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Abstract

We study the object formally defined as

y([O, t]2> - // Xy — X, drds — E// IXs — X, dr ds, (0.1)
(0,112 (0,112

where X; denotes the symmetric stable processes of index 0 < 8 < 2 in RY. When B <o < min %ﬂ, dy,

this has to be defined as a limit, in the spirit of renormalized self-intersection local time. We obtain results
about the large deviations and laws of the iterated logarithm for y. This is applied to obtain results about
stable processes in random potentials.
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1. Introduction

Let X; be a d-dimensional symmetric stable process of index 0 < f < 2. Thus we assume
that there is a continuous function v (1) on R which is strictly positive for [A| 0, with

VoA =rPy) and y(-A) =vyQ), r>01eR?
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such that

Ee* Xt = ¢~ V® 1 >0,% e R (1.1)
It follows that there is a constant C > 0 such that

CMAP <y <Crf, reRe

In this paper we study

n(A)=// X, — X, " drds, ACR: (12)
A

and, more generally,

n°(A) = // |Xs — X, —z|7%drds (1.3)
A
for z € R?. We are particularly interested in the case A = [0, 1% or [0, t]2<, where for any ¢ > 0,
[0, t]2< = [(r, s) € [0, t]2; r< s] .

Thus we will study

n*([0,1]%) = ff X — X, — z| 7% drds. (1.4)
[0.712
‘We can write

7410, 112) = /

S p— Mo,z (dx), (L.5)

where uy for A C R%r is the measure on RY defined by

4A(B) = / / 1w, —x, ey dr ds. (1.6)
A

We refer to 14 as the intersection measure for the stable process X, since whenever 1 ;12 has
a density a; (x) which is continuous at x, o, (x) is the intersection local time for X;. In particular,
if a;(x) is continuous at x = 0, o, (0) is a ‘measure’ of the set {(r, s) € [0, t]2< | Xy = X, }.
(1.5) shows that n*([0, t]2<) is the Riesz potential of the intersection measure Hi0,112 - (In the
terminology of [12], n*([0, t]2<) is the Riesz—Frostman potential of the intersection measure.)
Notice that 1([0, £1%) = 2n([0, t]%).
When 0 < o < min{g, d},

t S l
E X.— X |7%drds = E(|X;|7° —drd 1.7
//WJ s — X, drds = E(X)| )fofo s (17)

is finite for all # > 0, so that ([0, 1]2) < oo, a.s.

We are interested in Riesz potentials of intersection measures for two reasons. First, our
investigation is motivated by applications to polymer models. Mathematically, a random polymer
is modeled as a random path @ whose probability measure is given in terms of the Gibbs measure

1
P, (w) = 7ei”f(w> do. (1.8)
t
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Here H;(w) > 0is a suitable Hamiltonian which describes the interaction between the monomers
along the path w = {X;; 0 < s < t}, dw represents the underlying measure on path space, and
Z, = E (e*!(®) is the normalization. In most models, the role of H; is to reward or penalize
attraction between monomers. The first case, with + H;, describes a “self-attracting” polymer,
while the second case, with — H;, describes a “self-repelling” polymer. We refer to the recent
book by den Hollander, [18], for a systematic overview of polymer models.

In the existing literature, H; is often taken to be the self-intersection local time, formally
defined as

t t
H, :/ / 80(X, — X,)drds. (1.9)
0 JO

In this model, the monomers along the path interact only when they intersect.
If one believes that all monomers along the path interact, but the strength of the interaction
decreases with distance, then the choice of

t ot
H, = / / | X, — X;|7%drds (1.10)
0 JO

would be a more realistic model.

The second reason for our interest in Riesz potentials of intersection measures arises from the
“polaron problem”, which originated in electrostatics. See [17,26] for general information. The
integral in (1.10) is associated with the asymptotics of the mean-field, or long range interaction,
polaron, while the integral

—|r—s|
/ / © ——drds
o Xy — Xsl°

is associated with a polaron with interactions which are exponentially damped in time. Donsker
and Varadhan [14] solved a long standing problem in physics by showing that, for Brownian
motion W, in R3,

1 t pt eflrfsl
D) = lim —logEex {9/ / —drds} (1.11)
1= f & P o Jo |Wr — Wi
exists and
1
fim 20 {// —g SO g -/ |Vg(x)|2dx}
6—o00 gE]:z R3xR3  |x — | 2 JRrd

where (with d = 3 in Donsker and Varadhan’s setting)
Fo={g € L@ llgl = 1 and | Vegllz < oo} .

Mansmann [25] showed that for Brownian motion W; in R d >3,

.1 IR 1
lim —logEexp - ——drds
=00 1 0 Wy — Wy

2 1
= sup {/ / (x)g (y) drdy — —||Vf||§}. (1.12)
eeF Urd Jre |x —y 2
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The results mentioned above are linked conceptually to the well known work of Donsker and
Varadhan on large deviation for general Markov processes. To illustrate, we take (1.12) as an
example. Viewing the empirical measure L, (-)

1 t
L:(A) = ;/0 Liw,eayds A€ B(Rd)

as a stochastic process taking values in P(R?), the space of the probability measures on R?
equipped with the topology of weak convergence, Donsker and Varadhan [13] established a weak
form of the large deviations for £, (-) with the rate function 7 (u), where

L[ VP
I(“)_ﬁ/ﬂ;d o

if u is a probability measure with density f for which the right-hand side makes sense; and

I (1) = oo otherwise.
Define the function ¥ on (a subset of) P(R?) as

1
V() = / / S (dy).
R Jre |x — |

By Varadhan’s integral lemma (Theorem 4.3.1 in [11]), we therefore expect that

! I 1
lim —logEexp{— ——drds
=00 t tJo Jo Wy =Wl

1
= lim —logEexp{t¥ (L)} = sup {¥(w) — (W)}
=00t ueP(RA)

2
Sup{/ f(x)f(y)dxdy_lf [V f(x)l dx}, (1.13)
f UUrd Jra |x =yl 8 Jra f(x)

where the supremum on the right-hand side is taking for the probability density functions f on
R This becomes (1.12) under the substitution f(x) = gz(x).

Turning this into a rigorous proof is highly non-trivial. The main reason is that, in Mansmann’s
setting, the state space R? is not compact and the functional ¥(-) is not continuous. Because of
these difficulties, Mansmann [25] admits that his approach cannot be extended to dimensions
d=1,2.

Our first main theorem is the large deviation principle for n ([0, t]2<). For0 <o < d let

Cd,a

pume®) = i (1.14)
where Cg., = =427 I'(5%) /(%) Write
A+ fy) ]2
- d —o(A)dAr. 1.15

Clearly, p > 0. According to Lemma 1.6 in [2], 0 < p < co when 0 < 0 < min{28, d}.
By the scaling property

n(10.02) L2777y (10.12), 1= 0, (1.16)
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we need only consider 7 ([0, 1]2<) in the following theorem.

Theorem 1.1. When 0 < o < min{g, d},

Tlim a~P/7 log P {n ([0, 1]1) > a} - —(2,0)*15/”% <2ﬁT_G> . (1.17)

Using variation relations established in [2], Theorem 1.1 can be shown to agree with the
heuristic formula (1.13), suitably modified for stable processes.

Using scaling, (1.16), the relation 7 ([0, 1]) = 27 ([O, 1]2<) and Varadhan’s integral lemma,
[11, Section 4.3], we obtain the asymptotics

_ 28— t 1
lim ¢~ #=— logEexp{/ / | X, —XS|_”drds}
t—0o0 0 0
28—0

_aBoo( B\
=28 5 (2/3—0) pP (1.18)

for the partition function in the self-attracting polymer model with Hamiltonian defined in (1.10).
Note that when d = 3, 8 = 2 and o = 1 this becomes

3 t pt 1 26 5
lim t logE ———drds; = —p°. 1.19
oy oezen| [ [ e = 5o 019

Comparison with (1.11) shows a striking difference between the asymptotics of polarons with
long range interactions and those with exponentially damped interactions.
Theorem 1.1 implies the following laws of the iterated logarithm for 7 ([0, 1]%).

Theorem 1.2. When 0 < 0 < min{g, d},

2B—0

. o/p
limsups~ 7 (loglog£)~*/#n ([0,t]2<)=2,0 (é> ( p ) " (1.20)

1—00 g 2,3 — 0

almost surely.

We are also interested in the situation where 8 < 6 < min {% B,d } In this case En ([O, t]2<)
= oo by (1.7). We intend to show how to make sense of the object formally given by

// IXs — X,|"°drds — IE// IXs — X,|~°drds. (1.21)
{0<r<s<t} {0<r<s<t}

This is reminiscent of the situation for Brownian intersection local time in RZ. In that case
the measure 0,112 defined in (1.6) has a density o;(x) which is continuous for all x # 0, but
not for x = 0. To make sense of «;(0) we must ‘renormalize’. This was first done by Varadhan
[32], and has been the subject of a large literature, see [15,23,3,28]. The resulting renormalized
intersection local time turns out to be the right tool for the solution of certain “classical” problems
such as the asymptotic expansion of the area of the Wiener and stable sausage in the plane and
fluctuations of the range of stable random walks. (See [22,21,24,27].)

There are now several ways to ‘renormalize’ the Brownian intersection local time «;(0). We
briefly recall one such method, since we will use a similar method to renormalize n ([O, t]2<). Let
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us write o (x, A) for the density of the measure 4. Thus, oy (x) = «a(x, [0, t]2<). It can be shown
that forany a < b < ¢ < d, l[a,b]x[c,4] has a continuous density a(x, [a, b] x [c, d]). We then
note that [0, t]2< has a decomposition as

oo 2K—1
0.02 =J | 4f (1.22)
k=0 1=0
where
21 21+1 2041 2042
k _
A] = |:2k+1t’ T t> X |: ST t, s t). (1.23)

It can then be shown that

oo 2K—1
>3 (w0, 4F) - E(@(, Af)) (1.24)
k=0 (=0

converges, and the limit is called renormalized intersection local time.

In the following section we shall carry out a similar program to renormalize 1 ([O, t]2<), which
will give meaning to the formal expression in (1.21). The resulting object will be denoted by
y ([O, t]2<). This will make perfectly good sense in the context of (1.8), which will now be
“renormalized” to

1
P(w) = 7eﬂtﬂ[‘mz) do. (1.25)
t

The second main result of this paper is to show that y ([O, t]2<) has large deviation properties

and laws of the iterated logarithm similar to those established above for n ([O, t]2<) when
0 < o < min{B, d}.

Theorem 1.3. When 8 < o < min {%ﬂ, d},
2B—0

Tim a~#/% log P [y ([0, 1]2<) > a} - —2—'3/”% <2ﬂﬁ_ U) T pBle (1.26)

Consider the special case B = o < d. Combined with the scaling property given in (2.9)
below, Theorem 1.3 shows that the self-attracting polymer measure (1.25) ‘collapses’ in finite
time, by which we mean that

-1
=00 t>p .

Theorem 1.3 also indicates that the self-attracting polymer with H; = y ([0, ]2) is not well
defined when ¢ > . But it is not hard to show that

Eexp -y (10,12} < o0



X. Chen, J. Rosen / Stochastic Processes and their Applications 120 (2010) 1837-1878 1843

forevery t > 0if 8 < 0 < min {%,3 ,d } A problem relevant to the self-repelling polymer is to
investigate the asymptotics of

E exp {—n ([O, t]i)} or Eexp {—J/ ([0, t]2<)}

as t — 00. We leave this to future study.
Theorem 1.3 implies the following laws of the iterated logarithm for y ([0, t]2<).

Theorem 1.4. When 8 < 0 < min [%/3, d},

. o/p
limsupt™ 7 (loglog £)~/#y ([o, t]2<> —2p (é> < p ) " (1.28)
o

t—>00 Zﬂ — 0
almost surely.

We next describe an application to the study of stable processes in a Brownian potential. Let
W denote white noise on L2(Rd, dx). That is, for every f € LZ(Rd, dx), W(f) is the mean
zero Gaussian process with covariance

EW(fIW(g) = /Rd f)gx)dx, (1.29)

which we take to be independent of our stable process X;. W ( f) can be considered as a stochastic
integral

W(f) = [Rd f(x) W(dx) (1.30)
with respect to the Brownian sheet, [33].
Recall the identity
o a 1
/ |X—Z|7#|y—2|7#dz=C—, x,y e R? (1.31)
R4 lx — yl7
where
r’(457)r(s)
_ d/2 4 2
C=m (d a) (dfa)’ (1.32)
see [12, p. 118, 158] or [30, p. 118. (8)]. Then, if we set
! _oxd
£, x) = f [Xs —x|” 2 ds, (1.33)
0
we see by Fubini’s theorem that
([o 1> / £(t, x)%dx < 00, as. (1.34)

Hence, almost surely with respect to X,

F(t)=W(E@, ) = /Rdé(t,x)W(dx) (1.35)
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is a mean zero normal random variable with

E (Fz(t)) — 20)n ([0, t]2<) . (1.36)
By a stable process in a Brownian potential we mean the process described by the measure
1 t .
0, =—e JoV&Xsds p (1.37)
N;

where P; is the probability for the stable process {X; 0 < s < t}, Z; is the normalization and
the potential function V (x) is of the form

V(x>=f K(y — 0)W(dy), (138)
]Rd

where K (x) is a function on R? known as the shape function. Roughly speaking, (1.38)
represents the interaction with a field generated by a cloud of electrons W(dy) with random
signed charges and locations in R?. We refer [6,31] for more information.

When K (x) = §p(x), the action fot V(Xs)ds corresponds to a stable process in Brownian
scenery [19,20,7,4,9]. When K (x) is bounded and locally supported, the long term behavior of
f(; V (X;)ds is similar to that of the stable process in Brownian scenery.

Let ‘5’ < p < min {d , # } The random potential function

1
vp(x)E/ ———Wdy), xeR’ (1.39)
Rd |y — x|

has a very intuitive physical meaning. When d = 3 and p = 1, it represents the electrostatic
potential energy generated by a cloud of electrons W (dy). Unfortunately, the random potential
function (1.39) is not well defined, since EVI% (x) = oo for every x € R?. However, as we have
seen,

T ds
F(1) = — | W 1.40
o=L[f v55r]ve A

is well defined. Here we have taken 0 = 2p —d. Because of (1.37), we refer to F(¢) as the action
for a stable process in a Brownian potential.
It is easy to see that for each ¢ > 0,

4 2B=2p+d
Fi)<: % F(l). (1.41)

The following corollaries about large deviations and laws of the iterated logarithm for F'(¢) will
follow from Theorem 1.1.

Corollary 1.5. If % < p < min {d, #} then

28
lim a~ 2=4%8 logP {+F (1) > a}
a— o0
2B—2p—d
B+2p—d B <2ﬂ—2p+d>ﬁ+2pd

5 (8C,p,) Frrd 5 (1.42)
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where the constants

() ()

rr(&yrd-p

Cp=m

El

and

T =t R VTHY O+ VT ()
come from C and p defined in (1.32) and (1.15) , respectively, witho = 2p — d.

2
V] ©2d—py(A) dA

Corollary 1.6.
_ 28-2p+d p—d+
limsup ¢ 25 (log log t) B {:I:F(t)}
—00

2p—d+8 28—2p+d
B & B 2

= /8C,p, (_—> (_—> . as. (1.43)

2p—d+p 26—2p+d

We have also obtained a variational expression for p. Let

Ep(f )= @m)™* /R JIHPIF ) da, (1.44)
and
Fp={f e >R | Ifl2=1, E(f. ) < oo} (1.45)
‘We show in [2] that
2 2 1/2
Ay = sup {(/ dedy) —&(g, g)} e (1.46)
geFp Ry |x —y[°

when 0 < 0 < min{2p, d} and we derive a relation, [2, (1.20)], between p and A,.

We now outline the rest of the paper and explain some of the ideas we use. In Section 2
we show how to renormalize 1([0, t]2<) when 8 < o < min(38/2, d), and establish some
exponential estimates for 1 ([0, t]2<) and y ([0, t]2<). The treatment adopted here is the triangular
approximation developed by Varadhan [32]. In Section 3 we establish high moment asymptotics
for a smoothed version of 7([0, t]2<), instead of using Donsker and Varadhan’s large deviation
approach. Here, the Fourier transform turns out to be an effective tool. Our main theorems on
large deviations, Theorems 1.1 and 1.3, are proved in Section 4. Our approach is to approximate
n ([0, t]2<) and y ([0, t]2<) by their smoothed versions. The corresponding laws of the iterated
logarithm are established in Section 5 (for 1 ([0, t]2<) and y ([0, t]2<)) and in Section 6 (for F(1)).
Even with the LDP given in Corollary 1.5 (a short proof of which is also given in Section 6),
the proof of Corollary 1.6 appears to be highly non-trivial due to the long memory possessed
by the system. Our treatment involves a tail comparison and the notion of quasi-associated
sequences of random variables, coming from the work of Khoshnevisan and Lewis [20]. Finally,
in a short Appendix, we give details on approximation of p which is used in Section 3.

Conventions: We define

foy = /R , e f(x) dx. (1.47)
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With this notation

fx)y=Q@m™ f ) e ™t F (1) dx, (1.48)
R
Frg)=FfOEMW,  fa) =@ F)«20). (1.49)

and Parseval’s identity is

(f,8) = Cm)Uf. 2. (1.50)
It follows from [12, p. 156] that in our notation, for any 0 < 0 < d and any f € S(R?)
-~ 1
/ Pa—o(X) f(A)dr = / —=f(x)dx. (1.51)
R? Re |X]7

2. Renormalization
We begin by proving an exponential integrability result for n ([O, 1]2<).

Theorem 2.1. If 0 < 0 < min{g, d}, there is a ¢ > 0 such that

Eexp {cn ([0, 1]1)’5/0} < 00. @.1)

Proof. Recall that by (1.34), foreachr > 0, &(¢, x) € LZ(Rd, dx) almost surely. By the triangle
inequality, for any s, > 0,

1/2 1/2 1/2
{/ (s +t,x)2dx} < {/ é(s,x)zdx} + {/ [E(s + 1, x) —E(s,x)]zdx} )
]R‘[ ]Rd ]Rd

Notice that the integral

/ [E(s +1,x) — (s, x)]Pdx = c// | Xy — Xp| 7% dudv
R4 [s,541]?

—c f f Xyt — Xyol  dudv 2.2)
[0,]2

is independent of {X,,; 0 < u < s} and has the same distribution as

/ (1, x)dx.
Rd

The process

1/2
{/ E(t,x)zdx} , 1>0, 2.3)
Rd

is therefore sub-additive. By Theorem 1.3.5 in [8],

1/2
Eexp{e {f é‘(t,x)zdx} } <00, VO,t>0,
]Rd
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and for any 6 > 0, the limit

1/2
L(Q)Etingo;log]Eexp{Q {/Rlé(t,x)zdx} }

exists with 0 < L(0) < oo. Taking § = 1,7 > L(1) and using Chebyshev’s inequality we find
that

1
lim sup ;log]P’ {/ £(r, x)%dx > r2t2} <-l
R4

t—00

for some / > 0. By the scaling property given in (1.16),

lim sup —logIP’ {/ £(1,x)%dx > rzt”/ﬂ} -1,
t—00

which leads to (2.1). [

We now show how to renormalize 7 ([0, t]2<) when 8 < o < min {% B.d } Recall that in this

case En ([O, t]2<) = o0o. We will show how to make sense of the object formally given by (1.21).
To proceed further, let X; be an independent copy of X; and define the random measure

C(A) = // IX, — X, %dsdt A C (RN)2. (2.4)
A

By [2, Theorem 1.1], {(A) < oo a.s. for every bounded A and

¢ ([O, t]z) L j2olbg ([0, 1]2) ) 2.5)

Further, by [2, Theorem 1.2] there is a & > 0 such that

8/
Eexp {eg ([o, 1]2) 0} < 0. (2.6)
Note that forany 0 <a < b < ¢ < 00,

n (la, b] x [b, c]) 4 ¢(0,b—a]l x[0,c—0b]. 2.7)

To make sense of (1.21) we shall use Varadhan’s triangular approximation (see,
e.g., Proposition 6, p.194, [23]). Let ¢+ > 0 be fixed. Recall the subsets Aé‘ defined in (1.23).
By (2.5) and (2.7) we have

2k+1

2
nahH L ¢ <[0 #] ) L o= tDC=0/B) (10, 1]2). (2.8)

In addition, for each k£ > 0, the finite sequence
(AN, 1=01,...,25~1
is independent. Consequently,

2k_1
Var Zn(Af) — cr—G-20/Pk
=0
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Under 0 < 0 < min{38/2, d}, therefore,

2] 172 , 1/2
oo [2k-1 ) 2k—1
E|Y Y (nah - Encah) <> var | 3 neah < 0.
k=0 | [=0 k=0 =0

Consequently, the random series

0o |2k-1
> 1> (neah —Encah)
k=0 | (=0

convergences in L%(2, A, P). We may therefore define

y(10.012) = 2 2;_2_01 (ncaf) — Encad))

This will be our definition of the object formally given in (1.21). As in (1.16),
y (10.12) 27y (10,112), 1 =0, 2.9
As in Theorem 2.1, we have the following exponential integrability.

Theorem 2.2. If 0 < o < min {% B, d}, there is a ¢ > O such that

Eexp {c ‘y ([0, 1]1)('3/0} < o0. (2.10)

Proof. When ¢ < g this follows trivially from Theorem 2.1. We can therefore assume that
p = B/o < 1. Again, we use the triangular approximation based on the partition (1.23) with
t=1.

In view of (2.6) and (2.8), applying Lemma 1, [1] to the family of the i.i.d. sequences

{2“‘“)@—"//3) [n(Af) — ]En(Af)] =0,1,..., 25— 1} C k=0.1,...

gives that for some 6 > 0

Blo
2k_1
supEexp 10 [274/2 3" 2kC=o/) [n(Af) ~ ]En(Af)] < o0,
k=0 1=0
or
o Blo
e =supEexp {2%6| " [n(Af) —En(Af‘)] <0 2.11)
k=0 1=0
where
3
a= —'3 —1>0.

20
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Foreach N > 1 set

N
by =0, bN=9H(1—z—
j=2

“U—l)), N=23 ...

By Holder’s inequality and the triangular inequality

2k_1

N —
Eexp { bn Z Z
k=0 1=0

Blo

n4f) — En(ap)]

1_270(N71)
N—12¢—1 e
< | Eexp |y [ncaf) - BB(AD)]
k=0 1=0
—a(N—1)
o ank
x | Eexp { 2¢0V=Dpy Z [n(AfV) —JEYI(AIN)]
=0
Notice that by < 6. By (2.11) we have
v o2y Blo
Eexp {by |3 Z [ncab) —Encah]
k=0 [=
N—12¢—1 Ble
—a(N—-1) ky _
< exp{CZ ]Eexp bn—_1 [n(A ) — En(A; )]
k=0 1=0

Repeating the above procedure gives

. Blo
Eexp {by |3 Z [ncab) ~ Encah)]
k=0 [=0
N
< exp {CZ2 “(kl)} <exp {C (1- 2*“)71} < o0.
k=0

Observe that

o
=0 (1-270") >0,
j=2

By Fatou’s lemma, letting N — oo we have

E exp {boo v (10.112) ﬂ/g} seplc(i-27) " <00, O

Among other things, we now show that the family

[ (10.12) 1 = 0}

has a continuous version.

1849
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Lemma 2.3. Assume 0 < 0 < min i%ﬂ, d}. Forany T > Othereisac = c(T) > 0 such that

2\ 2 /5/0
{C|y([o,r1<> y (10.512)] }m.

sup Eexp

s,1€[0,T]
st

It — 5|2B=0)/(0)

Proof. For0 <s <t <T,

7 (10.12) =y (10.512) = (L. 112 ) + 7 (0. 5] x Ls, 1]
Notice that

7 (Is.2) £ =)y (0, 112).

By Theorem 2.2, there is a ¢; > 0 such that

sup Eex M < 00
s,/e[()I,)T] Py |t —S|(2/3_0')/U :

s<t
In addition, by (2.7)
d

y ([0, s] x [s, 1) = ¢ ([0, s] x [0,7 — s]) — E¢ ([0, s] x [0, 7 — s]).
In view of (1.31),

¢ ([0, s] x [0,7 —s]) = C_I/ E(s, x)E(t — 5, x)dx,

R4
where
! _otd . t s _otd
E(t, x) :/ | Xy —x|” 2 du and &(¢, x) :/ | X, —x|” 2 du.
0 0

By independence, for any integer m > 1,

E [z ([0, s] x [0,7 —s])™]

=Cc™ dxj - - - dxyy |:El_[§(s,xk):| |:IEH$(t —s,xk):|
k=1 k=1

Ry
1/2

(RAym

2
m
<c™" dxq - -dxy, [EH&(S, xk):|
k=1

1/2

m 2
x f(Rd)m dxy - - - dx [Egs(r —s, m}
(o[ (t057)"]) "™ e e (00—}

s g (E [; {[o, 1]2)m]} .
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Checking (2.6), there is ¢ > 0 such that
{ 7 10.5) x s DI }
c <0

sup Eexp
s,t€[0,T]
s<t

—0

[t — s| 2a
The proof is now complete. [

Recall that a function ¥: R™ — R is a Young function if it is convex, increasing and
satisfies ¥ (0) = 0, limy—_ o0 ¥(x) = 00. The Orlicz space Ly (12, A, P) is defined as the linear
space of all random variables X on the probability space (2, A, P) such that

Xy =inflc > 0; E¥(c'|X|) < 1} < o0.

It is known that || - || ¢ defines a norm (called Orlicz norm) under which £ ¢ ({2, A, P) becomes
a Banach space.

We now choose the Young function ¥(-) such that ¥(x) ~ exp{x#/°} as x — oo. By
Lemma 2.3, for any T > 0 there is ¢ = ¢(d, 8, 0, T) > 0 such that

[ (10.12) =y (10.52) |,

By Lemma 9 in [10], the family {y ([0, #]2) > 0} has a continuous version and in the future

<clt —s|PP=/CP 5 1 e]0,T). (2.12)

we will always use this version. Furthermore, for any 0 < b < 2’32;7,

2\ 2
up y (10,112) — v ([0, 512)

b < Q.
0<s<t<l [t — 5]

4

Equivalently, there is ¢ > 0 such that

ly (10, 11%) — ¥ (10, s12)|*°
Eexp :cofililt)fl <|t R = < 00. (2.13)

A natural question is: what happens if 38/2 < o < d? Recall [2] that given an independent
copy X; of X;, the integral

/f drds
01X, — X,

is finite if and only if o < min{28, d}. By (2.7), y (la, b] x [b,c]) = coforany 0 <a < b <
¢ < ooifo > 28. So the question to ask is: what happens when 38/2 < o0 < min{2p, d}. In light
of the existing results, [34,5], for self-intersection local times, we believe that y ([0, t]2<) is not
definable when 38/2 < o0 < min{28, d}, in the sense that for any reasonably good probability
density A (x) on R4,

L(t, x,e)L(t,y, L(t,x,e)L(z,y,
lim / (xe)(ye)dxdy—]E/ (XE)(yé)dxdy —
e—0+ | Jraxpa lx — y|° RY xR lx —yl?

where

t
L(t,x,e):e_d/ h(e_l(XS—x))ds xeRYt>0.
0
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We also believe that in this case there is a deterministic function ¢(¢) depending on (d, 8, o),
with ¢(€) — 07 as € — 0T, such that

L(t,x,e)L(t,y, L(t, x,e)L(t,y,
(p(e){/ (t,x,€)L( ye)dxdy_]E/ (t,x,€)L( ye)dxdy}
R4 x R4 R4 xR4

lx —y|° |x — y|°

converges in law to a normal distribution. We leave this problem for future study.
3. High moment asymptotics for the smoothed version

Under 0 < 0 < min{g, d}, by Fourier inversion and (1.51)

1 .
n(10.117) = / god_am' f e Feds
R4 0

It would be possible to obtain a lower bound for n ([0, t]2) similar to (3.14) below, by slightly
modifying our argument. There are several reasons that we deal with the smoothed version
Na.e ([0, 1) (defined in (3.8) below), rather than with 7 ([0, #]*). First, » ([0,¢]*) is not
defined for § < o < min{38/2, d}, while 1y ¢ ([0, t]z) is. The high moment asymptotics for
Na,e ([0, t]z) will be used for approximating y ([0, 1%) in the proof of Theorem 1.3. Secondly,
even when 0 < o < min{p, d}, our approach does not allow us to deal directly with the A-integral
on the right-hand side of (3.1) in establishing the upper bound. A discretization procedure is
needed, replacing the A-integral by a sum over lattice points. Since ¢ _,(0) = oo, we need to
replace ¢4—¢(A) by Cy .o (o + |)»|2)’(""’)/2 with ¢ > 0 being small. For localizing ¢4, we
introduce the probability density function

d .

_ 2sinx;

hx)=Cy'[] ( —
j=1 Xj

where Cp > 0 is the normalizing constant:

d . 2
2 sin x
C0=/ ||< )dxdxd
R Xk !

4

2
da. 3.1

2
) . x=(x1,...,xq) € RY (3.2)

Clearly, h is symmetric. One can verify that its Fourier transform s
h(r) = /Rd h(x)e**dx = Cy ' @) (1_y 0 % 1_1.130) (V).
In particular, Tnis non-negative, continuous and most importantly, 7t has the compact support in
the set [—2, 2]‘1. As characteristic function,
) < h(0) = 1. (3.3)
Our final replacement of ¢;_, (1) in this section is

Caoh?(el)
(o + P2
Note that by (3.3)

Po,e M) < £0,6(A) < 04— (A) 3.5

$Pa,e(A) = 3.4)
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with «, € > 0, and that the localizer ﬁ(e)») is the Fourier transform (or characteristic function) of
the probability density function

he(x) =e¢ 4h(e'x), xeR? (3.6)
which has a high concentration near 0 for small € > 0.
Set
) = [ € () 0. (37
R4

Our attention in this section is mainly on the smoothed random measure

Na,e(A) = // On.e (X5, — X5,)dsydsy A C R_2|_- (3.8)
A

Throughout this section we assume that
0 < o < min{28, d}. 3.9)

Let t be an independent mean-1 exponential,

T T .
Mot ([0, t]z) = el =X) o0 c(A) drds) dsy
0Jo JRA

T .
:/ paf(u‘/ e*Xsds
R4 0

Let £ (1) be a continuous and strictly positive function on R such that

2
da. (3.10)

F(=2) = f0) and fR POt =1,

By the Cauchy—Schwartz inequality

/ Pa,e (M) f () |:/r ei)“X)'dsi| d)»‘ .
R4 0
Hence,

n/2
E [n (10.71) ]
n n
> / dip---dA, <1_[ p(x,e()‘«k)f()‘«k)> Ef dsy - - - ds, exp {i Z)\k : Xsk} .
" k=1 [0,z]" k=1

e (10, r]2)]/2 >

Let %, be the permutation group on the set {1, ..., n} and adopt the notation
(0,612 = {Gs1. - os0) € [0, 11" 51 < -+ < s
We have

n
E/ dsqy - - - ds, exp iZXk-Xsk
[0,z k=1
o0 n
=/ dte_’/ dsl---dsnEexp{iZAk-xsk}
0 [0,¢]

k=1



1854 X. Chen, J. Rosen / Stochastic Processes and their Applications 120 (2010) 1837-1878

n
Z / dre” l/ dsy - --ds,Eexp iZAg(k)-Xsk .
oes, (0,112

k=1

Write

n n n
S oy X = 3 (z /\am) (X0 — X ).
k=1 k=1 \j=k

By independence,

Eexp [ ng(k) } = exp { Z(Sk — Sk=DY (Z kam)}

Therefore,

n n n
E/ ds1~-dsnexp{i2)\k~xsk}= Q(ZM;(;’))
[0,z]" k=1 oeX, k=1 j=k

where Q(A) = (1 + ¥ ().
Hence,

E [n (1o, r]z)"/z]
> Z/ dAq---dA, (]_[pae(/\k)f(/\k)> Q(Zla(n)
1

o€y, k= j=k
= n!/ dy -+ di, (1_[ pa,e(xwf(xk)) 0 (ZA,-) : (3.11)
" k=1 k=1 j=k

By a change of variables

/ dig---da, (1_[ pa,e(kk)f()\k)) l_[ 0 (Z A./)
" k=1 Jj=k

n
= [ @i, (1_[ P e — 1) f (o — Akl)Q(Ak)) ,
! k=1
where we follow the convention Ag = 0.
Applying an argument based on the spectral representation of self-adjoint operators in L (see
(3.7)—(3.10) in [2]) to the right-hand side,

n—-oo n n!

NS | 1 <
liminf —Jog — i dip---day, (l_[ a,ere — A—1) f x — Ak—l)QO»k))
! k=1

> log sup /Rd Pa.e(A) f(A) [/Rd VOA+y)vOIgl + V)g(y)dy} dr.  (3.12)

lgl2=1
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Write
2
Pae = SUp /Rd Pa,e(A) [fRd VOA+yY)IVOWIgh + )/)g(V)dV] da. (3.13)
lgll2=1
Taking the supremum over f on the right-hand side of (3.12) leads to the conclusion that
n/2 1
hmlnf— log —E I:na ¢ ([0 7] ) ] > —logpge. O (3.14)
n—-oo n 2 ’

‘We note for future reference that

lim pye=p. (3.15)
a,e—>0

To see this, we first write

0< < / 1 h(En)r )
— su S i el E— _
=0T Pae = ||g||2p:l Rd (a + [A[?)d=0)/2 b=o

2
x [ fR VG +y) Q(V)g(k+y)g()/)d)/} da. (3.16)

For M > 0, let
B(a, €, M) 2R (3.17)
o, €, = sup - .
M-1<|r <M (o + [A]2)d=0)/2
Then
| h2(en)|r)4—0 N
- ((X + |)\|2)(d—0)/2 (pd—O'( )
< B(a, €, M)pa—o (W) + M (94— —5(A) + @a—o+5(M). (3.18)
Using this and (3.16), it follows from [2, Lemma 1.6] that for § > 0 sufficiently small
0<p—paec=<CBe M) +CM°, (3.19)

Note that by (3.3) we have limy 0 B(o, €, M) = O for any M > 0. The limit (3.15) then
follows by first taking o, ¢ — 0 and then M — oo.
Note also for future reference that for any ¢ > 0 and ¢ > 0,

~ Caoh?(eh)
2 i(Xg, —Xs5) 0 o
Na,e ([0,ct]<> / / /Rd b (o + |A|D)@d=0)/2 dA dsy dsz
Cyoh(en
/f/ e ~Kespr_Cdah D) 4, 40 g,
R (@ + [P

ol X5y =Xgy)-c'/Po__Td.ol A€4) Cd"h (€4) di dsp dsy
R (@ + [A]?)d=0)/2

1/
cH/ﬂ// / i ~Xos_ Caoh*(€r/c!lP) dx ds; ds,
o Jra (a+ |X/cl/ﬂ|2)(d7”)/2
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C2_‘7/'B /[ /sz/ ei(XS] —Xs5)A Cd’ghz(e}"/cl/ﬁ)
0o Jo Jrd (ac?B 4 |A|2)d=0)/2

= Cz*a/ﬁnacz/ﬁ,gc—l/ﬁ ([0, l]2<> .

Lemma 3.1.

n/2
hmsup log — ]E|:770l6 ([O 7] ) j| < —log py.e-

1
2

n—oo N

Proof. Let
_ . Cuoh(ed)
_ ix-A 0
Got,e(X) _/Rde —(a+|k|2)(d_a)/2

and

W&C,e (A) = // éa,e(Xsl - st — x)dsy dsy.
A
Then

Ca.oh(en
w [O T] / / / el(Xs) =Xy —1)2 _ —doR A (e 7) dA ds; dsp
RY

(@ + D@72
N 2
/ e—iX‘)\. Cd’gh(é)\.) /r ei)st ds
R4 (a4 A2 @=)/2 | [y

da,

so that

e (10.72) = [ b (10.72) ax

Let M > 0 be a large but fixed number. Define the random measure 1/7;‘ () as

Vo (A=Y gt (A)

yeZ4
and write
he(¥) =Y he(YM +x).
yeZd
Then
Nae([0.T1) = Y / he(YM + x)y M+ ([0, r]z)
yezd J10.MP?

< / he@PE (10, TP)dz.
[0,M14

dXids; dsy

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Here we used the fact that 0_0,& (x), being the convolution of the positive function 4 and a Bessel
kernel, is itself positive, and hence so is 1//&"6 ([0, 7:]2). Recall, [12, p. 294] or [30, p. 131, (V)]

that
Sra € D — I e~ xIP/4te—tp=1-0/2 4
(14 |x2)d=o)/2 =" 7920 (d — o)
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In addition, by Parseval’s identity,

/[O,M]d he()g.e (0. 7 )de = M~ Z <fo he(x) exp {_izﬁn(y .x)} dx)

yeZd

- 2
X U ([0, 71%) exp {i—(y -x)} dx).
(f[o,M]d *e M
By the periodicity of he,

~ 2
/ he(x)exp{—l—(y ~x)}dx
[0, M4

/ he(zM + x) ex { 127T( x)}
e\Z —1—
o.My p i Y-

z€74

2
= Z / he(ZM + x) exp{ —T[ (ZM+X))}
[0, M} i

zeZd

=/Rdh€(x)exp{—i%(y~x)}dx=fl<2n€ )

Similarly,

700 TPy exp i (s
a,e (10, pyim—(y-x)pdx
[O,M]d M

_ X (0. 712 2 d
_\/l%d WO(’G([ 7T] )exp _lﬁ()"x) X

d Cd,aﬁ(hﬁy) /rex i2n( X))t ds
@+ Zypya—or o TP

2

= (2m)

where the last step follows by (3.24).
Summarizing the computation,

Ne.e ([0, 71%) < (M) yeZngaa,e(My)' | exp iz (- X)) ds
27 fr 2T xold ’ 3.26
( >§p<ﬁy> A exp{lﬁ(y- s)} s (3.26)
where
E:deli_ﬂ £j|
we mwe |’

and the last step follows from the fact that ﬁ(A) is supported on [—2, 214,
Write

2
”a,e,M(y):@a,e ﬁy .
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Let H be the finite dimensional U-space of the complex-valued functions g(y) on E with

1/2
lgll = {Z |g(y>|2na,e,M(y>} :

yeE

Let the subset &/ C H be defined by the property

g =g(-y) yekE.

Let § > 0 be a small but fixed number. There are fi, ..., f; € U with norm 1 such that

lgll = (1+68) max |(fj, &) geU.
I=j=l

In particular,

dom mw‘/rexp{iz—”(ym}ds
o,€, 0 M Ky

yeE

2}1/2

T 21
> e fi () / exp {lﬁ@ : Xs)} ds
yeE 0

< (14 8) max
1<j=l

T 2
= (1+6) max Znaemwf,(y)/o exp{iﬁ”@‘xo}ds

I=j=l yeZd

By (3.26),
e e (057

(2 nd/2 1 T e
<(1+9) ( ) Y E Zna,e,M@)fj(y)/O exp{lﬁ(yxs)}ds - (327)

j=1 |yezd

We now intend to establish

n

1 T 2
hmsup log ]E ZnaeM(y)f](y)/o exp{iﬁn(y.Xs)}ds

n—00 ! yezd

1
~10g pue.m (3.28)

[\

foreach j =1,...,1, where

2w

Pa,e,M = SUp Z o, e (ﬁx)
lgl2=1 \ c74

2

2
x| Y <—(x+y)>\/Q (%y)g(xw)g(y) , (3.29)

yeZd
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where the supremum is over all functions g (x) on Z satisfying
1/2

lgh=1{) &M =1L

yeZd

Write f = f;. Using estimates of the form
E|X|2m+l < {E|X|2m}]/2 {E|X|2(m+l)}l/2’

we need only consider the case n = 2m. That is, we need only to show that

2m

timsup > og 8| Y 1500 [ oo fin o x0 |
imsup — lo Tae MY [y exp1i—(y - X;) ¢ ds
m—)oop 2m g(zm)' yeZd o,€ J 0 p M s

1
< > log pa,e,m (3.30)

where the last line follows from the fact that the f; are supported on E.

Indeed,
2m

E|Y Taem@ ) /0 “exp {izﬁ”(y : Xs)} ds

ye 74

= > (1"[na,E,M(yk)na,e,M(ym+k)f(yk>f(ym+k)>

Vi yom€Zd \k=1

2n E
<E [ dnedanexp {50 Y 06 Xo) = Ot X
[0,‘[]2’" M k=1

Viseens yz»nEZd k=1

2m
= Z (1_[ na,e,M()’k)f()’k))
2m

2w
XE/ dsy---dsopexp{i— k- Xg) f -
[0,‘[]2'” " M /; *

Similar to the computation for (3.12), (with n = 2m), the right-hand side is equal to

2m
em! Y (1‘[ e, Ok = Y1) f Ok — yk_oQ(yk)) :

Viseeos Y2m €zd \k=1

Observe that the same argument of spectral representation used in the proof of (3.12) gives

1 2m
lim — log Z (l—[ To,e, M (Vk = Yi—1) f (ke — yk—l)Q(yk)>

m—>00 2m
Viseeos Y2m €zd \k=1

= 1og pu,e,m (f)
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where

2w 2
Paem(f) = sup D Taemlx —y)f(x— y)\/ 0 (ﬁx>\/ 0 (Vy)gu)g(y)

gl2=1 )y e7d

2 2
= sup Y T | Y0 (V”(x + y)>\/ 0 (M”y)g(x +)80)

lgl2=1 xeZd yeZd

Hence, (3.30) follows from the fact that py ¢ p(f) < /Pa.c.m» (Cauchy—Schwartz).
By (3.27) and (3.28),

. 11 N 27 \?
limsup — log —E | ny.¢ ([O, 7] ) < —log{il— ) Paemq-
n—oo N n! 2 M

We show in Theorem 7.1 below that

. 27 \?¢
lim sup 7 Pa,e, M = Pa,e-

M—o00

This will then show that

. 1 1 2\"/2 1
lim sup — log ;]E Na,e ([O, 7] ) < 3 log pg,e. U

n—oo N

Combining (3.14) and Lemma 3.1, we have shown that

.1 1 2\"/2 1
lim ~log —E | 7g.. ([o, 7] ) — 2102 puc. (3.31)
n—o0o n n! ’ 2 ’
By Taylor’s expansion,
1/2 oo for6 ~12
Eexp [9 (e (10.712)) } ) e (3.32)
=00 for6 > p, ./~
In addition, replacing t by ¢ in (3.10),
t 2
Na,e ([0, f]2> Z/ Fa.c (L) ‘/. CI)VX“du da.
R4 0

By the triangle inequality one has that for any s, > 0

s+ 2 12 s
i/ @a,e()\)/‘ CI)VX”dM d)n} =< {/ Kr)ot,e()h)’/ GIA'X”du
R4 0 R4 0
s+t
+ / e (L) / e Xudy
R4 s

t 2
dir = / Soa,€(}u)' / et Xsru=Xo) gy
R4 0

) 1/2
dx}

2 1/2
dx} |

Notice that the random quantity

s+t .
/ Pa,c (1) / e Xudy
R4 s

2
dA
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is independent of 74.¢ ([0, s1*) and has the same distribution as 7. ([0, t]?). Consequently, for
any 6 > 0,

log Eexp {9 (na,e ([0, s+ t]2>)1/2}

< logEexp {0 (170[,6 ([O, s]2)>1/2} + logEexp{ (na € ([0 t] ))1/2} .

Thus, the limit

L®) = lim ; log E exp {9 (na,g ([0, t]z)) 1/2} (3.33)

exists as extended real number. In view of the relation

Eexp {9 (na,e ([0, 1]2)>1/2} _ /Ooo dte "Eexp {0 (na,e ([0, t]2))1/2} )

and by (3.32) and the relation 1, ([0, 11%) = 2nq.¢ ([0, 12),

2
! 12 <1 forf <
lim —logEexp{O (na,e ([o, t]2<)> } Poe (3.34)
f—o0 t 2
>1 forf > .
Lo e

Let ()? ¢» T) be an independent copy of (X;, ) and recall that the random measure ¢(-) is
defined in (2.4). The integral

loe(A) = // O, e (X5 — iz‘)ds dr (3.35)

was introduced in [2] to approximate the random measure

dsdt
— A R+ 2
£(A) = //A|X “z ACED

which is well defined whenever 0 < o < min{28, d}.
As in the proof of [2, Lemma 5.1], (with p = 2),

E[¢ ([0, 71 x [0, 1) — Ca.c ([0, 7] x [0, ])]" = —o0.

1
lim limsu lo
om0t e € ()2

This leads, by an similar argument, to the fact that for any 6 > 0

lim lim sup ! log E exp {0 )g“ ([0, t]2> —lae ([O, t]z)’]/z} =0. (3.36)

a,e—>0" 150

4. Large deviations

In spite of their similarity, the large deviations in (1.17) and (1.26) require different strategies.
When 0 < 0 < min{8, d}, both parts, off and near the time diagonal, make contribution to the
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large deviation given in (1.17). When 8 < o < min {% B,d } , on the other hand, renormalization

makes the off-diagonal part the only source that contributes to the large deviation given in (1.26).
Accordingly, different proofs are given for the two cases.

4.1. Proof of Theorem 1.1, 0 < 0 < min{B, d}
Recall (1.31)—(1.34). Since
e ([0, t]2> = c—1/ E(t, X)E(t, x + 2)dx, @.1)
Rd

and translation is continuous in LZ(R"[ ), we see that n* ([0, t]2) is continuous in z, almost surely.
Hence if f(x) € S(R?) with f f(x)dx =1, and defining fs as in (3.6) we have

. —0 _ 2
lim (//Mz X, — X, — x| drds) fs(x)dx =1 ([0, n ) . (4.2)

But
/(// |Xs—Xr—x|_”drds) fs(x)dx
[0,1]?
=// </|XS—Xr—x|_”f,;(x)dx> drds
[0,11?
_ f [~ F (x) dox, 4.3)
where
Fs(x) = / fs(x + Xy — X;)drds “4.4)
[0,11?

is in S(R?) with

Fs(\) = f f K= XA £ 50y drds = F(S 1) / e Xsds (4.5)
[0,1]? 0

Hence using (1.51)

/ x| Fs(x)dx = / d—e (X)) F(B 1) I / e*Xsds| da. (4.6)

R4 0
This shows that
t 2
n([o, z]2)= / (pda(k)' / e Xsds| da. 4.7
R4 0

Hence using (3.10)

n ([0, t]2) — Na,e ([O, t]2) = fRd [wd_g ) — 60M()\)] ‘/Ot olh X g

Note that 1 ([0, 11%) — 7g ([0, 1) = 0 by (3.5).

2
da.
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As in the proof of (2.3), ( ([0, £1?) — 1.c (10, #12))""? is sub-additive. Hence, for any 6 > 0
1 1/2
lim —logEexp {9 (n ([0, t]2) — Na,e ([0, t]2>> }
t—oo t
)\ 12
dk)

o1 T
= Tlgfo T logEexp {6 ( /R ) [@d—0 (L) — Pa.e(V)] ‘ /0 e Xsds
2 1/2

1
/ e*Xsds| da
0

Applying the dominated convergence theorem (based on Theorem 2.1) to the right-hand side
leads to

<logEexp {6 /Rd [0a—c (1) — Pa,e (V)]

lim  lim - logEexp {9 (n ([0, t]z) _—— ([0, t]z))m} —0 (4.8)

o,e—>0t1—>00 ¢

for each 8 > 0.
Using (3.34) and (3.15) we obtain that

) 1 S\ |12
hmsup;logEexp 01 }n([O, t]<)‘ <1, 60 <

t—00

SIS ST

1 5\ [1/2
htmmf;logEexp 92‘77([0, t]<)‘ >1, 6>
—00

For any 6 > 0, using the substitutions

2 2
Q 2—o/B 9 2—o/B
t=allo [ = and t=aP7 (=
01 02

together with the scaling (1.16) we obtain

1/2 0\ =078
limsup a~#/° log E exp {Gaﬁ/"_l/2 ‘n ([0, l]i)‘ } =< (9—) ,

a— o0
172 0\ 2=o7B
> — .
= \5

a—o0

liminfa=?/7 log Eexp {eaﬂ/"—l/z ’n ([o, 1]2<)
Letting 01, 6 — /2/p gives

12 ) |
Tim a7 log Eexp {eaﬁ/"—l/2 (n ([o, 1]1)) } — OT=4TF (p/2) TP (4.9)

Therefore, the large deviation given in (1.17) follows from the Gértner—Ellis theorem (Theorem
2.3.6,[11]). O
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s (3
4.2. Proof of Theorem 1.3, B < o < min{58, d}

Notice that for a > 0,

]P’Hy ([0, 1]1) > a} —P {y ([0, 1]1) > a} +P {—y ([0, 1]1) > a} . (4.10)
We claim that
Tim a7 log P [—y ([0, 1]1) > a} = —o0. 4.11)

Let m > 1 be a fixed but arbitrary integer and write

o= UL ]G]

‘We note that

y (10,112)

i k—1 k7
(D) —En(Dp) + Yy ([7 ;} )

k=1

< k—1 k
—En(Dm>+Zy<[ — m} )

(D) +m DYy (1 1k2).

k=1
By (2.7) we see that En(D,,) < oo for m fixed. Thus,

limsupa—P/? log]P’{—y ([0, 1]2<) > a}

a— 00

flimsupa‘ﬂ/“logp{_i (1= 1412 ) 2 m> }

a— o0 k=1

v

Let ¢ > 0 satisfy (2.10). By Chebyshev’s inequality,

P {— iy ([k —1, k]2<> > omz—"/ﬂa}

k=1

m Blo
SIP) (Z‘V([k—l,k]i)D szﬁ/(fflaﬁ/a
k=1

m Blo
<exp {_szﬂ/oflaﬂ/a} Eexpqc <Z y ([k -1, k]2<) )

k=1
N

< exp i_cmmﬁ/o—laﬂ/a} <Eexp {C v ([0, 1]1)

For the last inequality we used /0 < 1 and the fact that the y ([k -1, k]2<) are i.i.d. Therefore,

limsupa~#/ log P |~y (10, 112) = a} = —em®/7-1.

a—0o0
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Letting m — oo gives (4.11).
By (4.10), therefore, it remains to show that

2B—0

a— 00

B B

To this end, we need the following lemma.

Lemma 4.1. There is a C > 0 independent of € and an « > 0 such that for any 0 > 0

. 1 2 1/2 2
lim sup " logEexp 16 ‘y ([O, t]<)‘ < COz/p

=00

. 1 ) \1/2 2
lim sup n logEexp {01q.¢ ([0, []<) < COTF,

—>0o0

Proof. Note that since /o > 2/3,if V. > M?t°/P then
M—2BIo=1DyBlo _ p=2Ba=1/2yBlo—1/2y/1/2
S =028y 12,

Hence for any M > 0,

e “” (1o t]i)‘l/z} selirE (exp “V (1o, t]i)‘l/z} :

—eM 4| <exp {t‘”/zﬂ ‘y ([0, 1]1)‘1/2} : )y ([0, 1]1)‘ > Mzz"/ﬂ)

ﬂ/a}

) 1 5\ |12
C Ehmsup—logEexp{‘y ([0, t]<>‘ } < 00.

t—oo I

<eM 4 E exp {M_z(ﬁ/g_l/z) ‘y ([0, 1]2<)

By Theorem 2.2, the above estimate shows that

2
Replacing ¢ by 6§2-9/F ¢ yields (4.13).
Observe that for any € > 0, py.e < p. Hence by (3.34)

lim %logEexp {k (na,e ([O, t]i))l/z} <1

t—0o0
f 2
orany A < \/;.

On the other hand, by (3.20), for any ¢ > O and > 0,

d _
Nave ([0, Cf]2<> < P pgea—arp, ecuip ([0, t]2<)-

Taking

2
0\ =77
c=\|—
A

tim o=/ logP{|y (10,12 )| = a} = 27122 <2ﬂ__"> 3

1865

4.12)

(4.13)

(4.14)

(4.15)

v (10, t]i)‘ > M2t2>

(4.16)

4.17)
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and replacing 7 by ¢z, @ by ac™ @)/ and € by ¢!/Pe in (4.16),

i pres o (s (0:2)) ) = ()

Letting A — \/% leads to

1 2\\1/2 2 1
zlmolo " logEexp {0 (na,e ([0, t]<)> < 020/F(p/2)2o/F. []
We now show for any 6 > 0,
1/2
lim hmsup log E exp {9 ‘y ( [0, t] ) — Nae ([0 t] )‘ } =0.

a,e—>0" >0
Indeed, let the integer N > 1 be large but fixed and let the sets

Ak r=0,1,...,2"-1,k=0,1,...,N

be defined as in (1.23). Consider the decomposition

7 (10.112) = nac (10,112)

2N+ -1 ! 2 N 2k-1
= 121: {7/ - 7701,6} ([Wl‘, W{|<> +Z Z {V - 7705,5} (Af)

k=0 I=1

(4.18)

(4.19)

Notice that foreachl =0, 1,...,2—~1andk =0,1,..., N, and using (2.5) and an argument

similar to (3.20)

{r = nec} (ah) £ 27EE0C=ID) e (10,112) — Eg (10,112) - cae (10.117) ],

where @ = @2~ *+DW@=0)/B 2 — 2*k+D/B_Also by (2.5)

E¢ ([0, t]z) —0 (ﬂ*(’/ﬁ> .

By (3.36), using Holder’s inequality and the fact that N is fixed, we have that

1/2
N 281
lim limsup — logEex — A =0.
a,e—01 l*)OOpt J P 2::0; 770{5 ( l)
Note that
[ P
Y ~ b =y , = .
2N+1 2N+l - 2N+l -
Replacing t by 2~ ¥+ D¢ in (4.13) and (4.14) we have
1/2 28
1 N AV Co%-o
llggp—]OgECXp 9 WI, Wt < < W,

(4.20)
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2\ |1/2 28
I 1 log E 9 [—1 l - CO2B—c
ltfiigp— 0g IL exp Na,e Wt’ ZNTt 3 = oNAL
forl =1,...,2N+1
By the fact that 2ﬂﬂ > 2, and by Part (b), Theorem 1.2.2 in [8],
1/2 2
y I 2§ [1—1t ! t]z _ comT
1msup— og E exp Y| =—t, —=— < =
t—00 =1 2N+1 2N+1 < 2N+1
N+1 28
1 2 -1 1 7? CO%—
fimsup 7 log Bexp 161 ) e ([Wf WID‘ = T

Combining this with (4.19) and (4.20) leads to (4.18).
Using (3.34) and (4.18), we find as in the proof of (4.9) that for any 6 > 0

1/2 2 1
lim a=P/° log E exp {Gaﬂ/"l/z ‘y ([O, 1]2<)‘ } = 02=9/B (p/2)2-°/B
a— o0

Then the large deviation given in (4.12) follows from the Girtner—Ellis theorem (Theorem
2.3.6,[11]). O
5. Laws of the iterated logarithm

Proof of Theorem 1.2. Using the scaling property (1.16), our large deviation result (1.17) can
be re-written as

lim (loglog 1)~ log P {n ([o, z]i) > 1279/ (log 1ogt)%]

2p—0
= 2Bl (2/3 — 0) TPl s, 5.1
B B
Fix6 > landlets, =60" (n =1,2,...). Let the fixed numbers A, Ay > 0 satisfy
a/B it
A >2p <é) < p > > Ao.
o 28 —o

By (5.1),
ZP[ ([O tnl ) > Alt,%_a/ﬁ(loglogtn)%} < 00.

Using the Borel-Cantelli lemma,

lim sup t;(zfa/ﬂ) (loglog,)~/Py ([O, tn]2<> <A1, as.

n—oo

Using the monotonicity of 1 ([O, t]2<) we see that forany 1, <t < t,41,
1=@=9/B) (loglog 1)~/ n ([0, 2)

2= U/ﬂ

(loglog t,+1)°/# _

- 2108 In+1 n—g 0/}3)(10g10gtn+1)_g/ﬂ77 ([O, tn+1]2<)’
127"P (log log 1,)/#
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Consequently,

2B—0
lim sup t*(zf"/ﬂ)(loglog t)*"/ﬁn ([O, t]2<) <6 F A1, as.

t—00
Since 6 can be arbitrarily close to 1 and X can be arbitrarily close to
28

(BN (B N
(o) =)

we have proved the upper bound for (1.20).
On the other hand, notice that the sequence

n ([t,,, tn+1]2<), n=12,...

is independent and for each n,

n ([tn, tn+1]2<) <, ([0, fntl — fn]2<) .

By (5.1), one can make 6 sufficiently large so

2—
ZP {’7 ([ln, l‘n+1]2<) > )»zt,Hf/ﬁ(log log tn+1)a/’3} - 00.
n

By the Borel-Cantelli lemma,

. - _
lim sup tnil 7P (loglog tn11) P ([t,,, tn+1]2<) > Ay, as.
n—0o0

Using the monotonicity of n ([O, t]2<), this leads to
lim supt_(z_”/ﬁ) (log logt)_"/ﬂn ([O, t]2<) > Ay, as.

—>0o0

Letting

BN (_ B\
“%2’)<3) <2ﬂ—0>

yields the lower bound for (1.20).

Poof of Theorem 1.4. We now turn to the proof of (1.28). With A1, Ao > 0 as above and using
(1.26), we also have

lim sup t,,_(z_c/ﬁ)(log log 1) "By ([O, t,,]2<> <Ai, as. 5.2)
n— o0

forany 6 > 1; and
lim sup tn*ﬁ*g/ﬁ)(log log tn+1)_”/ﬂy ([t,,, tn+1]2<) > Ay, as. 5.3)
n—o0
for sufficiently large 6.

However, we cannot continue as above due to the fact that y ([O, t]2<) is not monotone in ¢.
Instead, we first observe that for any € > 0

lom b (02) - o)

> ety /P (loglog tn)f’/ﬂ}
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RGBT

By Chebyshev’s inequality and (2.13),

ZIP’{ sup |y ([0, t]2<) -y ([0, 9_1]2<>

o-l<t<l

_2o
> e F (loglog tn)”/ﬁ} .

_2—o
>ech P (loglogt,,)(’/ﬁ} <

when @ is sufficiently close to 1. Consequently,

limsup, “~/? (loglogt,)~"/#  sup

n—o00 1 <t=<tp41

y ([o, t]2<) —y ([0, tn]i)‘ <e, as. (54)

Combining this with (5.2) leads to the upper bound for (2.10).
For the lower bound, observe that

7 (10,112 ) = v (It 112 ) +7 (10,12 ) + 7 (10, 0] X [t 1D
>y (ltns ta112) + v (10.012) = Ey (10,12 X [, tr41]

Given € > 0, an argument similar to the one used for (5.4) shows that

lim suptf(zfa/ﬁ) (loglog t1)~/# ‘y ([0, t,,]i)‘ <e€, as. (5.5)
n

n+1
—>00

for 0 sufficiently large.
In addition

Ey (10, ] X [ta: tr]) = E& (10, 1] X [0, tr1 = 1) = O (17777
Combining this with (5.3) and (5.5) yields

lim sup t;ﬁfa/ﬂ) (loglog t,,+1)_"/’3y ([0, tn+1]2<> >A)—e€, as.
n—>oo

Consequently,

lim sup t~@o/P) (loglog t)*”/ﬂy ([0, t]2<> > Ay —€, as.

=00

This leads to the lower bound for (1.28). [
6. The stable process in a Brownian potential

Throughout this section, we take 0 = 2p — d.

Proof of Corollary 1.5. From (1.36), we have that

F() £ u,/@om (0, 112)

where U is a standard normal random variable independent of X;. The remainder of the proof
for (1.42) follows from (1.17) and a standard computation. [
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Proof of Corollary 1.6. Since {—F (¢); t > 0} 4 {F(t); t = 0}, we need only show that

4

2

+ 2—0
28—0 a+p 2B 28
limsupt 2 (loglogt) 2 F(t) =+/8Cp ( p ) ( p ) , as. (6.1)
t—00 o+B 28 —o

Using the scaling property (1.41), our large deviation result (1.42) can be re-written as

2B—0 o+
Jim (loglogt)llogIP’{F(t) >t 2 (loglogr) 2 }
—00

B+o __B_ (
e — 8C B+o
5 (8Cp)

Fix6 > landlets, = 6" (n =1,2,...). Let the fixed numbers A, Ao > 0 satisfy

28—0
28 — Bto 28
ﬂﬁ 0) AR, A >0, (6.2)

ot 26-0
)\.1 > 4/ 8C,0 <$) ! ( IB ) ’ > )\.2.

2 —o
By (6.2),
2/*12—0 o+p
D> PLF(tn) = Mty (loglogt,) % § < 00 6.3)
n
forany 6 > 1 and
2p—0 a+p
2B =E
ZIP F(ty) > Mty " (loglogt,) 2 § = oo (6.4)
n

for 6 > 1 sufficiently large.
Conditioning on the stable process {X;}, F (¢) is a centered Gaussian process with variance

/ E(1, x)*dx.
Rd
For s < t, the variance of F(t) — F(s) is
/ [£(t,x) = (s, )] dx.
R4

The relation

f [E(t, x) — &(s, x)]* dx 5/ s(r,x>2dx—/ £(s, x)2dx
R4 R4 R4

shows that, conditionally on the stable process {X;}, F(¢) is a P-sub-additive Gaussian
process [20]. By Proposition 2.2, [20],

0<s<t

IP’{ sup F(s) za} <2P{F(t) >a}, a,t>0.

Using (6.3) and the Borel-Cantelli lemma we see that

. ~(55%) =
limsupt, (loglogt,) 2f sup F(t) <Xy, as. (6.5)

n— 00 <ty

which leads to the desired upper bound in (6.1).
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It remains to establish the lower bound.
We will say that a countable set of random variables Y1, Y, ... is associated if for any n and
any coordinate-wise non-decreasing measurable functions f, g : R" — R we have

Cov (f(Y1,....Yn),g(Y1,....Y») >0, (6.6)

and that the sequence (now the order counts) of random variables Y71, Y», ... is quasi-associated
if for any i < n and any coordinate-wise non-decreasing measurable functions f : R' — R, g :
R"™™" +— R we have

Cov (f(Y1,....Y:)),8(Yit1,...,Yy)) > 0. (6.7)

Let Yy, x € Z< be i.id. standard normals. By [16, Theorem 2.1] the set Y, x € z4 is
associated. Let h(x, y) be a non-negative function on Z4 x 74 such that

Rxx') =Y hx, p)h(x',y) < oo, (6.8)

yezd
and set Vi = 3 a h(x, y)Yy. The collection Vy, x € Z4 is Gaussian process with covariance
E(VyVe) = f(x,x). (6.9)

For eachm < oo, let V,, x = ZyeZd, lyl<m h(x, y)Yy. Since V;, . is a non-decreasing function

of the Yy, |y| < m, it follows from [16, (P4)] that the set V;, », x € 74 is associated, and since
by [16, (Ps)] association is preserved under limits, we also have that V., x € 74 is associated.

Let now S = {Sp, S1, ...} be a random walk in Z4. Set gn(im) = szzo Vs, and gy (k, 1) =
gn(k) — gn (D). It follows from the proof of [20, Proposition 3.1] that forany n and 0 < s <t <
u<wv,

gn([ns], [nt]) and gn([nu], [nv]) are quasi-associated. (6.10)
Using the stability of quasi-association under weak limits, we now show that (6.10) implies
the following Lemma.
Lemma 6.1. Forany 0 <s <t <u < v, the pair
F(t) — F(s), F() — F(u) (6.11)
is quasi-associated.

Proof of Lemma 6.1. Note that we can write g, (m) = >_ 74 ;Lo h(Si, y)Yy. Let

e_elxl

fexX) = ———

. (6.12)
] F + e

fe(x) is a positive, continuous integrable function of x, monotone decreasing in |x|. We now
define

1 x y
henm(x,y) = nm—d/zfe (m - E) . (6.13)

It is clear that k¢, , (x, ¥) satisfies (6.8). For notational convenience we set

8enm(T) = &he (1) (6.14)
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We take our random walk S to be in the normal domain of attraction of X. We now show that

lim (g m([ns]. [n1]). genm([nu]. [nv]) Z (Gem(s, 1)y Gem(u,v)), (6.15)
where
1 1
Ge,m(sat)zm Z (/ fe(Xr_y/m)dr) Yy. (6.16)
yezd S

To see this we first note that
E (exp {i(agenm([ns], [n]) + b ge.nm ([nu], [n0]))}) = E (e~ Henm(@bs:t00/2) = (6, 17)
where

2 bl Si S;
He,n,m(avbvsstvu9 U) =a ' Z he,m <}’l1_/’ W)
i,j=[ns]+1

[nt] [nv] - Si S/' 1
+2ab' Z ' Z he.m (nl/ﬂ’ nl)ﬁ) n2
i=[ns]+1 j=[nu]+1

, o s s
+02 Y hem (W’ W) = (6.18)
i,j=[nu]+1

and

~ 1

hem@. )= — 3" f. (x- %) fe (¥ - %) . (6.19)

yezd

Similarly

E (exp {i@Gem(s, 1) + b Gem(u, v))}) = E(eem(@bstu0)/2), (6.20)
where

H. (a,b. 5. t,u.v) =a2f Fem(X,. X,) dr dr’
’ [s.]?

+2ab / hen(Xy, X,r) dr dr’ + b? f hen(Xy, X,0) drdr'. 6.21)
[s,t]1x[u,v] [u,v]2
Thus to prove (6.15) it suffices to show that
lim Henm(a,b,s, t,u,v) = H., (a,b,s,t u,v), (6.22)
n—0o0 ’

and, since Ze, m(x, x’) is continuous, this follows directly from Skorohod’s theorem, [29].
We next show that

Tlim (Gen(s,1), Gen(W, 1)) £ (Gels, 1), Gelu, v)), (6.23)

where, using the notation of (1.30),

t
Ge(s,t) = /d (/ fe(Xy —x) dr) W(dx). (6.24)
R K
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But clearly
E @xp ((aGe(s, 1) +b Gelu, 0))) = E (e-Habstuniz),
where

Hl(a,b,s,t,u,v) =a2/ he(X,, X,/)dr dr’

[s.1]?

+2ab / he(X,, X,)dr dr’ + b2 / he(X,, X,/)dr dr’
[s,t]x[u,v] [

u,v]

and now
he(x, x') = / felx =) fex" = y)dy.
yeRd
Thus to obtain (6.23) it clearly suffices to show that

. /7 L2 /
mlimw He’m(a, b,s,t,u,v) = H(a,b,s,t,u,v).

To see this we note first that

~ 1 e—€lx—y/m|
/
sup hem(x,x’) < sup — —
m ’ ’ m,x md 62
> X, X ’ yeZ‘i
1 e—elr—yl/m
S S —5 )
m €
m,|x|<1 yezd
| e—elyl/m
S Sup _d 2 S C67

" yezd

and therefore (6.28) follows easily from the dominated convergence theorem.
Finally, to prove our Lemma it now suffices to show that

lim (Ge(s, 1), Ge(u, v)) = (F(t) — F(s), F(v) — F(u)).
m—00
As before, it suffices to show that
. / Lz /!
hr% H: (a,b,s,t,u,v) = H(a,b,s,t,u,v),
€e—

where

H'(a,b, s, t,u,v) =a2/ h(X,, X,))dr dr’

[s.1]?
+2ab / h(X,, X,))dr dr’ + b? / h(X,, X,))drdr’
[s,¢]%[u,v] [u,v]?
and
1

~ _o+td _otd
h(x,x/)zf x—yIm 2 X' —y|” 2 dy=c—.
Rd |x —x'|°

1873

(6.25)

(6.26)

6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)



1874 X. Chen, J. Rosen / Stochastic Processes and their Applications 120 (2010) 1837-1878

Since ﬁé (x, x’) increases to ﬁ(x, x") as € — 0, (6.31) follows easily from Theorem 2.1 and the
dominated convergence theorem. [

To complete the proof of the lower bound, we recall from (1.33) and (1.31) that

t v
E((F(t) = F(s)(F(v) = F(w)) = CE/ / |Xa — Xp|”7 dadb

t v 1
CE(|X1|_U) / / mda db. (634)

It then follows as in the proof of [20, Theorem 5.2] that forany 0 < A < 1,if0 <s < Af <t <
u < Av < v, then

F(t) = F(s) F(v)—F(u) £\
cov ((z —s)l=0/28” (v — u)lo/zﬁ) = (;) : (6.35)

The lower bound for our LIL then follows as in the proof of [20, Theorem 1.1]. U
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Appendix. The limit as M — oo

Theorem 7.1. Let py ¢ be defined in (3.13) and py.c m be defined in (3.29). We have

—d
limsup =——  pue.m =< Pae. (7.1
M—oo 27
Proof. For any x = (x1,...,xg) € RY, we write [x] = ([x1], ..., [x4]) for the lattice part

of x (We also use the notation [- - -] for parentheses without causing any confusion.) For any
fe L2z with || fll2 = 1,

2 2m
|x<(2nz)1Ma ( ) yezzd <ﬁ(x + y)>\/Q (ﬁy)f(x + 1)

= §a, —[M)
/{|x|<(2n>1Ma} “(M
2

U \/ FAC R >\/ 0 (—[y )f([ﬂﬂy])f([y])dy] dx
(zn> /{mfa}"’ (ﬁ [2ﬂ D

2
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M\? 0 LM oo

Sl M — =2 )vOm
) Jr VM |2 4

(& ()]

where
_ 2 [ M d
Our) =0 (M [EA:D , A eR4. (7.3)
Write
M\4? M
go(h) = (-) f ([—AD , reR (7.4)
21 2
‘We have
2 (M ¢ 2 (| M _ 2 _ 2\
/Rd go(M)dr = <2n> A;{d f <[2ndek = /Rd Fo(Ahda = Z f7(x)=1.(7.5)

xeZd

We can also see that under this correspondence,

M\ 4? M M 21 [ M J
<g> S <|:E)\'i| + [EV}) = 80 ()/ + ﬁ [EA‘]> , A,y €eRe (7.6)

Therefore, we need only to show that for any fixed a > 0

. 2n [ M
limsup sup Pae |l — | =—A
M—co |lglh=1{IxI<a} M |27

27 M)\ 27 MA d 2dk
X /Rd QM(V"‘M[E D QM(J/)g(V"‘ﬁI:E Dg(y)y

2
< sup fm }il(f)\)(ﬂdfrr()t) [/Rd VOA+y)VOW)gh + V)g(y)dy} da. (7.7)

llgll2=1

To this end, note that by the inverse Fourier transformation the function

U (2) = /R NOul + 0V 0u(gly +1g()dy (7.8)
is the Fourier transform of the function

_ 1 —iA-x
Vux) = W [Iiﬁd Uy(Me dr

= Gy /R e /R VouG +HY oG8 +1g)dy

1 A
~ @n) //Rd R e N0y (M) ()Y O (v)g(y)drdy

2
(7.9)

/R gy

1
~ @)
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Therefore

/, \/ QM y+Z [—x]) 0w (r)g (y +Z [%AD ¢y
-ou (5 [5])

1 [ M . 2
/]Rd SXp {ix ' Mﬂ [_A“ '/ 7 /O (Mg (y)dy

~ @y
1 2
it - eol (- ST o]
1 ix-A ix-
o | e O riy| (7.10
By Parseval’s identity and by the fact Q) < 1,
Sd / VoM g(y)dk
(27T) IRd
= [ oy = [ 2oy =1. @.11)
R4 R4

Hence, the first term on the right-hand side of (7.10) tends to 0 uniformly over A € R¢ and over
all g € £L2(R?) with ||g||» = 1 as M — oo. The second term on the right-hand side of (7.10) is
equal to

/R eV (dy = Un () = /R NOuGAYVOuXILO+Ig)dy.  (7.12)

Consequently, we will have (7.7) if we can prove

o 2 e G [52))
limsup sup [ by
M—>c0 |lgll2=1J{|A|<a} 2

2
x [ /R OO+ 1V Ou)gG + y)g(y)dy} da

2
e [{kl } Ba.c(4) |:/Rd VOO +1VOowIgh + )’)g(V)d)/i| da. (7.13)

lgll2=1

By uniform continuity of the function Q we have that Q/(-) — Q(-) uniformly on R?. Thus,
given € > 0 we have

sup
ryeRd

VOuG+ 10 = O+ 10| < (7.14)
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for sufficiently large M. Therefore,
1/2

2
{/ dx [/ VO + )V Oou()gh + y)g(y)dy]
{Ixl<a} R4

2
y/ dx[/ g(x+y>g<y>dy}
{IA|<a} R4
12

2
+ /{M }dx [/Rd VOO + )V Oo(go. + y)g(y)dy} . (7.15)

Also, since [|g|l» = 1,

172

2
/ da U gr+ y)g(y)dy} < Cqa?, (7.16)
{I|<a) R?

where Cy is the volume of a d-dimensional unit ball. (7.13) then follows using the uniform
continuity of pg,(A). O
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