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1. Introduction

Consider a branching particle system starting from one ancestor at the origin in a
d-dimensional space. Independently, each particle moves to a new site after one time
unit since its birth, gives birth to a random number of offsprings and die. The same
procedure is repeated by all generations. Throughout the migration is governed either
by a d-dimensional simple symmetric random walk or by a d-dimensional Wiener process,
and the reproduction by a Galton-Watson tree whose offspring distribution has the mean
m > 1 and finite variance. This model is called branching random walk (when migration is
executed by random walk), or branching Wiener process (when migration is executed by
Wiener process). Under our assumptions, the random sequence { B(t)};>o with B(t) being
given as the total population in generation ¢ (¢ > 0) is a supercritical Branching chain. Tt
is well known (see, c.f., Athreya-Ney (1972)) that

(1.1) lim 2%

t—o0 mt

=B a.s.

for some random variable B which is not constantly zero.

In addition to their obvious background in the study of population growth and mi-
gration, the models of branching random walks (Wiener processes) had their origins in
the theory of cascade processes. The study of branching random walks as a probability
problem was initiated by Kolmogorov (1941) (The reader is referred to a survey by Ney
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(1991) for historical account and for general information of this field). A central limit
theorem conjectured by Harris (1963, p.75) states that

(1.2) mT Z My, T) — BG(z) a.s.

where A(z,T) is the population of the particles located at z at time 7" and, G(z) is
the d-dimensional normal distribution function attracting the migration random walk
through the classic central limit theorem. See, e.g., Stam (1966), Asmussen-Kaplan (1976),
Athreya-Kaplan (1978), Klebaner (1982), Joffe (1985), Biggins (1990), Bramson-Ney-Tao
(1992) and Révész (1994) for the developments on this subject. Concerning the speed of
above convergence, Révész (1994) proves that for each € > 0,

(1.3) T1/2*6< 3 Ay, T) - BG(z )) —0 as.
y<zvT

Like the classic central limit theorem, the central limit theorem for branching random
walks yields its local version (see also Watanabe (1965), Athreya-Kang (1998) for the
local central limit theorems for a variety of branching Markov processes). In the case of
branching random walk, Révész (1994) shows that

(1.4) T1€(% (47;T>d/2A(:;22TT) - B) 0 as

Naturally, one wonders if (1.3) and (1.4) suggest the exact rates of convergence. In-
deed, a counterpart of (1.4) given in Theorem 4.9 of Révész (1994) says that for each
C > 0, there is a 6 = §(C) > 0 such that

P{‘ 1 (47rT>d/2 A(0,2T)

(15) s\7a ) e

B‘ }>5

for sufficiently large T'. This observation makes him conjecture (p.79, Révész (1994)) that
the sequence

(1.6)

(1 (47rT>d/2 A(0,27)

weakly converges to some non-degenerate random variable as 1" — oo.

This paper is to find the exact convergence rates for these limit theorems, and to settle
the conjecture raised by Révész in particular. Instead of the weak convergence proposed
by Révész, we shall prove his conjecture in terms of almost sure convergence as well as
Lo-convergence. Our tools are some decompositions given in Révész (1994) and martingale
approximations.

The rest of the paper is organized as following: In section 2, we give our results
(Theorem 2.1, Theorem 2.2 and Corollary 2.3) for branching random walks. In section
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3, we point out their analogues (Theorem 3.1 and Theorem 3.2) in the case of branching
Wiener processes. Theorem 2.1, Theorem 2.2 and Corollary 2.3 are proved in section 4.
Due to similarity, only a sketch is given to the proofs of Theorem 3.1 and Theorem 3.2 in
section 5.

The following notations and assumptions will be kept throughout the article. For
r=(x1,-,2q),y = (21, -,ya) € R, 2 -y and ||z|| will be used, respectively, for the
inner product between x, y and for the Euclidean norm of z. The partial order “x < y” is
defined by the relation 2y < y1,---,2q < yq. Given a measurable A C R4, |A| denotes its
Lebesgue measure. Write

= () [ [

and let ®(z) = & (x).

We use the non-negative integer valued random variable Z to represent the distribution
of the number of children of each individual in our particle system and assume

(1.7) m=EZ>1 and ¢*=Var(Z) < co.

2. Results for branching random walks

We begin with a formal definition of the local population \(z,t). Let ej,es, -, eq4
be the orthogonal unit vectors in the d-dimensional lattice Z¢ and let X be a Z%valued
random variable independent of Z with

1
P{X:eJ}ZQ_d j:1727"'d7

and let
{(X(z,t,k),Z(z,t,k)); z€Z% t=0,1,2,---,k=1,2,---}

be an array of i.i.d. random vector with
(X(0,0,1),7(0,0,1)) = (X, 2).

Intuitively, we coordinate each individual in our particle system by the 3-tuple (z,t, k),
where = represents his birth site, ¢ represents his generation (so the original ancestor
belongs to generation 0) and k is his order number as one of the members who were
born at x in his generation. For given individual (x,t, k), X (z,t, k) is interpreted as the
migration made by him, and Z(x,t, k) is the number of his children. The local population
Az, t) at © € Z? in the generation ¢ is defined as following:

1 if x =0,
A(””’0)_{0 if 2 # 0,



Ma,t)= > > Liy(X(y,t—1,k)Z(y,t - 1,k)

yezd k=1

where = (z1,---,24) € Z% and t = 1,2, ---. Clearly, A(x,t) =0 if t Z 21 + --- + 24 mod
(2).
Write
B(t)= Y M=z,t) t=01,2-.

rcZd

Then {B(t)}+>0 is a supercritical Branching chain starting with B(0) = 1 and having
the offspring distribution £(Z) (see, e.g., Athreya-Ney (1972) for the detail of branching
chains). It is well known that when m > 1, { B(t) };>( survives with positive probability.

Let
F(t) = F{\(z,s); zreZ?, s=0,1,---,t}

be the o-algebra generated by the array
{Nz,s); z€Z% s=0,1,---,t}.

Theorem 2.1. There exist a real random variable M and a R%-valued random vari-
able N such that for each x = (xq,---,24) € Z9,

1 27T\ 2 \(z,T) d||x||? 1
(2.1) T[E( ) S — e { - S| —d(GM AN,

almost surely as well as in La-norm, as T — oo with T = x1 + - -+ + x4 mod(2), where the
random variable B is given in (1.1).

Besides, the random variables M and N satisfy the following:

4(m? + o?)
_ 2 _
(2.2) EM =0 and EM* = A =17
(2.3) EN=0 and cov(N,N)= "=+ g

. =0 and co , = dm—1)? ds
(2.4) (B, M,N) £ (B, M,—N),

Bt) 1

2.5) ) =20 - LS ey r=0

yeZa
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(2.6) E[N|F(t) :—Zy)\y, t=0,1,--,

y€Z4

where 14 is the d X d identity matriz.

Further, if {(Bk, Mk, Ni)}r>1 are independent copies of (B, M,N) and if they are
independent of (X, Z) then

(2.7) (B, M, (N - BX) ) d %i (Bk, My — 2X - Ny, Nk>.
k=1

Theorem 2.2. For each x € Z9,

(2.8) [ S A, T)— BP{Sy < xﬁ}] V&, (Vdz) N
y<x\/_

almost surely as well as in Lo-norm, provided T — oo, where B is given in (1.1), N is
given in Theorem 2.1 and {S;} is the symmetric simple random walk generated by X .

Remark. Taking x = 0 in (2.1) we see that the sequence in (1.6) converges almost
surely as well as in Lo-norm. So the conjecture made by Révész (1994) is proved. From
(1.5) one can also see that the random variable M in Theorem 2.1 is unbounded. By
Proposition 1.2.5 of Lawler (1991),

PT(aj) EP{ST:x}:2<i>d/2eXp{ B M}+O(T2d/2)

27T 2T
as T — oo with T =21 + - - - + 24 mod (2). Therefore (2.1) is equivalent to
Xz, T) d /2
1+d/2 ’ T
(2.9) T [7 ~ BP (:v)] —d(5-) (M +2N).

Nevertheless, P {ST <zVT } in Theorem 2.2 can not be replaced by @d(\/ax). Indeed,
we have

Corollary 2.3. For each x € Z¢,

(mT > Ay, T) — BOy(Vix))
(2.10) y<zVT

= Vd, (Vi) - (BF(ﬁx) - 2N) +o(l) (T — o)

almost surely as well as in Lo-norm, where B is given in (1.1), N is given in Theorem
2.1, F(z) = (f(xl), . -,f(xd)) and f: (—o0,00) — (— %, %) is a periodic function with
period 1, f(k) =0 (k=0,£1,£2,---) and

1—26

0<6<1.
5 <<

f(0) =




Corollary 2.3 shows that asymptotically, the sequence

< T Z ANy, T Bq)d(\/a:v)> T=1,2--
" y<zVT

oscillates in a finite random interval. So the exact rate for the global central limit theorem
is established.

3. Results for branching Wiener processes

The construction of the branching Wiener process is similar. Let W (t) be a standard
d-dimensional Wiener process independent of Z and write W = W(1). Let

{(W(x,t,k), Z(z,t,k)); v€RY t=0,1,2,-- k=1,2,---}
be a set of i.i.d. random vectors such that

(W(0,0,1),2(0,0,1)) = (W, 2).

Define
1 ifz=0
A(””’O)_{o if 2 # 0,
A(y,t—1)
=) Z (y+ Wyt —1,k)Z(y,t —1,k)
yeRd k=1

where z € R and t = 1,2, ---. Clearly, A(z,t) = 0 for all but finitely many x € R¢. Define
the random measure

A(y,t—1)

=) Az, t)= > Z Li(y+W(y,t — 1,k)) Z(y, t — 1,k)

€A yeRd k=1
for all measurable A C R%. Let

F(t)=F{\z,s); z€R% s=0,1,---,t}
= F{Y(A,s); ACR? s=0,1,---,t}

be the o-algebra generated by
{Nz,s); z€Z s=0,1,---,t}.

Theorem 3.1. There exist a real random variable M and a Re-valued random vari-
able N such that for each A C R* with |A| > 0 and [, ||z||dz < +oo,

31) T (%T)dﬂ% —B/Aexp{ . ||2xj|l2}dx} — |A|(%M—|—3‘3A-N)
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almost surely as well as in Lo-norm, as T — oo, where B is given in (1.1) and

i/
Tqa=— | xdx.
Al J 4

Besides, the random variables M and N satisfy the following:

2d(m? + o?)(m + 1)

(3.2) EM =0 and EM? = (18 ,

(3.3) EN =0 and cov(N,N)= %Id,

(3.4) (B, M,N) £ (B, M,—N)

(35 BDIFO)] = deo )~ [ylPedn ) =01,

(3.6) E[N|F@®)] = %/yzﬁ(dy,t) t=0,1,---

Further, if {(By, My, Ni)} are independent copies of (B, M, N) and if they are inde-
pendent of (W, Z) then

(3.7) (B, (M = (d— ||W|?)B), (N —BW) ) d %Z (Bk, (My — 2W - N), Nk>.
k=1

Theorem 3.2. For each z = (z1---,24) € RY,

y < 'T\/T}’ T)

mT

(3.8) ﬁ[w({y : ~ Boy(z)] — ~Vq(x)- N

almost surely as well as in Lo-norm, as T — oo, where B is given in (1.1) and N is given
in Theorem 3.1.

4. Proof of Theorem 2.1, Theorem 2.2 and Corollary 2.3
Proof of Theorem 2.1. To prove (2.1) we need only to verify (2.9).
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Define, for 0 <t < T and x € Z9,

fla, Tty =m" ">~ Ny, ) P" (- y).
yeZa
According to Lemma 4.3, p. 67 in Révész (1994),
(4.1) EXz, T)|F®t)] = f(z,T,t) 0<t<T zeZ

We first follow the decomposition given in Révész (1994): Fix a number € > 0 (which
is sufficiently small to satisfy all the needs in the later argument) and choose t ~ T*. For
all x € Z¢,

Mz, T) _ PT()B = <)\(m,T) B f(a:,T,t))

(4.2) : (f(?,i;“,t) P?:( )B(t)>
()

In the proof of Theorem 2.1, we assume that t = 1 + - - - 24 mod(2). As shown in Révész
(1994), the first and the third terms are negligible since (Lemma 4.8 in Révész (1994))

(4.3) E( Z ()\(?,%TT) B f(fg;g,t)>2> <c. m

y€Zd

for some constant C' > 0, and since (Theorem 4.8 in Révész (1994))

(4.4) E<B(t) - B>2 = O(m™).

mt

So we need to show that

(4.5) T4/ (L” L0 priy B(t)> — d(%)d/g (M +z-N)

mT mt T

almost surely as well as in Ls-norm. Notice that

Fa 0 pr(e) 20— S A (P - v) - PT(@)).

mT m
yezZa

(4.6)

By a formula given in p.14, Lawler (1991),

Pitx —y) = 2(2%)_d/ e @M AGT =t (\)a\
A

— 9(2m) ¢ /A cos ((z — y) - A) 6T (A,
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PT(z) =2(2m) "¢ /A cos(z - \)oT (N\)d,

where
1
= 8ZcosAj A= (A, -+, Mg) € R?
=1
is the characteristic function of X and A = [-7/2,7/2] x [-m, w]?~!. By variable substi-
tution
le—i(x ) le(
B —y) A\ x- A A t
—2(27r) / . cos —T—t > cos( T—t)¢< T—t>]
A T—
d)\
¢(wr )

and, by Taylor’s expansion

cos(%)—cos(\;i) <\/T)\—t>t
- z(Tl—o (@ 02+t 2 = (@ =) - 2)” + (1)

uniformly for all ||y|| <t as T'— oo. Notice that
A T—t NIk
) {2}

and that |¢(\)| < 1 for all A € A\ {0}. Hence the dominated convergence theorem applies
(see, e.g., the proof of Theorem 1.2.1 in Lawler (1991)), which, combined with above
observations, gives that

PT=(a — y) — P (a)
— (2m)—dT 14/
X (- N +td M= ((z—y) - )\)2 expq — [aly d\ +o(1)
2d

= (2m) VRHHIPT VR g2+ 2a g+ o(1)] (T — o0)

(4.6)

uniformly on ||y|| < t. Since A\(y,t) = 0 for all ||y|| > t, from (4.6) we have
T1+d/2 <f(£E, T’ t) . PT(.’L')B(t))

mT mt
B B(t) 1
_ d/2 j1+d/2 b 2
yeZd
2
+ L Z yA(y,t) + 0(1)]
yEZd



almost surely and in Lo-norm as well. Let

Bt 1 1
Mo=t= = = ST lylPA 1) and No=—— 3T yA0) t=0,1,--

yeza yezad

We claim that {M;};>o and {N;};>0 are martingales w.r.t. the filtration {F(¢)}+>0. In-
deed,

EDIEE -] = B2 70— 1] - S WIPE M, 01 - 1)
=B S W Y Mt - )P 2)
(4.8) B(t—1) 1 ) , )
=t~ > Az t—-1DE|z+ X]||
= tBT(ri’;ll) - mtl_l Z Az, t = D{||2|]* +1} = My_s.

The proof for {N;};>0 being a martingale is similar.

To apply the martingale convergence theorem to {M;};>0 and {N;};>0, we compute
their second moments. Note that

M= 3 = P} )

y€Zd
A(z,t—1)
=—Z{t—||y||}z Z 2t —1,k))Z(z,t — 1,k)
yeZa z€Zd k=1
A(z,t—1)
= Z Z —LE) > {t=lylP}y— (X (2.t — 1K)
z€Z4 k=1 yEeZa
A(z,t—1)
=—Z Z Z(z k) {t — ||z + X (2,t — 1,k)||*}.

z€Zd k=1
Thus for each t > 1,

Mt_Mt l:Mt_ [Mt|f(t—1)}
A(z,t—1)

P {210t - e+ Xt 107}

~B(Z(xt =1L R){t - ]2+ X(,t = LK) })}
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Hence,

E[M, — M, 4]’ % 3 E(Azt - 1) -Var{Z- [t— ||z+X||2}}
= S P Va2 [t e+ XIP] )

1 1
= Var{Z [t ISA ) = 5 B2 B[t |IS)°
1

= — (m? + 0?) - 2(t* — t)d~".
Therefore
s 2 4(m2 + 0'2)
4. E — M, =—2 .
(4.9) Z t— 1] dlm —1)3 < 0
t=1
Similarly,
A(z,t—1)
Z Z Z(z,t —1,k) (2 + X(2,t — 1,k)),
z€Zd k=1
A(z,t—1)
Ny — N,_ 1_—2 Z { 1,k)(z+ X(2,t — 1,k))
ZEZd k=1

_E<Z(z,t— LEk)(z4 X(z,t— 1,k))>}.
Thus for each t > 1,
COV(Nt — Ng1, Ny — Nt—l)

- Y P eov(Z: 4 X), 2+ X))

2€Z% z€Z4d
1 2 2y 1—1
::Tnb+1COV<Zf%,ZE%):: ;ﬁ;T(ﬂl 4‘0’)d th
Consequently,
= (m? + o?)
4.10 Ny — Ny_1,Nt — Ny 1) = —=14.
( ) ;COV( t t—1, 1Vt —1) d(m —1)2 d

By martingale convergence theorem (see, e.g., p.2, Hall-Heyde (1980)), {M;}+>0 and
{Ni}+>0 converge almost surely, as well as in Lo-norm, to a real valued random variable
M and a R%valued random variable N, respectively. Since My = 0 and Ny = 0, we have

EM =0 and EN =0.
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By above computation,

4(m? + o?)
d(m —1)3

(m? +0?)

EM? = and cov(N,N) =

In view of (4.7), (4.9), (4.10) and (4.11) we have (2.1)-(2.3), (2.5) and (2.6) in Theorem
2.1.

Replace {X(a:, t, k)} by { — X(x,t, k)} and introduce the notations X' (z,t), M{, N/,
M’ N’ for the replacements of \(z,t), My, Ny, M, N, resp., in our new particle system.
By symmetry of migration we have

(4.11) (B,M',N") £ (B, M, N).

On the other hand, ) (z,t) = A(—x,t) for all t > 0 and = € Z%. Hence we have M, = M,
and N/ = —N;, which leads to M’ = M and N’ = —N. Therefore, (2.4) follows from
(4.11).

We now prove (2.7). Let \*(z, T — 1, k) be the population of the particles located at
x at time 7', who are descended from the original ancestor’s k** child, let

=Y N(z,T-1,k)
x€Zd
and write
B (t
B, = hm ]i(l)
t—oo M
Then

Aa,T) => N(x,T ZI Z (z,T —1,k)

and, {By} are i.i.d. random variables independent of (X, Z) and distributed as L(B).
Notice that

Y L(x ZPT 1x—sz—mBZ] X)PT Yz — 2).

Similar to (4.6), for ||z|| =1,

_ dN\¥/2 . _
pT 1(x—z)—PT(x):d(%> 71 d/2[1—||z||2+2x-z+o(1)]
I
Zd(ﬁ T2 (22 2+ 0(1)
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as T — oo. Therefore,

ZIZ(X)EZ: {)\*(g;,T— 1, k) B PT (- Z)]

z k=1 mt
_ (A(;,TT) . BPT(I')) B de(%>d/2T_1—d/2 ZIz(X)(Q-T -z +o0(1))
= (A(;’TT) - BPT(:E)> — de(%)d/QT_l_d/Q(Qx ‘X +0(1) as.

Applying (2.9) to above relation we have

1
M+2z-(N—-BX)=—

m

MN

{ My —2X - Ny) + 2z - Nk} a.5.,
k=1

where {(Mj, Ni)} are independent copies of (M, N) and they are independent of (X, Z)
Since x € Z? is arbitrary and since

7z
1
-5,
m
k=1
we have (2.7).

Proof of Theorem 2.2. Consider the following decomposition:

mT > Ay.T)— BP{Sy < aVT}

y<fc\/_
= mT > (x — f(y, T,t))
y<:r\/_
f(y,T,t) B(t)
v T - PSr eV
y<zVT

+-f){5&‘§;$Vﬁf}(?€£f)

—B).

Again, we let t ~ T* for some sufficiently small ¢ > 0. In view of (4.4), the third term in
above decomposition is negligible. Since A(y,7") = 0 for all ||y|| > T’

( > <A<y,T>—f<y,T,t>)) < KTY? 3" (My,T) — f(y,T.1))",
y<zvT

yeZa

where K > 0 is a constant. By (4.3), the first term is also negligible.
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Therefore, we only need to deal with the second term, i.e, to prove that
fly, T,1) B(t
(4.12) ﬁ{ > = - P{Sr < azﬁ}# — —V®y(Vdz) - N
y<zVT

almost surely as well as in Ls-norm.
Notice that

% Z f(va7t) _P{ST < xﬁ}iﬁ?
(4.13) f”ﬁ
= — 3 [P{Sr < aVT -y} - P{Sy <aVT} A0,
Write
P{Sr_; < VT — y} — P{Sr < x\/T}
= (P{ST <aVT -y} —P{Sr < a:\/T})
(4.14)

+ (P{Sr v <aVT -y} = P{Sr <aVT - y})
=)+ ) (say).

Uniformly on ||y|| <t,

d
(I) = —(1+0(1)) ZSgn(yj)P{@“jﬁ —lyjl < SF <y VT,

(4.15)
S < o VT, & # 5, 1gk§d}
as T' — oo, where S(Tl), . --,S(Td) are the components of Sp. We claim that for each

1 < j <d, uniformly on ||y|| <t,

P{xjﬁ— |yj| < Sé‘«?) < a:j\/f Sé«k) < .’Ek\/?, k}%j, 1<k< d}

(4.16) (1+ 0(1))T_1/2%(@(w)) [Iyl +(1- (—1)'y|)(—1)T+W71] as d =1,
(1+ 0(1))T1/2|yj|3%j <<I>d(\/ax)> as d > 2.

We only prove (4.16) in the case d > 2, as the proof for the case d = 1 is similar
but mush simpler. Without loss of generality, we only consider the case j = 1. By a
combinatorial argument we can see that for any measurable A{,---, A3 C R,

P{sV e 4y, 8% € 44}
(4.17) 1

™k
- Y e TIPSy A,
ki+--+ka=T j=1
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where S, is an 1-dimensional symmetric random walk. In particular,

P{aw/T - || < 88 <aVT, S8 <apVT, 2 <k < d}
d
1 T _ _
=7 2 m( > P{Sk, zz}) 11 P{Sk, <@V}
kit-tka=T 21 VT —|y1|<z<z1 VT J=2

Notice that P{Sj, =z} =0 when k; # z mod (2), and

_ d d 2
P{Skl = z} ~ 2T_1/2\/ %exp{ — %}
when k; = z mod (2) and k; ~ d~'T as T'— co. On the other hand,

#{z€Z: VT — |y1| < 2 <z VT and z = ky mod(2)}

= %[|y1| + (1 — (_1)|y1|)(_1)k1+[w1ﬁ]]

Consider the Cramér’s large deviation (cf., Theorem 2.2.30 of Dembo-Zeitouni (1992))
which gives in our case

1 T .
(k1,--,ka)EAT(S)

for any 6 > 0, where o = () > 0 is a constant and

AT(5):{(k1,"-,kd)€Zd; ki+---+kg=T, kj >0 (jzla"'vd)
and |k, —d_1T| > 0T for some 1 < j gd}

(We only need that the left hand side of (4.18) tend to zero here, which is referred as the
law of large numbers. We give (4.18) for the needs of the later development). Therefore,

P{$1\/T—|y1| < 8% <aiVT + 1|, SY < VT, QSde}

= (1 +0(1))diT Z kl'L'kd' [|y1| +(1- (_1)|y1|>(_1)k1+[zkﬁ]]

kit tka=T
5. d
x T~/ % { 1}j1;[2<1> dz;
= (1+40(1) 8%(‘% >[|y1|+ (1—(~ )lyﬂ)(—l)[xﬂ/_]( 2>T]
= (14+o0(1))T~1/? 831 <‘1>d >|y1 (T"— o0)



By (4.15) and (4.16),
(4.19)

128 (@) [y + (1 (D)) ()T o) asd=1,

(I)=
1/ [Wd(\/ax) y+ 0(1)] as d> 2

holds uniformly on ||y|| <t as T — oo.
Note that when d > 2,

(I =Y P'(z) [P{ST_t <aVT -yl — P{Sp_, <avVT —y— z}]

z€Z4

(4.20) -3 PimT [wd(\/éx) e 0(1)}

z€Zd

2 [E(V@d(\/ax) AR 0(1)} =o(T1/?) (T = o)

holds uniformly on ||y|| < ¢, where the second equality follows from an obvious modification
of (4.19). Similarly, (4.20) is also true when d = 1.

Combining (4.13), (4.14), (4.19), (4.20) we can see that as d > 2,
% Z f(y,Tvt) _P{ST < xﬁ}%
y<zVT
= 12 V() (e 3 w0+ ol1)]

yezZa

almost surely as well as in Ls-norm. This also holds in the case d =1 as

% > (- (—1)'y')sgn(y)k(y,t)‘
=3 (1= (=1)")sgn(y) [A(:,th) - P'(y)B]|
<3|t - Pws|—o @

where the last step follows from Theorem 4.3 and Theorem 4.5 in Révész (1994).

So (4.12) follows from (2.6) and martingale convergence theorem. |

Proof of Corollary 2.3. By Theorem 2.2, it is enough to prove the following multivari-
ate version of Edgeworth expansion:

(4.21) P{Sr < xVT} = ®4(Vdz) + T~V?Vd4(Vdz) - F(VTx) + o(T~Y/?).

16



When d = 1, by Theorem 6, p.171 of Petrov (1975) we have

_ (s L 'y i Sin(QZW\/Tx)
22) P{Sr < aVT} = &(x) + ﬁcp( );—ﬂ +

= ®(2) + T7Y20/ (2) f(VTz) + o(T~1/?),

+O(T—1/2)

where the last step follows from Fourier expansion.
Consider the case when d > 1. From (4.17)

= 1 4 =S
ki4-+kg=T 107 Rl j=1

By a treatment similar to the one used in the proof of (4.16), the expansion (4.21) follows
from (4.18), (4.22) and (4.23). n

5. Proof of Theorem 3.1 and Theorem 3.2

Let Pi(x, A) be the transition probability of {W(¢)}. Then

1 \4/2 — xz||?
Pz, A) = (%> /Aexp{—%}dy t> 0.

Define, for each t < T,

F(A,Tt)=m"" > Pr_y(z, ANz, t) =m" / Pr_(x, A)¢(dz, t).

x€RA

By Lemma 6.3 in Révész (1994), for each 0 <t < T,
(5.1) E[)(A,T)|F(t)] = F(A,T,1).

The proof here is similar to the one given in section 4, except that the range of
branching Wiener process is no longer bounded in probability. We shall overcome such a

difficulty by truncation. From this motive we need the following lemma.

Lemma 5.1. There exists a constant C > 0 depending only on m and o? such that

(5.2) {/f T (dx t} < Cm*Ef*(W(t))
for every function f on R, and t.

Proof. By (5.1),
(5.3) E[/f( U (da t} /f F(dz,t,0) = m'Ef (W(1)).

17



Notice that

zeR?
A(y,t—1)
=m N P f(2) Y Y L(y+W(yt—1,k)Z(y,t— 1,k)
zeR4 yeR? k=1
Ay,s—1)
== > S P f(y+ Wys— L,k) Z(y,s — 1,k).
yeRe k=1

In view of (5.1) we have

/ F(@)F(da, 1, 5) — / F@)F(dat, 5 — 1)
Ay,s—1)

:mt_sz Z [Ptsf(y-l—W(y,s—l,k))Z(y,s—l,k:)

yeRI k=1

— E(Pt_sf(y +W(y,s—1,k)Z(y,s— 1, k))}

Hence,

[/f F(dz,t,s) /f dxts—lr

M2 3" E(\y,s — 1)Var(Peof (y + W)7)

yeR4

. /Ps_l(o, dy)Var <Pt_sf(y W, A)Z)
m* 5 Var (Pt_sf(W(s))Z)
m2t=s1(m? 4 02)E(Pt_sf(W(s))>2

m2t—s—1(m2 + UQ)E(Pt—sz (W(S)))
m* 5 (m? 4+ o?)Ef*(W(1)).

IA

IN
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Therefore, by orthogonality ((5.1)) we have

Var[/f(a:)\ll(dx,t)] = imQt_S_l(mQ +a?)Ef*(W(t))

(5.4) s=1
<m2. T g
- m(m — 1) '
Finally, the desired conclusion follows from (5.3) and (5.4). n

To prove Theorem 3.1 and 3.2, we now follow Révész’ decomposition again

, /2 x||?
= 8() " e { -
B (1/1(A, T) F(AT, t))

+ <% — PﬂO,A)%) +PT(O,A)(% _ B),
v({y; y <aVT}T) Boy(o)
:<¢H%y§$%ﬁﬂ7_quy§x%ﬂﬂwU

: <
o (Pl =0 ) 20) 4 (20 ),
m m m
where we let t = T€ for a small constant ¢ > 0. By (4.4) and the inequality given in
Lemma 6.11 of Révész (1994), one can see that only the second term in each of these two
decompositions contributes to the limit behaviors given in our theorems. In other words,
(3.1) and (3.8) are equivalent to

F(A,T,1)
FALL

m mt

(5.5) T1+d/2< PT(O,A)B(t)) . |A|<%>d/2(lM+§:A-N)

2
and

(5:6) ﬁ(F({y; y < a;ﬁ},ﬂ t) & y(z) B0

m mt

> — =V®,(z)- N,
respectively.
We first prove (5.5). Notice that

FATH 0 B0

m mt

:%/WJWMﬂMMWMQ

- % jaf <t [Pr—i(@, A) = Pr(0, 4)]4(dz, 1)
+ % [PT,t(a;, A) — Pr(0, A)}@b(d% t)

|z|>t
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and that, by Lemma 5.1

E[it /Wt [Pr_(a, A) — Pr(0, A)w(dx,t)r = o(P{W()|>1}) =0(e ).

m

So (5.5) is equivalent to

2.1

1) 10925 [ et )= Pr0, Autann| — 141 (55) "

2M+3_3A'N>.

On the other hand,

PT,t(ZE, A) — PT(O, A)

_ l(i)d/2|A|T1d/2[ ||x||2 + 2

55 (z-y)dy +o(1)],

|A|

where the error term o(1) tends to 0 uniformly over |z| <t as T'— oco. Hence

a2 L[ P (e, 4) - Pp(0, A)] 4 (da, 1)

t
m” Jz|<t

:;<2w>d/2|7;jt| ||$||<t[t_| o’ + |A| (x-y)dy]zb(dw,t)JrO(l)

= 5 (ge)" 17— fPotann s 22 fevtann] +om)

almost surely as well as in Lo-norm, where the last step follows from a truncation estimate
via Lemma 5.1.
Similarly as in section 4, we can show that

= 20

1
,t) and Ny = W/:mp(dx,t)

are two martingales with

2 _ 2 2\ 742
BM; = Myma]” = — (m? + 0%)at
1 2 2
COV(Nt _Nt—laNt_Nt—]_) = ] (m +o )Id

for all ¢ > 1. By martingale convergence theorem {M;} and {N;} converge, almost surely
as well as in Lo-norm, to some random variables M and N, respectively. Further,

2d(m? + o2)(m + 1)
(m—1)? ’

EM?=Y"E[M, - M,_,]" =

t=1

20



(m? +0?)

Tm—1)2

cov(N, N) = Zcov(Nt — Ny 1, Ny — Ntfl) =

t=1

Hence we have (5.7) (and therefore (3.1)-(3.3), (3.5), (3.6)). We omit the proofs of (3.4)
and (3.7), as they are analogous to that of (2.4)and (2.7), respectively.

We now come to the proof of (5.6). Note that for all |y| < ¢, uniformly we have

c1>d<, / T:i 7 — Ty_ t) — ®y(z) = -T2 [vq>d(x) Y+ 0(1)].

Hence, by truncation (Lemma 5.1) we have

ﬁ(F({y; y < a;\/T},T,t) —éd(x)@>

m mt

— ﬁ% / [P{W(T —t) < VT — y} — ®a(x)](dy, t)
= Vau(a) - (o [uotdnn) + o)

almost surely as well as in Ly-norm. So (5.6) follows from (3.6) and martingale convergence
theorem. |
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