
Submitted to the Annals of Applied Probability

TIME-DEPENDENCY IN HYPERBOLIC ANDERSON MODELS:
STRATONOVICH REGIME
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In this paper, the hyperbolic Anderson equation generated by a time-
dependent Gaussian noise is under investigation in two fronts: The solvability
and large-t asymptotics. The investigation leads to a necessary and sufficient
condition for existence and a large-t limit form for the expectation of the
solution. Three major developments are made for achieving these goals: A
universal bound for Stratonovich moment that guarantees the Stratonovich
integrability and L2-convergence of the Stratonovich chaos expansion under
the best possible condition, a representation of the expected Stratonovich
moments in terms of a time-randomized Brownian intersection local time,
and a large deviation principle for the time-randomized Brownian intersection
local time.
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1. Introduction. The model studied in this paper is named after the physicist Philip
Warren Anderson ([1]) who studies the random Schrödinger operator ∆ + Ẇ in his
investigation of magnetic impurities embedded in metals. When the random Schrödinger
operator appears in the heat equation (see (1.6) below), the resulting model is called parabolic
Anderson model ([18]). We refer the interested readers to [22] and the references therein
for general information on parabolic Anderson models, and to [26] for discrete versions of
parabolic Anderson models.

Due to its close links to other physical models such as KPZ equation ([28]), especially in
the wake of the breakthrough of [25], the study of this equation has been rapidly developed.
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The development is also credited to the Feynman-Kac formula which links the solution to
some functionals of Brownian motions

When the Schrödinger operator appears the wave equation (see (1.1) below), the model is
known as hyperbolic Anderson model. Due to lack of analytic tools such as Feynman-Kac
formula, much less have been known on hyperbolic models. Until very recent, it was widely
believed that as ∂u/∂t being replaced by ∂2u/∂t2, the hyperbolic equation has a wilder
behavior than its parabolic counterpart. The recent progress shows otherwise: The hyperbolic
equations are solvable under the conditions ([4], [11]) generally weaker than those posted for
the existence of parabolic systems in the same regime.

It is also noticeable that most of the recent development cited above focus on the setting
of time-independent Gaussian noise. The reason behind is that the time-dependency of the
Gaussian field posts serious challenges and limitations to the currently available tools and
ideas in dealing with hyperbolic Anderson models. We shall see a fundamental difference on
the representation of the Stratonovich moment between the settings of the time-independent
noise (Theorem 3.3, [14]) and the time-dependent noise (Theorem 6.1 below).

In this paper we consider the hyperbolic Anderson equation
∂2u

∂t2
(t, x) =∆u(t, x) + Ẇ (t, x)u(t, x) , (t, x) ∈R+ ×Rd

u(0, x) = 1 and ∂u
∂t (0, x) = 0 , x ∈Rd

(1.1)

run by a mean zero and possibly generalized Gaussian noise Ẇ (t, x) fractional in time,
defined by its covariance function

Cov
(
Ẇ (s,x), Ẇ (t, y)

)
= |s− t|−α0γ(x− y) , s, t ∈R+, x, y ∈Rd,(1.2)

where 0 < α0 < 1. As a covariance function, the non-negative definiteness of γ(·) implies
that it admits a spectral measure µ(dξ) on Rd uniquely defined by the relation

γ(x) =

∫
Rd

eiξ·xµ(dξ) , x ∈Rd .(1.3)

Throughout this work, we assume that γ(·)≥ 0 and d= 1,2,3 and interpret the system in
the sense Stratonovich. Roughly speaking, it means that the equation (1.1) is the result of the
approximation by classical wave equations run by the smoothed Gaussian noise Ẇϵ,δ(t, x).
We shall provide the details of the construction of the solution in Section 2.

Our first concern is to find the best condition for the existence of solution. The conditions
for solvability are often formulated in term of the integrability of the spectral measure µ(dξ).
In a different set-up known as Skorohod regime, Chen, Deya, Song and Tindel ([12]) posted
the optimal condition ∫

Rd

(
1

1 + |ξ|2

) 3−α0
2

µ(dξ)<∞(1.4)

for the existence/uniqueness of the system (1.1).
In their follow-up paper [11] for Stratonovich regime, (1.1) is solved under an apparently

less optimal assumption in the dimensions d= 1,2.
The following is the first main theorem in this paper.

THEOREM 1.1. Let d= 1,2,3.
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(1) Under the condition ∫
Rd

(
1

1 + |ξ|2

) 2−α0
2

µ(dξ)<∞(1.5)

the equation (1.1) has a solution in the sense of Definition 2.1 given in Section 2.
(2) If the equation (1.1) has a square integrable solution u(t, x) that admits the Stratonovich

expansion (see (2.13)) for some t > 0, then condition (1.5) must be satisfied.

For the purpose of comparison, we introduce the parabolic Anderson model
∂u

∂t
(t, x) =∆u(t, x) + Ẇ (t, x)u(t, x) , (t, x) ∈R+ ×Rd

u(0, x) = 1 x ∈Rd.

(1.6)

It is well known that the condition (see, e,g. Theorem 4.6, [33]) for (1.6) to be solvable (in a
sense same as Theorem 1.1) is∫

Rd

(
1

1 + |ξ|2

)1−α0

µ(dξ)<∞.(1.7)

In other words, the hyperbolic Anderson model is solvable under a condition genuinely
weaker than the one set for its parabolic counterpart when it comes to the Gaussian field
that is fractional in time.

The next main theorem is about the increasing rate of Eu(t, x) as t→∞. To this end, we
assume the homogeneity for the covariance structure:

γ(cx) = c−αγ(x) , x ∈Rd c > 0(1.8)

for some α> 0. Taking f(λ) = (1+λ2)−
2−α0

2 and v(dξ) = µ(dξ) in [12, Lemma 3.10] yields∫
Rd

(
1

1 + |ξ|2

) 2−α0
2

µ(dξ) = αµ{ξ ∈Rd; |ξ| ≤ 1}
∫ ∞

0

(
1

1 + ρ2

) 2−α0
2 dρ

ρ1−α

as far as either side is finite. This shows that under the homogeneity (1.8) on the noise
covariance condition, the condition (1.5) becomes “α0 + α < 2”. In addition (Remark 1.4,
[12]), the fact that γ(·) is non-negative and non-negative definite (for being qualified as co-
variance function) requires that α ≤ d. Further, the only setting where “α = d” is allowed
under α< 2 is when α= d= 1, or when γ(·) is a constant multiple of the Dirac function.

THEOREM 1.2. Under the homogeneity condition (1.8) with

α0 + α< 2(1.9)

with 0<α0 < 1 and 0<α< d or with 0<α0 < 1 and α= d= 1,

(3− α)

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E∗
2− α

) 2−α

2

) 1

3−α

(1.10)

≤ lim inf
t→∞

t−
4−α−α0

3−α logEu(t, x)≤ limsup
t→∞

t−
4−α−α0

3−α logEu(t, x)

≤ (3− α)

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

) 1

3−α
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where

E = sup
g∈Ad

{∫ 1

0

∫ 1

0

∫
Rd×Rd

γ(x− y)

|s− r|α0
g2(s,x)g2(r, y)dxdydsdr(1.11)

−
∫ 1

0

∫
Rd

|∇xg(s,x)|2dxds
}

E∗ = sup
g∈Ad

{∫ 1

0

∫ 1

0

∫
Rd×Rd

γ0∗(s− r)γ(x− y)g2(s,x)g2(r, y)dxdydsdr(1.12)

− 1

2

∫ 1

0

∫
Rd

|∇xg(s,x)|2dxds
}

and where

Ad =

{
g(s,x); g(s, ·) ∈W 1,2(Rd) and

∫
Rd

|g(s,x)|2dx= 1 for every 0≤ s≤ 1

}
,

γ0∗(u) = Γ(α0)
−1

∫
R+

exp

{
−
(
λ+

λ2

2(4− α− 2α0)

)
|u|
}

dλ

λ1−α0
.(1.13)

First, E <∞ under α< 2 (Lemma 5.2, [8]). Second, comparing (1.13) with (1.21) below,
it is not hard to see that E∗ < E . The gap in (1.11) reflects a new challenge (see Remark 8.1
below) on the large-t asymptotics for the complex-valued intersection local time∫ t

0

∫ t

0

((
(s− r) + i(β(s)− β(r))

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr(1.14)

driven by the independent Brownian motions β(t) (1-dimensional) and B(t) (d-dimensional).
The relevance of (1.14) to our model in (1.1)) is given in Theorem 6.1 below. To close the
gap we call for establishment of the precise large deviation priciple for the logarithmic-
exponential moment

logE0 exp

{
1

t1−α0

∫ t

0

∫ t

0

((
(s−r)+i(β(s)−β(r))

)
sgn (s−r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

}
as t → ∞. Noticed from (8.7) below that the exponential moment E0 exp{· · · } remains
positive despite that the Hamiltenian in (1.14) takes complex values. Therefore, the proposed
large deviation principle makes mathematical sense. On the other hand, some new idea
is needed to handle the the large deviations for the complex-valued systems. Beyond
technicality, we predict that the limit in (1.10) exists and is given by the upper bound in
(1.10). This prediction is based on the belief (see the discussion in Section 7) that in the game
of large deviations, the complex Hamiltonian in (1.14) behaves like the real intersection local
time ∫ t

0

∫ t

0
|s− r|−α0γ

(
B(s)−B(r)

)
dsdr

A result close to (1.11) found in literature is obtained by Balan and Conus (Theorem 2.1,
[3]) where the system (1.1) is set up in Skorohod regime and the bounds

limsup
t→∞

t−
4−α−α0

3−α logE|u(t, x)|p ≤ 4− p

3− p
C2 <∞ (p≥ 2)
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(with C2 > 0 independent of p) and

lim inf
t→∞

t−
4−α−α0

3−α logEu2(t, x)> 0

are obtained.
In the case of the parabolic Anderson model (1.6), the moment asymptotics (Theorem 6.1,

[13]) follow the pattern

lim
t→∞

t−
4−α−2α0

2−α logEup(t, x) p= 1,2, · · ·(1.15)

under the scaling property (1.8)) with

2α0 + α< 2.(1.16)

Comparing (1.10) and (1.9) with (1.15) and (1.16), respectively, one can see the contribution
from the time component of the Gaussian field are different between hyperbolic and parabolic
settings. See Remark 6.2 below for an explanation from a new perspective.

In the recent work ([14]) on the hyperbolic Anderson model with time-independent noise
Ẇ (x), the solvability is established under the Dalang’s condition∫

Rd

1

1 + |ξ|2
µ(dξ)<∞(1.17)

and the long-term moment asymptotics are established in the form of

lim
t→∞

t−
4−α

3−α logEup(t, x) p= 1,2, · · ·(1.18)

under the condition α< 2.
On the side of idea development, the current work is partially motivated by [14] where the

Stratonovich moment is represented in terms of the intersection local times∫ t

0

∫ t

0
γ
(
B(s)−B(r)

)
dsdr and

∫ t

0

∫ t

0
γ
(
B(s)− B̃(r)

)
dsdr

driven by the independent d-dimensional Brownian motions B(t) abd B̃(t) (see Corollary
3.3, [14] for details). This connection is established on the simple fact ((3.6), [14]) that∫ ∞

0
e−λtG(t, x)dt=

1

2

∫ ∞

0
exp

{
− λ2

2
t
}
p(t, x)dt (λ > 0)(1.19)

where p(t, x) is the Brownian semi-group

p(t, x) = (2πt)−d/2 exp
{
− |x|2

2t

}
(t, x) ∈R+ ×Rd(1.20)

and where G(t, x) is the fundamental solution (see (2.2) below) of the wave equation. Indeed,
one of the crucial observations (Theorem 6.1) made in the current work is a link between
the Stratonovich moment and the time-randomized intersection local time given (1.14).
Accordingly, a large deviation principle (Theorem 7.1) for the time-randomized intersection
local time is established.

We now mention some recent works on this subject for the comparison on methodology.
Compared to our treatment, the approaches used in [2] and [11] are more analytic: In
[2], Malliavin calculus and Hu-Meyer formula are applied to approximate the Stratonovich
moment; while in [11], Strichartz estimation is used to bound the integrals in milled equation.
The fact that the conditions given in [2] and [11] for existence are significantly more
restrictive indicates that the hyperbolic equations do not correspond to analytic control well
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enough due to their oscillation behaviors. In ([12]), the existence is achieved under the
optimal condition for the hyperbolic Anderson models in the Skorohod regime. A similar
idea used in [12] is time-exponentiation to the moment of chaos expansion. It should be
pointed the our representation of the moments of chaos in terms of the Brownian intersection
local time can not be applied to the Skorohod moment at the current level of development,
due to the reason same as the one given in Remark 6.3 below.

Another important task carried out in this paper is the legalization of Stratonovich
expansion (2.13) under the best condition (1.5). To this end, a universal bound (Theorem
3.1) is established that is responsible for the Stratonovich integrability and L2-convergence
of the Stratonovich expansion. It should be pointed out that Stratonovich moment demands a
level of technology higher than its Skorohod counter part.

This paper also brings a different idea on the treatment of the time-covariance | · |−α0

(introduced in (1.2)). There have been two ways in literature in handling | · |−α0 . In the
work [3] and some of its follow-up papers, the Hardy–Littlewood–Sobolev inequality is used
(Lemma B.3, [3]) in the Skorohod regime to separate the time component. This strategy
appears to be powerful in the parabolic setting. In the hyperbolic setting, it does not function
as good as for the parabolic equations, as it is less adoptive to the oscillation behavior of
wave operator. Another existing practice (e.g., [12]) is to perform the Fourier transform

|u|−α0 =C

∫
R
eiλu

dλ

|λ|1−α0
u ∈R

to | · |−α0 . The use of Fourier transformation has been popular and effective in parabolic
setting (and hyperbolic/Skorohod setting as well). For the hyperbolic equation in the
Stratonovich regime, it creates an annoying and un-controllable singularity. Instead, it is
proposed in this work to use the Laplace transform

|u|−α0 =Γ(α0)
−1

∫ ∞

0
e−λ|u| dλ

λ1−α0
u ∈R.(1.21)

It should be pointed out that the time-dependency in the hyperbolic Anderson model is
far from fully understood. More specifically, a deeper connection between the Stratonovich
expansion and the Brownian intersection local times is very likely. The progress should lead
to a fully understanding of the intermittency of the system. Despite of its incompleteness, on
the other hand, Theorem 1.2 strongly indicates the most possible pattern of intermittency

lim
t→∞

t−
4−α−α0

3−α logE|u(t, x)|p(1.22)

= (3− α)p
4−α

3−α

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

) 1

3−α

for p= 1,2, · · · . Here we post it as conjecture and leave it for future study.
Here is the organization of the paper. In next section (Section 2), we set a way

to approximate the possibly generalized Gaussian field Ẇ (t, x), introduce the multiple
Stratonovich integral and formally express the solution as Stratonovich expansion. In Section
3, we establish a universal bound for the moments in the Stratonovich expansion. Using this
bound we install the Stratonovich integrability for the functions gn(·, t, x) in Section 4 and
establish the convergence of the Stratonovich expansion (and therefore prove Theorem 1.1) in
Section 5. In Section 6, we establish a link between ES2n

(
g2n(·, t, x)

)
and the n-th moment

of a time-randomized Brownian intersection local time under time exponentiation. In Section
7, we prove a large deviation principle for the time-randomized Brownian intersection local
time. Using the results from Section 6 and 7, we prove Theorem 1.2 in Section 8. In the
appendix, we conduct some elementary calculation for the bounds established in Section 3.
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2. Stratonovich expansion and approximations. As usual by the Duhamel principle
the mathematical definition of the hyperbolic Anderson equation (1.1) will be the following
mild form

u(t, x) = 1+

∫
Rd

∫ t

0
G(t− s,x− y)u(s, y)W (ds, dy) ,(2.1)

where

(i) G(t, x) is the fundamental solution defined by the deterministic wave equation
∂2G

∂t2
(t, x) =∆G(t, x)

G(0, x) = 0 and
∂G

∂t
(0, x) = δ0(x) , x ∈Rd .

(2.2)

(ii) the stochastic integral on the right hand side of (2.1) is interpreted in the sense of
Stratonovich (see discussion below for details).

2.1. Green’s function. The fundamental solution G(t, x) associated with (2.2) plays a
key role in determining the behavior of the system (2.1). Let us recall some basic facts.
Taking the Fourier transform in (2.2) we get the expression for the fundamental solution

F
(
G(t, ·)

)
(ξ) =

∫
Rd

G(t, x)eiξ·xdx=
sin(|ξ|t)

|ξ|
, (t, ξ) ∈R+ ×Rd(2.3)

in its Fourier transform form. In particular,∫
Rd

G(t, x)dx=F
(
G(t, ·)

)
(0) = t(2.4)

In the dimensions d = 1,2,3, the fundamental solution G(t, x) itself can be expressed
explicitly as

G(t, x) =



1

2
1{|x|≤t} d= 1

1

2π

1{|x|≤t}√
t2 − |x|2

d= 2

1

4πt
σt(dx) d= 3 ,

(2.5)

where σt(dx) is the surface measure on the sphere {x ∈R3; |x|= t}. We limit our attention
to d = 1,2,3 in this work because the treatment developed here requires G(t, x) ≥ 0
(when G(t, x) exists only in the form of distribution, it means that (G(t, ·) ∗ h)(x) ≥ 0 for
sufficiently smooth probability density h(x) on Rd). A scaling property we frequently use
(especially in the proof of Theorem 1.2) is

G(t, x) = t−(d−1)G(1, t−1x) , (t, x) ∈R+ ×Rd .(2.6)

2.2. Smoothed version of Ẇ (t, x). Generally speaking, the smoothed version of the
generalized Gaussian field Ẇ (t, x) can be any family

{
Ẇϵ,δ(t, x); ϵ, δ > 0

}
of mean-zero

Gaussian fields on R+ ×Rd, living in the same probability space (Ω,A,P) as W (t, x) does,
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such that for each ϵ, δ > 0, Ẇϵ,δ(t, x) is defined point-wise even with path-continuity (if
needed), and of the form of covariance function

Cov
(
Ẇϵ,δ(s,x), Ẇϵ,δ(t, y)

)
= γ0δ (s− t)γ2ϵ(x− y) (s,x), (t, y) ∈R+ ×Rd(2.7)

that satisfies

lim
ϵ,δ→0+

∫
(R+×Rd)2

γ0δ (s− t)γϵ(x− y)f(s,x)g(t, y)dsdtdxdy(2.8)

=

∫
(R+×Rd)2

|s− t|−α0γ(x− y)f(s,x)g(t, y)dsdtdxdy f, g ∈ S(R+ ×Rd)

where S(R+ × Rd) is the Schwartz space of all functions on R+ × Rd that are infinitely
differentiable and rapidly decay to zero at infinity. We shall see the choice we made for γ0δ (·)
and γ2ϵ(·) in (2.9) below:

A popular construction of Ẇϵ,δ in literature is by convolution:

Ẇϵ,δ(t, x) =

∫
Rd+1

p0(δ, t− u)p(ϵ, x− y)Ẇ (u, y)dudy (t, x) ∈R+ ×Rd

where p(t, x) is the Brownian semi-group defined on Rd that is given in (1.20) and p0(t, x)
is the Brownian semi-group on R and where on the right hand side, the possibly generalized
Gaussian noise Ẇ (·, ·) is interpreted as a linear functional acting on the smooth function
p0(δ, t− ·)p(ϵ, x− ·).

To promote the use of the Laplace transform proposed in (1.21), we shall construct
Ẇϵ,δ(t, x) in a slightly different way such that

Cov
(
Ẇϵ,δ(s,x), Ẇϵ,δ(t, y)

)
=

(
Γ(α0)

−1

∫ δ−1

0
e−λ|s−t| dλ

λ1−α0

)
γ2ϵ(x− y)(2.9)

for (s,x), (t, y) ∈R+ ×Rd, where

γϵ(x) =

∫
Rd

p(ϵ, x− y)γ(y)dy x ∈Rd.

If it exists (i.e., if they can live in the same probability space with W (t, x)), the family
{Ẇϵ,δ(·, ·); ϵ, δ > 0} meets all requirements as the smoothed version of Ẇ (·, ·): First, by
the expression

Γ(α0)
−1

∫ δ−1

0
e−λ|s−t| dλ

λ1−α0
=Γ(α0)

−1Eκ

∫ δ−1

0
eiλκ(s−t) dλ

λ1−α0
(2.10)

the function of s− t on the left is non-negative definite and therefore qualified to be used as
covariance function, where κ is a standard 1-dimensional Cauchy random variable.

Second, (2.8) holds in light of (1.21).
Third, by the relation

E
(
Ẇϵ,δ(s,x)− Ẇϵ,δ(t, y)

)2
= 2Γ(α0)

−1

{(∫ δ−1

0

dλ

λ1−α0

)
γϵ(0)−

(∫ δ−1

0
e−λ|s−t| dλ

λ1−α0

)
γϵ(x− y)

}

≤Cϵ,δ

{
|s− t|+ |x− y|

}
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and therefore by normality

E
(
Ẇϵ,δ(s,x)− Ẇϵ,δ(t, y)

)2n
≤ (2n)!

2nn!
Cn
ϵ,δ

{
|s− t|+ |x− y|

}n

for any integer n≥ 1. A standard use of the Kolmogorov continuity theorem (Theorem D.7,
p.313, [5]), the Gaussian field Ẇϵ,δ(t, x) has a continuous modification on R+ ×Rd.

As for the family
{
Ẇϵ,δ; ϵ, δ > 0

}
live in the same probability space, we start with the

following simple observation: Given 0< T1 < · · ·< Tn < · · · , let ∆kẆ (t, x) (k = 1,2, · · · )
be independent mean-zero (possibly generalized) Gaussian fields on R+ × Rd with the
covariance functions

Cov
(
∆kẆ (s,x),∆kẆ (t, y)

)
=

(
Γ(α0)

−1

∫ Tk

Tk−1

e−λ|s−t| dλ

λ1−α0

)
γ(x− y)

for (s,x), (t, y) ∈R+ ×Rd, where we follow the convention T0 = 0. Set

ẆTn
(t, x) =

n∑
k=1

∆kẆ (t, x) n= 1,2, · · · .

It is straightforward to see that

Cov
(
ẆTn

(s,x), ẆTn
(t, y)

)
=

(
Γ(α0)

−1

∫ Tn

0
e−λ|s−t| dλ

λ1−α0

)
γ(x− y).

Without changing its distribution, one can re-define the Gaussian field W (t, x) as

Ẇ (t, x) =

∞∑
k=1

∆kẆ (t, x)

for any monotonic sequence {Tn} satisfying Tn →∞ (n→∞).
By Kolmogorov consistence extension, we can extend {ẆTn

(·, ·); n = 1,2, · · · } to the
bigger family {ẆT (·, ·); T > 0}. Then we adopt the new notation that replaces Ẇδ−1(·, ·)
by Ẇδ(·, ·). Finally we define

Ẇϵ,δ(t, x) =

∫
Rd

p(ϵ, x− y)Ẇδ(t, y)dy

which satisfies (2.9). More generally

Cov
(
Ẇϵ,δ(s,x), Ẇϵ̃,δ̃(t, y)

)
= γ0

δ∨δ̃(s− t)γϵ+ϵ̃(x− y)(2.11)

for any ϵ, ϵ̃, δ, δ̃ > 0.

2.3. Stratonovich integral. Given a random field {Ψ(t, x)}(t,x)∈R+×Rd such that∫
R+×Rd

Ψ(t, x)Ẇϵ,δ(t, x)dtdx ∈ L2(Ω,A,P) ∀ϵ, δ > 0 ,

where Ẇϵ,δ(t, x) is constructed in Section 2.2, define the Stratonovich integral of Ψ(t, x) as

(2.12)
∫
R+×Rd

Ψ(t, x)W (dt, dx)
∆
= lim

ϵ,δ→0+

∫
R+×Rd

Ψ(t, x)Ẇϵ,δ(t, x)dtdx

whenever the limit exists in L2(Ω,A,P) and is independent of the way how δ and ϵ approach
to zero. We can also use the convergence in probability in above definition. But as in most
works on SPDE, L2(Ω,A,P) norm is easier to deal with so that we choose the L2(Ω,A,P)
convergence throughout this work. Notice that this definition implicates that u(t, x) as a
solution to (2.1) is in L2(Ω,A,P) for all (t, x) ∈ R+ × Rd. After defining the Stratonovich
integral, we can give the following definition about the solution.



10

DEFINITION 2.1. A random field {u(t, x) , t ≥ 0 , x ∈ Rd} is called a mild solution to
(1.1) if for any (t, x)R+ ×Rd, the random field

Ψ(s, y)≡G(t− s,x− y)u(s, y)1[0,t](s)

is Stratonovich integrable and if (2.1) is satisfied.

To prove Theorem 1.1, we shall use the Stratonovich expansion (see [20], [19] and
references therein for the multiple Stratonovich integrals). According to the algorithm in
[16], formally iterating (2.1) infinitely many times we have heuristically a solution candidate

u(t, x) =

∞∑
n=0

Sn

(
gn(·, t, x)

)
(2.13)

with S0

(
g0(·, t, x)

)
= 1. Here is how the notation Sn

(
gn(·, t, x)

)
is justified: The iteration

procedure creates the recurrent relation

(2.14) Sn+1

(
gn+1(·, t, x)

)
=

∫
Rd

∫ t

0
G(t− s,x− y)Sn

(
gn(·, s, y)

)
W (ds, dy) .

Iterating this relation formally we have

Sn

(
gn(·, t, x)

)
(2.15)

=

∫
(Rd)n

∫
[0,t]n<

G(t− sn, x− xn) · · ·G(s2 − s1, x2 − x1)

×W (ds1, dx1) · · ·W (dsn, dxn)

=

∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)W (ds1, dx1) · · ·W (dsn, dxn) (say) ,

where [0, t]n< := {(s1, · · · , sn) ∈ [0, t]n satisfies 0< s1 < s2 < · · ·< sn < t}, and the conventions
xn+1 = x and sn+1 = t are adopted. Thus, the notation “Sn

(
gn(·, t, x)

)
” is reasonably

introduced for an n-multiple Gaussian integral of the integrand

gn(s1, · · · , sn, x1, · · · , xn, t, x)(2.16)

=
(
G(t− sn, x− xn) · · ·G(s2 − s1, x2 − x1)

)
1[0,t]n<(s1, · · · , sn)

(n = 1,2, · · · ). In Section 4, the Stratonovich integrability of gn(·, t, x) shall be rigorously
established in Theorem 4.1.

The above construction indicates that the existence of the system (2.1) can be implied by
the convergence of the random series defined by (2.13) in an appropriate form. This will be
justified rigorously in Section 5 as part of the proof of Theorem 1.1.

DEFINITION 2.2. Let f : (R+ ×Rd)n →R be measurable such that for every ϵ, δ > 0∫
(R+×Rd)n

f(s1, · · · , sn, x1 · · · , xn)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn ∈ L2(Ω,F ,P) .

Then we define the n-multiple Stratonovich integral of f as

Sn(f) :=

∫
(R+×Rd)n

f(s1, · · · , sn, x1 · · · , xn)W (ds1, dx1) · · ·W (dsn, dxn)(2.17)

= lim
ϵ,δ→0+

∫
(R+×Rd)n

f(s1, · · · , sn, x1 · · · , xn)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
× ds1 · · ·dsndx1 · · ·dxn
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whenever the limit exists L2(Ω,A,P).

REMARK 2.3. Along with the set-up of our model, the Stratonovich integrand f is given
as a generalized function for d = 3. Indeed ([32]), Definition 2.2 can be extended to the
setting of generalized functions f . A detail is provided near the end of this section for the
construction needed in d= 3.

The following lemma provides a convenient test of Stratonovich integrability that we shall
use in this work.

LEMMA 2.4. The n-multiple Stratonovich integral Sn(f) exists if and only if the limit

lim
(ϵ,δ)→0+

(ϵ′,δ′)→0+

E
{∫

(Rd)n
f(s1, · · · , sn, x1, · · ·xn)

( n∏
k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn

}

×
{∫

(R+×Rd)n
f(s1, · · · , dsn, x1, · · ·xn)

( n∏
k=1

Ẇϵ′,δ′(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn

}
exists

PROOF. The existence of the limit in (2.17) is another way to say that the family

Zϵ,δ =

∫
(R+×Rd)n

f(s1, · · · , sn, x1, · · ·xn)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn

is a Cauchy sequence in L2(Ω,F ,P) as ϵ, δ→ 0+, which is equivalent to the lemma. □

Definition 2.2 can be extended to a random field f(s1, · · · , sn, x1, · · · , xn) in an obvious
way. Most of the time in this paper, however, we deal with a deterministic integrand and
demand some effective ways to compute the expectation of multiple Stratonovich integral of
deterministic integrands.

LEMMA 2.5. In the setting of a deterministic integrand, the L2-convergence in Definition
2.2 can be replaced Lp-convergence for any p≥ 2.

PROOF. This has been proved in the setting of time-independent noise (Theorem
6.2 and Remark 6.3, [14]). In the context of the general integrand, one can identify
f(s1, · · · , sn, x1, · · ·xn) with f(x1, · · · , xn) and the time-dependent Guassian field Ẇ (t, x)
with the time-independent Gaussian field Ẇ (x) by viewing the time variable as the extra
dimension of the space variables. Then Theorem 6.2 and Remark 6.3, [14] applies to our
setting. □

This lemma brings some convenience in computation. An example of such is the Fubini
theorem: Given the integers l1, · · · , lm ≥ 1 and the lj-multiple time-space variate functions
fj (1 ≤ j ≤ m), the Stratonovich integrabilities of f1, · · · , fm implies the Stratonovich
integrability of f1 ⊗ · · · ⊗ fm and

Sl1+···+lm

(
f1 ⊗ · · · ⊗ fm

)
=

m∏
j=1

Slj (fj) .(2.18)
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Let us recall an identity [31, p.201, Lemma 5.2.6] known as Wick’s formula which states
that 

E
2n∏
k=1

gk =
∑
D∈Πn

∏
(j,k)∈D

Egjgk

E
2n−1∏
k=1

gk = 0 ,

(2.19)

where (g1, · · · , g2n) is a mean zero normal vector, and Πn is the set of all pair partitions of
{1,2, · · · ,2n}. As a side remark, #(Πn) =

(2n)!
2nn! . Applying (2.19) to gk = Ẇϵ,δ(sk, xk) in

the case of deterministic integrand f , and taking the (ϵ, δ)-limit, we have

ES2n−1(f) = 0(2.20)

and

ES2n(f) =
∑
D∈Πn

∫
(R+×Rd)2n

f(s1, · · · , s2n, x1, · · · , x2n)(2.21)

×
( ∏

(j,k)∈D

|sj − sk|−α0γ(xj − xk)

)
ds1 · · ·ds2ndx1 · · ·dx2n

under the Stratonovich integrability. In particular, the expectation of a (2n)-multiple
Stratonovich integral is non-negative if the integrand is non-negative. Take f = g2n(·, t,0)
for example. In the case of integrability

ES2n

(
g2n(·, t,0)

)
=
∑
D∈Πn

∫
[0,t]2n<

∫
(Rd)2n

ds1 · · ·ds2ndx1 · · ·dx2n
(
G(t− s2n,−x2n) · · ·G(s2 − s1, x2 − x1)

)
×
( ∏

(j,k)∈D

|sj − sk|−α0γ(xj − xk)

)
.

With the substitutions sk 7→ t− s2n−k+1 and xk 7→ −x2n−k+1 (k = 1,2, · · · ,2n) performed
on the right hand side,

ES2n

(
g2n(·, t,0)

)
(2.22)

=
∑
D∈Πn

∫
[0,t]2n<

∫
(Rd)2n

ds1 · · ·ds2ndx1 · · ·dx2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

)

×
( ∏

(j,k)∈D

|s2n−j+1 − s2n−k+1|−α0γ(x2n−j+1 − x2n−k+1)

)

=
∑
D∈Πn

∫
[0,t]2n<

∫
(Rd)2n

( 2n∏
l=1

G(sl − sl−1, xl − xl−1)

)

×
( ∏

(j,k)∈D

|sj − sk|−α0γ(xj − xk)

)
ds1 · · ·ds2ndx1 · · ·dx2n

where we follow the convention on the right hand side that s0 = 0 and x0 = 0.
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Since the condition (1.5) encompasses the cases where the covariance function γ(·) exists
only as a generalized function (e.g., γ(·) = δ0(·) in d = 1), the meaning of the multiple
integrals on the right hand side of (2.21) needs to be clarified. Indeed, by (2.9) and (2.19)

E
∫
(R+×Rd)2n

f(s1, · · · , s2n, x1, · · · , x2n)
( 2n∏

k=1

Ẇϵ,δ(sk, xk)

)
(2.23)

× ds1 · · ·ds2ndx1 · · ·dx2n

=
∑
D∈Πn

∫
(R+×Rd)2n

f(s1, · · · , s2n, x1, · · · , x2n)
( ∏

(j,k)∈D

γ0δ (sj − sk)γ2ϵ(xj − xk)

)
× ds1 · · ·ds2ndx1 · · ·dx2n

where

γ0δ (u) = Γ(α0)
−1

∫ δ−1

0
e−λ|u| dλ

λ1−α0
and γϵ(x) =

∫
Rd

γ(y)pϵ(x− y)dy.(2.24)

Inspired by (2.17) and in light of (2.23), we therefore define∫
(R+×Rd)2n

f(s1, · · · , s2n, x1, · · · , x2n)
( ∏

(j,k)∈D

|sj − sk|−α0γ(xj − xk)

)
(2.25)

× ds1 · · ·ds2ndx1 · · ·dx2n

∆
= lim

ϵ,δ→0+

∫
(R+×Rd)2n

f(s1, · · · , s2n, x1, · · · , x2n)
( ∏

(j,k)∈D

γ0δ (sj − sk)γϵ(xj − xk)

)
× ds1 · · ·ds2ndx1 · · ·dx2n

whenever the limit exists.
To end this section we take the chance to address an inconvenient fact from (2.5) where

G(t, x) is defined as a measure rather than a function on R3. In this case, the integrand
gn(·, t, x) introduced in (2.16) appears as an integrand of the n-multiple Stratonovich integral
in the sense given below: For any η > 0, set

Gη(t, x) =

∫
R3

p(η,x− y)G(t, y)dy

where p(t, x) is the Brownian semi-group on R3. Write

gn,η(s1, · · · , sn, x1, · · · , xn, t, x)

=
(
Gη(t− sn, x− xn) · · ·Gη(s2 − s1, x2 − x1)

)
1[0,t]<n(s1, · · · , sn).

The n-multiple Stratonovich integral is defined in the following two steps:∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn

:= lim
η→0+

∫
(R+×Rd)n

gn,η(s1, · · · , sn, x1, · · · , xn, t, x)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn
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for any ϵ, δ > 0, and

S
(
gn(·, t, x)

)
:=

∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)W (ds1, x1) · · ·W (sn, xn)

:= lim
ϵ,δ→0+

∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)
( n∏

k=1

Ẇϵ,δ(sk, xk)

)
ds1 · · ·dsndx1 · · ·dxn

whenever both limits exist in L2(Ω,A,P). It will be verified later that the limits do exist
under the assumption (1.5). Therefore, it can be treated together with dimensions d= 1,2.

3. Stratonovich moment bound. Let the pair partition D ∈ Πn be fixed. Let µj,k(dξ)
((j, k) ∈D) be the finite measures on Rd such that

γj,k(x)≡
∫
Rd

eiξ·xµj,k(dξ)≥ 0 x ∈Rd.(3.1)

Since µj,k are finite, γj,k(x) are defined point-wise.
Let Aj,k ⊂R+ ((j, k) ∈D) be measurable and define

γ0j,k(r) = Γ(α0)
−1

∫
Aj,k

e−λ|r| dλ

λ1−α0
r ∈R.(3.2)

Clearly, γ0j,k(·) is non-negative and non-negative definite (see the trick played in (2.10) for
the second claim).

For any non-negative function G(t, x) on R+ ×Rd, we introduce the notations

∥G∥(0) ≡
∫
R+×Rd

G(t, x)dtdx (It is (j, k)-index free!),(3.3)

∥G∥(1)j,k ≡ Γ(α0)
−1

∫
Aj,k×Rd

∣∣∣∣ ∫
R+×Rd

e−λt+iξ·xG(t, x)dtdx
∣∣∣∣ dλ

λ1−α0
µj,k(dξ),(3.4)

∥G∥(2)j,k ≡
(∫

(R+×Rd)2
γ0j,k(s− t)γj,k(x− y)G(s,x)G(t, x)dsdxdtdy

)1/2

.(3.5)

The aim of this section is to provide a meaningful bound for the multiple integral∫
(R+)

n1
< ×(R+)

n2
<

ds1 · · ·ds2n
∫
(Rd)n1×(Rd)n2

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0j,k(sj − sk)γj,k(xj − xk)

with the non-negative functions Gl(t, x) (l= 1,2 · · · ,2n) such that ∥Gl∥(0),∥Gl∥
(1)
j,k ,∥Gl∥

(2)
j,k <

∞, where n1 and n2 are non-negative integers with 2n = n1 + n2, I1 = {1, · · · , n1} and
I2 = {n1 + 1, ·,2n}, and where the following conventions are adopted: s0 = 0, x0 = 0, and
sn1

= 0, xn1
= 0 in the expression Gn1+1(sn1+1 − sn1

, xn1+1 − xn1
). The settings n1 = 2n

(and therefore n2 = 0) and n2 = 2n (and therefore n1 = 0) are considered as the special cases
where the above integral takes the form∫

(R+)2n<

ds1 · · ·ds2n
∫
R2n

dx1 · · ·dx2n

×
( 2n∏

l=1

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0j,k(sj − sk)γj,k(xj − xk).
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THEOREM 3.1. There is a partition {Q0,Q1,Q2} of {1, · · · ,2n}, possibly depending on
n1, n2 and D, such that #(Q2) is even and #(Q0) =#(Q1) and that∫

(R+)
n1
< ×(R+)

n2
<

ds1 · · ·ds2n
∫
(Rd)n1×(Rd)n2

dx1 · · ·dx2n(3.6)

×
( 2∏

ρ=1

∏
l∈Iρ

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0j,k(sj − sk)γj,k(xj − xk)

≤
( ∏

l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
where the subscripts {(j, k) ∈ D} are distributed in the Q1-product and in the Q2-product
in the following way: First, the pair (j, k) appearing in the Q1-product does not appear in
the Q2-product, and vice versa. Second, the pair appearing in Q1-product appears exactly
once (so the number of different (j, k) in Q1-product is #(Q1)), while the pair in Q2-product
appears exactly twice (so the number of different (j, k) in Q2-product is 2−1#(Q2)).

To further illustrate labeling system used on the right hand side of (3.6), we consider the
special case n= 2 and D = {(1,2), (3,4)}. A possible bound on the right hand side of (3.6)
is (

∥G1∥(0)
)(

∥G2∥(1)1,2

)(
∥G3∥(2)3,4∥G4∥(2)3,4

)
.

where Q0 = {1}, Q1 = {2} and Q2 = {3,4}.
In another special case n = 3, D = {(1,5), (2,4), (3,6)}, a possible bound on the right

hand side of (3.6) is(
∥G1∥(0)∥∥G6∥(0)

)(
∥G3∥(1)1,5∥G5∥(1)2,4

)(
∥G2∥(2)3,6∥G4∥(2)3,6

)
where Q0 = {1,6}, Q1 = {3,5} and Q2 = {2,4}.

PROOF. We carry out argument by induction on n: When n= 1, there are three possible
forms for the left hand: "n1 = n2 = 1", "n1 = 2 and n2 = 0" or "n1 = 0 and n2 = 2".

When n1 = n2 = 1, the left hand of (3.6) is∫
R2

+

ds1ds2

∫
(Rd)2

dxdyG1(s1, x)G2(s2, y)γ
0
1,2(s1 − s2)γ1,2(x− y)≤ ∥G1∥(2)1,2∥G2∥{2}1,2

where the inequality follows from Cauchy-Schwartz’s inequality. So the claim holds with
Q0 =Q1 = ϕ and Q2 = {1,2}.

When n1 = 2 and n2 = 0, the left hand side is∫ ∫
{s1<s2}

ds1ds2

∫
(Rd)2

dxdyG1(s1, x)G2(s2 − s1, y− x)γ01,2(s1 − s2)γ1,2(x− y)

=

(∫
R+×Rd

G1(s1, x)ds1dx

)(∫
R+×Rd

G2(t, y)γ
0
1,2(t)γ1,2(y)dtdy

)
.
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Notice∫
R+×Rd

G2(t, y)γ
0
1,2(t)γ1,2(y)dtdy

=Γ(α0)
−1

∫
R+×Rd

G2(t, y)

(∫
A1,2×Rd

e−λt+iξ·y dλ

λ1−α0
µ1,2(dξ)

)
dtdy

=Γ(α0)
−1

∫
A1,2×Rd

(∫
R+×Rd

G2(t, y)e
−λt+iξ·ydtdy

)
dλ

λ1−α0
µ1,2(dξ)≤ ∥G2∥(1)1,2.

In summary∫ ∫
{s1<s2}

ds1ds2

∫
(Rd)2

dxdyG1(s1, x)G2(s2 − s1, y− x)|s1 − s2|−α0γ(x− y)

≤ ∥G1∥(0)∥G2∥(1)1,2.

Thus, the claim holds with Q0 = {1}, Q1 = {2} and Q2 = ϕ.
Similarly, when n1 = 0 and n2 = 2, the claim holds with the bound ∥G1∥(1)1,2∥G2∥(0) and

Q0 = {2}, Q1 = {1} and Q2 = ϕ.

Assume the claim holds for n− 1. We now verified it for n. Assume that j0 and k0 are
paired with 2n and n1, respectively, i.e. (j0,2n), (k0, n1) ∈D. The idea is to separate

G2n(s2n − s2n−1, x2n − x2n−1)γ
0
j0,2n(sj0 − s2n)γj0,2n(xj0 − x2n)

or

Gn1
(sn1

− sn1−1, xn1
− xn1−1)γ

0
k0,n1

(sk0
− sn1

)γk0,n1
(xk0

− xn1
),

whichever possible, from the multiple time-space integral.
We consider the following three possible cases: Case 1: j0 ∈ I2 or k0 ∈ I1. In other words,

at least one of n1 and 2n has a domestic pair. In the remaining settings, both n1 and 2n have
inter-group pairs. We shall treat it in the following two different cases: Case 2: j0 = n1 and
k0 = 2n, i.e., (n1,2n) ∈D; and Case 3: 1≤ j0 < n1 < k0 < 2n.

Case 1: We actually claim a better bound∫
(R+)

n1
< ×(R+)

n2
<

ds1 · · ·ds2n
∫
(Rd)n1×(Rd)n2

dx1 · · ·dx2n(3.7)

×
( 2∏

ρ=1

∏
l∈Iρ

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0j,k(sj − sk)γj,k(xj − xk)

≤ 1

2

( ∏
l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
in this case for the argument needed in Case 3.

Due to similarity, we only consider the case j0 ∈ I2. For sj0 ≤ s2n−1 ≤ s2n,

γ0j0,2n(s2n − sj0)≤ γ0j0,2n(s2n − s2n−1).
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Thus, the left hand side of (3.7) yields to the bound∫
(R+)

n1
< ×(R+)

n2−1
<

ds1 · · ·ds2n−1

∫
(Rd)n1×(Rd)n2−1

dx1 · · ·dx2n−1

×
( 2∏

ρ=1

∏
l∈I′

ρ

Gl(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D′

γ0j,k(sj − sk)γj,k(xj − xk)

)∫ ∞

s2n−1

ds2n

×
∫
Rd

dx2nG2n(s2n − s2n−1, x2n − x2n−1)γ
0
j0,2n(s2n − s2n−1)γj0,2n(x2n − xj0)

where I ′1 = I1 and I ′2 = I2 \ {2n} = {n1 + 1, · · · ,2n− 1} and D′ = D \ (j0,2n) ∈ Πn−1.
Notice∫ ∞

s2n−1

ds2n

∫
Rd

dx2nG2n(s2n − s2n−1, x2n − x2n−1)γ
0
j0,2n(s2n − s2n−1)γj0,2n(x2n − xj0)

=

∫ ∞

0
ds

∫
Rd

dx2nG2n(s,x2n − x2n−1)γ
0
j0,2n(s)

∫
Rd

eiξ·(x2n−xj0
)µj0,2n(dξ)

= Γ(α0)
−1

∫
Aj0,2n×Rd

dλ

λ1−α0
µ(dξ) exp

{
iξ · (x2n−1 − xj0)

}∫
R+×Rd

G2n(s,x)e
−λs+iξ·xdsdx

≤ Γ(α0)
−1

∫
Aj0,2n×Rd

dλ

λ1−α0
µ(dξ)

∣∣∣∣ ∫
R+×Rd

G2n(s,x)e
−λs+iξ·xdsdx

∣∣∣∣= ∥G2n∥(1)j0,2n
.

In summary, the left hand of (3.7) yields to the bound

∥G2n∥(1)j0,2n

∫
(R+)

n1
< ×(R+)

n2−1
<

ds1 · · ·ds2n−1

∫
(Rd)n1×(Rd)n2−1

dx1 · · ·dx2n−1

×
( 2∏

ρ=1

∏
l∈I′

ρ

Gl(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D′

γ0j,k(sj − sk)γj,k(xj − xk)

)
.(3.8)

Denote Ĩ1 = I1, Ĩ2 = I2 \ {j0,2n}. When j0 = 2n− 1, the right hand side is equal to

∥G2n∥(1)j0,2n
∥G2n−1∥(0)

∫
(R+)

n1
< ×(R+)

n2−2
<

ds1 · · ·ds2n−2

∫
(Rd)n1×(Rd)n2−2

dx1 · · ·dx2n−2

×
( 2∏

ρ=1

∏
l∈I′

ρ

Gl(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D′

γ0j,k(sj − sk)γj,k(xj − xk)

)
.

Applying the induction assumption, we yield the bound

∥G2n∥(1)j0,2n
∥G2n−1∥(0)

( ∏
l∈Q̃0

∥Gl∥(0)
)( ∏

l∈Q̃1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q̃2

∥Gl∥
(2)
(·,·)

)

=
1

2

( ∏
l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
where Q̃0, Q̃1, Q̃2 form a partition of {1, · · · ,2(n − 1)} obeying the rule described by
Theorem 3.1. Setting Q0 = Q̃0 ∪ {2n− 1}, Q1 = Q̃1 ∪ {2n} and Q2 = Q̃2 we have proved
(3.7).
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We now assume j0 < 2n− 1. Set

ds̃= ds1 · · ·dsj0−1dsj0+1 · · ·d2n−1 and dx̃= dx1 · · ·dxj0−1dxj0+1 · · ·d2n−1.

The bound in (3.8) can be written as

∥G2n∥(1)j0,2n

∫
(R+)

n1
< ×(R+)

n2−2
<

ds̃

∫
(Rd)n1×(Rd)n2−2

dx̃

( 2∏
ρ=1

∏
l∈Ĩρ

Gl(sl − sl−1, xl − xl−1)

)

×
(∫ sj0+1

sj0−1

∫
Rd

Gj0(sj0 − sj0−1, xj0 − xj0−1)Gj0+1(sj0+1 − sj0 , xj0+1 − xj01)dxj0dsj0

)
×
( ∏

(j,k)∈D′

γ0j,k(sj − sk)γj,k(xj − xk)

)
.

Notice∫ sj0+1

sj0−1

∫
Rd

Gj0(sj0 − sj0−1, xj0 − xj0−1)Gj0+1(sj0+1 − sj0 , xj0+1 − xj0)dxj0dsj0

= G̃j0,j0+1(sj0+1 − sj0−1, xj0+1 − xj0−1)

where

G̃j0,j0+1(t, x) =

∫ t

0

∫
Rd

Gj0(s, y)Gj0+1(t− s,x− y)dyds.

Therefore, by (3.8)∫
(R+)

n1
< ×(R+)

n2
<

ds1 · · ·ds2n
∫
(Rd)n1×(Rd)n2

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0j,k(sj − sk)γj,k(xj − xk)

≤ ∥G2n∥(1)j0,2n

∫
(R+)

n1
< ×(R+)

n2−2
<

ds̃

∫
(Rd)n1×(Rd)n2−2

dx̃

( 2∏
ρ=1

∏
l∈Ĩρ

Gl(sl − sl−1, xl − xl−1)

)

× G̃j0,j0+1(sj0+1 − sj0−1, xj0+1 − xj0−1)

( ∏
(j,k)∈D′

γ0j,ksj − sk)γj,k(xj − xk)

)
.

Applying the induction assumption with the functions (2(n− 1) of them)

G1, · · · ,Gj0−1, G̃j0,j0+1,Gj0+2, · · · ,G2n−1

with D′ =D\{j0,2n} and with 2(n− 1) = n1+(n2− 2), we have one of the three possible
bounds:

∥G2n∥(1)j0,2n
∥G̃j0,j0+1∥(i)(·,·)

( ∏
l∈Q̃(0)

∥Gl∥(0)
)( ∏

l∈Q̃1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q̃2

∥Gl∥
(2)
(·,·)

)
(3.9)

=
1

2
∥G̃j0,j0+1∥(i)(·,·)

( ∏
l∈Q̃(0)

∥Gl∥(0)
)( ∏

l∈Q̃1∪{2n}

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q̃2

∥Gl∥
(2)
(·,·)

)
with i= 0,1,2, where Q̃0, Q̃1, Q̃2 form a partition of {1, · · · ,2n− 1} \ {j0, j0 + 1}. When
i = 0, ∥G̃j0,j0+1∥(0)(·,·) = ∥G̃j0,j0+1∥(0) is free of (j, k)-index. As i = 1,2, ∥G̃j0,j0+1∥(i) =
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∥G̃j0,j0+1∥(i)j1,k1
for some (j1, k1) ∈ D′ (recall that D′ is a pair partition on {1, · · · ,2n} \

{j0,2n}).

When i= 0, by induction assumption 1+#(Q̃0) =#(Q̃1), #(Q̃2) is even. Recall that all
(j, k) ∈D′ have been assigned into Q̃1 and Q̃2 according to the statement of Theorem 3.1. In
particular, the number of (j, k) ∈D′ in Q̃1- product is #(Q̃1) and the number of (j, k) ∈D′

in Q̃2- product is 2−1#(Q̃2). Further

∥G̃j0,j0+1∥0 = ∥Gj0∥(0)∥Gj0+1∥(0).

The bound (3.7) has been verified with Q0 = Q̃0 ∩ {j0, j0 + 1}, Q1 = Q̃1 ∪ {2n} and Q2 =
Q̃2.

When i= 1, #(Q̃0) = 1+#(Q̃1), #(Q̃2) is even. Recall that ∥G̃j0,j0+1∥(1) = ∥G̃j0,j0+1∥(1)j1,k1

for some (j1, k1) ∈ D′ = D \ {j0,2n}. All (j, k) ∈ D′ \ {(j1, k1)} have been assigned into
Q̃1 and Q̃2 in a way that #(Q̃1)− 1 of them are in Q̃1- product and remaining of them (the
number is 2−1#(Q̃2)) are in Q̃2-product (each of them appeasers twice).

∥G̃j0,j0+1∥(1)j1.k1
=Γ(α0)

−1

∫
Aj1,k1×Rd

∣∣∣∣ ∫
R+×Rd

Gj0(t, x)e
−λt+iξ·xdtdx

∣∣∣∣
×
∣∣∣∣ ∫

R+×Rd

Gj0+1(t, x)e
−λt+iξ·xdtdx

∣∣∣∣ dλ

λ1−α0
µ(dξ)

≤
{
Γ(α0)

−1

∫
Aj1,k1×Rd

∣∣∣∣ ∫
R+×Rd

Gj0(t, x)e
−λt+iξ·xdtdx

∣∣∣∣2 dλ

λ1−α0
µ(dξ)

}1/2

×
{
Γ(α0)

−1

∫
Aj1,k1

×Rd

∣∣∣∣ ∫
R+×Rd

Gj0+1(t, x)e
−λt+iξ·xdtdx

∣∣∣∣2 dλ

λ1−α0
µ(dξ)

}1/2

.

Notice

Γ(α0)
−1

∫
Aj1,k1

×Rd

∣∣∣∣ ∫
R+×Rd

Gj0(t, x)e
−λt+iξ·xdtdx

∣∣∣∣2 dλ

λ1−α0
µ(dξ)

=

∫
(R+×Rd)2

γ0j1,k1
(s+ t)γj,k(x− y)Gj0(s,x)Gj0(t, x)dsdtdxdy

≤
(
∥Gj0∥

(2)
j1,k1

)2
.

Same thing happens to Gj0+1-factor. Thus,

∥G̃j0,j0+1∥(1)j1,k1
≤ ∥Gj0∥

(2)
j1,k1

∥Gj0+1∥(2)j1,k1
.

So (3.7) has been varified with Q0 = Q̃0, Q1 = Q̃1 ∪ {2n} and Q2 = Q̃2 ∪ {j0, j0 + 1}.
When i= 2, #(Q̃0) = #(Q̃1), #(Q̃2) is odd. The the pairs (j, k) ∈ D′ are distributed in

a way that #(Q̃1) of them are in Q̃1-product and remaining of them are in Q̃2-product. All
(j, k) in Q̃2-product appears twice except (j1, k1) (which appears once). Consequently, the
number of (j, k) ∈D′ in Q̃1 is #(Q̃1) and the number of (j, k) ∈D′ in Q̃2 is 2−1(#(Q̃2) +
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1). Further

∥G̃j0,j0+1∥(2)j1,k1

=

{∫
(R+×Rd)2

γ0j1,k1
(s− r)γj1,k1

(x− y)G̃j0,j0+1(s,x)G̃j0,j0+1(r, y)dsdxdrdy

}1/2

=

{∫
Rd+1

∣∣∣∣ ∫ ∞

0

∫
Rd

eiλt+iξ·xG̃j0,j0+1(t, x)dxdt

∣∣∣∣2µ0
j1,k1

(dλ)µj,k(dξ)

}1/2

where µ0
j1,k1

(dλ) is the spectral measure of γ0j1,k1
(·) (Recall that γ0j1,k1

(·) is non-negative-
definite).

Notice∣∣∣∣ ∫ ∞

0

∫
Rd

eiλt+iξ·xG̃j0,j0+1(t, x)dxdt

∣∣∣∣
=

∣∣∣∣(∫ ∞

0

∫
Rd

eiλt+iξ·xGj0(t, x)dxdt

)(∫ ∞

0

∫
Rd

eiλt+iξ·xGj0+1(t, x)dxdt

)∣∣∣∣
≤ ∥Gj0∥(0)

∣∣∣∣ ∫ ∞

0

∫
Rd

eiλt+iξ·xGj0+1(t, x)dxdt

∣∣∣∣.
Therefore,

∥G̃j0,j0+1∥(2)j1,k1

≤ ∥Gj0∥(0)
{∫

Rd+1

∣∣∣∣ ∫ ∞

0

∫
Rd

eiλt+iξ·xGj0+1(t, x)dxdt

∣∣∣∣2µ0
j1,k1

(dλ)µj1,k1
(dξ)

}1/2

= ∥Gj0∥(0)∥Gj0+1∥(2)j1,k1
.

The bound (3.7) has been varified with Q0 = Q̃0 ∪ {j0}, Q1 = Q̃1 ∪ {2n} and Q2 = Q̃2 ∪
{j0 + 1}.

Case 2. Write Ĩ1 = {1, · · · , n1 − 1}, Ĩ2 = {n1 + 1, · · · ,2n− 1} and

ds̃= ds1 · · ·dsn1−1dsn1+1 · · ·ds2n−1 and dx̃= dx1 · · ·dxn1−1dxn1+1 · · ·dx2n−1.

Since (n1,2n) ∈D in this case, the left hand side of (3.6) is equal to∫
(R+)

n1−1
< ×(R+)

n2−1
<

ds̃

∫
(Rd)n1−1×(Rd)n2−1

dx̃

×
( 2∏

ρ=1

∏
l∈Ĩρ

Gl(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D̃

γ0j,ksj − sk)γj,k(xj − xk)

×
∫ ∞

sn1−1

∫ ∞

s2n−1

∫
Rd×Rd

dsn1
ds2ndxn1

dx2nγ
0
n1,2n(s2n − sn1

)γn1,2n(x2n − xn1
)

×Gn1
(sn1

− sn1−1, xn1
− xn1−1)G2n(s2n − s2n−1, x2n − x2n−1).
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where D̃ =D \ {n1,2n}. Notice∫ ∞

sn1−1

∫ ∞

s2n−1

∫
Rd×Rd

dsn1
ds2ndxn1

dx2nγ
0
n1,2n(s2n − sn1

)γn1,2n(x2n − xn1
)

×Gn1
(sn1

− sn1−1, xn1
− xn1−1)G2n(s2n − s2n−1, x2n − x2n−1)

=

∫ ∞

0

∫ ∞

0

∫
Rd×Rd

dsdrdxdyγ0n1,2n(s− r)γn1,2n(x− y)Gn1
(s,x− xn1−1)G2n(r, y− x2n−1)

≤ ∥Gn1
∥(2)n1,2n

∥G2n∥(2)n1,2n

where last step follows from Cauchy-Schwartz inequality and then shift-invariance of the
space variables.

By the induction assumption, we have the bound

∥Gn1
∥(2)n1,2n

∥G2n∥(2)n1,2n

( ∏
l∈Q̃0

∥Gl∥(0)
)( ∏

l∈Q̃1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q̃2

∥Gl∥
(2)
(·,·)

)
where Q̃0, Q̃1, Q̃2 form a partition of {1, · · · ,2n} \ {n1,2n} with #(Q̃0) = #(Q̃1) and
#(Q̃2) being even. All (j, k) ∈D′ are distributed according to the statement of Theorem 3.1.
In particular, the number of (j, k) in Q̃1 is #(Q̃1) and number of of (j, k) in Q̃2 is 2−1#(Q̃2).
The bound(3.6) has been varified with Q0 = Q̃0, Q1 = Q̃1 and Q2 = Q̃2 ∪ {n1,2n}.

Case 3. Recall that this is the case when (j0,2n), (k0, n1) ∈ D with j0 ∈ I1, k1 ∈ I2 and
j0 ̸= n1, k0 ̸= 2n. The idea essentially comes from the treatment in Case 1. The extra obstacle
comes from the fact that there is no restrictive order between sj0 and s2n, nor between sk0

and sn1
, as (j0,2n) and (k0, n1) are inter-group pairs. To fix it, we break the left hand side

of (3.6) into two parts by the indicators 1{sj0≤s2n−1} and 1{sj0>s2n−1}
On {s2n−1 ≥ sj0}, γ0j0,2n(s2n − sj0)≤ γ0j0,2n(s2n − s2n−1). By a strategy same as the one

used for (3.9), the first part of the decomposition yields the bound in (3.7), i.e.,

1

2

( ∏
l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
.

On {s2n−1 < sj0}, on the other hand, sn1−1 ≥ sj0 > s2n−1 ≥ sk0
. Therefore γ0n1,k0

(sn1
−

sk0
) ≤ γ0n1,k0

(sn1
− sn1−1). Repeating the same procedure (with 2n being replaced by n1),

the second part of the decomposition has the bound (3.7), i.e.,

1

2

( ∏
l∈Q′

0

∥Gl∥(0)
)( ∏

l∈Q′
1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q′

2

∥Gl∥
(2)
(·,·)

)
for the partition Q′

1, Q′
2, Q′

3 of {1, · · · ,2n} that meets all requirement given in Theorem 3.1.
Therefore, the left hand side of (3.6) is less than or equal to

1

2

{( ∏
l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)

+

( ∏
l∈Q′

0

∥Gl∥(0)
)( ∏

l∈Q′
1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q′

2

∥Gl∥
(2)
(·,·)

)}
.

Between the partitions {Q0,Q1,Q2} and {Q′
0,Q

′
1,Q

′
2}, choosing the one that produces the

larger product completes the induction. □
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4. Stratonovich integrability of gn(·, t, x). Let n ≥ 1 be fixed and recall that
gn(·, t, x) is defined in (2.16). Through this section, we adopt the following notations:

ϵ= (ϵ1, · · · , ϵn), ϵ̃= (ϵn+1, · · · , ϵ2n) and δ = (δ1, · · · , δn), δ̃ = (δ̃n+1, · · · δ̃2n)

ϵ̄= (ϵ, ϵ̃) = (ϵ1, · · · , ϵ2n) and δ̄ = (δ, δ̃) = (δ1, · · · , δ2n)

for ϵ1, · · · , ϵ2n, δ1, · · · , δ2n > 0. The notation "ϵ→ 0+ means ϵ1, · · · , ϵn → 0+. The notations
"ϵ̃→ 0+", "δ→ 0+", "δ̃→ 0+", "ϵ̄→ 0+" and "δ̄→ 0+" are used in obvious way.

Set

Sn,ϵ,δ

(
gn(·, t, x)

)
=

∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)(4.1)

×
( n∏

k=1

Ẇϵk,δk(sk, xk)

)
ds1 · · ·dsndx1 · · ·xn.

The main goal of this section is

THEOREM 4.1. Under the condition (1.5), the limit

lim
ϵ,δ→0+

Sn,ϵ,δ

(
gn(·, t, x)

)
(4.2)

exists in L2(Ω,A,P) for each n≥ 1, t > 0 and x ∈Rd. Consequently, gn(·, t, x) is n-multiple
Stratonovich integrable. Further,

E
[
Sn

(
gn(·, t, x)

)]2
=
∑
D∈Πn

∫
[0,t]n<×[0,t]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n(4.3)

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk|−α0γ(xj − xk)

where, I1 = {1, · · · , n}, I2 = {n+ 1, · · ·2n}, where, to simplify the notation, we follow the
convention on the right hand side that s0 = 0, x0 = 0, sn = 0, xn = 0 in the expression
G(sn+1 − sn, xn+1 − xn).

Notice that under the initial condition given in (1.1) and due to the stationarity of the
Gaussian noise in the space variable,

Sn,ϵ,δ

(
gn(·, t, x)

) d
= Sn,ϵ,δ

(
gn(·, t,0)

)
we may take x = 0 in the proof of Theorem 4.1. By Lemma 2.4, to establish (4.2), all we
need is to prove that the limit

lim
ϵ̄,δ̄→0+

ESn,ϵ,δ

(
gn(·, t,0)

)
Sn,ϵ̃,δ̃

(
gn(·, t,0)

)
(4.4)
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exists. By Wick’s formula (2.19) and the covariance identity (2.11)

ESn,ϵ,δ

(
gn(·, t,0)

)
Sn,ϵ̃,δ̃

(
gn(·, t,0)

)
=
∑
D∈Πn

∫
(R+×Rd)2n

gn(s1, · · · , sn, x1, · · · , xn, t,0)gn(sn+1, · · · , s2n, xn+1, · · · , x2n, t,0)

×
∏

(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk)

=
∑
D∈Πn

∫
[0,t]n<×[0,t]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n
(
G(t− sn,−xn) · · ·G(s2 − s1, x2 − x1)

)
×
(
G(t− s2n,−x2n) · · ·G(sn+2 − sn+1, xn+2 − xn+1)

) ∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk)

where γ0δ (·) and γϵ(·) are defined in (2.24).
Under the substitution sl 7→ t− sn−l+1, xl 7→ −xn−l+1 (1≤ l≤ n) and sl 7→ t− s2n−l+1,

xl 7→ −x2n−l+1 (n+ 1≤ l≤ 2n), the right hand side is equal to∑
D∈Πn

∫
[0,t]n<×[0,t]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx1 · · ·dx2n
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

γδσ(j)∨δσ(k)
(sσ(j) − sσ(k))γϵσ(j)+ϵσ(k)

(xσ(j) − xσ(k))

where σ is the permutation on {1,2, · · · ,2n} such that σ(l) = n− l+ 1 (l ∈ I1) and σ(l) =
2n− l+ 1 (l ∈ I2). Since σ(I1) = I1 and σ(I2) = I2, the equality continues to be equal to∑

D∈Πn

∫
[0,t]n<×[0,t]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx1 · · ·dx2n
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

γ0δj∨δk
(sj − sk)γϵj+ϵk(xj − xk).

In summary,

ESn,ϵ,δ

(
gn(·, t,0)

)
Sn,ϵ̃,δ̃

(
gn(·, t,0)

)
(4.5)

=
∑
D∈Πn

∫
[0,t]n<×[0,t]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0δj∨δk
(sj − sk)γϵj+ϵk(xj − xk).

To prove Theorem 4.1, by continuity theorem of Laplace transform, part of our strategy is
to establish the existence of the limit

lim
ϵ→0+

∫
R+

dt1dt2 exp
{
− θ1t1 − θ2t2}

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n · · ·

to the integrals on the right hand side of (4.5) for fixed δ.
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To this end, let θ1, θ2 > 0 be fixed but arbitrary and set

g̃ρ(s1, · · · , sn, x1, · · · , xn)

=

( n∏
l=1

e−θρ(sl−sl−1)G(sl − sl−1, xl − xl−1)

)
1(R+)n<(s1, · · · , sn)

with ρ= 1,2 and the convention s0 = 0 and x0 = 0. Consider the function

Fϵ̄(t1, · · · , t2n)≡
∫ t1

0
· · ·
∫ t2n

0
ds1, · · ·ds2n

∫
(Rd)2n

dx1 · · ·dx2n(4.6)

× g̃1(s1, · · · , sn, x1, · · · , xn)g̃2(sn+1, · · · , s2n, xn+1, · · · , x2n)

×
∏

(j,k)∈D

γϵj+ϵk(xj − xk).

The constructions of g̃ρ(s1, · · · , sn, x1, · · · , xn) and Fϵ̄(t1, · · · , t2n) serves our purpose
through the relation given in (4.11) below.

LEMMA 4.2. There is a constant C independent of ϵ̄ such that

Fϵ̄(+∞, · · · ,+∞)≤C <∞.(4.7)

Further, the distribution function (up to normalization) Fϵ̄ weakly converges as ϵ̄→ 0+.

PROOF. Let λ1, · · · , λ2n > 0 be fixed but arbitrary.∫
R2n

+

exp
{
−

2n∑
l=1

λltl

}
Fϵ̄(dt1, · · · , dt2n)

=

∫
(Rd)2n

dx

( ∏
(j,k)∈D

γϵj+ϵk(xj − xk)

)∫
R2n

+

exp
{
−

2n∑
l=1

λltl

}
× g̃1(t1, · · · , tn, x1, · · · , xn)g̃2(tn+1, · · · , t2n, xn+1, · · · , x2n)dt1 · · ·dt2n.

There is the main reason for the Laplace transfrom: The weak convergence claimed in Lemma
4.2 requires that

lim
ϵ̄→0+

Fϵ̄(t1, · · · , t2n)

exists at the continuous points of Fϵ̄. This is not a trivial matter as Fϵ̄ is not monotonic in
ϵ1, · · · , ϵ2n. On the other hand, we shall see that the proposed Laplace transform installs the
needed monotonicity. In addition, the proposed Laplace transform reduces the proof of (4.7)
to the bounds for the moment of the Brownian intersection local times.

By our set-up∫
R2n

+

exp
{
−

2n∑
l=1

λltl

}
g̃1(t1, · · · , tn, x1, · · · , xn)g̃2(tn+1, · · · , t2n, xn+1, · · · , x2n)dt1 · · ·dt2n

=

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
−

2n∑
l=1

λltl

}( 2∏
ρ=1

∏
l∈Iρ

e−θρ(tl−tl−1)G(tl − tl−1, xl − xl−1)

)
.
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Write
2n∑
l=1

λltl =

2∑
ρ=1

∑
l∈Iρ

λltl =

2∑
ρ=1

∑
l∈Iρ

cl(tl − tl−1)

where

cl =

n∑
k=l

λk (1≤ l≤ n) and cl =

2n∑
k=n+l

λk (n+ 1≤ l≤ 2n).

The right hand side is equal to∫
(R+)n<×(R+)n<

dt1 · · ·dt2n
( 2∏

ρ=1

∏
l∈Iρ

e−(cl+θρ)(tl−tl−1)G(tl − tl−1, xl − xl−1)

)

=

2∏
ρ=1

∏
l∈Iρ

∫ ∞

0
dte−(cl+θρ)tG(t, xl − xl−1)

=
(1
2

)2n 2∏
ρ=1

∏
l∈Iρ

∫ ∞

0
dt exp

{
− 1

2
(cl + θρ)

2t
}
p(t, xl − xl−1)

=
(1
2

)2n ∫
(R+)n<×(R+)n<

dt1 · · ·dt2n

×
2∏

ρ=1

∏
l∈Iρ

exp
{
− 1

2
(cl + θρ)

2(tl − tl−1)
}}

p(tl − tl−1, xl − xl−1)

where p(t, x) is the Brownian semi-group defined in (1.20) and the second step follows from
the identity (1.19).

In summary∫
R2n

+

exp
{
−

2n∑
l=1

λltl

}
Fϵ̄(dt1, · · · , dt2n)

=
(1
2

)2n ∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2

2∑
ρ=1

∑
l∈Iρ

(cl + θρ)
2(tl − tl−1)

}

×
∫
(Rd)2n

dx

( 2∏
ρ=1

∏
l∈Iρ

p(tl − tl−1, xl − xl−1)

)( ∏
(j,k)∈D

γϵj+ϵk(xj − xk)

)
.

Notice that the function

f(x1, · · · , x2n) =
2∏

ρ=1

∏
l∈Iρ

p(tl − tl−1, xl − xl−1)

is the density of the random vector
(
B1(t1), · · · ,B1(tn),B2(tn+1), · · · ,B2(t2n)

)
, where

B1(t) and B2(t) are two independent d-dimensional Brownian motions. Let "E0" denote
the expectation of the Brownian motions and let the map v: {1, · · · ,2n} −→ {1,2} be given
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by v(Iρ) = {ρ} (ρ= 1,2). We have∫
(Rd)2n

dx

( 2∏
ρ=1

∏
l∈Iρ

p(tl − tl−1, xl − xl−1)

)( ∏
(j,k)∈D

γϵj+ϵk(xj − xk)

)
= E0

∏
(j,k)∈D

γϵj+ϵk

(
Bv(j)(tj)−Bv(k)(tk)

)
=

∫
(Rd)n

exp

{
− 1

2

∑
(j,k)∈D

(ϵj + ϵk)|ξj,k|2
}
E0 exp

{
i
∑

(j,k)∈D

ξj,k ·
(
Bv(j)(tj)−Bv(k)(tk)

)}
×

∏
(j,k)∈D

µ(dξj,k)

=

∫
(Rd)n

exp

{
−

∑
(j,k)∈D

(ϵj + ϵk)|ξj,k|2
}
exp

{
− 1

2
Var

( ∑
(j,k)∈D

ξj,k ·
(
Bv(j)(tj)−Bv(k)(tk)

))}
×

∏
(j,k)∈D

µ(dξj,k).

The right hand side is monotone in ϵ1, · · · , ϵ2n1. Using monotone convergence we conclude
that the limit

lim
ϵ̄→0+

∫
R2n

+

exp
{
−

2n∑
l=1

λltl

}
Fϵ̄(dt1, · · · , dt2n)(4.8)

=
(1
2

)2n
E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2

2∑
ρ=1

∑
l∈Iρ

(cl + θρ)
2(tl − tl−1)

}
×

∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
exists as a extended real number. Further,∫

R2n
+

exp
{
−

2n∑
l=1

λltl

}
Fϵ̄(dt1, · · · , dt2n)

≤
(1
2

)2n
E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2

2∑
ρ=1

∑
l∈Iρ

(cl + θρ)
2(tl − tl−1)

}
×

∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)

≤
(1
2

)2n
E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2

2∑
ρ=1

∑
l∈Iρ

θ2ρ(tl − tl−1)
}

×
∏

(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
1This is the main reason that we introduce the Laplacian parameters λ1, · · · , λ2n
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Noticing that
2∑

ρ=1

∑
l∈Iρ

θ2ρ(tl − tl−1) = θ21tn + θ22t2n

and taking λ1 = · · ·= λ2n = 0 on the left hand side,

Fϵ̄(+∞, · · · ,+∞)

≤
(1
2

)2n
E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2
(θ21tn + θ22t2n)

}
×

∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
.

To complete the proof, therefore, all we need is

E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2
(θ21tn + θ22t2n)

}
(4.9)

×
∏

(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
<∞.

By the fact that

θ1θ2

∫ ∞

tn

ds1

∫ ∞

t2n

ds2 exp
{
− 1

2
(θ21(s1 − tn) + θ22(s2 − t2n)

}
= 1.

and by Fubini’s theorem,

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2
(θ21tn + θ22t2n)

} ∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)(4.10)

=

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2
(θ21tn + θ22t2n)

} ∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
× θ1θ2

∫ ∞

tn

ds1

∫ ∞

t2n

ds2 exp
{
− 1

2
(θ21(s1 − tn) + θ22(s2 − t2n)

}
= θ1θ2

∫ ∞

0

∫ ∞

0
ds1ds2 exp

{
− 1

2
(θ21s1 + θ22s2)

}∫
[0,s1]n<×[0,s2]n<

dt1 · · ·dt2n

×
∏

(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
.

In addition, ∫
[0,s1]n<×[0,s2]n<

dt1 · · ·dt2n
∏

(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
≤
∫
[0,s1]n×[0,s2]n

dt1 · · ·dt2n
∏

(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
=

∏
(j,k)∈D

∫ sv(j)

0

∫ sv(k)

0
γ
(
Bv(j)(t1)−Bv(k)(t2)

)
dt1dt2
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where the last step follows from Fubini’s theorem. For the mutual intersection local times on
the right hand side (i.e., for the (j, k) ∈D but j and k coming from different groups) we treat
them by Fourier transform∫ s1

0

∫ s2

0
γ
(
B1(t1)−B2(t2)

)
dt1dt2

=

∫
Rd

µ(dξ)

∫ s1

0

∫ s2

0
exp

{
iξ · (B1(t1)−B2(t2))

}
dt1dt2

=

∫
Rd

µ(dξ)

[∫ s1

0
eiξ·B1(t)dt

][∫ s2

0
eiξ·B2(t)dt

]

≤
{∫

Rd

µ(dξ)

∣∣∣∣ ∫ s1

0
eiξ·B1(t)dt

∣∣∣∣2}1/2{∫
Rd

µ(dξ)

∣∣∣∣ ∫ s2

0
eiξ·B2(t)dt

∣∣∣∣2}1/2

=

{∫ s1

0

∫ s1

0
γ
(
B1(t1)−B1(t2)

)
dt1dt2

}1/2{∫ s2

0

∫ s2

0
γ
(
B2(t1)−B2(t2)

)
dt1dt2

}1/2

.

We therefore have∏
(j,k)∈D

∫ sv(j)

0

∫ sv(k)

0
γ
(
Bv(j)(t1)−Bv(k)(t2)

)
dt1dt2

≤
[∫ s1

0

∫ s1

0
γ
(
B1(t1)−B1(t2)

)
dt1dt2

]n[∫ s2

0

∫ s2

0
γ
(
B2(t1)−B2(t2)

)
dt1dt2

]n
.

Summarizing the steps since (4.10),

E0

∫
(R+)n<×(R+)n<

dt1 · · ·dt2n exp
{
− 1

2
(θ21tn + θ22t2n)

} ∏
(j,k)∈D

γ
(
Bv(j)(tj)−Bv(k)(tk)

)
≤ θ1θ2

{∫ ∞

0
exp

{
− θ21

2
s
}
E0

[∫ s

0

∫ s

0
γ
(
B(t1)−B(t2)

)
dt1dt2

]n
ds

}
×
{∫ ∞

0
exp

{
− θ22

2
s
}
E0

[∫ s

0

∫ s

0
γ
(
B(t1)−B(t2)

)
dt1dt2

]n
ds

}
<∞

where the last step follows from (6.1), Lemma 6.1 in [14].□

LEMMA 4.3. For any D ∈Πn, t1, t2 > 0 and η > 0, the limit

lim
ϵ̄→0+

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0η(sj − sk)γϵj+ϵk(xj − xk)

exists and is finite.

PROOF. The weak convergence of Fϵ̄ established in Lemma 4.2 can be stated as the
existence of the limit

lim
ϵ̄→0+

∫
R2n

+

φ(t1, · · · , t2n)Fϵ̄(dt1, · · · , dt2n)
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for any bounded, continuous and non-negative function φ(t1, · · · , t2n) on R2n
+ . On the other

hand, similar to (4.10),

∫
R2n

+

φ(t1, · · · , t2n)Fϵ̄(dt1, · · · , dt2n)

(4.11)

=

∫
(R+)n<×(R+)n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

( 2∏
ρ=1

∏
l∈Iρ

e−θρ(sl−sl−1)G(sl − sl−1, xl − xl−1)

)
×φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk)

= (θ1θ2)

∫
R2

+

dt1dt2 exp{−θ1t1 − θ2t2}
∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk).

We reach the conclusion that the limit

lim
ϵ̄→0+

∫
R2

+

dt1dt2 exp{−θ1t1 − θ2t2}
∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk)

exists for any θ1, θ2 > 0. Set

GD
ϵ̄ (t1, t2) =

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk).

By continuity theorem of Laplace transform again, GD
ϵ̄ (t1, t2) weakly converges: There is a

non-decreasing and right continuous function GD(t1, t2) such that

lim
ϵ̄→0+

GD
ϵ̄ (t1, t2) = GD(t1, t2)(4.12)

at every continuous point (t1, t2) of GD(·, ·). (Actually, Theorem 5.22, [27] is stated for
probability measures on (R+)d. The case of general measures on (R+)d can be derived as
in the proof of Theorem 2a, Section 1, Chapter 2, [24] Although this theorem only considers
measures on R+ its extension to R2

+ is routine).
We now claim that GD(·, ·) is continuous on R+ × R+. Consequently, this is to say that

(4.12) holds on R+×R+ and therefore Lemma 4.3 holds. To prove it, all we need is to show
that

lim
η1,η2→0+

sup
ϵ̄

{
GD
ϵ̄ (t1, t2)−GD

ϵ̄ (t1 − η1, t2 − η2)
}
= 0
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for every (t1, t2) ∈R+ ×R+, Or,

lim
η1,η2→0+

sup
ϵ̄

∫
([0,t1]n<×[0,t2]n<)\([0,t1−η1]n<×[0,t2−η2]n<)

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk) = 0.

Indeed,∫
([0,t1]n<×[0,t2]n<)\([0,t1−η1]n<×[0,t2−η2]n<)

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
φ(s1, · · · , s2n)

∏
(j,k)∈D

γϵj+ϵk(xj − xk)

≤ sup
t1,··· ,t2n

φ(t1, · · · , t2n)
∫
([0,t1]n<×[0,t2]n<)\([0,t1−η1]n<×[0,t2−η2]n<)

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γϵj+ϵk(xj − xk).

Thus, our claim follows from the fact (established in the proof of Lemma 3.6, [14]) that

lim
η1,η2→0+

sup
ϵ̄

∫
([0,t1]n<×[0,t2]n<)\([0,t1−η1]n<×[0,t2−η2]n<)

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γϵj+ϵk(xj − xk) = 0

Thus, (4.12) holds for every (t1, t2) ∈R+ ×R+. Taking

φ(t1, · · · , t2n) =
∏

(j,k)∈D

γ0η(tj − tk)

in (4.12) completes the proof. □

LEMMA 4.4. For any D ∈Πn, t1, t2 > 0, the limit

lim
ϵ̄,δ̄→0+

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk)

exists and finite.

REMARK 4.5. In view (4.5), Lemma 4.4 leads to the existence of the limit in (4.4), and
therefore (Lemma 2.4) to the existence of the L2-limit in (4.2). According to the definition
given in (2.25), Lemma 4.4 justifies the use of the notation∫

[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk|−α0γ(xj − xk).



HYPERBOLIC ANDERSON EQUATION 31

Therefore, taking limit in (4.5) leads to (4.3). That completes the proof of Theorem 4.1

PROOF. Let

Gϵ̄,δ̄(t1, t2) =

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk).

For each η > 0

Gϵ̄,η(t1, t2) = Gϵ̄,δ̄(t1, t2)
∣∣∣
δ1=···=δ2n=η

and

Gϵ̄,0(t1, t2) =

∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk)|−α0γϵj+ϵk(xj − xk).

By the monotonicity of Gϵ̄,δ̄(t1, t2) in δ1. · · · δ2n and by (1.21),

Gϵ̄,η(t1, t2)≤ Gϵ̄,δ̄(t1, t2)≤ Gϵ̄,0(t1, t2)

whenever δ1, · · · , δ2n < η. Therefore,

lim
ϵ̄→0+

Gϵ̄,η(t1, t2)≤ lim inf
ϵ̄,δ̄→0+

Gϵ̄,δ̄(t1, t2)≤ lim inf
ϵ̄,δ̄→0+

Gϵ̄,δ̄(t1, t2)≤ limsup
ϵ̄→0+

Gϵ̄,0(t1, t2)

where the limit on the left end is guarantteed by Lemma 4.3. To complete the proof, all we
need is that

lim
η→0+

{
Gϵ̄,0(t1, t2)−Gϵ̄,η(t1, t2)

}
= 0 uniformly over ϵ̄.(4.13)

Indeed, (4.13) implies that for any η1 > 0,

limsup
ϵ̄→0+

Gϵ̄,0(t1, t2)≤ η1 + lim
ϵ̄→0+

Gϵ̄,η(t1, t2)

as η is sufficiently small. Since lim
ϵ̄→0+

Gϵ̄,η(t1, t2)<∞ according to Lemma 4.3, in particular,

limsup
ϵ̄→0+

Gϵ̄,0(t1, t2) < ∞. On the other hand, by the fact that lim
ϵ̄→0+

Gϵ̄,η(t1, t2) is non-

increasing in η, the limit

lim
η→0+

lim
ϵ̄→0+

Gϵ̄,η(t1, t2)

exists and is finite (as it is bounded by limsup
ϵ̄→0+

Gϵ̄,0(t1, t2)). So we have

lim
η→0+

lim
ϵ̄→0+

Gϵ̄,η(t1, t2)≤ lim inf
ϵ̄,δ̄→0+

Gϵ̄,δ̄(t1, t2)≤ lim inf
ϵ̄,δ̄→0+

Gϵ̄,δ̄(t1, t2)≤ η1+ lim
η→0+

lim
ϵ̄→0+

Gϵ̄,η(t1, t2)

Letting η1 → 0+ leads to the proof of Lemma 4.4.
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It remains to prove (4.13). For being consistent to the notation γ0δ (·) for time-covariance,
by (1.21) we use γ00(·) instead of | · |−α0 . Notice∏

(j,k)∈D

γ00(sj − sk)−
∏

(j,k)∈D

γ0η(sj − sk)

≤
∑

(j1,k1)∈D

(γ00 − γ0η)(sj1 − sk1
)

∏
(j,k)∈D\{(j1,k1)}

γ00(sj − sk).

All we need is to show that for every (j1, k1) ∈D∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

( 2∏
ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)

×
( ∏

(j,k)∈D

γϵj+ϵk(xj − xk)

)(
(γ00 − γ0η)(sj1 − sk1

)
∏

(j,k)∈D\{(j1,k1)}

γ00(sj − sk)

)
converges to 0 uniformly over ϵ̄.

We are in the position of using Theorem 3.1. Set

γ0j1,k1
(u) = (γ00 − γ0η)(·) = Γ(α0)

−1

∫ ∞

η−1

e−λ|u| dλ

λ1−α0

and γ0j,k(·) = γ00(u) for (j, k) ̸= (k1, j1). The above integral is written as∫
[0,t1]n<×[0,t2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

( 2∏
ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)

×
( ∏

(j,k)∈D

γ0j,k(sj − sk)γϵj+ϵk(xj − xk)

)

≤ et1+t2

∫
(R+)2

exp{−t̃1 − t̃2}
∫
[0,t̃1]<n×[0,t̃2]n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D

γ0j,k(sj − sk)γϵj+ϵk(xj − xk)

)

= et1+t2

∫
(R+)n<×(R+)n<

ds1 · · ·ds2n
∫
(Rd)2n

dx

×
( 2∏

ρ=1

∏
l∈Iρ

e−(sl−sl−1)G(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D

γ0j,k(sj − sk)γϵj+ϵk(xj − xk)

)
.

Applying Theorem 3.1 to Gl(t, x) = e−tG(t, x) (1≤ l ≤ 2n), the integral on the right hand
side yields the bound( ∏

l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
where Q0, Q1, Q2 form a partition of {1, · · · ,2n} with #(Q0) =#(Q1) and #(Q2) is even.
What important to our course is that (j1, k1) either appears in Q1-product once or in Q2

twice. By (2.4)

∥Gl∥(0) =
∫ ∞

0

∫
Rd

e−tG(t, x)dxdt=

∫ ∞

0
te−tdt= 1 l= 1,2, · · ·2n.
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The rest of the argument is to check that ∥Gl∥
(i)
j,k (i= 1,2) are bounded uniformly over ϵ̄ for

(j, k) ̸= (j1, k1) and ∥Gl∥
(i)
j1,k1

→ 0+ (i= 1,2) uniformly over ϵ̄ as η→ 0+.
For (j, k) ̸= (j1, k1),

∥Gl∥
(1)
j,k =Γ(α0)

−1

∫
R+×Rd

∣∣∣∣ ∫ ∞

0

∫
Rd

e−(λ+1)t+iξ·xG(t, x)dxdt

∣∣∣∣ dλ

λ1−α0
exp

{
− (ϵj + ϵk)|ξ|2

}
µ(dξ)

≤ Γ(α0)
−1

∫
R+×Rd

∣∣∣∣ ∫ ∞

0

∫
Rd

e−(λ+1)t+iξ·xG(t, x)dxdt

∣∣∣∣ dλ

λ1−α0
µ(dξ)

and

∥Gl∥
(2)
j,k =

(∫
(R+×Rd)2

|s− t|−α0γϵj+ϵk(x− y)e−sG(s,x)e−tG(t, x)dsdxdtdy

)1/2

(4.14)

≤
(∫

(R+×Rd)2
|s− t|−α0γ(x− y)e−sG(s,x)e−tG(t, x)dsdxdtdy

)1/2

where the inequality follows from the procedure of Fourier transform∫
(R+×Rd)2

|s− t|−α0γϵj+ϵk(x− y)e−sG(s,x)e−tG(t, x)dsdxdtdy

=

∫
Rd+1

∣∣∣∣ ∫
R+×Rd

exp
{
− t+ iλt+ iξ · x

}
G(t, x)dtdx

∣∣∣∣2µ0(dλ) exp{−(ϵj + ϵk)|ξ|2}µ(dξ)

≤
∫
Rd+1

∣∣∣∣ ∫
R+×Rd

exp
{
− t+ iλt+ iξ · x

}
G(t, x)dtdx

∣∣∣∣2µ0(dλ)µ(dξ)

=

∫
(R+×Rd)2

|s− t|−α0γ(x− y)e−sG(s,x)e−tG(t, x)dsdxdtdy

where µ0(dλ) is the spectral measure of | · |−α0 .
By Lemma A.1 (with θ = 1), all above bounds are finite.
As for (j, k) = (j1, k1),

∥Gl∥
(1)
j1,k1

≤ Γ(α0)
−1

∫ ∞

η−1

dλ

∫
Rd

1

(λ+ 1)2 + |ξ|2
dλ

λ1−α0
µ(dξ)→ 0 (η→ 0+),

∥Gl∥
(2)
j1,k1

=

{∫
(R+×Rd)2

(
γ00 − γ0η

)
(s− t)γϵj+ϵk(x− y)e−tG(t, x)e−sG(s, y)dsdxdtdy

}1/2

≤
{∫

R+×R+

dsdte−(s+t)
(
γ00 − γ0η

)
(s− t)

∫
Rd×Rd

γ(x− y)G(t, x)G(s, y)dxdy

}1/2

where the inequality follows for the reason similar to the one for (4.14). By (A.2), Lemma
A.1 (with θ = 1) and dominating control theorem, the right hand side converges as η → 0+.
□

5. Proof of Theorem 1.1. For the part (1) of Theorem 1.1, we prove that the
Stratonovich expansion (2.13) solves (2.1). According to Definition 2.1, all we need is to
show
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(i) The random series in (2.13) converges in L2(Ω,A,P).
(ii) The random field Ψ(s, y) =G(t− s,x− y)u(s, y)1[0,t](s) is Stratonovich integrable and

satisfies (2.1).

Our way for (i) is to show
∞∑
n=0

{
E
[
Sn(gn(·, t, x)

)]2}1/2
<∞ ∀t > 0.(5.1)

To establish (ii), the argument given below requires a slightly stronger form of Stratonovich
integrability than the one given in Definition 2.2. That is, the single limiting parameters ϵ > 0
and δ > 0 in (2.17) are replaced by the the multi-dimensional indexes

ϵ= (ϵ1, · · · , ϵn) = (ϵn+1, · · · ϵ2n) = ϵ̃ and δ = (δ1, · · · , δn) = (δn+1, · · · δ2n) = δ̃

(see (4.5)). To establish the bounds requested by (5.1), our first step is to bound the smoothed
Stronovich moments E

[
Sn,ϵ,δ(gn(·, t,0)

)]2 (see (5.3) and (5.4) below). By (4.5), we have∫ ∞

0

∫ ∞

0
dt̄1dt̄2 exp

{
− n

t
(t̄1 + t̄2)

}
E
[
Sn,ϵ,δ

(
gn(·, t̄1,0)

)
Sn,ϵ,δ

(
gn(·, t̄2,0)

)]
(5.2)

=
∑
D∈Πn

∫ ∞

0

∫ ∞

0
dt̄1dt̄2 exp

{
− n

t
(t̄1 + t̄2)

}∫
[0,t̄1]n<×[0,t̄2]n<

ds1 · · ·ds2n

×
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk)

=
∑
D∈Πn

( t

n

)2 ∫
(R+)n<×(R+)n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

e−nt−1(sl−sl−1)G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk).

According to Theorem 3.1, each term on the right hand side yields a bound of the form( t

n

)2( ∏
l∈Q0

∥Gl∥(0)
)( ∏

l∈Q1

2∥Gl∥
(1)
(·,·)

)( ∏
l∈Q2

∥Gl∥
(2)
(·,·)

)
for Gl(t̄, x) = e−nt−1 t̄G(t̄, x) (l= 1, · · · ,2n). Further

∥Gl∥(0) =
∫ ∞

0

∫
Rd

e−nt−1 t̄G(t̄, x)dxdt̄=

∫ ∞

0
e−nt−1 t̄t̄dt̄=

( t

n

)2n
where the first equality follows from (2.4). By (i), Lemma A.1

∥Gl∥
(1)
j,k =

∫
R+×Rd

∣∣∣∣ ∫ ∞

0

∫
Rd

e−(nt−1+λ)t̄+iξ·xG(t̄, x)dxdt̄

∣∣∣∣ dλ

λ1−α0
exp{−(ϵj + ϵk)|ξ|2}µ(dξ)

≤
∫
R+×Rd

∣∣∣∣ ∫ ∞

0

∫
Rd

e−(nt−1+λ)t̄+iξ·xG(t̄, x)dxdt̄

∣∣∣∣ dλ

λ1−α0
µ(dξ)≤C <∞.
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By (ii), Lemma A.1 with θ = nt−1,

∥Gl∥
(2)
j,k =

(∫
(R+×Rd)2

|s− t|−α0γϵj+ϵk(x− y)e−nt−1s̄G(s,x)e−nt−1 t̄G(t̄, x)dsdxdtdy

)1/2

≤
(∫

(R+×Rd)2
|s− t|−α0γ(x− y)e−nt−1s̄G(s,x)e−nt−1 t̄G(t̄, x)dsdxdtdy

)1/2

≤C
t

n

where the second step follows for the same reason as the one in (4.14). Therefore, the bound
can be rewritten as( t

n

)2( t

n

)2#(Q0)
(2C)#(Q1

( t

n

)#(Q2)
≤Cn

( t

n

)2( t

n

)2(#(Q0)+2−1#(Q2))
.

According to Theorem 3.1, #(Q0)+#(Q1)+#(Q2) = 2n and #(Q0) =#(Q1). Therefore,
#(Q0) + 2−1#(Q2) = n. In summary,∫ ∞

0

∫ ∞

0
dt̄1dt̄2 exp

{
− n

t
(t̄1 + t̄2)

}∫
[0,t̄1]n<×[0,t̄2]n<

ds1 · · ·ds2n
∫
(Rd)n×(Rd)n

dx1 · · ·dx2n

×
( 2∏

ρ=1

∏
l∈Iρ

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

γ0δj∨δk(sj − sk)γϵj+ϵk(xj − xk)

≤Cn
( t

n

)2n+2

where the constant C > 0 is independent of ϵ, n, t and D. By (5.2), therefore,∫ ∞

0
dt̄ exp

{
− n

t
t̄
}
E
[
Sn,ϵ,δ

(
gn(·, t̄,0)

)]2 ≤#(Πn)C
n
( t

n

)2n+2
=Cn (2n)!

2nn!

( t

n

)2n+2
.

On the other hand,∫ ∞

0

∫ ∞

0
dt̄1dt̄2 exp

{
− n

t
(t̄1 + t̄2)

}
E
[
Sn,ϵ,δ

(
gn(·, t̄1,0)

)
Sn,ϵ,δ

(
gn(·, t̄2,0)

)]
≥ E

[
Sn,ϵ,δ

(
gn(·,0)

)]2 ∫ ∞

t

∫ ∞

0
dt̄1dt̄2dt̄1dt̄2 exp

{
− n

t
(t̄1 + t̄2)

}
=
( t

n

)2
e−2nE

[
Sn,ϵ,δ

(
gn(·, t,0)

)]2
.

In summary, we have the bound

E
[
Sn,ϵ,δ

(
gn(·, t,0)

)]2 ≤Cn (2n)!

2nn!

( t

n

)2n
≤Cn t

2n

n!
(5.3)

with the constant C > 0 independent of ϵ = (ϵ1, · · · , ϵn), δ = (δ1, · · · , δn), n and t. Letting
ϵ, δ→ 0+. By (4.2), therefore,

E
[
Sn

(
gn(·, t,0)

)]2 ≤Cn t
2n

n!
.(5.4)

In particular, we have (5.1).
To confirm (ii). Let ϵ1, δ1 > 0. In view of (2.13),

1 +

∫ t

0

∫
Rd

G(t− s, y− x)u(s, y)Ẇϵ1,δ1(s, y)dyds(5.5)

= 1+

∞∑
n=1

∫ t

0

∫
Rd

G(t− s, y− x)Sn−1

(
gn−1(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds.
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By taking the limit properly in (5.3)

E
[∫ t

0

∫
Rd

G(t− s, y− x)Sn−1

(
gn−1(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds

]2
≤ Cn

n!
t2n n= 0,1, · · · .

In view of the definition in (2.12), by dominated convergence theorem, all we need is

lim
ϵ1,δ1→0+

∫ t

0

∫
Rd

G(t− s, y− x)Sn−1

(
gn−1(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds= Sn

(
gn(·, t, x)

)(5.6)

in L2(Ω,A,P) for each n ≥ 1. Indeed, let ϵ′ = (ϵ2, · · · , ϵn) and δ′ = (δ2, · · · , δn). By the
definition of gn(·, t, x) given in (2.16),∫ t

0

∫
Rd

G(t− s, y− x)Sn−1,ϵ′,δ′
(
gn−1(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds

=

∫
(R+×Rd)n

gn(s1, · · · , sn, x1, · · · , xn, t, x)
( n∏

k=1

Wϵk,δk(sk, xk)
)
ds1 · · ·dsndx1 · · ·dxn

= Sn,ϵ,δ

(
gn(·, t, x)

)
.

Therefore, by (4.2) in Theorem 4.1,

lim
ϵ1,δ1→0+

∫ t

0

∫
Rd

G(t− s, y− x)Sn−1

(
gn−1(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds

= lim
ϵ1,δ1→0+

lim
ϵ′,δ′→0+

∫ t

0

∫
Rd

G(t− s, y− x)Sn−1

(
gn−1,ϵ′,δ′(·, s, y)

)
Ẇϵ1,δ1(s, y)dyds

= lim
ϵ,δ→0+

Sn,ϵ,δ

(
gn(·, t, x)

)
= Sn

(
gn(·, t, x)

)
in L2(Ω,A,P).

So we have proved (5.6), and therefore Part (1) of Theorem 1.1.

To prove Part (2) of Theorem 1.1, all we need is to show that the condition (1.5) is
necessary for

ES2

(
g2(·, t,0)

)
<∞

with any t > 0. Indeed, by (2.22)

ES2

(
g2(·, t,0)

)
=

∫
[0,t]2<

ds1ds2

∫
(Rd)2

(s2 − s1)
−α0γ(x2 − x1)G(s1, x1)G(s2 − s1, x2 − x1)dx1dx2

=

∫
[0,t]2<

ds1ds2(s2 − s1)
−α0

∫
(Rd)2

γ(x2 − x1)G(s1, x1)G(s2 − s1, x2 − x1)dx1dx2

=

∫
[0,t]2<

(s2 − s1)
−α0

(∫
Rd

G(s1, x)dx

)(∫
Rd

γ(x)G(s2 − s1, x)dx

)
ds1ds2

=

∫
[0,t]2<

s1(s2 − s1)
−α0

[∫
Rd

sin(|ξ|(s2 − s1))

|ξ|
µ(dξ)

]
ds1ds2

=

∫
Rd

µ(dξ)

|ξ|

∫ t

0
s1

[∫ t−s1

0

sin(s2|ξ|)
sα0

2

ds2

]
ds1

=

∫
Rd

µ(dξ)

|ξ|2−α0

∫ t

0
s1

[∫ (t−s1)|ξ|

0

sins2
sα0

2

ds2

]
ds1.
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Notice that ∫ a

0

sins2
sα0

2

ds2 > 0(5.7)

for any 0< a≤ π. When a > π,∫ a

0

sins2
sα0

2

ds2 ≥
∫ π

0

sins2
sα0

2

ds2 +

∫ 2π

π

sins2
sα0

2

ds2 ≡ δ > 0.

In particular, (5.7) holds for any a > 0. Therefore,

ES2

(
g2(·, t,0)

)
≥
∫
{|ξ|≥2πt−1}

µ(dξ)

|ξ|2−α0

∫ t/2

0
s1

(∫ (t−s1)|ξ|

0

sins2
sα0

2

ds2

)
ds1

≥ δ

∫
{|ξ|≥2πt−1}

µ(dξ)

|ξ|2−α0

∫ t/2

0
s1ds1 = δ

t2

8

∫
{|ξ|≥2πt−1}

µ(dξ)

|ξ|2−α0
.

Clearly, the finiteness on the left hand side leads to the condition (1.5). □

REMARK 5.1. From (2.13) and (4.4), we have the bound

Eu2(t, x)≤ eCt2(5.8)

for large t.

6. A Stratonovich moment representation. Let β(t) and B(t) be 1-dimensional and
d-dimensional Brownian motions, respectively. In the rest of the paper, we assume the
independence among β(t), B(t) and Ẇ (t, x) and use the notations E0 and P0 for the
expectation and probability with respect to β(t) and B(t) when B(0) = 0 and β(0) = 0
(which is the case for most of the time).

THEOREM 6.1. Under the assumption (1.5),

∫ ∞

0
e−θtES2n

(
g2n(·, t,0)

)
dt

(6.1)

=
θ

2

(1
2

)3n 1

n!

∫ ∞

0
dt exp

{
− θ2

2
t
}

×E0

[∫ t

0

∫ t

0

((
θ(s− r) + i(β(s)− β(r))

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

]n
for any θ > 0 and n≥ 1.

REMARK 6.2. The appearance of the Brownian motion β(t) is responsible for the
difference in local behaviors between hyperbolic and parabolic equations when it comes
to the setting of time-dependent Guassian field. By the well-known Feynman-Kac formula,
ES2n

(
g2n(·, t,0)

)
in the parabolic case is given as a constant multiple of the form

Cn

n!
E0

[∫ t

0

∫ t

0
|s− r|−α0γ

(
B(s)−B(r)

)
dsdr

]n
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where the time-singularity contributed by the Gaussian field is measured by |s− r|−α0 for
close r and s. In the hyperbolic system, the time-singularity brought by the Gaussian field is
measured by∣∣∣|s− r|+ i

(
β(s)− β(r)

)∣∣∣−α0

≈
∣∣∣(s− r)2 + |s− r|

∣∣∣−α0/2
≈ |s− r|−α0/2

for close r and s. It explains, for example, how the gap between conditions (1.5) and (1.7) of
existence is created.

PROOF. Since γ(·) may exist as generalized function, we may encounter some legality
issue. Thanks to Theorem 4.1, we are allowed to proceed with a point-wise defined γ(·), for
otherwise we use γϵ(·) instead.

Our starting point is (2.22). Let D ∈Πn be fixed. For any (j, k) ∈D, we introduce the rule
that j < k. Consequently, by (1.21)∏

(j,k)∈D

|sj − sk|−α0 =
(
Γ(α0)

)−n
∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)
exp

{
−

∑
(j,k)∈D

λj,k(sk − sj)

}
as (s1, · · · , s2n) ∈ [0, t]2n< . Write

∑
(j,k)∈D

λj,k(sk − sj) =

2n∑
l=1

qlsl =

2n∑
l=1

( 2n∑
i=l

qi

)
(sl − sl−1) =

2n∑
l=1

cl(sl − sl−1)

where ql is equal to λj,k or −λj,k for some (j, k) ∈D. Since j < k,

cl =

2n∑
i=l

qi =
∑

j<l≤k

λj,k ≥ 0 1≤ l≤ 2n.

We have∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk|−α0

=
(
Γ(α0)

)−n
∫
Rn

+

∏
(j,k)∈D

dλj,k

λ1−α0

j,k

∫
[0,t]2n<

ds1 · · ·ds2n
2n∏
l=1

e−cl(sl−sl−1)G(sl − sl−1, xl − xl−1).

Using the identity (Lemma 2.2.7, p.39, [5])

θ

∫ ∞

0
e−θt

∫
[0,t]2n<

( 2n∏
l=1

φl(sl − sl−1)

)
ds1 · · ·ds2n =

2n∏
l=1

∫ ∞

0
φl(t)dt(6.2)

we have∫ ∞

0
dte−θt

∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk|−α0

=
(
Γ(α0)

)−n
θ−1

∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

) 2n∏
l=1

∫ ∞

0
e−θte−cltG(t, xl − xl−1)dt.
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Noticing cl ≥ 0, by (1.19)∫ ∞

0
e−θte−cltG(t, xl − xl−1)dt=

∫ ∞

0
e−(θ+cl)tG(t, xl − xl−1)dt

=
1

2

∫ ∞

0
exp

{
− 1

2
(θ+ cl)

2t
}
p(t, xl − xl−1)dt

=
1

2

∫ ∞

0
exp

{
− θ2

2
t
}
exp

{
− θclt−

c2l
2
t
}
p(t, xl − xl−1)dt

where p(t, x) is the Brownian semi-group introduced in (1.20). Thus∫ ∞

0
dte−θt

∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

) ∏
(j,k)∈D

|sj − sk|−α0

=
(
Γ(α0)

)−n
(1
2

)2n 1
θ

∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)

×
2n∏
l=1

∫ ∞

0
exp

{
− θ2

2
t
}
exp

{
− θclt−

c2l
2
t
}
p(t, xl − xl−1)dt

=
(
Γ(α0)

)−n
(1
2

)2n θ
2

∫ ∞

0
dt exp

{
− θ2

2
t
}∫

Rn
+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)

×
∫
[0,t]2n<

ds1 · · ·ds2n
2n∏
l=1

exp
{
− θcl(sl − sl−1)−

c2l
2
(sl − sl−1)

}
p(sl − sl−1, xl − xl−1)

where the last step follows from (6.2).
Multiplying the factor ∏

(j,k)∈D

γ(xj − xk)

and integrating over (x1, · · · , x2n) on the both sides,∫ ∞

0
dte−θt

∫
(Rd)2n

dx1 · · ·dx2n
∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

|sj − sk|−α0γ(xj − xk)

=
(
Γ(α0)

)−n
(1
2

)2n θ
2

∫ ∞

0
dt exp

{
− θ2

2
t
}∫

[0,t]2n<

ds1 · · ·ds2n

×
∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)( 2n∏
l=1

exp
{
− θcl(sl − sl−1)−

c2l
2
(sl − sl−1)

})

×
∫
(Rd)2n

( 2n∏
l=1

p(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D

γ(xj − xk)

)
dx1 · · ·x2n.
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By the fact that

f(x1, · · · , x2n) =
2n∏
l=1

p(sl − sl−1, xl − xl−1)

is the joint density of the random vector
(
B(s1), · · · ,B(s2n)

)
,∫

(Rd)2n

( 2n∏
l=1

p(sl − sl−1, xl − xl−1)

)( ∏
(j,k)∈D

γ(xj − xk)

)
dx1 · · ·x2n

= E0

∏
(j,k)∈D

γ
(
B(sj)−B(sk)

)
.

In summary,∫ ∞

0
dte−θt

∫
(Rd)2n

dx1 · · ·dx2n
∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

|sj − sk|−α0γ(xj − xk)

=
(
Γ(α0)

)−n
(1
2

)2n θ
2

∫ ∞

0
dt exp

{
− θ2

2
t
}

×E0

∫
[0,t]2n<

ds1 · · ·ds2n
( ∏

(j,k)∈D

γ
(
B(sj)−B(sk)

))

×
∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)
exp

{
− θ

2n∑
l=1

cl(sl − sl−1)−
1

2

2n∑
l=1

c2l (sl − sl−1)

}
.

Notice that

exp

{
− θ

2n∑
l=1

cl(sl − sl−1)−
1

2

2n∑
l=1

c2l (sl − sl−1)

}

= E0 exp

{
− θ

2n∑
l=1

cl(sl − sl−1)− i

2n∑
l=1

cl
(
β(sl)− β(sl−1)

)}
.

Recall that
2n∑
l=1

cl(sl − sl−1) =
∑

(j,k)∈D

λj,k(sk − sj).

The same algebra leads to

2n∑
l=1

cl
(
β(sl)− β(sl−1)

)
=

∑
(j,k)∈D

λj,k

(
β(sk)− β(sj)

)
.
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By Fubini’s theorem∫
Rn

+

( ∏
(j,k)∈D

dλj,k

λ1−α0

j,k

)
exp

{
− θ

2n∑
l=1

cl(sl − sl−1)−
1

2

2n∑
l=1

c2l (sl − sl−1)

}

= E0

∏
(j,k)∈D

∫
R+

exp
{
− θλ(sk − sj)− iλ

(
β(sk)− β(sj)

)} dλ

λ1−α0

=Γ(α0)
nE0

∏
(j,k)∈D

(
θ(sk − sj) + i

(
β(sk)− β(sj)

))−α0

where the last step follows from the identity (p. 183, [30])

(u+ iv)−α0 =Γ(α0)
−1

∫ ∞

0
e−λ(u+iv) dλ

λ1−α0
(u, v) ∈R+ ×R(6.3)

which appears to be a complex extension of (1.21).
Summarizing our steps,∫ ∞

0
dte−θt

∫
(Rd)2n

dx1 · · ·dx2n
∫
[0,t]2n<

ds1 · · ·ds2n
( 2n∏

l=1

G(sl − sl−1, xl − xl−1)

)
×

∏
(j,k)∈D

|sj − sk|−α0γ(xj − xk)

=
(1
2

)2n θ
2

∫ ∞

0
dt exp

{
− θ2

2
t
}

×E0

∫
[0,t]2n<

ds1 · · ·ds2n
( ∏

(j,k)∈D

(
θ(sk − sj) + i

(
β(sk)− β(sj)

))−α0

γ
(
B(sk)−B(sj)

))
.

Summing up over D ∈Πn, by (2.22)∫ ∞

0
e−θtES2n

(
g2n(·, t,0)

)
dt=

(1
2

)2n θ
2

∫ ∞

0
dt exp

{
− θ2

2
t
} ∑

D∈Πn

×E0

∫
[0,t]2n<

ds1 · · ·ds2n
( ∏

(j,k)∈D

(
θ(sk − sj) + i

(
β(sk)− β(sj)

))−α0

γ
(
B(sk)−B(sj)

))
.

Set

γ0(z) =
(
z · sgn

(
ℜ(z)

))−α0

z ∈C

Then γ0(·) is the analytic extension of the time-covariance | · |−α0 on {z ∈ C; ℜ(z) ̸= 0}
with the symmetry γ0(−z) = γ0(z). Notice that∑

D∈Πn

∏
(j,k)∈D

γ0
(
θ(sσ(k) − sσ(j)

)
+ i
(
β(sσ(k))− β(sσ(j))

))
γ
(
B(sσ(k))−B(sσ(j))

)
=
∑
D∈Πn

∏
(j,k)∈D

γ0
(
θ(sk − sj) + i

(
β(sk)− β(sj)

))
γ
(
B(sk)−B(sj)

)
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for any permutation σ on {1, · · · ,2n}. Consequently,∑
D∈Πn

∫
[0,t]2n<

ds1 · · ·ds2n
∏

(j,k)∈D

γ0
(
θ(sk − sj) + i

(
β(sk)− β(sj)

))
γ
(
B(sk)−B(sj)

)
=

1

(2n)!

∑
D∈Πn

∫
[0,t]2n

ds1 · · ·ds2n
∏

(j,k)∈D

γ0
(
θ(sk − sj) + i

(
β(sk)− β(sj)

))
γ
(
B(sk)−B(sj)

)
=

1

(2n)!

∑
D∈Πn

∏
(j,k)∈D

∫ t

0

∫ t

0

(
θ(s− r) + i

(
β(s)− β(r)

))
γ
(
B(s)−B(r)

)
dsdr

=
1

(2n)!
#(Πn)

[∫ t

0

∫ t

0
γ0
(
θ(s− r) + i

(
β(s)− β(r)

))
γ
(
B(s)−B(r)

)
dsdr

]n
Therefore, (6.1) follows from the fact that

#(Πn) =
(2n)!

2nn!
.

□

REMARK 6.3. The monotonic order s1 ≤ s2 ≤ · · · ≤ s2n in the representation (2.22). is
a key factor that the proof of (6.1) can get through. That is the major reason why the current
idea can not work for Eup(t, x) for p > 1.

7. The time-randomized intersection local time. We assume the assumption in
Theorem 1.2, i.e, (1.8) with α0 + α < 2 (along with other conditions required for γ(·) to
be non-negative definite). Motivated by Theorem 6.1 and by the relation∣∣∣∣ ∫ t

0

∫ t

0

((
(s− r) + i

(
β(s)− β(r)

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

∣∣∣∣(7.1)

≤
∫ t

0

∫ t

0

∣∣∣((s− r) + i
(
β(s)− β(r)

)
sgn (s− r)

∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

=

∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

the main goal in this section is to establish the precise large t asymptotics for the Hamiltonian
on the right hand side. The fact that the two components (s − r) and β(s) − β(r) have
different scaling rates destroys the homogeneity of the Hamiltonian. It also suggests that the
contributions from (s−r) and β(s)−β(r) are not equal. Very likely, one of them completely
dominates the game. The puzzle we face is to tell which one of s − r and β(s) − β(r) is
the major player. To put all possible cards on the table we start with some existing results
in literature. First (Theorem 1.1, [10]), under the Dalang’s condition (1.17) (or (1.8) with
α< 2),

lim
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
γ
(
B(s)−B(r)

)
dsdr

}
= b

2

2−αH b > 0(7.2)

where

H= sup
g∈Fd

{∫
Rd×Rd

γ(x− y)g2(x)g2(y)dxdy− 1

2

∫
Rd

|∇g(x)|2dx
}

and Fd = {g ∈W 1,2(Rd); ∥g∥2 = 1}.
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Applying this result to the augmented Brownian motion B̃(t) =
(
β(t),B(t)

)
and to the

augmented space covariance γ̃(u,x) = |u|−α0γ(x) (so (1.8) holds with α̃= α0 + α< 2),

lim
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

}
= b

2

2−α−α0 H̃(7.3)

for every b > 0. This outlines a possible scenario of "
(
β(s)− β(r)

)
-domination".

The scenario of "(s − r)-domination" follows from the pattern (Theorem 1.1, [13] or,
(4.10), [8]) that

lim
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0
|s− r|−α0γ

(
B(s)−B(r)

)
dsdr

}
(7.4)

= b
2

2−αE

for every b > 0, where E is the variation given in Theorem 1.2.
The result (7.4) can not directly apply to our setting as (7.4) requires the more restrictive

assumption "2α0 +α< 2", for otherwise the left hand side of (7.4) blows up even before the
limit is taken. Here we point out that the proof of (7.4) ([13], [8]) is based on the relation

1

t1−α0

∫ t

0

∫ t

0
|s− r|−α0γ

(
B(s)−B(r)

)
dsdr =

1

t

∫ t

0

∫ t

0

∣∣∣s− r

t

∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

and on an argument similar to the one used for (7.2). By a parallel ( and easier) modification
of this idea 2 that for any non-negative definite function γ̃0(·)≥ 0 on R such that

E0 exp

{
b

t

∫ t

0

∫ t

0
γ̃0
(s− r

t

)
γ
(
B(s)−B(r)

)
dsdr

}
<∞ b, t > 0(7.5)

we have

lim
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
γ̃0
(s− r

t

)
γ
(
B(s)−B(r)

)
dsdr

}
= b

2

2−α Ẽ b > 0(7.6)

where

Ẽ = sup
g∈Ad

{∫ 1

0

∫ 1

0

∫
Rd×Rd

γ̃0(s− r)γ(x− y)g2(s,x)g2(r, y)dxdydsdr

− 1

2

∫ 1

0

∫
Rd

|∇g(x)|2dxds
}
.

Taking γ̃0(·) = γ0δ (·) (introduced in (2.24)), in particular,

lim
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
γ0δ

(s− r

t

)
γ
(
B(s)−B(r)

)
dsdr

}
= b

2

2−αEδ b > 0(7.7)

for every δ > 0, where

Eδ = sup
g∈Ad

{∫ 1

0

∫ 1

0

∫
Rd×Rd

γ0δ (s− r)γ(x− y)g2(s,x)g2(r, y)dxdydsdr

− 1

2

∫ 1

0

∫
Rd

|∇g(x)|2dxds
}
.

2Indeed, we refer an interested reader to the argument used Section 4.2, [8] or, to the proof of (6.16) in [9] for
the proof of the upper bound; and to Section 4 and 5 in [13] for the proof of lower and upper bounds, respectively.
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THEOREM 7.1. Under α0 + α< 2,

lim
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

(7.8)

× γ
(
B(s)−B(r)

)
drds

}
= b

2

2−α θ−
2α0
2−αE

for every b, θ, η > 0.

REMARK 7.2. (1) Theorem 7.1 clearly highlights the pattern of (7.4) rather than (7.3).
It is sharply contrary to the local behavior described in Remark 6.2.

(2) A challenge for the proof: Playing the game of (7.4) without the ticket “2α0+α< 2” for
that game.

Proof of the lower bound of (7.8). Given δ > 0,

1

t1−α0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

≥ θ−α0

t
γ0δ

( |s− r|+ ηθ−1
∣∣β(s)− β(r)

∣∣
t

)
.

Given a > 0 and on {max
s≤t

|β(s)| ≤ a}, by the definition of γ0δ (·) (see (2.24))

γ0δ

( |s− r|+ ηθ−1
∣∣β(s)− β(r)

∣∣
t

)
≥ exp

{
− 2θ−1ηa

δt

}
Γ(α0)

−1

∫ δ−1

0
exp

{
− λ

|s− r|
t

} dλ

λ1−α0

= exp
{
− 2θ−1ηa

δt

}
γ0δ

(s− r

t

)
.

So we have

E0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}
≥ E0 exp

{
bθ−α0

t
exp

{
− 2θ−1ηa

δt

}∫ t

0

∫ t

0
γ0δ

(s− r

t

)
γ
(
B(s)−B(r)

)
drds

}
P0

{
max
s≤t

|β(s)| ≤ a
}

where the last step follows from the independence between β(·) and B(·).
From (7.7) (with b being replaced by bθ−α0 )

lim inf
t→∞

1

t
logE0 exp

{
bθ−α0

t
exp

{
− 2θ−1ηa

δt

}∫ t

0

∫ t

0
γ0δ

(s− r

t

)
γ
(
B(s)−B(r)

)
drds

}
≥ b

2

2−α θ−
2α0
2−αEδ.

Recall a well-known fact (e.g., (1.3), [29]) that

lim
t→∞

1

t
logP0

{
max
s≤t

|β(s)| ≤ a
}
=− π2

8a2
.

In summary

lim inf
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iϵ
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}
≥ b

2

2−α θ−
2α0
2−αEδ −

π2

8a2
.
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Letting δ→ 0+ and a→∞ on the right hand side leads to the desired lower bound

lim inf
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iϵ
(
β(s)− β(r)

)∣∣∣−α0

(7.9)

× γ
(
B(s)−B(r)

)
drds

}
≥ b

2

2−α θ−
2α0
2−αE .

□
To prove the upper bound of (7.8), it requires several steps. First, we prove

LEMMA 7.3. Let B1(t) and B2(t) be two independent d-dimensional Brownian motions.
Under α< 2, there is a constant C > 0 such that

limsup
t→∞

1

t
logE0 exp

{
bt

2−α

2

∫ 1

0

∫ 1

0
(s+ r)−α0γ

(
B1(s) +B2(s)

)
dsdr

}
≤Cb

2

2−α(7.10)

for any b > 0.

PROOF. Perform the decomposition∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(s)

)
dsdr =

∫ ct

0

∫ ct

0
+

∫ ∫
[0,t]2\[0,ct]2

where the constant 0< c < 1 will be specified later. By Cauchy-Schwartz inequality,

E0 exp

{
b

t1−α0

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

}

≤

(
E0 exp

{
2b

t1−α0

∫ ct

0

∫ ct

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

})1/2

×

(
E0 exp

{
2b

t1−α0

∫ ∫
[0,t]2\[0,ct]2

(s+ r)−α0γ
(
B1(s) +B2(r)

)
drds

})1/2

.

Notice that ∫ ct

0

∫ ct

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

d
= c

4−α−2α0
2

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds.

Choose c such that

2c
4−α−2α0

2 = 1.

So we have

E0 exp

{
b

t1−α0

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

}

≤

(
E0 exp

{
b

t1−α0

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

})1/2

×

(
E0 exp

{
2b

t1−α0

∫ ∫
[0,t]2\[0,ct]2

(s+ r)−α0γ
(
B1(s) +B2(r)

)
drds

})1/2

.
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which leads to

E0 exp

{
b

t1−α0

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

}
(7.11)

≤ E0 exp

{
2b

t1−α0

∫ ∫
[0,t]2\[0,ct]2

(s+ r)−α0γ
(
B1(s) +B2(r)

)
drds

}
.

By the fact that s+ r ≥ ct on [0, t]2 \ [0, ct]2,

E0 exp

{
2b

t1−α0

∫ ∫
[0,t]2\[0,ct]2

(s+ r)−α0γ
(
B1(s) +B2(r)

)
drds

≤ E0 exp

{
2bc−α0

t

∫ t

0

∫ t

0
γ
(
B1(s) +B2(r)

)
drds

}
.

By (7.2), therefore,

limsup
t→∞

1

t
logE0 exp

{
2b

t1−α0

∫ ∫
[0,t]2\[0,ct]2

(s+r)−α0γ
(
B1(s)+B2(r)

)
drds

}
≤ (2b)

2

2−αH.

In view of (7.11),

limsup
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
drds

}
≤ 2

α

2−α b
2

2−αH.

Finally, the proof follows from the identity in law:∫ t

0

∫ t

0
(s+r)−α0γ

(
B1(s)+B2(r)

)
drds

d
= t

4−α−α0
2

∫ 1

0

∫ 1

0
(s+r)−α0γ

(
B1(s)+B2(r)

)
drds.

□
Next, we establish a weaker version of the upper bound

LEMMA 7.4. Under α0 + α< 2, there is a constant C > 0 such that

limsup
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

(7.12)

× γ
(
B(s)−B(r)

)
drds

}
≤Cb

2

2−α θ−
2α0
2−α

for any b > 0, θ > 0 and η > 0.

PROOF. By the relation∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

= 2

∫ ∫
[0,t]2<

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds,

(7.12) is equivalent to

limsup
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ ∫
[0,t]2<

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

(7.13)

× γ
(
B(s)−B(r)

)
drds

}
≤Cb

2

2−α θ−
2α0
2−α .
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Define the random measures Q(·), Q1(·) and Q2(·) on (R+)
2
< as follows

Q(A) =

∫ ∫
A

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr A⊂ (R+)

2
<;

Q1(A) =

∫ ∫
A

∣∣β(s)− β(r)
∣∣−α0γ

(
B(s)−B(r)

)
dsdr A⊂ (R+)

2
<;

Q2(A) =

∫ ∫
A
|s− r|−α0γ

(
B(s)−B(r)

)
dsdr A⊂ (R+)

2
<.

By the facts that ∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

≤ θ−α0 |s− r|−α0

and that ∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

≤ η−α0
∣∣β(s)− β(r)

∣∣−α0

we have

Q(A)≤ η−α0Q1(A) and Q(A)≤ θ−α0Q2(A).

Consider the triangular decomposition: For a integral N ≥ 1,

[0, t]2< =

( 2N+1−1⋃
l=0

[ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)
∪
(N−1⋃

k=0

2k−1⋃
l=0

Ak
l

)
where

Ak
l =

[ 2l

2k+1
t,
2l+ 1

2k+1
t
]
×
[2l+ 1

2k+1
t,
2l+ 2

2k+1
t
]

l= 0,1, · · · ,2k − 1; k = 0,1, · · · ,N − 1.

See the diagram Figure 1 for the case N = 2. In our proof, N increases along with t in a way
that will be specified later. We have

Q([0, t]2<) =Q

( 2N+1−1⋃
l=0

[ l

2N+1
,
l+ 1

2N+1

]2
<

)
+Q

(N−1⋃
k=0

2k−1⋃
l=0

Ak
l

)

≤ η−α0Q1

( 2N+1−1⋃
l=0

[ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)
+ θ−α0Q2

(N−1⋃
k=0

2k−1⋃
l=0

Ak
l

)

= η−α0

2N+1−1∑
l=0

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)
+ θ−α0

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)
.

By Cauchy-Schwartz inequality

E0 exp
{ b

t1−α0
Q
(
[0, t]2<

)}
(7.14)

≤

(
E0 exp

{
2η−α0

b

t1−α0

2N+1−1∑
l=0

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)})1/2

×

(
E0 exp

{
2θ−α0

b

t1−α0

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)})1/2

.
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FIG 1. triangular approximation

Notice that the random variables

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)
l= 0,1, · · · ,2N+1 − 1

form an i.i.d. sequence with

Q1

([
0,

t

2N+1

]2
<

)
=

1

2

∫ t

2N+1

0

∫ t

2N+1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

d
=

1

2

( t

2N+1

) 4−α−α0
2

∫ 1

0

∫ 1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr.

Therefore,

E0 exp

{
2η−α0

b

t1−α0

2N+1−1∑
l=0

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)}

=

(
E0 exp

{
η−α0b

( t

2N+1

) 2−α−α0
2 tα0

2N+1

∫ 1

0

∫ 1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

})2N+1

.

Given ϵ > 0, we now post our constraint

η−α0
tα0

2N+1
≤ ϵ and let N =

[ log ϵ−1(η−1t)α0

log 2

]
.

So we have

E0 exp

{
2η−α0

b

t1−α0

2N+1−1∑
l=0

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)}

≤

(
E0 exp

{
ϵb
( t

2N+1

) 2−α−α0
2

∫ 1

0

∫ 1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

})2N+1

.
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Replace b by ϵb and t by 2−(N+1)t in (7.3) and then apply it to the right hand side with the
identity in law ∫ t

0

∫ t

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

d
= t

4−α−α0
2

∫ 1

0

∫ 1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr.

We have

limsup
t→∞

1

t
logE0 exp

{
2η−α0

b

t1−α0

2N+1−1∑
l=0

Q1

([ l

2N+1
t,

l+ 1

2N+1
t
]2
<

)}(7.15)

≤ lim
t→∞

2N+1

t
logE0 exp

{
ϵb
( t

2N+1

) 2−α−α0
2

∫ 1

0

∫ 1

0
|β(s)− β(r)|−α0γ

(
B(s)−B(r)

)
dsdr

}
= (ϵb)

2

2−α−α0 H̃

where we have used the fact that 2−(N+1)t→∞ (as t→∞) in the last equality.

Let

ak =

k∏
j=2

(
1− 2−(1−α0)j

)
k = 2,3, · · · ,N and C0 =

∞∏
j=2

(
1− 2−(1−α0)j

)−1

Since C0aN ≥ 1 and by Hölder’s inequality

E0 exp

{
2θ−α0

b

t1−α0

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

≤ E0 exp

{
2θ−α0

b

t1−α0
C0aN

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

≤

(
E0 exp

{
2θ−α0

b

t1−α0
C0aN−1

N−2∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)})1−2−(1−α0)N

×

(
E0 exp

{
2θ−α02(1−α0)NC0aN

b

t1−α0
Q2

( 2N−1⋃
l=0

AN−1
l

)})2−(1−α0)N

.

To continue, we remove the power "1− 2−(1−α0)N " from the first factor. Since aN ≤ 1, we
remove aN from the second factor. So we have

E0 exp

{
2θ−α0

b

t1−α0
C0aN

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}
(7.16)

≤ E0 exp

{
2θ−α0

b

t1−α0
C0aN−1

N−2∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

×

(
E0 exp

{
2θ−α02(1−α0)NC0

b

t1−α0
Q2

( 2N−1⋃
l=0

AN−1
l

)})2−(1−α0)N

.
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Observe that

Q2

( 2N−1⋃
l=0

AN−1
l

)
=

2N−1∑
l=0

Q2(A
N−1
l )

and notice that the right hand side is a sum of i.i.d. Thus,

E0 exp

{
2θ−α02(1−α0)NC0

b

t1−α0
Q2

( 2N−1⋃
l=0

AN−1
l

)}

=

(
E0 exp

{
2θ−α02(1−α0)NC0

b

t1−α0
Q2(A

N−1
0 )

})2N

.

Further,

Q2(A
N−1
0 ) =

∫ t

2N

0
dr

∫ 2t

2N

t

2N

ds|s− r|−α0γ
(
B(s)−B(r)

)
d
=
( t

2N

) 4−α−2α0
2N

∫ 1

0
dr

∫ 2

1
ds|s− r|−α0γ

(
B(s)−B(r)

)
d
=
( t

2N

) 4−α−2α0
2N

∫ 1

0

∫ 1

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
dsdr

where B1(·) and B2(·) are two independent d-dimensional Brownian motions, and where the
last identity in law follows from the variable substitution r 7→ 1− r and s 7→ 1 + s so∫ 1

0
dr

∫ 2

1
ds|s− r|−α0γ

(
B(s)−B(r)

)
=

∫ 1

0
dr

∫ 1

0
ds|(1 + s)− (1− r)|−α0γ

(
B(1 + s)−B(1− r)

)
=

∫ 1

0

∫ 1

0
(s+ r)−α0γ

((
B(1 + s)−B(1)

)
+
(
B(1)−B(1− r)

))
dsdr

and B1(s) ≡ B(1 + s)− B(1) (0 ≤ s ≤ 1) and B2(r) ≡ B(1)− B(1− r) (0 ≤ r ≤ 1) are
two independent d-dimensional Brownian motions. In summary

E0 exp

{
2(1−α0)N2θ−α0C0

b

t1−α0
Q2

( 2N−1⋃
l=0

AN−1
l

)}

=

(
E0 exp

{
2θ−α0C0b

( t

2N

) 2−α

2

∫ 1

0

∫ 1

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
dsdr

})2N

.

Bringing it back to (7.16),

E0 exp

{
2θ−α0

b

t1−α0
C0aN

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

≤ E0 exp

{
2θ−α0

b

t1−α0
C0aN−1

N−2∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

×

(
E0 exp

{
2θ−α0C0b

( t

2N

) 2−α

2

∫ 1

0

∫ 1

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
dsdr

})2Nα0

.
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Repeating the same game

E0 exp

{
b

t1−α0
θ−α0

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

≤ E0 exp

{
2θ−α0

b

t1−α0
C0aN

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}

≤
N∏
k=1

(
E0 exp

{
2θ−α0C0b

( t

2k

) 2−α

2

∫ 1

0

∫ 1

0
(s+ r)−α0γ

(
B1(s) +B2(r)

)
dsdr

})2kα0

.

By Lemma 7.3 with b being replaced by 2C0bθ
−α0 and t being replaced by 2−kt,

limsup
t→∞

1

t
logE0 exp

{
b

t1−α0
θ−α0

N−1∑
k=0

Q2

( 2k−1⋃
l=0

Ak
l

)}
≤C(2C0b)

2

2−α θ−
2α0
2−α

∞∑
k=1

2−(1−α0)k.

Together with (7.13) and (7.14),

limsup
t→∞

1

t
logE0 exp

{ b

t1−α0
Q
(
[0, t]2<

)}
≤ 1

2
C(ϵb)

2

2−α−α0 +
1

2
C(2C0b)

2

2−α θ−
2α0
2−α

∞∑
k=1

2−(1−α0)k.

Letting ϵ→ 0+ on the right hand side finally completes the proof of (7.13). □

Proof of the upper bound of (7.8). To strengthen (7.12) into the upper bound requested by
Theorem 7.1, we first write it as

limsup
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α0

(7.17)

× γ
(
B(s)−B(r)

)
drds

}
≤Cb

2

2−α θ−
2α0
2−α

and prove

lim
δ→0+

limsup
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
(7.18)

× γ
(
B(s)−B(r)

)
drds

}
= 0

where

γ̃0δ (u) = Γ(α0)
−1

∫ ∞

δ−1

e−λ|u| dλ

λ1−α0
.

Indeed, given ϵ > 0, break [0, t]2 into two parts: On the first part∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣≥ ϵ

where

γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
≤ γ̃0δ (ϵ).
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On the second part ∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣< ϵ

where

γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
≤
∣∣∣θ(s− r) + iη

(
β(s)− β(r)

)
t

∣∣∣−α0

≤ ϵα̃0−α0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α̃0

and where α0 < α̃0 < 1 satisfies α̃0 + α< 2. Thus,∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

≤ γ̃0δ (ϵ)

∫ t

0

∫ t

0
γ
(
B(s)−B(r)

)
drds

+ ϵα̃0−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α̃0

γ
(
B(s)−B(r)

)
drds.

By Cauchy-Schwartz’s inequality

E0 exp

{
b

t

∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

}

≤

(
E0 exp

{
2b

t
γ̃0δ (ϵ)

∫ t

0

∫ t

0
γ
(
B(s)−B(r)

)
drds

})1/2

×

(
E0 exp

{
2b

t
ϵα̃0−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α̃0

γ
(
B(s)−B(r)

)
drds

})1/2

.

By (7.2) and (7.17) (with α0 being replaced by α̃0),

limsup
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

}
≤ 1

2

{
C(2b)

2

2−α

(
γ̃0δ (ϵ)

) 2

2−α +C(2b)
2

2−α ϵ
2(α̃0−α0)

2−α

}
.

The claim (7.18) follows from the fact that γ̃0δ (ϵ)→ 0 (δ→ 0+) for any ϵ > 0.
We finally come to the proof for the upper bound of (7.8). By the relation | · |−α0 = γ0δ (·)+

γ̃0δ (·) and by Hölder’s inequality

E0 exp

{
b

t

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}

≤

(
E0 exp

{
bp

t

∫ t

0

∫ t

0
γ0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

})1/p

×

(
E0 exp

{
bq

t

∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

})1/q

.
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Using the bound

γ0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
≤ γ0δ

(θ(s− r)

t

)
= θ−α0γθ−1δ

(s− r

t

)
and (7.7) (with b being replaced by bpθ−α0 and δ by θ−1δ),

limsup
t→∞

1

t
logE0 exp

{
bp

t

∫ t

0

∫ t

0
γ0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

}
≤ (pb)

2

2−α θ−
2α0
2−αEθ−1δ ≤ (pb)

2

2−α θ−
2α0
2−αE .

Thus,

limsup
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}
≤ 1

p
(pb)

2

2−α θ−
2α0
2−αE

+
1

q
limsup
t→∞

1

t
logE0 exp

{
bq

t

∫ t

0

∫ t

0
γ̃0δ

(θ(s− r) + iη
(
β(s)− β(r)

)
t

)
γ
(
B(s)−B(r)

)
drds

}
.

Letting δ→ 0+ on the right hand side, by (7.18) (with b being replaced by qb),

limsup
t→∞

1

t
logE0 exp

{
b

t

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)
t

∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}
≤ 1

p
(pb)

2

2−α θ−
2α0
2−αE .

Letting p→ 1+ on the right hand side leads to the demanded upper bound:

limsup
t→∞

1

t
logE0 exp

{
b

t1−α0

∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

(7.19)

× γ
(
B(s)−B(r)

)
drds

}
≤ b

2

2−α θ−
2α0
2−αE .

□
To be applied to the proof of Theorem 1.2, the large deviations discussed in this section

have to be transformed from the forms of exponential moments into the forms of polynomial
moments. We end this section with the following lemma.

LEMMA 7.5. Recall that E , E∗ and γ0∗(·) are introduced in Theorem 1.2. We have

lim
n→∞

1

n
log(n!)−α/2E0

[∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr

]n
(7.20)

= log
( 2E∗
2− α

) 2−α

2

.

In addition,

lim
n→∞

1

n
log(n!)−α/2E0

[∫ 1

0

∫ 1

0

∣∣∣θ(s− r) + i
η√
n

(
β(s)− β(r)

)∣∣∣−α0

(7.21)

× γ
(
B(s)−B(r)

)
dsdr

]n
= log

( 2E
2− α

) 2−α

2 − α0 log θ.



54

for any θ > 0 and η > 0,

PROOF. By the bound

γ0∗(u)≤ Γ(α0)
−1

∫
R+

exp

{
− λ2

2(4− α− 2α0)
|u|
}

dλ

λ1−α0

=
1

2
Γ(α0)

−1Γ
(α0

2

)( |u|
2(4− α− 2α0)

)−α0
2

the condition (7.5) holds for γ̃0(·) = γ0∗(·) under α0 + α< 2. By scaling,∫ t

0

∫ t

0
γ0∗

(s− r

t

)
γ
(
B(s)−B(r)

)
dsdr

d
= t

4−α

2

∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr.

Therefore, (7.6) can be written as

lim
t→∞

1

t
logE0 exp

{
bt

2−α

2

∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr

}
= b

2

2−αE∗ b > 0.

By Gärtner-Ellis theorem on R+ (Theorem 1.2.4, p. 11, [5]), the process

t−α/2

∫ t

0

∫ t

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr t > 0

obeys the large deviation on R+ with deviation scale t and the rate function

I(λ) = sup
b>0

{
λb− b

2

2−αE∗
}
=

α

2

(2− α

2E∗

) 2−α

α

λ
2

α λ > 0.

By Varadhan’s integral lemma (Theorem 4.3, p.137, [17])

lim
t→∞

1

t
logE0 exp

{
t log

(
t−α/2

∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr

)}
= sup

λ>0

{
logλ− α

2

(2− α

2E∗

) 2−α

α

λ2/α

}
=−α

2
+ log

( 2E∗
2− α

) 2−α

2

.

Take t= n:

lim
n→∞

1

n
logn−αn

2 E0

[∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr

]n
=−α

2
+ log

( 2E∗
2− α

) 2−α

2

.

Applying Stirling formula to the above gives (7.20).

Notice that∫ t

0

∫ t

0

∣∣∣θ(s− r) + iη
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

d
= t

4−α−2α0
2

∫ 1

0

∫ 1

0

∣∣∣θ(s− r) + i
η√
t

(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds.

Therefore, (7.8) can be written as

lim
t→∞

1

t
logE0 exp

{
bt

2−α

2

∫ 1

0

∫ 1

0

∣∣∣θ(s− r) + i
η√
t

(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
drds

}
= b

2

2−α θ−
2α0
2−αE .

The remaining of the proof for (7.21) follows a completely parallel argument. □
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8. Proof of Theorem 1.2. The central piece of the proof is to establish

log

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E∗
2− α

) 2−α

2

)
(8.1)

≤ lim inf
n→∞

1

n
log(n!)3−αES2n

(
g2n(·,1,0)

)
≤ limsup

n→∞

1

n
log(n!)3−αES2n

(
g2n(·,1,0)

)
≤ log

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

)
.

Indeed, by (2.20) ES2n−1

(
g2n−1(·, t,0)

)
= 0. From (2.22), (1.8) and (2.6) one can derive

that

ES2n

(
g2n(·, t,0)

)
= t(4−α−α0)nES2n

(
g2n(·,1,0)

)
t > 0.(8.2)

By the Stratonovich expansion (2.13), therefore,

Eu(t, x) = Eu(t,0) =
∞∑
n=0

ES2n

(
g2n(·, t,0)

)
=

∞∑
n=0

t(4−α−α0)nES2n

(
g2n(·,1,0)

)
where the first equality comes from the stationarity in x. By (8.1), therefore, the upper bound
of Theorem 1.2 follows from the following computation:

limsup
t→∞

t−
4−α−α0

3−α logEu(t, x) = limsup
t→∞

t−
4−α−α0

3−α log

∞∑
n=0

t(4−α−α0)nES2n

(
g2n(·,1,0)

)
= lim

t→∞
t−

4−α−α0
3−α log

∞∑
n=0

t(4−α−α0)n

(n!)3−α

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

)n

= (3− α)

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

)
where the last step follows from the elementary identity on asymptotics of Mittag-Leffler
function (Lemma A.3, [4]):

lim
b→∞

b−1/γ log

∞∑
n=0

θnbn

(n!)γ
= γθ1/γ θ, γ > 0

with b= t4−α−α0 , γ = 3− α and

θ =

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

)
Similarly, from (8.1) we get the lower bound

lim inf
t→∞

t−
4−α−α0

3−α logEu(t, x) ≥ (3− α)

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E∗
2− α

) 2−α

2

)
In the following subsections, we shall establish the upper and lower bounds, separately, for
(8.1).
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8.1. Upper bound for (8.1). In view of (6.1) and (7.1),∫ ∞

0
e−θtES2n

(
g2n(·, t,0)

)
dt(8.3)

≤ θ

2

(1
2

)3n 1

n!

∫ ∞

0
dt exp

{
− θ2

2
t
}

×E0

[∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

]n
.

Let θ > 0 be fixed but arbitrary (for a while). Given η > 0, write∫ ∞

0
dt exp

{
− θ2

2
t
}
E0

[∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

(8.4)

× γ
(
B(s)−B(r)

)
dsdr

]n
=

{∫ η−2n

0
+

∫ ∞

η−2n
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− θ2

2
t
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×E0

[∫ t

0
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∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

]n
.

For the first term on the right hand side, we use the scaling identity∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr
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4−α−2α0
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1√
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(
β(s)− β(r)

)∣∣∣−α0
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(
B(s)−B(r)

)
dsdr.

So we have∫ η−2n

0
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2
t
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0
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(
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∣∣∣θ(s− r) + i
η√
n

(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

]n
×
( 2

θ2

)1+ 4−α−2α0
2

n
Γ
(
1 +
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(n→∞)
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where the last step follows from (7.21) and Stirling formula.
As for the second term, we use the bound of Taylor expansion

E0

[∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
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]n
≤ n!t(1−α0)nE0 exp
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0
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0
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(
β(s)− β(r)
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)
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}
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}
(n→∞)

for large t, where the last step follows from Theorem 7.1 with b = η = 1. Take θ > 0
sufficiently large so that

c(θ)≡ θ2

2
− θ−

2α0
2−αE > 0.

We have∫ ∞

η−2n
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− θ2

2
t
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E0
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β(s)− β(r)
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≤
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)n
n!

∫ ∞

η−2n
t(1−α0)n exp{−c(θ)t}dt (n→∞).

We now claim that

lim
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Indeed, consider an i.i.d. sequence X1, · · · ,Xn with common distribution Γ
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)
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)−1
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}
x > 0

and X0 ∼ exp(c(θ)) independent of {X1, · · · ,Xn}. We have that
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Therefore
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n
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}
.

Therefore, (8.5) follows form Cramér large deviation (Theorem 2.2.3, p.27, [17]) which
particularly leads to

lim
η→0+

limsup
n→∞

1

n
logP

{X0 +X1 + · · ·+Xn

n
≥ η−2

}
=−∞.

In summary,∫ ∞

η−2n
dt exp

{
− θ2

2
t
}∫ t

0

∫ t

0

∣∣∣θ(s− r) + i
(
β(s)− β(r)

)∣∣∣−α0

γ
(
B(s)−B(r)

)
dsdr

]n
≤
(
1 + o(1)

)n
(n!)2−α0 exp{−Lηn}
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where Lη > 0 can be sufficiently large if η is sufficiently small.
So we reach the point that in the decomposition (8.4), the bound of the first term dominates

the bound of the second term as η > 0 is small. Consequently, by (8.3) we have∫ ∞

0
e−θtES2n

(
g2n(·, t,0)

)
dt

≤
(
1 + o(1)

)n(1
2

)3n
(n!)1−α0(4− α− 2α0)

4−α−2α0
2

nθ−(4−α−α0)n
( 2E
2− α

) 2−α

2
n
.

On the other hand, by (8.2)∫ ∞

0
e−θtES2n

(
g2n(·, t,0)

)
dt= ES2n

(
g2n(·,1,0)

)∫ ∞

0
e−θtt(4−α−α0)ndt

= θ−(1+(4−α−α0)nΓ
(
1 + (4− α− α0)n

)
ES2n

(
g2n(·,1,0)

)
=
(
1 + o(1)

)n
θ−(4−α−α0)n(4− α− α0)

(4−α−α0)n(n!)4−α−α0ES2n

(
g2n(·,1,0)

)
.

So we have the upper bound of (8.1):

limsup
n→∞

1

n
log(n!)3−αES2n

(
g2n(·,1,0)

)
(8.6)

≤ log

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E
2− α

) 2−α

2

)
.

□

8.2. Lower bound for (8.1). Take θ = 1. Related to the representation (6.1) and by (6.3)∫ t

0

∫ t

0

((
(s− r) + i

(
β(s)− β(r)

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

=Γ(α0)
−1

∫
R+

dλ

λ1−α0

∫ t

0

∫ t

0
exp

{
− |s− r|+ i

(
β(s)− β(r)

)
sgn (s− r)

}
× γ
(
B(s)−B(r)

)
dsdr.

Hence

E0

[∫ t

0

∫ t

0

((
(s− r) + i

(
β(s)− β(r)

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

]n
=

∫
Rn

+

( n∏
l=1

dλl

λ1−α0

l

)∫
[0,t]2n

dr1ds1 · · ·drndsn exp
{
− θ

n∑
l=1

λl|sl − rl|
}

×E0 exp

{
i

n∑
l=1

λl

(
β(sl)− β(rl)

)
sgn (s− r)

}
E0

n∏
l=1

γ
(
B(sl)−B(rr)

)
.

Notice that

E0 exp

{
i

n∑
l=1

λl

(
β(sl)− β(rl)

)
sgn (sl − rl)

}

= exp

{
− 1

2
Var

( n∑
l=1

λl

(
β(sl)− β(rl)

)
sgn (sl − rl)

)}

≥ exp

{
− n

2

n∑
l=1

λ2
lVar

(
β(sl)− β(rl)

)}
= exp

{
− n

2

n∑
l=1

λ2
l |sl − rl|

}
.
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In summary,

E0

[∫ t

0

∫ t

0

((
(s− r) + i

(
β(s)− β(r)

)
sgn (s− r)

)−α0

γ
(
B(s)−B(r)

)
dsdr

]n(8.7)

≥ Γ(α0)
−n

∫
Rn

+

( n∏
l=1

dλl

λ1−α0

l

)∫
[0,t]2n

dr1ds1 · · ·drndsn

× exp

{
−

n∑
l=1

(
λl +

nλ2
l

2

)
|sl − rl|

}
E0

∏
l=1

γ
(
B(sl)−B(rr)

)
=Γ(α0)

−nE0

[∫
R+

dλ

λ1−α0

∫ t

0

∫ t

0
exp

{
−
(
λ+

nλ2

2

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
By scaling

E0

[∫
R+

dλ

λ1−α0

∫ t

0

∫ t

0
exp

{
−
(
λ+

nλ2

2

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
= t

4−α−2α0
2

nE0

[∫
R+

dλ

λ1−α0

∫ 1

0

∫ 1

0
exp

{
−
(
λ+

nλ2

2t

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
.

By Theorem 6.1 with θ = 1, therefore,∫ ∞

0
e−tES2n

(
g2n(·, t,0)

)
dt

≥ Γ(α0)
−n 1

2

(1
2

)3n 1

n!

∫ ∞

0
dt exp

{
− t

2

}
t

4−α−2α0
2

n

×E0

[∫
R+

dλ

λ1−α0

∫ 1

0

∫ 1

0
exp

{
−
(
λ+

nλ2

2t

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
≥ Γ(α0)

−n 1

2

(1
2

)3n 1

n!

(∫ ∞

nc
exp

{
− t

2

}
t

4−α−2α0
2

ndt

)
×E0

[∫
R+

dλ

λ1−α0

∫ 1

0

∫ 1

0
exp

{
−
(
λ+

λ2

2c

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
where c= 4− α− α0. Notice that

Γ(α0)
−nE0

[∫
R+

dλ

λ1−α0

∫ 1

0

∫ 1

0
exp

{
−
(
λ+

λ2

2c

)
|s− r|

}
γ
(
B(s)−B(r)

)
dsdr

]n
= E0

[∫ 1

0

∫ 1

0
γ0∗(s− r)γ

(
B(s)−B(r)

)
dsdr

]n
.

By constructing relevant independent Gamma-distributed random variables (as we did in
the proof of (8.5)) and by the central limit theorem, one can show that∫ ∞

nc
exp

{
− t

2

}
t

4−α−2α0
2

ndt∼ 1

2

∫ ∞

0
exp

{
− t

2

}
t

4−α−2α0
2

ndt

= 2
4−α−2α0

2
nΓ
(
1 +

4− α− 2α0

2
n
)

(n→∞).
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By (7.20) and Stirling formula, therefore,∫ ∞

0
e−tES2n

(
g2n(·, t,0)

)
dt

≥
(
1 + o(1)

)n(1
2

)3n
(n!)1−α0(4− α− 2α0)

4−α−2α0
2

n
( 2E∗
2− α

) 2−α

2
n

as n→∞.
On the other hand, by (8.2)∫ ∞

0
e−tES2n

(
g2n(·, t,0)

)
dt= ES2n

(
g2n(·,1,0)

)∫ ∞

0
e−tt(4−α−α0)ndt

=Γ
(
1 + (4− α− α0)n

)
ES2n

(
g2n(·,1,0)

)
=
(
1 + o(1)

)n
(n!)4−α−α0(4− α− α0)

(4−α−α0)nES2n

(
g2n(·,1,0)

)
.

Combining them together, we have completed the proof of the lower bound of (8.1).

lim inf
n→∞

1

n
log(n!)3−αES2n

(
g2n(·,1,0)

)
(8.8)

≥ log

(
(4− α− 2α0)

4−α−2α0
2

23(4− α− α0)4−α−α0

( 2E∗
2− α

) 2−α

2

)
.

□

REMARK 8.1. In view of our proof for the lower bound, it seems that (8.8) is not sharp
to the constant as we are not able to undo the impact of "β(s)− β(r)" in the representation
(6.1). The challenge comes from the fact that the Brownian intersection local time appearing
on the right hand side of (6.1) takes complex values. As a consequence, the usual treatments
for the lower bound, such as Jansen’s inequality, can not be applied here.

APPENDIX

Let θ > 0. Corresponding to the norms ∥ · ∥(1)j,k and ∥ · ∥(2)j,k introduced in (3.4) and (3.5),
the following lemma is concerned with the bound given in Theorem 3.1 with Gl(t, x) =
e−θtG(t, x).

LEMMA A.1. Assume (1.5).

(i) For any θ > 0, ∫
R+×Rd

∣∣∣∣ ∫ ∞

0

∫
Rd

e−(θ+λ)t+iξ·xG(t, x)dxdt

∣∣∣∣ dλ

λ1−α0
µ(dξ)(A.1)

=

∫
R+×Rd

1

(θ+ λ)2 + |ξ|2
dλ

λ1−α0
µ(dξ)<∞.

(ii) For any θ > 0,∫ ∞

0

∫ ∞

0
dsdte−θ(t+s)

∫
Rd×Rd

|s− t|−α0γ(x− y)G(t, x)G(s, y)dxdy(A.2)

=
1

2

∫
R+×Rd

dλ

λ1−α0
µ(dξ)

1

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2
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+
1

2θ

∫
R+×Rd

dλ

λ1−α0
µ(dξ)

θ+ λ

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2

<∞.

Further, there is a constant C > 0 such that∫ ∞

0

∫ ∞

0
dsdte−θ(t+s)

∫
Rd×Rd

|s− t|−α0γ(x− y)G(t, x)G(s, y)dxdy ≤Cθ−2(A.3)

for large θ.

PROOF. The identity in (A.1) follows from∫ ∞

0

∫
Rd

e−(θ+λ)t+iξ·xG(t, x)dxdt =

∫ ∞

0
e−(θ+λ)t sin(t|ξ|)

|ξ|
dt=

1

(θ+ λ)2 + |ξ|2

where the first equality follows from (2.3) and the second from integration by parts. To show
the finiteness,∫

R+×Rd

1

(θ+ λ)2 + |ξ|2
dλ

λ1−α0
µ(dξ)≤

∫
R+×Rd

1

λ2 + (θ2 + |ξ|2)
dλ

λ1−α0
µ(dξ)

and by variable substitution∫
R+

1

λ2 + (θ2 + |ξ|2)
dλ

λ1−α0
=

(
1

θ2 + |ξ|2

) 2−α0
2
∫
R+

1

1 + λ2

dλ

λ1−α0
.

By (1.5), therefore,∫
R+×Rd

1

(θ+ λ)2 + |ξ|2
dλ

λ1−α0
µ(dξ)≤C

∫
Rd

(
1

θ2 + |ξ|2

) 2−α0
2

µ(dξ)<∞.

We now prove (A.2). By (1.5),∫ ∞

0

∫ ∞

0
dsdte−θ(t+s)

∫
Rd×Rd

|s− t|−α0γ(x− y)G(t, x)G(s, y)dxdy

= 2

∫
R+×Rd

dλ

λ1−α0
µ(dξ)

∫ ∫
{s≤t}

dsdte−θ(s+t)e−λ(t−s)

∫
Rd×Rd

eiξ·(x−y)G(tx)G(s, y)dxdy

= 2

∫
R+×Rd

dλ

λ1−α0
µ(dξ)

∫ ∫
{s≤t}

dsdte−λ(t−s)e−θ(s+t) sin(t|ξ|) sin(s|ξ|)
|ξ|2

= 2

∫
R+×Rd

dλ

λ1−α0

µ(dξ)

|ξ|2

∫ ∞

0
dse−2θs sin(s|ξ|)

∫ ∞

s
e−(θ+λ)(t−s) sin(t|ξ|)dt.

By the relation

sin(t|ξ|) = sin((t− s)|ξ|) cos(s|ξ|) + cos((t− s)|ξ|) sin(s|ξ|)

and by integration by parts∫ ∞

s
e−(θ+λ)(t−s) sin(t|ξ|)dt

= cos(s|ξ|)
∫ ∞

0
e−(θ+λ)t sin(t|ξ|)dt+ sin(s|ξ|)

∫ ∞

0
e−(θ+λ)t cos(t|ξ|)dt

= cos(s|ξ|) |ξ|
(θ+ λ)2 + |ξ|2

+ sin(s|ξ|) θ+ λ

(θ+ λ)2 + |ξ|2
.
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Thus, ∫ ∞

0

∫ ∞

0
dsdte−θ(t+s)

∫
Rd×Rd

|s− t|−α0γ(x− y)G(t, x)G(s, y)dxdy

= 2

∫
R+×Rd

dλ

λ1−α0

µ(dξ)

|ξ|2
|ξ|

(θ+ λ)2 + |ξ|2

∫ ∞

0
e−2θs sin(s|ξ|) cos(s|ξ|)ds

+ 2

∫
R+×Rd

dλ

λ1−α0

µ(dξ)

|ξ|2
θ+ λ

(θ2 + λ)2 + |ξ|2

∫ ∞

0
e−2θs sin2(s|ξ|)ds.

Using integration by parts again∫ ∞

0
e−2θs sin(s|ξ|) cos(s|ξ|)ds= 1

2

∫ ∞

0
e−2θs sin(2s|ξ|)ds= 1

2

2|ξ|
4θ2 + 4|ξ|2

=
1

4

|ξ|
θ2 + |ξ|2

.

A similar treatment also leads to∫ ∞

0
e−2θs sin2(s|ξ|)ds= |ξ|

2θ

∫ ∞

0
e−2θs sin(2s|ξ|)ds= 1

4θ

|ξ|2

θ2 + |ξ|2
.

Bringing them together leads to the identity leads to the identity in (A.2).
Establishing the finiteness in (A.2) is an easy job and can be seen from the following

estimate for (A.3). To show (A.3), all we need is to bound the two terms on the right hand
side of (A.2) separately. We first work on the second term.

By variable substitution∫ ∞

0

dλ

λ1−α0

θ+ λ

(θ+ λ)2 + |ξ|2
=

∫ ∞

θ

dλ

(λ− θ)1−α0

λ

λ2 + |ξ|2

=
1

|ξ|1−α0

∫ ∞

|ξ|−1θ

dλ

(λ− |ξ|−1θ)1−α0

λ

λ2 + 1
.

Consider the decomposition∫ ∞

|ξ|−1θ

dλ

(λ− |ξ|−1θ)1−α0

λ

λ2 + 1
≤
{∫ 2|ξ|−1θ

|ξ|−1θ
+

∫ ∞

2|ξ|−1θ

}
dλ

(λ− |ξ|−1θ)1−α0

λ

λ2 + 1
.

For the first term∫ 2|ξ|−1θ

|ξ|−1θ

dλ

(λ− |ξ|−1θ)1−α0

λ

λ2 + 1
≤
( |ξ|
θ

)∫ 2|ξ|−1θ

|ξ|−1θ

dλ

(λ− |ξ|−1θ)1−α0

=
( |ξ|
θ

)∫ |ξ|−1θ

0

dλ

λ1−α0
=

1

α0

( |ξ|
θ

)1−α0

.

As for the second term∫ ∞

2|ξ|−1θ

dλ

(λ− |ξ|−1θ)1−α0

λ

λ2 + 1
≤
∫ ∞

2|ξ|−1θ

dλ

(λ/2)1−α0

λ

λ2 + 1
≤C

( |ξ|
θ

)1−α0

.

In summary, we have the bound (the constant C can be different from place to place in our
argument) ∫ ∞

0

dλ

λ1−α0

θ+ λ

(θ+ λ)2 + |ξ|2
≤Cθ−(1−α0).

By Fubini’s theorem, therefore,∫
R+×Rd

dλ

λ1−α0
µ(dξ)

θ+ λ

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2
≤Cθ−(1−α0)

∫
Rd

1

θ2 + |ξ|2
µ(dξ)

≤Cθ−(3−α0)µ({|ξ| ≤ 1}) +Cθ−(1−α0)

∫
{|ξ|≥1}

1

θ2 + |ξ|2
µ(dξ).
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By Minkowski inequality with p= 2/α0 and q = 2(2− α0)
−1,

θ2 + |ξ|2 ≥C−1θα0 |ξ|2−α0 .

So we have

θ−(1−α0)

∫
{|ξ|≥1}

1

θ2 + |ξ|2
µ(dξ)≤Cθ−1

∫
{|ξ|≥1}

|ξ|−(2−α0)µ(dξ).

The integral on the right hand side is finite under (1.5). Therefore, we have established the
expected bound

1

2θ

∫
R+×Rd

dλ

λ1−α0
µ(dξ)

θ+ λ

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2
≤Cθ−2.

Notice that
1

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2
≤ 1

θ

θ+ λ

(θ+ λ)2 + |ξ|2
1

θ2 + |ξ|2
.

The first term in (A.2) yields the same bound. □
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