n!)~ (=) / =00 oxp{—c(0)t}dt = —oo.
=0t nooco N n—2n

Indeed, consider an i.i.d. sequence X1, --- , X,, with common distribution I" (1 — ap, 0(9)> ,

i.e., they have the common density
f(@)=T(1- )
and X ~ exp(c(f)) independent of { X1, ---, X,,}. We have that

_10(0)(17')‘“%70‘“ exp { - C(H)x} x>0

Xo+ X1 +---Xn~F(1 +n(l - ag), c(e)).
Therefore

L(1+n(l- ao))lc(ﬁ)H(lao)”/ td=0)n exp{—c(0)t }dt

n=*n

:P{XO+X1+~-+Xn ZU_Q}'

n

Therefore, (8.5) follows form Cramér large deviation (Theorem 2.2.3, p.27, [17]) which
particularly leads to

Xo+ X1+ -+ Xn >n72}:_oo_

1
lim limsup — log IP’{

=0t pnooco N n

In summary,

/n:dfexp{ -5} /0 /0 66— ) +i(8(s) - B(r))

<(1+ 0(1))”(71!)2_0‘” exp{—Lyn}

—ap

v(B(s) — B(r))dsdr
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where L, > 0 can be sufficiently large if 7 is sufficiently small.
So we reach the point that in the decomposition (8.4), the bound of the first term dominates
the bound of the second term as n > 0 is small. Consequently, by (8.3) we have

/ e ""ESon (g2n(-,1,0))dt
0

2—«

3n 4—a—20q —=n
<(1 +o(1))”(%) ()17 (4 — o — 200) 3 "9*<4*a*a°>"(722_‘9a) .
On the other hand, by (8.2)

[ MBS (0 = S (g 1.0) [ e
0 0

= 9*(1“4*“*0‘0)”11(1 +d—-a- ao)n)ESgn (ggn(‘, 1, O))

= (14 0(1))" gm0 (4 — o — )o@ (pli=em@ES, (gy,(-,1,0)).
So we have the upper bound of (8.1):

1
(8.6) limsupﬁlog(n!)‘g_o‘ESgn (920 (-,1,0))

n—oo

«0

<log < (4—a—2a0)" 7 (225 )2_2Q>

254 —a—qp)t~ 0 \2 —

8.2. Lower bound for (8.1). Take 6 = 1. Related to the representation (6.1) and by (6.3)

—ap

/Ot/ot ((8 —7r)+ i(ﬁ(S) - 5(7“))Sgn(s — r)) ’y(B(s) — B(T’))dsdr
=TI'(ao)” / - ao// exp s—r|—I—z(ﬁ(s)—ﬁ(r))sgn(s_r)}

x v(B(s) — B(r))dsdr.

Hence

EO[// (s =) +i(Bls) - ﬁ(r))sgn(s_r)>—ao,y(3(s)_B(r))dsdr]n

dA n
:/ <H}\1—(110)/ dTldsl..~drnd8neXp{—9 E )‘l|3l—7‘l|}
¥ l [0,£]27

=1 =1

x Eg exp {iZ)\l (6(81) — ﬁ(m))sgn (s — r)}Eo H’y(B(sl) — B(rr)).

=1
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In summary,

8.7

o [/ot/ot (s =) +3(8s) = B))sen(s =) "~ (B(s) = B(r))dsdr

n

n

_ dA
>T'(a) ”/ ( _a>/ dridsy -+ - dr,dsy,
RY 11;[1 M) o
-~ n)\l2
X exp —Z(x\l—i——)!sl—?“z\ EOH’Y ))

=T'"(ao)” ”Eo[/ e ao//eXp >\+7>\8—T\} (B (8)—B(r))dsdrr

By scaling

[/ - ao//exp )\+7)!s—r|} (B (s)—B(r))dsdrr
—t%”Eo[/ = ao/ / exp /\—i-2/\t)]s—r!}’y(B(s)—B(r))dsdr]n.

By Theorem 6.1 with § = 1, therefore,

[ e Bt 0)ar
zr(a())—n%(%)?’”i / drexp { - }771

XE({ / = / / exp{ — (A + 75 )|8—7“!}’Y(B(3)—B(T))dsdr]n
> ao) "5 (3) ( I exp{ }““%dt)

sl [ [ [ el

where ¢ = 4 — o« — «rgy. Notice that

r(ao)—”EOU T QO/ / exp X )s—r|}7(3(s)—3(r))dsdrr
—EO[/Ol/O fyg(s—r)’y(B(s)—B(r))dsdr]n.

By constructing relevant independent Gamma-distributed random variables (as we did in
the proof of (8.5)) and by the central limit theorem, one can show that

/oo { t }t4iaiza0ndt 1 /OO o { t }t4—a72(‘10 ndt
ex - = 2 ~ = X -5 2
S 2 ), “P1UT 2

C

—2ap

4—0&—20&0

=2 "F(1+ fn) (n — 00).
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By (7.20) and Stirling formula, therefore,

/ e 'ESs, (g2n(-, t, 0)) dt
0

28, >"’S‘W

2—«

> (14 0(1))"(%)3%!)1*% (4—a—2a0) =77 (

as n — oo.
On the other hand, by (8.2)

/ e_tESQ”(QQ"("t’O))dtZE52n(92n(-,130))/ et gy
0 0

- F(l + (4= o — ag)n)ESa, (gan (-, 1,0))
= (14+0(1))" ()77 (4 — & — ) 477" ESy,, (g2n (-, 1,0)).

Combining them together, we have completed the proof of the lower bound of (8.1).

1
i f N3—«a .
(8.8) lim inf ~log(n!)*~*ESy, (92n(-,1,0))

4—a—2ag

>1 (4—a—2ap) ( 28, )22“
(0] .
= g 23(4_a_a0)4—a—a0 2_a

O

REMARK 8.1. In view of our proof for the lower bound, it seems that (8.8) is not sharp
to the constant as we are not able to undo the impact of "3(s) — B(r)" in the representation
(6.1). The challenge comes from the fact that the Brownian intersection local time appearing
on the right hand side of (6.1) takes complex values. As a consequence, the usual treatments
for the lower bound, such as Jansen’s inequality, can not be applied here.

APPENDIX

Let 6 > 0. Corresponding to the norms || - Hgllz and || - H% introduced in (3.4) and (3.5),

the following lemma is concerned with the bound given in Theorem 3.1 with G;(¢,x) =
—6t
e 'G(t, x).

LEMMA A.l1. Assume (1.5).
(1) Forany 6 >0,

(A.1) /
Ry xR

1 d\
pr— d < ‘
/R+X]Rd 0+ )\)2 + |€|2 Al—ao p(d€) < oo

~ - £z dA
/ / e NGt ) dadt| 7 ()
0 JRd

(ii) For any 6 >0,

(A.2) / / dsdte 0+ / |s —t| v (x — y)G(t,z)G(s,y)dzdy
0 0 Re xR

_1/ A 1 1
T2 Jprwre AN N2 H [E2 02 + (€
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1 dX 0+ A 1

+ = d
20 Jp+ga AT ao“( €)(0+>\)2+|§P 0% + |¢|2

< Q.

Further, there is a constant C > 0 such that
o0 o0
(A.3) / / dsdte=0(+) / |s —t| 7%y (x — y)G(t, )G (s,y)drdy < CH>
0 0 R4 xR4
for large 0.

PROOF. The identity in (A.1) follows from
<[ - i€ <o in(¢[¢]) 1
OENHEL () 2 dwdt — / (o Sn(tED o,
e ,r)dr e
L. () ; GRBARCESYETE

where the first equality follows from (2.3) and the second from integration by parts. To show
the finiteness,

1 dA 1 dA
dé) < d
/R+de (@+)\)2+ "5‘2 )\1_%:“( £) _/nwad )\2+(92+‘§|2) )\1_%N( €)

and by variable substitution

2—ag

/ 1 d\ _( 1 ) 2 / 1 d)
R+ >\2_|_(92_|_|£|2) A—ao 92+|£|2 R, 14+ N2 Al—ao”

By (1.5), therefore,

2—ag

1 dA 1 3
foe g @ =0 [ ()~ w0 <
We now prove (A.2). By (1.5),

/ / dsdte™0(+s) / |s —t|” v (z — y)G(t,z)G(s,y)dzdy
0 0 R xR4

dA
:2/ Ni—aok w(dg) // dsdte 05t g=A (= 5)/ VG (tr)G (s, y)dxdy
R+ xR¢ {s<t} R xR

-2 f i) [ [ sttt -oeso SnC i)
R+ xRd )\1 a (s<t) G

:2/ 1d_)\ ,u(dg)/ dsezessin(s|§])/ e~ OFNE=S) i (¢|¢])dt
R+xre AT S o s

By the relation

sin(t[¢]) = sin((t — s)[€]) cos(s[¢]) + cos((t — s)[&]) sin(s¢])

and by integration by parts

o0
/ e~ OHN =) gin (1]¢]) d

= cos(s|¢]) /OOO e~ OFNtgin(¢|¢|)dt + sin(s|]) /OOO e~ 0FN cos(t]¢|)dt

€ | 64\
G T Gy

= cos(s[¢])
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Thus,

/ / dsdte00+s) / |s —t|*y(x — y)G(t,z)G(s,y)dzdy
o Jo Réx R4

_ d\  p(dg) €| o0 .
_2/111<+de N0 [ (9+/\)2+’£‘2/0 e sin(s|¢]) cos(s|¢])ds

dA  p(dg) 0+ A /Oo —20s . 2
+2/ e~ "% sin*(s|€])ds.
N N R VRN el
Using integration by parts again

00 1 [ 1
—20s - _ - —20s _: —— —
/0 e “"*sin(s|¢]) cos(s|¢|)ds = 2/0 e **sin(2s[¢])ds 2402 1 4[€2 402+ €]

A similar treatment also leads to

> —20s ;. 2 _ |€| > —20s _: _ 1 |£|2
/0 e “*sin (s|§])ds—% ; e sm(23|§])ds—@m.

Bringing them together leads to the identity leads to the identity in (A.2).

Establishing the finiteness in (A.2) is an easy job and can be seen from the following
estimate for (A.3). To show (A.3), all we need is to bound the two terms on the right hand
side of (A.2) separately. We first work on the second term.

By variable substitution

/°° dX 0+ X _/°° dA A
o NWEENTHREP Sy B0 NP

1 /OO i\ A
€110 Jig-1g (A= [€]710) 170 A2+ 10

Consider the decomposition

/°° d\ AL {/2I€19+/°0 } d\ A
el-io A= 1§[710) 1720 A2+ 1 7 | Jig-10 sel-10 ) (A —[€[710) 1m0 A2+ 1

For the first term

/25“9 d\ A (@) /2'5_1" d\
g-ie A=) 0 A2+ 1 7N 0/ Jigg (A= [€]710) 1m0

0 0 )\1—040 (7)) 0 '
As for the second term

/OO d\ A </OO d\ A <C<@)1—ao
2/¢|-16 ()\ — |§’719)170‘0 A2 +1 = 2/¢|-16 ()\/2)170‘0 A2 +1~ 0 '

In summary, we have the bound (the constant C' can be different from place to place in our

argument)
/OO d)\ 9+)\ < 097(17010)‘
o AT 0+ A2 +[E2 T
By Fubini’s theorem, therefore,

d\ 0+ \ 1 1
7~ u(d <C<9—<1—%>/ 0,
/RWW Al—ao“( ¢) 0+ N2+ €202+ €2 — ra 02+ |§|2“( 3

1
< Cp~B-0) <1}) + o~ (1) / — = u(dE).
< M({|£|_ }) (e>1) 92+‘§|2“( §)

2[¢] 1 gl
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By Minkowski inequality with p = 2/ag and ¢ = 2(2 — o) 71,

6% + |€|? > CLgo|g) 2o,

So we have

1
0—(1—040)/ 7M(d€) S 00_1/ ’g‘_(Q_aO)lu’<d€)'
flei=1y 02 + 17 {lel>1}

The integral on the right hand side is finite under (1.5). Therefore, we have established the

expected bound
1 d\ 0+ A 1
— d <CH2.
20 /R+><Rd Ao U( ﬁ) (0 + /\)2 + ‘§|2 62 + ’€|2 o

Notice that
1 1 1 0+ A 1
(F+X2+[EP2+IE2 T 0(6+N)2 +[E2 62 + ¢
The first term in (A.2) yields the same bound. [J
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